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Preface

The emergence of relativistic quantum chemistry has been one of the more remarkable
developments within computational chemistry over the past decades. Since the early
work of Dirac, relativity has always been a part of the overall quantum chemical picture,
but it has mostly been neglected on the grounds that the effects were considered small
and the methods to treat them were poorly developed and expensive to use. However,
as nonrelativistic quantum chemistry became more powerful and accurate, the lower
rows of the periodic system came within reach of computational studies, and it became
clear that relativistic effects had a significant influence on a number of physical and
chemical properties. The start of the “modern” era of relativistic quantum chemistry
may be traced back to a review article by Pyykko (1978) and to articles by Pitzer
(1979) and by Pyykko and Desclaux (1979).

The developments in the field have been well documented through articles in sci-
entific journals, conferences and symposia, and review volumes. Unfortunately, this
specialist literature is not easily accessible to newcomers to the field. For many years
the book by Moss, Advanced Molecular Quantum Mechanics (1973), served as an
introduction to the field, but today this book suffers from two major drawbacks—it
is out of print and it does not cover the developments of the past three decades. We
therefore decided that there was a need for a book to fill the gap between the standard
texts on quantum mechanics, which have little if anything on relativity, the advanced
texts, which treat relativity in detail but have little connection with quantum chemistry,
and the literature, where there is a large amount of both theory and applications.

Our ambition is to provide a modern introduction to the field of relativistic quantum
chemistry, aimed at the advanced student and the practicing nonspecialist researcher.
The material has been divided into five parts. Parts I and II provide the necessary
background from classical physics, relativistic quantum mechanics, and group theory.
Part III covers the application of these principles to fully relativistic methods for
quantum chemistry within a four-component framework. Part IV deals with the main
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approximate methods that have been developed, and Part V treats the consequences of
relativity for chemical bonding.

The book is introductory in the sense that it introduces many of the concepts needed
for a firm background in relativistic theory and quantum chemistry but without going
into all the details. References are given to fuller treatments of the introductory material.
Our intention is not to give all the details of proofs that can be found in other standard
works on relativistic quantum mechanics, but rather to present the relevant parts for
the purpose of constructing a relativistic quantum chemistry. It is also introductory in
the sense that the details of many of the methods that are found in the literature are
reproduced or elaborated in this book, so that the educated quantum chemist does not
have to search through the literature for them. Finally, it is introductory in the sense
that it contains descriptive material to do with relativistic effects on bonding, structure,
and energetics of molecules. We have no ambitions of providing an extensive review
of what has become a large and quite heterogeneous field, nor of providing a historical
overview of the development of relativistic methods. The specialist will probably have
no difficulty identifying one or more “pet subjects” or “key references” that are missing.
We do provide a guide to the review literature in the field, and also in this respect the
work is introductory.

The book started out as a set of lecture notes by KGD for a 1995 graduate course
given at (then) Odense University. These notes developed through further presentations,
and the process of turning them into a book was begun in 1996 during a research
visit by KGD to the University of Oslo. Since then the writing has been a gradual
process, hampered by the academic work uncertainties of one of us and by the extensive
administrative load carried by the other. The work would not have been possible had
it not been for the support of our employers through this period, for KGD: Eloret
and Schrodinger; for KF: the University of Oslo. Support by the Research Council of
Norway, NASA, and DOE is gratefully acknowledged, as is the hospitality both of us
enjoyed during research visits to the IRSAMC of Université Paul Sabatier in Toulouse.

Most of all, this book could never have been written without support and criticism
from and frequent discussions with our friends in the field. These include in particular
Harry M. Quiney, Luuk Visscher, Trond Saue, Hans Jgrgen Aa. Jensen, and Trygve
Helgaker, as well as most of the people involved in the DIRAC and MOLFDIR col-
laborations. Peter Schwerdfeger did a wonderful job of commenting on a late version
of the manuscript. Trond Saue and Luuk Visscher also provided useful comments on
substantial parts of a final draft. Others who have very kindly read and commented on
parts of the manuscript in various stages of completion are Joost v. Stralen, Raimo v.
Handel, Leif Veseth, Werner Kutzelnigg, Timo Fleig, and Hans Jgrgen Aa. Jensen. In
addition to the direct contributions to the book, there are many who have in one way
or another influenced our thinking or contributed to the work on which this book was
based. Among those not already mentioned we would like to acknowledge Peter Taylor,
Jeppe Olsen, Wim Nieuwpoort, and Gustavo Aucar. Finally, we would like to express
our gratitude to Pekka Pyykko and Ian Grant, both pioneers and leaders in this field,
and to Bernd A. Hess, Jaap Snijders, Jan Alml6f, and Odd Gropen, who are no longer
with us, but who all four in various ways have helped us in our efforts in this field.

In our families the book has taken on almost mythical stature. It is with some relief
that we are now able to present a final product. We do this in grateful acknowledgement
of their almost infinite tolerance and support.



Notation Conventions

We have adopted a number of conventions in this book in order to maintain a consistent,
clear, and identifiable notation. As far as possible we have kept to common conventions
for symbols and quantities in quantum chemistry. We have also tried to avoid the
duplication of symbols where possible. These goals conflict to some extent, so some
quantities are given unconventional symbols. The following list identifies symbols and
typography used throughout the book.

r, ¥, ¢ for spherical coordinates

Y for a general one-particle or multideterminant many-particle wave function

@ for a one-determinant or CSF many-particle wave function

W for time-dependent 4-spinors

6(t) for the time part of a spinor or a general time-dependent function

{r for time-independent 4-spinors, that is ¥ = {0

WX for time-dependent 2-spinors, with X = L, S

qu for time-independent 2-spinors, with X = L, §

£(9, @, T) for 2-spinor angular-momentum functions (including spin)

¢, X for 2-spinors in a modified representation

X for 2-spinor basis functions

¥, ¥ X7 for scalar functions

n, o, p for spin functions

7, a, B for spin labels; o and g also denote the spin functions, and 8 one of the
Dirac matrices;

¢, X for scalar space functions; the superscripts X and 7 are for component
and spin.

X s ;) for scalar basis function

A, 2 boldface for matrices

a, o boldface for vectors
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a Roman type for four-vectors

F, 2 hats for operators

h pq for one-electron Hamiltonian matrix elements
Hp g for N-electron Hamiltonian matrix elements

In addition to these font conventions, we have adopted some conventions for the
indices of functions. In general, Roman letters are used for Fock space functions (i.e.
orbitals or spinors), while Greek letters are used for basis functions. Specific ranges of
letters are used as follows:

p.q.,r1,s, ... general orbital or spinor indices
i, j,k,l,...occupied or inactive orbital or spinor indices
a,b,c,d, ... virtual orbital or spinor indices
t,u,v,w,...active orbital or spinor indices

K, A, L, v, ... basis function indices

In this book we have used two systems of units. The first is the SI system, which we
use in the early chapters of the book and in particular for electromagnetic quantities.
Factors of ¢ therefore always represent the speed of light and never a conversion
factor for magnetic units. The second is the Hartree atomic units system, defined by
h = e = m, = 1. In these units, ¢ ~ 137. Many physics texts use the system
h =e = ¢ =1, since they are dealing with particles of different masses. Our concern
is principally with the electron and chemistry, and the size of relativistic effects, which
are measured by ¢, so Hartree atomic units are more appropriate. However, to keep the
connection with SI units and to track quantities that involve the charge, the mass, or
spin, the symbols A, e, and m = m, are retained in much of the development, whereas
1/4me is usually omitted for clarity.

There are some situations where, in the interests of clarity, we have allowed some
inconsistency or sacrificed some rigor of expression. We do not usually multiply scalars
by the unit matrix in expressions where the context would demand it—such as where
an operator is a combination of scalar and spin-dependent operators or in a matrix
expression—and we do not always indicate the rank of the unit matrix or the zero
matrix by a subscript. In some places the notation would be overloaded if I, were used
instead of 1, but the matrix ngtation is to be inferred from the context.

We have also used both 7 and / for the one-electron Hamiltonian operator. The
latter is used for the free-particle Dirac Hamiltonian where a distinction between it
and the full one-electron Hamiltonian is necessary, and is also used in a sum over
one-electron Hamiltonians for a single electron. The former is usually used in formal
developments, and to represent the total Hamiltonian. In many of the formal devel-
opments, the total Hamiltonian is simply the one-electron Hamiltonian, so H is used.
However, for the one-electron Hamiltonian matrix elements, lower case is always used,
and for the N-electron Hamiltonian matrix elements, upper case is always used.
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Introduction

The general theory of quantum mechanics is now almost complete, the imperfections
that still remain being in connection with the exact fitting of the theory with relativity
ideas. These give rise to difficulties only when high-speed particles are involved, and
are therefore of no importance in the consideration of atomic and molecular structure
and ordinary chemical reactions, in which it is indeed usually sufficiently accurate if
one neglects relativity variation of mass with velocity and assumes only Coulomb forces
between the various electrons and atomic nuclei. The underlying physical laws necessary
for the mathematical theory of a large part of physics and the whole of chemistry are
thus completely known, and the difficulty is only that the exact application of these
laws leads to equations that are too complicated to be soluble. It therefore becomes
desirable that approximate practical methods of applying quantum mechanics should be
developed, which can lead to an explanation of the main features of complex atomic
systems without too much computation.

The quote above from Paul Adrian Maurice Dirac (1929) has been somewhat of an
article of faith for modern quantum chemistry. Intensive efforts on the development of
theory, algorithms, and techniques have made computational quantum chemistry a very
successful representative of the “third way” in modern science—computer modeling has
come into its own alongside experiment and theory. Fifty years ago this was a branch
of science where predictions were at best qualitative, founded on rather approximate
models. Many of these models were quite sophisticated, and much of the insight gained
is still valid and valuable, but the developments in both methods and computer hardware
up to the present have very much transformed this field. Today standard quantum
chemical methods are capable of predicting results with chemical accuracy: reaction
energies may be determined within a few kilojoules per mole, and spectral data within a
few reciprocal centimeters. At least, this sort of reliability can be expected for “normal”
areas of application.

Dirac’s main contribution to science was a merging of the two great developments
of 20th century physics—quantum mechanics and the (special) theory of relativity.
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Most of the successful development in quantum chemistry has been based on nonrela-
tivistic quantum mechanics. This may be justified by considering that special relativity
is needed primarily to describe objects moving at velocities approaching the speed of
light, and that this is mostly not the case for chemical systems. After all, most chemical
reactions and phenomena occur at energies below the relativistic domain.

Or could relativistic effects nevertheless be important? Even without the recent
advances in computational chemistry, it became clear fairly early that nonrelativistic
theory was unable to explain certain trends in observed properties. A few examples
will suffice to illustrate the anomalies.

Experimental determination of the metal-carbon bond length in the group 12
dimethyl compounds showed an increase in bond length from Zn to Cd, but a decrease
in bond length from Cd to Hg (Rao et al. 1960). The expected trend was an increase
from Zn to Cd and again from Cd to Hg. The conclusion was “this anomalous
magnitude of bond lengths for the Cd and Hg compounds is not understood.” The
decrease in bond length is due to relativistic effects. One very well studied series
is the coinage metal hydrides, CuH, AgH, and AuH, which show the same trend in
the bond lengths. Nonrelativistic Hartree-Fock (NRHF) calculations on AuH predict
a bond length of 183 pm, which is longer than that of AgH, whereas fully rela-
tivistic Dirac—Hartree—Fock (DHF) calculations give 157 pm, which is shorter than
that of AgH and in line with the observed trend. The experimental bond length for
AuH is 152 pm, and the error in the DHF result is largely due to neglect of electron
correlation.

A second anomaly is evident in the trends in the ionization potentials of the p-block
elements. From nonrelativistic theory we would expect an increase in ionization poten-
tial as the occupation of the valence p shell goes from p! to p3. This is due to an
increase in nuclear charge that is only partly compensated by the screening from the
other valence electrons. From p3 to p* we expect a decrease in ionization potential
due to the loss of exchange energy with electron pairing. Finally, from p* to p® we
expect a similar increase as from p! to p> for the same reason.

This pattern is indeed followed quite faithfully when the principal quantum number
nis 2, 3, and 4. For n = 5 there is a marked reduction in the increase from p2 to
p3 compared to the previous series, but the pattern still holds. For n = 6, however,
we observe a decrease of ionization potential from p? to p3 and an increase from
p> to p*. These trends are depicted in figure 1.1, where the experimental values are
shown with predictions from nonrelativistic Hartree—Fock calculations. It is clear that
the nonrelativistic calculations do not produce the correct trend. The explanation lies
in the spin—orbit splitting of the p shell.

There are a number of other effects, in particular for systems containing heavy
elements, which nonrelativistic theory fails to predict or adequately explain, but which
are explained by relativistic theory. Among these are the stabilization of lower valence
states for the 6 p block (the “inert pair” effect) and the stabilization of the higher valence
states for the 5d block.

This book is devoted to developing the necessary tools for extending the realm of
reliable quantum chemical calculations to cover cases like those listed above. In order
to do that we will have to review some basic subjects in physics. Most of these are the
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(a) (b)

Figure 1.1 Ionization potentials in eV of the p block elements as a function of occupation
number for each principal quantum number from n = 2 (left) to n = 6 (right) : (a) nonrelativistic
Koopman'’s theorem; (b) experiment.

subject of entire textbooks by themselves, and we will only briefly recapitulate those
themes that are of interest in developing a relativistic quantum chemistry. With the
necessary tools from physics in place, we will show how to establish a fully relativistic
quantum chemistry, discuss the development of various approximations to this model,
and end with a qualitative overview of the effects of relativity on bonding.



Basic Special Relativity

Special relativity is a fascinating and challenging branch of physics. It describes the
physics of the high velocity/high energy regime, frequently turning up phenomena that
appear paradoxical in view of our everyday experience. In this book we will be quite
selective in our presentation of the theory of special relativity: we will concentrate
on those features that we consider necessary for the later applications to relativistic
quantum chemistry. We do this in good conscience, knowing that there is a vast litera-
ture on the subject, catering to a wide range of audiences—from the quite elementary
to the very sophisticated. A few examples are listed in the reference list, but a visit
to any nearby physics library will provide an ample selection of reading material for
those wishing to delve deeper into the matter.

In the present chapter we adopt a minimalist approach. We develop some of the
basic concepts and formulas of special relativity, building on a rather elementary level
of basic physics. The aim is to provide a sufficient foundation for those who want to
proceed as quickly as possible to the more quantum chemical parts of the text. In later
chapters we will introduce more advanced tools of physics and revisit some of the
subjects treated here.

Inertial Frames and Newtonian Mechanics

The theory of special relativity deals with the description of physical phenomena in
frames that move at constant velocity relative to each other. The classroom is one such
frame, the car passing at constant speed outside the classroom is another. The trajectory
of a ball being thrown up vertically in the car will look quite different whether we
describe it relative to the interior of the car or relative to the interior of the classroom.
In particular we will be concerned with inertial frames. We define an inertial frame as
a frame where spatial relations are Euclidean and where there is a universal time such
that free particles move with constant velocities.
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In classical Newtonian mechanics, relations between the spatial parameters and time
in two inertial frames S and S’ are expressed in terms of the Galilean transformations.
Assume that §” is moving with constant speed v in the direction of the positive x axis
of S. If the coordinate axes of S’ are parallel to those of S, the Galilean coordinate
transformations are

X =x—vt; x=x"+vt;

y =y
, Q2.1
Z =2

=1.

A basic tenet of classical physics is that a physical law should have the same
form in all inertial frames. This certainly holds for ordinary classical mechanics at
“normal” speeds and energies using the Galilean transformations. However, when the
same transformations are applied to the fundamental equations of the electromagnetic
theory of radiation, the Maxwell equations, they change form. This, together with
several other clues, indicated that the Galilean transformations might be inadequate, at
least for electromagnetic phenomena.

We will not follow the historical development, but proceed straight to the resolution
of these difficulties. The solution was provided by Albert Einstein in 1905, and may
be cast in the form of the two postulates of special relativity:

Postulate 1. The laws of physics are identical in all inertial frames.
Postulate 2. In empty space light signals propagate in straight lines with speed c
in all inertial frames.!

Postulate 1 is basically a reassertion of the old principle of transferability of phys-
ical laws between inertial frames. The consequence of these postulates was that the
transformation equations, and in some cases the laws themselves, had to be modified.
The following sections will be devoted to these modified laws and transformations.

Relativistic Coordinate Transformations

If the Galilean transformations fail, what should they be replaced by? Let us start
from the postulates and consider transformations between the two simplest possible
inertial frames: two one-dimensional frames S and S’, where S’ is moving along the
only dimension (x axis) with constant speed v. (The approach adopted in this section
follows that of French (1968).) The relations

X =x—vt; x=x'"4vt; t'=t (2.2)

1. This postulate is usually presented as an independent postulate in most texts, but in fact postulate 2
follows from postulate 1, as shown by Frank and Rothe (1911).
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must be replaced by something different, but something that should reduce to the
expressions above for situations where we know the Galilean transformations give the
correct results. It appears reasonable to try a set of linear transformations of the form

x'=ax—bt; x=ax" +bt. 2.3)
The negative sign of b in the first relation is motivated by the need for correspondence
with (2.1). We note that we no longer assume time to be the same in both frames.
We calibrate time for the two frames by setting ¢ = ¢/ = 0 for the moment when
the origins of the two frames coincide. If a light signal is emitted from the common
origin at this moment, it will travel a distance

x=ctand x’' =ct’ (2.4)

in the frames S and S’ respectively, according to postulate 2. From our assumed form
of the transformations we get by substitution

ct =act' +bt'; ct' =act — bt. (2.5)

Isolating the ratio of ¢ and ¢ we get

t bt b
- = —=a-—- 2.6
t @t c t “ c 26)
and eliminating the time ratios we find that
b2
l=d*- . 2.7
c

The origin of S has the coordinate x” = 0, and at time ¢ we can write
b x
O=ax —bt > — = — 2.8)
a t

But x/¢ is just the speed of the origin of S” in S, that is, the relative speed of the
frames, or v. Thus

b
—=v=b=va 2.9
a

and substituting this expression into the relation between a and b in (2.7), we get

2 av? 1

1l=a°— = a = =Y,
c? V1 —=v2/c2

where we have introduced the Lorentz factor y, a factor that appears frequently in the
relativistic transformation equations. We may now easily derive the transformations

(2.10)
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between our two inertial frames, and get

x=y(x' +ut');  x'=yplx — o)

, vy , VX (2.1D)
t:)/l+c—2 ; IIV(Z—?)

Transformation of Lengths and Relativistic Invariants

Let us examine what effect this transformation has on the measurement of distances
in one frame from the other. As before we assume a one-dimensional case where an
inertial frame S’ is moving with velocity v relative to a stationary frame S. The distance
between two points x| and x} in S’ is

¢ =x)—x|. 2.12)

The same two points are moving with speed v relative to S, where we measure their
distance as

£ =x2—x1. (2.13)
The two measurements are related by the transformation
0 =x) — x| = ylxy — vt) — y(x1 — vt) = y(x2 — x1) = yL. (2.14)

Thus, a rod of length ¢ in the moving frame would be measured as only ¢'/y from
the stationary frame. Because y > 1, we have the apparent paradox that moving
objects contract along the direction of motion (the Lorentz—Fitzgerald contraction).
For “normal” speeds this effect would be small and unobservable for all practical
purposes. However, for speeds close to that of light, ¢, the effect would be noticeable.
Thus for a rod of length ¢ moving at speed v = c+/3/2, the observer in the stationary
frame would measure a rod of length only £’/2.

If lengths are not conserved between frames, we might want to look for other
quantities that are invariant under the transformations in (2.11). We have seen that
these transformations mix time and position, and so we would expect that any invariant
quantity should involve both variables. We can take a clue from the constancy of the
speed of light. From the expression for the distance traveled by a light signal in (2.4),
we may write

=ct? =0, =% =0. (2.15)

By postulate 2 this quantity is conserved in a transformation between frames for a light
signal, or equivalently a photon. What about a particle traveling at a slower speed?
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For this we have
vx\2
X% = 2% = 2 (x — vt)? — y22 (t _ _2)
c
2

_ Vz(xz — ) (1 _ v_z) (2.16)

c
= (x2 — 621‘2).

Thus, for the one-dimensional frames considered by us, the quantity x> — ¢2¢? is
certainly conserved under the transformations of (2.11). The reader can easily verify
by insertion that this is not the case if the Galilean transformations of (2.1) are used
instead.

At this point we may easily generalize to the full three-dimensional spatial coor-
dinate space. The complete set of transformation equations, known as the Lorentz
transformation, is

x=yx' +vt); X' =y —vr)
y=y
S 2.17)

B A Y vx
t—)/l-l-? ) t—y(l—c—z).

It is easily seen that the inclusion of the two spatial dimensions perpendicular to the
direction of relative motion produces no great changes in the invariant above. We may
define an interval s by

S2 — x/z +y/2 +Z/2 _ Czt/z — x2 + yz +22 _ cztz (2.18)
where s is clearly invariant under the Lorentz transformations. This is quite similar in
appearance to a scalar product, and we may indeed introduce a four-vector

w=(x,y,2z,ict) (2.19)

with length w - w = 5. In the future we will encounter other four-vectors where the
components transform as x, y, z and ict under these transformations. A list of common
four-vectors is given in Appendix A. It may be shown that the scalar product of two
four-vectors a = (ay, az, a3, as) and b = (by, by, b3, by),

a-b=uaiby + axby + azbs — asby, (2.20)

is invariant under Lorentz transformations.?

2. Many texts use a more complicated notation involving a metric and covariant and contravariant vectors,
and the sign of the scalar product is the opposite of the one given here. The more complicated notation is
not necessary for the developments in this book.
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For arbitrary relative motion of the two particles, we will later need a more general
form of the Lorentz transformation for the position vector r. According to this form
the position vector r’ in the moving frame is expressed as

¢ =yt —vo + (- D 221

where v is the relative velocity of the two frames. The first term is immediately recog-
nizable from the expressions for the Lorentz transformation in (2.17) and describes the
translational motion. The second term arises from nontranslational motion, as indicated
by the fact that any component of v along r vanishes in the cross product v x r.

Transformation of Velocities

In the previous section we have shown that the Lorentz transformations also affect
time. We will therefore have to abandon our simple one-dimensional model when we
turn to velocity transformations. Even velocities perpendicular to the relative motion
of the two frames are affected by the time transformation. This is in contrast to the
Galilean transformations for velocities, which take the simple form

/ d)C/ /
MXZEZM.X_Ua Uy =u, +v;
T (2.22)
/
U, =U;.

If we retain the x axis as the direction of relative motion of the frames S and §’, the
velocity components in this direction are

dx
Uy = —3

dr

,dx
u, = W

(2.23)
We use the Lorentz transformations to find the differentials:
X' =y(x —vt); dx' = p(dx —vde),
, VX , vdx (2.24)
t:y(t——2>; dt' =y dt——2 .
c c
Substituting these into the velocity expressions, we get

dx — vdt —
= Yol v (2.25)
y(dt —vdx/c?) 1 —vu,/c?
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Likewise for frame S, we get

/
v
wy = v (2.26)
1+ v, /c?
For the transverse velocities
dy , dy
= - 2.27
T T 2.27)
and from the Lorentz transformations we find
/ Uy
= 2.28
YT Y v /) 229
and
uy
Uy = —————— (2.29)

y(1 + vul,/c?)
These velocity transformations have a number of interesting implications. One of

these is that the usual rules for the addition of velocities do not hold. From the Galilean
transformations it is easy to verify that

ue =u’ +v (2.30)
If we express velocities as fractions of ¢, that is,
Uy = pc, v=gqc; p,q<lIl, (2.31)
then the Galilean transformations would yield
uy = (p+qc, (2.32)

which would lead to objects or signals moving faster than the speed of light if
p + g > 1. Setting p = 0.8 and g = 0.5, S’ would move with speed 0.5¢ relative to S,
and a particle with speed 0.8¢ in frame S’ would then according to the Galilean trans-
formations move with speed 1.3c relative to S. The Lorentz transformations, however,
yield

_uitv (ptg)e
(1 + vu',/c?) 1+ pg

(2.33)

Ux

Thus objects moving slower than the speed of light in one inertial frame also move
slower than c in all other inertial frames.
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Transformation of Mass

We have now discussed how the description of coordinates and velocities is affected
by the postulates of special relativity. To develop a relativistic dynamics, we also need
to account for any relativistic effects on the mass of the particles involved. We imagine
a simple collision experiment in the frame S’: A particle with mass m’ moves along the
y’ direction, that is, perpendicular to the direction of motion of S’ relative to S. The
particle undergoes a totally elastic collision with a wall in the x’z’ plane and rebounds
in the —y’ direction. If the speed along the y’ axis before the collision was u’,, the total
change of momentum is

Ap' =2m'u;,. (2.34)

We assume that the speed u, can be made arbitrarily small, such that ordinary nonrela-
tivistic mechanics applies to the collision. (This assumption may appear questionable,
but more refined arguments produce the same result.)

Now, consider the process viewed from S. Before the collision, the y-component
of the particle velocity is

!

u,
Uy = ———— = (2.35)
vy +oul/e?) vy

u

because the only nonzero component of velocity in S’ is along the y’ axis, and therefore
u!, = 0. Observed from the S frame the total change in momentum is therefore

2mu/y
Ap = . (2.36)
Y

For the change of momentum to be the same in the two frames, we must have

2mu’

Ap = Ap' = 2m’ug, = Y (2.37)
v

and therefore
m=ym'. (2.38)

Here m’ is the mass of the particle measured in the S’ frame where conditions are
nonrelativistic. Thus, normal Newtonian mechanics apply, and the mass m’ would be
the same as we would measure for the particle at rest. We call this the rest mass, and
write it conventionally as mg. In order to describe the same process from the frame S,
we must use a mass

mo

Nove

indicating that mass increases with velocity and in fact would become infinite as the
particle approaches the speed of light.

m=ymy= (2.39)



14 FOUNDATIONS

The alert reader will have noticed that we based this derivation on the assumption
that the change of momentum should be the same in the two systems. We have made no
justification of this, and indeed with lengths, velocities, and masses all being affected
by special relativity there is every reason to question this assumption. However, the
same result could have been derived from a similar, but slightly more complicated
experiment which ensures symmetry between the situations in S and §’, including the
equality of change in momentum in the two systems. We will not do this in detail here,
but descriptions of such experiments may be found in various textbooks (e.g., French
1968).

Relativistic Energy

One of the main pillars of classical Newtonian dynamics is the relation between force
and acceleration in Newton’s second law:

F = dit(mu) = ma. (2.40)

We know that mass and velocities, and therefore also acceleration, are affected by
special relativity, and may suspect that this law also must be modified. Nevertheless,
the work done on a system by a constant force acting over a small distance may still
be expressed as

d
Fdx = E(mu)dx. (2.41)

Assume that this force is applied to a particle at rest with rest mass mg. If this work
leads to acceleration of the particle to a final speed of uy, the work done on the system
should be

up
T = / Fdx. (2.42)
0

The appropriate indefinite integral is

_[4 _ (& _ 2
/Fdx—/dt(mu)dx —/ ” d(mu) —/mudu—i—u dm. (2.43)

The mass and the velocity of the particle are related as shown in the previous section
mo

J1—u2/c?

Squaring this expression and applying it to the particle moving at speed u, we find

m =

(2.44)

= m} (2.45)
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and therefore

2
u? = 2 ( — "Lg) . (2.46)
m

From this expression we can derive the required differentials for the integration above:

2 (7% c’mg
2udu = ¢ 2—3dm = udu = 3 dm. (2.47)
m m

This enables us to eliminate # from the indefinite integral:

2 sz?) 2 sz% 2
mudu + udm = 3 dm + c¢“dm — 3 dm = | c“dm. (2.48)
m m

Initially, the particle is at rest with mass my, and it is accelerated to a velocity uy with
a corresponding mass my. The work done on the particle is therefore

mf
T = / Adm = myc* — moc®. (2.49)

mo

If we assume that energy conservation is valid, then this work must appear as increased
energy of the system. And if the work results in frictionless motion of an undeformable
particle, this work must appear as kinetic energy. If we interpret moc? as a rest energy,
that is, an energy that the particle possesses due to its rest mass, then the total energy
of the particle is

E=mc*=T+ m002 (2.50)

with mp = m.

Relativistic Momentum
The usual linear momentum may be written
p = mu. (2.51)
Squaring this and using the expression for u? from (2.46) we get
p2 = m2u® = m?*c* — m(2)02. (2.52)

If we multiply both sides of the equation by 2, we get the following relation between
momentum and energy:

P2 =m?c* —mdct = E* —mdct. (2.53)
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For the particular case of particles with no rest mass, such as photons, we get
E? = p?c2. (2.54)

From our experience this far with vector lengths and velocities, we do not expect the
magnitude of ordinary linear momentum to be invariant under the Lorentz transforma-
tions. By analogy with our previous derivation of the four-vector, we can take a cue
from the relations for light signals. For photons we know that the relation

2 Ez_
Pr—— =0 (2.55)

c2

must hold for all frames. For a particle of nonzero mass this quantity is

E2
p2 —— = p2 —m?c? = —m%c2 (2.56)
c

which also must be invariant regardless of which frame it is referred to. We can therefore
define a momentum four-vector of the form

iE .
p= <pm Py> Pz» T) = (px, Py, Pz, imc). (2.57)

The length of this vector, defined by the scalar product

p-p=—mjc?, (2.58)

is invariant under the Lorentz transformations, as the reader can easily verify—for
example, by inserting (2.39), (2.46), and (2.51) into (2.57) . A similar exercise using
the Galilean velocity transformations of (2.22) and a constant mass of mq yields a
quantity that is dependent on the velocity of the moving frame, and is therefore not
invariant.

We may use the definition of the momentum to derive an expression for the energy,
which we will use later. With the help of (2.46) we can write the scalar product of u
and p as

u-p= mu’® = me* — m()c2 (ﬂ) (2.59)
m

With E = mc? and (2.39) we can rearrange this expression into an equation for the
energy,

E=u-p+moc?/y. (2.60)



Relativistic Electromagnetic
Interactions

Chemical concepts are conveniently formulated in terms of molecules—aggregates
of atoms linked by electromagnetic interactions. The proper relativistic description
of these interactions is a prerequisite for the development of a theory of relativistic
quantum chemistry. As a simple starting point we will consider classical systems made
up of point charges, postponing the transition to a quantum mechanical description until
later. From the previous chapter we know something about how an electron’s particle
properties might be affected by relativity. In this chapter we describe the effects of
relativity on the interaction with the electromagnetic field.

Again, we adopt a minimalist approach. Electromagnetism and electrodynamics
are subjects covered in numerous textbooks for a wide variety of target audiences.
To develop the necessary theory from first principles is far beyond the scope of this
book. We will only highlight those parts necessary for the later development and
understanding of a theory of relativistic quantum chemistry. This means that some
of the fundamental equations must be presented without derivation, requiring that the
reader either knows these from before or that they must be taken on faith. In particular,
in this chapter we make use of the Maxwell equations, the Lorentz force equation, and
the generalized potential. The reader will be able to find descriptions or derivations of
these in Jackson (1975), for example. We will also need to use a number of relations
from vector calculus, and these will normally be introduced in the general form when
required.

In dealing with fields that vary over time and space, we will need various differential
operators. In the nonrelativistic theory of electrodynamics the gradient operator, V, and
the time derivative, d/dz, are used. From our experience in the previous chapter with
mixing of space and time coordinates under Lorentz transformations, we might expect
these to combine in a four-space differential operator also. Indeed, in our notation,

17
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the appropriate gradient operator to use for four-vectors is [J, defined by

9 9 8 —id —i 9
o=(2 2 9 219y _(y 22 (3.1)
dx dy 0z c¢ ot c ot

and termed quabla, in analogy to nabla.! This equation is rather straightfor-
wardly derived by requiring Lorentz invariance and applying the transformation
equations (2.17). The interested reader may make things simpler by working out the
case of one spatial dimension as done in section 2.3.

The four-vector analogue of the Laplacian V? is the d’Alembertian (0% and is
correspondingly defined as

2
a2 = (v2 - la_). (3.2)

c2 312

This operator is the square of a Lorentz-invariant four-vector, and is therefore itself
Lorentz invariant.

The Maxwell Equations

The basic equations of electrodynamics are the Maxwell equations. For point charges
in a vacuum, which is what we are mainly interested in, these equations take the form
(in SI units):

V-B=0

B
VXE=—<8—>
ot

V-E=p/e

vxBoL|d  E
xB=—=|=+—]|.
2 e Ot

(3.3)

Here, B is the magnetic field, E is the electric field, p is the charge density, j is the
current density, and €q is the permittivity of the vacuum. The Maxwell equations are
invariant under Lorentz transformations. In fact, it was the search for a transformation
that would leave the Maxwell equations formally invariant that originally led to the
Lorentz transformations.

Current and charge densities are related through the continuity equation

3
v.j+L_o (3.4)
at

1. This is not the conventional definition; [T is often used for the d’ Alembertian. The current definition is
appropriate for our purposes, in which we need a notation for both the four-vector and its square.
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which follows from the Maxwell equations (3.3) by taking the time derivative of the
third and the divergence of the fourth and combining them in a suitable manner. The
magnetic field disappears during this operation thanks to the relation

V. (VxB)=0 3.5)

which holds for any vector,? not just B.
A closer examination of the continuity equation reveals that this is just the scalar
product of the gradient for the four-vector space from (3.1) and a vector

=0 icp) = (jxs Jys Jz icp) (3.6)

and the continuity equation can be recast in the form
O-.j=0. 3.7
This equation must be Lorentz invariant because it was derived from the invariant

Maxwell equations. Thus the product of the four-vector gradient and the j-vector is
invariant, and therefore j is another Lorentz-invariant four-vector, the four-current.

Potentials and Gauge Transformations

For a number of purposes it is more convenient to work in terms of field-related
potentials rather than the fields B and E themselves. To find these potentials, we
start with the two homogeneous Maxwell equations. The simplest of these is the
equation in B:

V.B=0. (3.8)

Using the relation in (3.5), we see that the magnetic field may be expressed as the curl
of another vector A:

B=VxA. (3.9)

With this choice for B, (3.8) is automatically satisfied, and the corresponding properties
of the field are built into any further theoretical developments.
We now turn to the homogeneous equation in E:

9B
VXE+<¥)=0. (3.10)

2. A list of vector relations can be found in appendix B.
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If we substitute (3.9) into this equation, we get

ol

or
IA
V x (E + 5) =0. (3.12)

This time we can use another orthogonality relation involving differential operators.
For any scalar s we have

V x (Vs) =0. (3.13)
Using this relation, we can introduce a scalar —¢ defined by

E+8A— Vo = E= A Vo (3.14)
ar T ’ ’

so that the homogeneous equation in E, (3.12), is satisfied. The choice of a negative
scalar —¢ turns out to be convenient in later work.

The quantities A and ¢ are referred to as the vector potential and scalar potential,
respectively. The definition of these quantities contains some ambiguity. Making use
of (3.13), we see that we can always add any gradient of a scalar quantity to A without
changing B . Thus, if A is any scalar,

A=A+VA = VxA =VxA+VxVA=VxA=B. (.15

If we modify A we will, of course, also have to change ¢. The new scalar potential ¢’
is given by

V¢/—E+8A/—E+8A+8VA— V¢+V8A (3.16)
- ar ot ar ot '
and therefore
A
f=¢ — —. 3.17
o =9 a7 (3.17)

The particular choice of A is referred to as a gauge, and this freedom in choice of
gauge can be exploited in transforming expressions to forms that are convenient for
further manipulations, as we will see below. It should be emphasized that the choice
of gauge only influences the form of the mathematical expressions. The physics must
remain the same, regardless of gauge.

We can also add a constant to ¢ without changing the electric field E. This choice
of scalar defines an electric gauge, and is used to fix the zero of energy at infinite
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charge separation, for example. The choice of A could be said to constitute a magnetic
gauge. In both cases, the physics must be independent of the gauge.
We can now use the two remaining (inhomogeneous) Maxwell equations to derive
equations for A and ¢. We start with the equation for E:
V-E = p/e. (3.18)

If we insert the expression for E derived above, we get

v 0A v .
(o) =ore

(3.19)
a
= Vit (V-A)=—p/e.
The equation in B is
V xB L 9E L) (3.20)
XB———=—==. .
2t e
To manipulate this equation, we need the vector operator expression
Vx(Vxa)=V(V-a)— V2a (3.21)
where a is any vector. Substituting for B and E in (3.20), we get
1 9 (0A 1 j
VX (VXA +—=—|—+Vep)=—=—
x (V x )+028t<8t+ ¢> 2 ¢
1 9%A 19 1 322
¢ i
VA-—— -V(V A+ =) =—==.
= c? 912 ( + c? 3t cZ e

This equation together with (3.19) provides us with two equations for A and ¢. Unfor-
tunately, the equations are coupled; that is, both equations contain both variables. It
would be simpler if we could have just one variable for each equation. This is where
the freedom of gauge comes in handy. We can use this freedom to choose a gauge that
decouples the equations. We can eliminate ¢ from (3.22) by setting the last parenthesis
on the left side to 0,

1 9¢
V- A+ -—=0. 3.23
t373, (3.23)
This condition is called the Lorentz condition and defines the Lorentz gauge. Using
this condition in (3.19) provides us finally with a set of decoupled equations:

1 8%¢
2 _
Vv —gm——P/Go,
. . (3.24)
via_L¥A_ 1]

292 e
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A closer examination of these equations reveals that they may be given a particularly
simple form using the d’ Alembertian [17%:

0% = —p/eo,

: (3.25)
D?a=-—3
c €

In this form, we see that if we multiply the top equation by i/c and add the two
equations, we recover the four-vector current density j from (3.6) on the right-hand
side. If we define a four-vector potential A accordingly, we get

' 1
0%a = 0?2 <A, %) = —%j. (3.26)

Because [12 and j are invariant, it follows that the four-vector potential A is also Lorentz
invariant. Note that this is really implied in the Lorentz condition (3.23), which is a
product of the Lorentz-invariant four-gradient (J and the four-vector A and can be
written

O-A=0. (3.27)
The theory of gauge transformations is quite extensive, and we will return to some
of it later. However, we close this section with a few remarks about another frequently

used gauge. Using the first of the coupled equations for A and ¢, (3.19), we can define
another gauge that yields an equation for ¢ only, by setting

V-A=0. (3.28)

This is called the Coulomb gauge, and the resulting equation (Poisson’s equation),
Vi = —p/e. (3.29)
has the ordinary Coulomb potential from a charge distribution p as its solution. For most

of our purposes, we will use the Coulomb gauge, and we note that for time-independent
scalar potentials ¢ we have

9 _

—0, 3.30
” (3.30)

and the Lorentz gauge becomes identical to the Coulomb gauge for such potentials.

The Relativistic Potential from a Moving Charge

In developing a relativistic quantum chemistry we will need to describe a system of
interacting particles, all of which have charge, and most of which are assumed to
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be pointlike. In order to set up a Hamiltonian, we need to know the potential energy of
the system or any relativistic equivalent of this. In particular, we will need expressions
for the interaction of two moving pointlike particles 1 and 2 with charges ¢ and ¢>,
respectively. To arrive at this interaction we proceed in three steps: first we derive
the potential set up by a moving charge; then we find the expression for the potential
experienced by a moving charge in an electromagnetic field; and finally we build on
these results to obtain the potential for the relativistic interaction of two moving charged
particles.

We start with the potential set up by a moving charge. Having established that
A= (A, z—¢) is a four-vector, we expect it to transform in analogy with the position
four-vector, and the Lorentz transformation of (2.17) should apply if we replace r with
A and t with ¢/c2. More specifically—if S is the stationary frame and S’ is moving
along the x axis with velocity v relative to S—we have the transformation equations

vg’ v

Ay=Aly; A=Al

¢ =y(@ +vAL):; ¢ =y —vA.

(3.31)

From this we can deduce the relativistic potential set up by a charge ¢ moving at
velocity u. We let S be the observer frame, and place the x axis in the direction of u.
In a charge-centered frame S’, the potential is the same as from a stationary charge,
that is, the ordinary Coulomb potential

/ q
= —, 3.32
dmegr’ ( )
and in the absence of external magnetic fields the vector potential vanishes,
A'=0. (3.33)

From the Lorentz transformations we get the potential in the stationary frame S:

c? (3.34)

The problem here is that while we now have expressions for the potential in a stationary
frame, these are given in terms of variables referring to the moving frame. In addition
we know that the “signal” mediating the interaction from the charge to the observer
travels with a definite speed ¢, and this has to be taken into account. Let us fix the time
scales such that the two frames coincide at + = ' = 0 and assume that at this time
we measure the potential a distance r’ away from the charge in the moving frame.
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This signal has traveled some distance before reaching our measuring apparatus, and
was therefore emitted at

' =—r'/c. (3.35)

Expressed in terms of the variables of the stationary frame, we must have

/=y (z —u. r/cz). (3.36)

Here we use a slightly more general form of the transformation with u - r to allow for
arbitrary r directions, not only on the x axis. We can now calculate r’:

r'=—ct' =~y (tc —u-r/c). (3.37)
In the stationary frame the signal traveled a distance r and was therefore emitted at
t=-—r/c. (3.38)
Thus
r=y@F+u-r/o), (3.39)
and the potentials in the stationary frame are

q

(r+u-r/c)7L. (3.40)
4meg

A=ugp/c*  ¢=

This potential is called the Lienard—Weichart potential, and refers to a signal emitted
at a time previous to ¢ = t' = 0. Thus, to evaluate it we must use quantities u and
r determined at the time of emission. Both the velocity and the position may have
changed by the time the observation is made, and we characterize the quantities to
be used in (3.40) as retarded values, that is, relating to a time preceding the time of
observation. The finite speed of propagation of the potential, or equivalently the signal
from the charge, is a fundamental feature of relativistic electrodynamics. We cannot
transmit information faster than the speed of light.

The Potential Experienced by a Moving Charge

We now move on to the potential experienced by a moving charge in an electromagnetic
field. Potentials are related to the force exerted on a particle. For a particle of charge ¢
and velocity u in an electromagnetic field with electric field strength E and magnetic
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field B, the force acting on the particle (in SI units) is given by the Lorentz force
equation as

F=¢g(E +uxB). (3.41)

For a conservative force we have
F=-VV (3.42)
where V is the potential energy giving rise to the force. However, the presence of the
velocity-dependent term u x B in the Lorentz force equation necessitates the use of

generalized potentials fulfilling the equation

F vV + d 8Ve j (3.43)
= — ——e;; i=x,y, .
dr du; ! Yz

i

where e; is a unit vector.

It is possible to derive the potential corresponding to F directly from (3.41) (see
Goldstein 1950). Here we take a somewhat simpler approach and start with a suggested
form of the potential and show that the application of (3.43) to this satisfies the Lorentz
force equation. We choose the potential

V = gé—qu-A. (3.44)

The expression for the generalized potential, (3.43), has two parts. We first evaluate
the part involving the gradient:

évv —Vé—V-A). (3.45)

The gradient of a scalar product of two vectors a and b has the general form
V@-by=(@-V)b+(b-V)a+ax (Vxb)+bx(Vxa). (3.46)

We also note that x; and u; are independent canonical variables, and therefore
—u; =0 (3.47)

for any i and j. Using these expressions, we get the gradient of the scalar product
between u and A

Va-A)=W-V)A+ux(VxA). (3.48)
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The curl in the last term above is easily recognized from (3.9) as the magnetic field B,
and the gradient part of the general potential, (3.43), thus yields

éVV=V¢—(u~V)A—uxB. (3.49)

To evaluate the time derivative part of the generalized potential, we note that the
scalar potential ¢ has no explicit velocity dependence, and that the vector potential
A cannot depend explicitly on particle velocity. Thus, the only contributions from the
suggested potential, (3.44), will be terms of the form

d (0A-uw\ _dA; _ (dA (350,
dr \ du; Codr o \de ) '

With this, the force due to the generalized potential, (3.44), becomes

1 dA
—F:—qu—i—(u-V)A—i—uxB—E. (3.51)
q

But in general, the time derivative of any vector a may be written

da oa
—_—= -V) a. 52
ar 8t+(u )a (3.52)

Using this in the expression for the force above, we get
1 0A
—-F=-V¢ — — +uxB. (3.53)
q at

The first two terms here may be expressed in terms of the electric field E using (3.14),
and we then finally obtain the force as

F =¢g(E +uxB), (3.54)

which is indeed the Lorentz force equation. We therefore conclude that (3.44) describes
the potential experienced by a particle of charge g and velocity u in an electromagnetic
field given by E and B.

The Interaction of Two Charged Particles

According to the preceding section the potential energy of a particle with charge ¢
and velocity u; in an electromagnetic field is

V=q¢—qu-A=qi(¢—u-A). (3.55)
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We now consider the situation where the field is due to another particle with charge ¢;
and velocity up. According to section 3.3, the potential set up by this particle is

Ay =wgy/ch = 47‘1260 r+uy-r/c)”! (3.56)

where r is r| —r (remember that the potential from section 3.3 was expressed in terms
of distance from the moving charge). This gives an interaction energy of

u 'llz) _ 12

_ _ e N S
Vlz—qlqbg(l S e wr/o) (1 S ) (3.57)

The obvious problem with this expression is that the variables relating to particle 2 are
retarded quantities, and we really need to know something about the motion of particle
2 before we can use it. Another less obvious problem appears if we carry out the
same exercise starting with particle 2 instead of particle 1. Then we get the interaction
energy

q192
dmeg

Vor =

W '“2). (3.58)

r —uy-r/c)”! (1 -

The first parenthesis in this expression, arising from the use of the retarded potential
from particle 1, is clearly not in general equal to the corresponding term in the expres-
sion for Vip. In fact, the forces on the particles will in general be neither opposite
in direction nor equal in magnitude in a complete relativistic treatment. However, we
foresee possible difficulties in constructing a Hamiltonian from interaction energies
that are not unambiguously defined. In particular, we should expect the expressions to
be symmetric to the relabeling of particles.

To escape this dilemma we seek refuge in the fact that although we are developing
a relativistic theory, the electrons in molecules mostly belong to the low-energy regime,
moving at speeds considerably lower than the speed of light. In this time scale, the
signal transmitting the interaction between two particles will be instantaneous to a very
good approximation. Thus, we do not have to use retarded quantities, and the trans-
formation of potentials from one particle frame to another may be done by using the
Lorentz transformation directly at the time of observation. While we are mainly con-
cerned with the potentials acting on particle 1 from particle 2, the following derivation
is quite general. We will therefore suppress the indices until we return to the interaction
term, which we derive by inserting the new expressions for the potentials into (3.55).

For the case at hand the relative motion of the two particles may be arbitrary, and
we need the general form of the Lorentz transformation for the position vector r given
in the previous chapter:

, ux (uxr)
r :y(r—ut)—i—(y—l)T. (3.59)
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‘We may cast this in a more convenient form by expanding the triple cross product. For
that purpose we use the general expression

ax(bxc)=b(@a-¢c)—c(a-b) (3.60)

(also known as the back cab rule), where a, b, and ¢ are any vectors. Applying this to
the transformation expression above, we get

ux uxr)y=u(m-r)—r (u-u). 3.61)
Inserting this expression in the general Lorentz transformation, (3.59), yields
, u-r
r =r+u[(y—1)—2—yt]. (3.62)
u

If we decide to disregard retardation effects, we are free to fix the time scale, and in
particular we can decide that we observe the interaction between the particles at the
time ¢’ = ¢t = 0. Then, the expression for r’ further simplifies to

, u-r
r=r+u(y— 1)—2. (3.63)
u

To derive an expression for the potential in the observer frame, we start from
(3.34) and

p=yd = pE—_ (3.64)

Here r’ is the length of r’. We have
)l =r .1 = [1 + ("':r r)z] . (3.65)

The scalar potential takes the form
- e[y

We have already made the assumption that our particles move at speeds well below
that of light, that is

ujc L 1. (3.67)
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We can use this assumption to develop the expression for the potential as a power series
in u/c, retaining only terms of order u?/c2. In particular

u-r\2 —-1/2
]
cr
2\ ~1/2 L2712
_ (1 _ ”_2> [1 £ (T } (3.68)
c cr
1u> 1 /u-ry\2 u
=145 -2 (=) +o(5).
*3 2 2\ ecr * (c“)
Inserting this in (3.66), we get the scalar potential to the desired order as
q 1u? 1 /u-r\2 u
_ 1 ____<_) oL 3.69
¢ dreor |: traaTa\) Ol (3.69)

and the vector potential to the same order is

3
A=up/c?=—2 [5 40 (”—)} . (3.70)
dmegre | c c3

If we use these potentials in the expression for the interaction energy, we get

Vio = q1¢2 — qiu; - Ay
_ a1 1 (uz-r>2+0 B\ qiguw G
4megr 2¢2 2\ e¢r ct 4megrc?

where we have temporarily restored the particle indices. As we see, this is still not
symmetric in the particle labels. However, these potentials are expressed in the Lorentz
gauge, (3.23), which may be verified by showing that the potentials satisfy the gauge
condition. From nonrelativistic theory we know that the Coulomb interaction provides
us with an interaction energy that is symmetric in the particle labels. If we transform
to the Coulomb gauge, the scalar potential will just give us the symmetric Coulomb
term, which should be dominant, and the vector potential may in the end turn out to
either be symmetric or require further manipulation.

To transform the Lorentz gauge scalar potential ¢ to a Coulomb potential ¢, we
must add a gauge function A as indicated in (3.15) such that

c_,L_04
¢-=¢ - —— (3.72)

We could find the gauge transformation by applying the Coulomb condition (3.28).
But in this case we know that we want to retain just the Coulomb part of the
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potential, that is

o = 4 (3.73)
dmegr
For simplicity, we set
A=, (3.74)
dreg

Then, A must satisfy the equation

q q 1u? 1 /u-r\2 u’ q oA
SV PO WL Y A IR R
dmegr  Amegr [ + 2¢2 2\ ¢cr + ct 4meg Ot (3.75)

which (dropping higher order terms in ¢~ ') readily reduces to

2 L2
oA 1 [u (u-r) } (3.76)

ar 22 r 3
To solve this equation, we make the assumption that changes in u with 7 are small, in
other words u is approximately constant. This may appear somewhat unmotivated, but
we should recall that our theories will be applied to time-independent stationary states
of systems, which moreover are reasonably well described in a mean field model, and
so this may after all not be a very drastic assumption. Anyway, it allows us to find a
simple solution for A:

u-r u-n

AN ———— — 3.77

2c2r 2c2 ( )
where n is r/r, the unit vector along r. The minus sign appears because r = r| — r»
and we are dealing with the potential from particle 2, therefore dr/df = —u; = —u.
The reader may verify that this solution satisfies (3.76), assuming du/d¢r = 0, with
d(1/r)/dt =u -r/r3. The vector potential is transformed according to

q
TEQ

AC=Al 4+ va=Al+ oV (3.78)

To evaluate the gradient term above, we use the general vector relation, (3.46), applied
tou-n,

Va-n=w@ -V)yn+m-V)u+ux (Vxn)+nx(Vxu). (3.79)

Any gradient operating on u gives a null result according to (3.47). Also, for the vector
n we have in general

Vxn=0; (a-V)n:l[a—n(a-n)] (3.80)
r
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for any vector a. Thus

u r(u-r)
Vu-n)=— — - (3.81)
r r
This we can insert into the expression for A€ to obtain
3
r(u-r
AC— 4 (B T ()] (3.82)
8meger | ¢ cr? c3

We have included one c in the outside denominator here in anticipation of the u that
multiplies the vector potential in the expression for the interaction energy.

We can now omit the superscript C, and restore the particle labels. The potentials
from particle 2 are

_ 9
2= dregr
(3.83)
q2 u r(u-r) u%
Ay=—|+——4+0|=%)]|.
2 8megr |:62 + c2r? + <c3
Finally, we get the interaction energy by substituting these potentials into (3.55):
9192 luj-wp 1 -r)-r) u
Vi = 1—= - = ol—=)- 3.84
27 dneor |: 2 (2 2 c2r? + c* (3:84)

The only remaining possible cause for particle asymmetry lies in the definition of r as
r|; — rp, but from the expression above it is clear that this is of no consequence. In
addition to the Coulomb term, the expression for the interaction between two charged
particles contains two relativistic terms. These will be discussed in greater detail when
we later introduce similar expressions in the relativistic Hamiltonian.

While the expression above for the potential between two charged particles is indeed
symmetric in the particle labels, it is not Lorentz invariant. This can be demonstrated
by carrying out the appropriate transformation. To make things simple, we consider
only the case of two one-dimensional inertial frames, where S’ moves with velocity v
relative to S. In the moving (one-dimensional) system, w’ and r’ are parallel, and if we
discard terms of order 4 and higher in c, the interaction takes the form

yo = @@ [ nin (3.85)
27 dmeor! 2 | '

Applying the Lorentz transformation to ' and u’, we get

2 (1 —uv/c®) (1 —uyv/c?)

N L 3.86
12 4megyr ( )

, q192 [1 I (up—v) (uz —v) }
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which expanded to order ¢? yields

!
Vi, =

A egr c? c?

This is clearly different from the expression

q192 uiuz
Vip = [1 - ]
12 A egr c?

obtained by applying (3.84) in the inertial frame S.

q9192 |:1 _ i (u1 +uz)v

302
2¢2

]

(3.87)

(3.88)
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The Dirac Equation

The purpose of this chapter is to introduce the Dirac equation, which will provide us
with a basis for developing the relativistic quantum mechanics of electronic systems.
Thus far we have reviewed some basic features of the classical relativistic theory,
which is the foundation of relativistic quantum theory. As in the nonrelativistic case,
quantum mechanical equations may be obtained from the classical relativistic particle
equations by use of the correspondence principle, where we replace classical variables
by operators. Of particular interest are the substitutions

0
H — iha; p —> —ihV. 4.1

In terms of the momentum four-vector introduced earlier, this yields

i 0 0 0 i0
= s Pys Pz, —H —ih| —, —, —, ——— | = —ih0O. 4.2
P (Px Py Pz c >_) ! <8x dy 0z th) ! “4.2)

In going from a classical relativistic description to relativistic quantum mechanics, we
require that the equations obtained are invariant under Lorentz transformations. Other
basic requirements, such as gauge invariance, must also apply to the equations of
relativistic quantum mechanics.

We start this chapter by reexamining the quantization of the nonrelativistic
Hamiltonian and draw out some features that will be useful in the quantization of
the relativistic Hamiltonian. We then turn to the Dirac equation and sketch its deriva-
tion. We discuss some properties of the equation and its solutions, and show how going
to the nonrelativistic limit reduces it to a Schrodinger-type equation containing spin.

35
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Quantization of the Nonrelativistic Hamiltonian
The nonrelativistic classical Hamiltonian for a free particle is
H =T =p*/2m. (4.3)

Using the correspondence principle, (4.1), we get the time-dependent Schrddinger
equation:

2 a2 2 2
_” [3 paen WD S ’)] - ih—awg’ 25 (4.4)

2m ax2 9y? 972

This equation is obviously not Lorentz invariant—it has x, y, and z appearing quadrat-
ically but ¢ appearing linearly, which violates the relativistic principle of equivalence
of spatial and temporal variables. Since we know that the nonrelativistic classical
Hamiltonian is not Lorentz invariant, it is no surprise that neither is the nonrelativistic
Schrodinger equation.

In most quantum chemical applications the electrons are not free, but are subject
to electrostatic potentials in the form of Coulomb interactions with nuclei and other
electrons. These are accounted for in the Hamiltonian by adding a term involving the
scalar potential and the charge of the electron (—e):

H=T+V =p>/2m — ep. (4.5)

However, if we are concerned about Lorentz invariance, we should at this point remem-
ber that the scalar potential is only one component of a four-vector A = (A, i¢/c).
If the scalar potential modifies H, or equivalently E, then we would expect the vector
potential to modify the momentum, which accounts for the remaining components of
the four-vector.

From classical mechanics (e.g., Goldstein 1950), we can show that the presence
of a vector potential requires that the Hamiltonian function must be constructed using
the kinetic momentum (or mechanical momentum), which is the momentum that is
given in nonrelativistic theory by mv. We must express this momentum in terms of the
canonical momentum of Lagrangian mechanics, because it is the canonical momentum
to which the quantization rule p — —ihAV applies. Here (and hereafter) we will use
p for the canonical momentum and x for the kinetic momentum. The relation between
the two is

T=p—qgA 4.6)

for a particle of charge ¢ in a vector potential A, and for the electron' we must therefore
use T = p + eA. This relation is known as minimal coupling.

1. Some texts use e for the charge rather than g. However, we will always use e for the elementary charge
and develop equations for the electron, whose charge is —e.
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With this prescription for including potentials, the nonrelativistic classical
Hamiltonian becomes

H+ep =n?/2m = (p + eA)?/2m. (4.7)

If we apply the normal quantization procedure to this Hamiltonian, we get (expanding
the square)

W _, ich ) Y.
[—%V — o V-A+A V]+2—A —e¢>:| Y =ih— = 48

The term V - A tells us that here we have a choice of gauge, and we usually choose
the Coulomb gauge, V - A = 0, giving

2
[—h—v fehy vy L —e¢i| v, =ih Y If’(r 2 (4.9)
2m m 2m

For molecules and atoms the scalar potential ¢ includes the nuclear and electronic
Coulomb potentials and is normally incorporated into the variational procedure. In
many applications, the terms involving the vector potential are treated as a perturbation,
for example to obtain radiative transition probabilities. In this case the term involving
A -V gives the usual one-photon transition probability, and the term involving A2 gives
two-photon probabilities.

Spin in the Nonrelativistic Hamiltonian

One of the missing features in the usual form of the Schrédinger equation is spin, and
it is often stated that this is because it is a relativistic phenomenon. This is at best a
tenuous statement, and we will show that there is a method for introducing spin into the
nonrelativistic equation.> This demonstration also serves to introduce some quantities
that will turn up later in a fully relativistic equation that accounts for spin. Among
these are the 2 x 2 Pauli spin matrices:

oy = (? é) oy = (? _Oi>, o, = (é _01). (4.10)

often simply called the Pauli matrices, which we can collect into a vector, o. These
matrices are unitary, Hermitian matrices that do not commute:

0,0y = 10y 0y0y = —i0;. .
Y z y z 4.11

2. This demonstration was first made by Lévy-Leblond (1967, 1970).
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The commutator of oy and oy, is therefore
[0x, 0y] = 2io. 4.12)

Similar relations for the other products of Pauli matrices may be derived by cyclic
permutation of the indices. In fact, the Pauli matrices anticommute:

0i0; +0;0; 2281']'12 (4.13)

where I is the 2 x 2 unit matrix.>

We will often be dealing with the scalar product of ¢ with various vectors u; that
is, with (o - u). Using the commutation properties of the Pauli matrices, (4.13), it may
be shown that

(c-w)(o-v)=@- VI +ic-uxyv, 4.14)

where we have assumed that u commutes with o. This relation is called the Dirac
relation or the Dirac identity, and will be applied numerous times in this book. If
u = v, the vector product vanishes, so that

(0 -u)(o-u) = u’l. (4.15)

These 2 x 2 matrices can be regarded as operators on a space of two-component
vector functions,

p_ (V1
wF = <w2). (4.16)

The two-component wave function (¥ is called a Pauli spinor. We will show in a later
chapter that for this basis the Pauli matrices form a representation of the spin operators
such that ho = 2s. With the conventional choice of basis, that is, the eigenfunctions of
o;, the upper component represents the part of the wave function with spin projection
mg = %, or « spin, and the lower component the part with m; = —%, or B spin. The
primitive ¢ and B spin functions are represented by the vectors

=1 =(o)i  a=b=np= (7). @17)

To incorporate spin into the nonrelativistic Hamiltonian we now replace & by o - &
in (4.7). First, we consider the square of ¢ - &, expanded in terms of the momentum

3. We will indicate the rank of the unit matrix I and the zero matrix 0 by a subscript where we feel it is
necessary or useful. However, we will omit it when the context makes it clear what the rank is, or the rank
is unspecified.
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and the vector potential,
@1’ =(0-p’+e@-P(0-A)+e@ Ao -p)+e0-A)> 418
Making use of the relations (4.14), (4.15), and the correspondence principle gives
(0 -m)? = —h*V? —ieh[V-A+A-V]+e*A +eho - [Vx A+Ax V] (4.19)
The term in the first square bracket is the same as in the equation without spin. The
effect of the first term in the second square bracket can be demonstrated by letting it

operate on a function ¢. For the case of an arbitrary vector a, we have the general
vector relation

V x (pa) = (Vo) x a+ ¢(V xa) = —a x (Vo) + ¢(V x a). (4.20)
If we apply this and insert the definition of the vector potential, (V x A) = B, we get
VXxA4+AXxV=(VxA)—-—AxV+AxV=B. 4.21)

Thus we end up with an extra term in the nonrelativistic Schrodinger equation that
accounts for the interaction of the spin of the electron with a magnetic field:

2 ieh e?
—— V2 —A.V4+—A?
|: 2m m * 2m * 2m

eh

P
o .B—e¢i| yP =ih8§’t ) (4.22)

The fourth term is the spin Zeeman term and represents the interaction of the electron
spin with the external magnetic field, and under the substitution o = 2s it takes the
form (e/m)s - B.

We have demonstrated that by replacing = with o - T we can indeed introduce spin
into the nonrelativistic Schrodinger equation. In this form, spin appears explicitly in
the wave function through the Pauli spinors (or products of these for many-electron
systems), and its interaction with magnetic fields appears naturally in the Hamiltonian
and need not be grafted on ad hoc when required. However, apart from the fact that
it yields a convenient form of the Schrodinger equation, it is not immediately evident
why the operator ¢ - & should be used. And we still have the problem that the free-
electron part of the Hamiltonian is not Lorentz invariant. So we must look for an
alternative route to a relativistic quantum theory for the electron, one which preferably
also accounts for spin. Our experiences from the derivations in this section show us
that this route may lead to multicomponent wave functions.

The Dirac Equation
We now turn to the quantization of the classical relativistic Hamiltonian, and in

particular to its representation in the Dirac equation. Quantization of the classical
relativistic Hamiltonian has been treated in detail in many texts, such as Rose (1961),
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Bjorken and Drell (1964), Moss (1973), and Sakurai (1967), to which the reader is
referred for greater detail than is presented here.

In the previous section, we noted that the nonrelativistic Schrodinger equation for
the free particle contains second derivatives with respect to the space variables, but
only the first derivative with respect to the time, and therefore it does not treat time
and space on an equal footing, precluding Lorentz invariance. The second derivatives
come from the form of the nonrelativistic Hamiltonian, but the first derivative of the
time is fundamental. We therefore seek an equation that is homogeneous and first order
in space and time.

For a classical expression of this kind, we turn to the relation between energy
and momentum derived in section 2.7. Omitting the subscript for the rest mass of the
electron* and introducing the mechanical momentum, we may write this relation as

(E + e¢)? = m?c* + n2c2. (4.23)

We could go ahead and quantize this expression according to our usual prescription,
but this results in four-electron operators, which would be impractical for relativistic
quantum chemistry. The squared form does have its place in physics, but it can be
shown that it does not describe the electron.

We can reduce the rank of the operators by taking the square root of the expression
above, to obtain the Hamiltonian

H =cvVm?c? +n? — eg. (4.24)

There are some obvious difficulties to be encountered in an attempt to quantize this
Hamiltonian. If we simply use the correspondence principle, we have the problem
of interpreting the square root of the Laplacian operator. We could circumvent this
problem by extracting a factor of mc from the square root and then expanding the
square root expression as a series in powers of (;r /mc)?. This yields

2 4 6
Htep =me\ 1+ Gu/me = me? + 2 — ”362+0<” ) (4.25)

8m m3c4

where the first term is the rest mass energy and the second term is related to the kinetic
energy. Unfortunately, this approach fails for several reasons. First, the series is infinite
and would have to be truncated. Second, the expansion is only valid if # < mc, but
7 can take values up to oco. Third, the operators become more and more pathological
the higher one goes in the series. Finally, the Lorentz invariance is not obvious, and
would certainly be lost if the series were truncated, as would be necessary in any
practical method.

Dirac’s approach to quantization of the Hamiltonian above was to assume that the
argument of the square root operator could be written as a perfect square,

w2 4+ m?c? = (o -+ ,Bmc)2 (4.26)

4. The mass m appearing hereafter is the rest mass, the subscript of mq being omitted.
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where a and 8 remain to be specified. Thus, the relativistic Hamiltonian for an electron
can be written

H+ep=ca-(p+eA)+ ﬁmcz. 4.27)

Using the correspondence principle to quantize this Hamiltonian, we get the Dirac
equation for an electron in an electromagnetic field:

3
(ihE + e¢> U = co - (—iiV + eA) U + Bmc? V. (4.28)

Transferring the term involving a to the left-hand side, this equation may be written
in four-vector form as

co- ((hO — eA)W = Bmc>W (4.29)
where we have introduced the four-vector o
o= (e, i). (4.30)
We know that the four-vector momentum and the four-vector potential are conserved
quantities under a Lorentz transformation, so we expect that o is also conserved, as
may be shown with the conditions below.

It remains to determine the quantities o and 8. In order for the perfect square to
be obtained, o and B must obey the following conditions:

af =g =1, (4.31a)
aiaj = —aja;, i # J, (4.31b)
o = —Ba;, (4.31¢)
or, with 8 =
aiaj tojo = 25,‘1‘. 4.32)

(Note that g is not part of the four-vector a.) The second and third conditions of
equation (4.31) mean that the algebra of the «; is noncommutative—in fact, it is
anticommutative. Scalars cannot satisfy these relations, and therefore an appropriate
noncommutative algebra must be found to satisfy these conditions. The most obvious
choice is matrix algebra.

The first condition, (4.31a), means that the matrices must be unitary. For matrices
of rank 2, any unitary matrix can be expressed as a linear combination of the 2 x 2
unit matrix and the Pauli matrices. These four will not do, because even though the
Pauli matrices anticommute, the unit matrix commutes with the Pauli matrices, and
therefore the anticommutation requirement cannot be met. Thus, the rank of the o and
B matrices must be greater than 2. Through some elementary matrix algebra, it may
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also be shown that the rank of the & and B matrices must be even. From this we
conclude that the minimum matrix rank required is 4, and we can indeed find a rank 4
matrix representation of o and S that satisfies the requirements of (4.31). One such
representation is

{02 ok _ . (L 0
o = <Uk 02>, k=1,2,3; B= <02 —Iz>’ (4.33)

where I, and 0, are the 2 x 2 unit and null matrices, and o} are the Pauli matrices defined
above. This representation of the o matrices is called the standard representation, and
is defined only up to a similarity transformation,

o), =Q 'a,Q, (4.34)
which for invariance requires that
v =Q 'y (4.35)

As can be expected, the o; matrices do not commute. Introducing the vector ¥

_[fox 02\ (o 02\ (o 02
=[5 2@ 439

we can write
axoy =iXy; ayoy, = —iX;. 4.37)
The commutation relations for the o matrices can be summed up as
oxo=2X. (4.38)

While this provides us with an equation for the relativistic electron, the o and 8
matrices arose from the mathematical treatment, and only indirectly from the physics.
It would be nice if we could also give these quantities a physical interpretation. In order
to find some classical operator or quantity corresponding to & and 8, we compare the
Dirac Hamiltonian with the classical relativistic Hamiltonian. For this purpose we use
the classical relativistic expression for the energy from (2.60) for a field-free system,

E=u-p+mc/y. (4.39)

Comparing with (4.27), we see that we may identify ca with the velocity operator u.
With this identification, we see that the velocity four-vector a can be identified with
the classical velocity four-vector, which is the time derivative of the position four-
vector w. We can also identify 8 with the inverse of the y factor arising in the Lorentz
transformations.
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We will not prove the Lorentz invariance of the Dirac equation. However, we will
point to a few features that at least suggest Lorentz invariance. The first thing to note
is that the rest mass is obviously a relativistic invariant. If we multiply (4.29) by 8 and
define y = Ba, we have

cy - (WO = eA)W = mc?W. (4.40)

It is fairly obvious that if the operator on the left has as its eigenvalue a Lorentz
invariant quantity, the operator itself must be Lorentz invariant. This, of course, does
not constitute a proof. Such proofs may be found in most standard textbooks in physics
that cover the Dirac equation.

What is of further concern is whether the probability density W W is time-
independent, which we expect for a bound state, and whether it is conserved under
a Lorentz transformation, since this has implications for the normalization of the wave
function. If ca is the velocity operator, we may write the current density for the Dirac
wave function as

j=Vcaw; (4.41)
with the charge density defined by
p=Vw (4.42)

Charge is invariant under a Lorentz transformation, and the law of conservation is
expressed in the continuity equation

5
v-j+8—‘; —0. (4.43)

Inserting j and p from the above definitions into the charge conservation equation,
we get

5 0 . oV T+ + v
cV~(\IJa\IJ)+§\IJ\IJ: cot-V\I/—f—E V4 v ca-V\I'+E . (444

From the free-particle Dirac equation,

vy 21y, (4.45)
col - _— = — . .
ot ih

On substitution of this and its conjugate into (4.44) it is clear that the continuity equation
is satisfied:

. 0p mc? p mc? +
Vij+—=—"VBU+ —U'BY=0. (4.46)
ot ih ih
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In order to show that the probability density is time independent, we now take its space
integral and find by Gauss’s theorem that

— | pdr = —/v .jdr = —/jndS (4.47)

where j, is the component of the current along the outward normal to the surface S.
The surface is of course at infinity, so that if the current density vanishes sufficiently
strongly at infinity—which we expect to be the case for a bound, normalizable state—
the time derivative of the integral of the probability density is zero, and the integral
has a constant value. That this integral is invariant under a Lorentz transformation is
shown, for example, in Rose (1961).

The Time-Independent Dirac Equation

Now that we have a valid equation, we need to manipulate it to obtain a workable
form. It is almost invariably the case that we are looking for stationary states, and
most considerations of time-dependent phenomena proceed from a set of states that are
time-independent.

A stationary state is the eigenfunction of a Hamiltonian that is independent of the
time variable and has the energy as its eigenvalue. If we have such a Hamiltonian, we
can write the wave function as a product of a spatial and a temporal part,

Y(r, 1) = Y(r)o (), (4.48)
which on substitution into the time-dependent Dirac equation

v

Iy =ih
H i a7

(4.49)

yields
. L
HY @) /Y (r) = 155 /6. (4.50)

If # is time-independent, the left side is a function of r only and the right side a
function of ¢ only. For the two to be equal, they must both be equal to a constant,
which is the total energy E. The solution of the temporal part is easily obtained as a
simple exponential:

0(t) = eEt/ih, 4.51)
The spatial part is the time-independent Dirac equation
H = ca - (—ihV + eA) § + Bmc> Y — ey = E, (4.52)

which we may now proceed to solve.
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In the light of the chapter on special relativity (chapter 2), it is apparent that there is a
possible problem in performing this separation of the space and time variables, because
the Lorentz transformation mixes them. The separation would have to be performed
in a particular frame of reference, and only be valid in this frame of reference. If we
want results in another frame of reference, we must perform a Lorentz transformation
to that frame, and there is no guarantee that we will still have a stationary state.
However, if our Hamiltonian is Lorentz invariant, the choice of the frame of reference
is arbitrary, and, as we saw above, the probability density is independent of time and of
the frame of reference. We may therefore choose the frame that is most convenient. In
molecules (and in atoms) the Born—Oppenheimer frame is the most convenient frame
of reference for electronic structure calculations because the nuclear potential is then
simply the static Coulomb potential. Regardless of whether the Hamiltonian is Lorentz
invariant or not, it is this frame that we work in from here on.

The Dirac Wave Function

Because of the appearance of 4 x 4 matrices in the Dirac equation, the wave function
must be a four-component vector:

Yi(r, 1)
Ya(r, 1)
Y3(r, 1)
Ya(r, 1)

Y(r,t) = (4.53)

We have therefore moved from a scalar function in the nonrelativistic regime to a
four-component vector function in the relativistic regime, and we might expect that the
work to describe this wave function would increase in proportion.

What is the significance of the four components? We noted above that in nonrel-
ativistic quantum mechanics we can introduce the spin by replacing the mechanical
momentum x by o - r and making the wave function a two-component vector, or
2-spinor, where the upper component corresponds to spin % and the lower component
corresponds to spin —%. The same concept applies to the Dirac wave function—
components 1 and 3 correspond to spin % and components 2 and 4 correspond to
spin —1 and the wave function is called a 4-spinor.

It is useful to classify the upper two and lower two components of the Dirac wave
function as two-component spinors. From the discussion of spin in the nonrelativistic
equation, it might be guessed that these would be Pauli spinors. We write

: (4.54)

L
W) = <\y (r, z))

WS(r, 1)

WL and WS are termed the large and small components of the wave function. The
reason for this nomenclature will become clear later. For the time-independent case,
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we have correspondingly:’

L
W(r) = (‘jﬁ%g) (4.55)

For various applications and derivations it is easier to work with the two-component
form in (4.54) rather than with the full four-component form of (4.53), and in later
chapters we will use either form according to what is convenient for the case at hand.

To obtain further information on the nature of the Dirac wave function, we can solve
the equation for a simple model system. The simplest case is the time-independent
equation for a free particle. In the nonrelativistic case the Schrodinger equation for a
free particle moving along the x axis is

R? d%y
2m dx?

. ImE
¥ = aekt k= ,/% (4.57)

where a is a normalization constant. ky can be interpreted by noting that ¥ is also an
eigenfunction of the momentum operator

= Ev. (4.56)

This has the solution

d d ikyx
Vo _jpdeet hky . (4.58)

50— —int¥
Pxy ! dx dx

This type of exponential wave function is known as a plane wave, and for the general
case of a particle moving along the direction K it has the form

¥ = ae'*T. (4.59)
The time-independent Dirac equation for a free particle follows easily from (4.52) as
ihco -V +mc? By = Eyr. (4.60)

We now draw on our experience from the nonrelativistic case and assume that the
4-spinor { has the form

ai
as
a3
as

Y = kT (4.61)

5. The notation convention is that upper case is used for the time-dependent spinors; lower case for the
time-independent spinors.
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We insert this expression into the Dirac equation, expand the 4 x 4 matrices, and carry
out the differentiations. The result is the following set of equations:

(E — mcz)al —K,a3 — K_as =0,

(E — mcz)az — Kyia3+ K;a4 =0,

(4.62)
—K,a1 — K_ay + (E + mc*)az = 0,
—Kia1 + K;a + (E + mcz)a4 =0,
where we have set
K=chk and Ki=K,=*iK,. (4.63)

This set of four equations for four variables has solutions only if there is linear
dependence; that is, the determinant of coefficients must equal zero:

(E —mc?) 0 ) —K. —K_
By O T B
—K; K. 0 (E + mc?)
This reduces to a fourth degree equation for E,
(E* —m*c* + KH)* =0, (4.65)
which has the doubly degenerate solutions
Ey = +Vm2c*+ K2, E_ = —/m2c* + K2. (4.66)

The equations for the coefficients turn out to be pairwise linearly dependent for
these values of E. For E; we choose the equations

—K.a1 — K_ay + (E4 +mc?)az =0,
—Kia + K.a> + (E4 +mc)ay = 0. (4.67)

With four variables and only two equations, we can choose two of the variables freely,
but one of these will be determined by the normalization conditions (which we do not
consider in this example). If we set a; = 0, we get

alKZ . a1K+

=—; = —. 4.68
E, +mc? “ Ey +mc? (4.68)

as
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The choice a; = 0 gives

K_ K
4= 2 4= ——22% (4.69)
E. + mc? E. +mc?
Correspondingly, for E_ we get the solutions
a3Kz 613K+
=7 _ 7 =7 =0 4.70
R 2EE e a (4.70)
and
asK _ asK;
=" =——7; =0. 4.71
R ZR—— 2 E_ —mc? “ @70
To sum up, for the free-particle Dirac equation we get the solutions:
1
El =4+ m2C4 + K2. 1111 — aeik-r 0
’ K /(E+mc*) |’
K4 /(E +mc?)
0
; 1
- 24 2. _ ikr
Ey = +vm*c* + K=, Vo = ae K_J(E+me) |
—K./(E +mc?)
4.72)
K /(E —mc?)
. _ 2
E; = —vm2c* + K2; Y3 = aezk-r K+/(E1 mc*) ,
0
K_/(E —mc?)
. _ o2
Ey=—vVm2c* + K% Yy =ae'*" KZ/(% me?)
1

Comparing coefficients from the lower two components with those of the upper two,
we see that there is a ratio of the order K /(E 4 mc?). Remembering that K = cp, this
may be expanded as

K cp p
- <2 4.73)
E + mC2 mc2 + m2C4 + p2C2 2me

For nonrelativistic velocities p < mc, and when the upper two components are large,
the lower two are small, and vice versa. While we normally do not have situations
where the upper or lower components are pure Pauli spinors, as in our present example,
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the magnitude difference between upper and lower components always holds one way
or the other.

Which way the difference goes depends, as we have seen, on the sign of E. We have
not commented on the negative-energy solutions, which would appear to be unphysical.
Admittedly, we regard the bound states of the hydrogen atom as negative, for example,
but that is relative to the ionization limit and not on an apparently absolute scale. We
will postpone the discussion of these negative-energy states until the next chapter. For
now we merely register the fact that solutions with positive energies have large values
for the upper components of the 4-spinor, while solutions with negative energies have
large values for the lower components.

The free-particle Dirac equation provides a nice demonstration of some of the
properties of the 4-spinor solutions, but quantum chemistry is mainly concerned with
electrons bound in molecules by electromagnetic forces. In a static potential V, such as
that provided by the nuclei in the Born—Oppenheimer frame, where the vector potential
A is zero, the time-independent electronic Dirac equation is

clo - p)V + (Bmc? + V) = Eb. (4.74)

Writing ¥ in terms of large and small components, we have

V — E + mc? c(o - p) Yl
=0 4.75)
c(o-p) V — E —mc? S
or as a pair of coupled equations,
(V—=—E+mAYt +c@-p)v’ =0
c(@-p)Ut +(V—E —m*y® =0. (4.76)

Solution of these equations for various forms of V is the subject of most of the
following chapters. But we see from comparing these equations with the corresponding
free-particle equations that the overall structure is similar, and that we would expect
the solutions to have much the same form; that is, two large components and two small
components.

Nonrelativistic Limit of the Dirac Equation

While we cannot provide general solutions to the Dirac equation of an electron in a
molecular field, we can gain further insight by investigating what happens when we
go to the nonrelativistic limit; that is, when we let the speed of light go to infinity. Just
as in classical mechanics we get the Newtonian nonrelativistic limit of the relativistic
Hamiltonian function by subtracting the rest energy and taking the ¢ — oo limit, so
we expect that in quantum mechanics the limit of the Dirac equation as we allow ¢
to go to infinity after the rest energy has been subtracted should be the nonrelativistic
Schrodinger equation.
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If we partition the energy into the rest term plus a remainder,

E=mc*+E' (4.77)
we may define a new Hamiltonian
H =H — Lymc? (4.78)
which amounts to defining
B =B —L. (4.79)

Using this Hamiltonian and E’ as the separation variable in (4.50) to obtain a time-
independent equation, the only difference is that the new temporal wave function is
related to the old by a phase factor,

0'(1) = e~ 1iMig ). (4.80)

Henceforth, we will feel free to make use of this new definition of the Hamiltonian
and of the energy when convenient, and drop the primes everywhere. We will make it
clear when the rest mass term is included.

The time-independent Dirac equation in two-component form with the rest mass
subtracted becomes

(V—=EWr +co-pus=0 (4.81a)
c(o -p)Ut + (V- E =2mcHyS =0. (4.81b)

Before taking the limit ¢ — oo, this equation must be rearranged for two rea-
sons: first, because we need to change it to a form where ¢ occurs in some form of
denominator—this will provide us with terms that vanish and hopefully other terms that
remain finite—and, second, because the nonrelativistic wave function is a scalar func-
tion, whereas the Dirac wave function is a four-component vector function. If we use
the two-component nonrelativistic Schrodinger equation that we derived in section 4.2,
we can write the nonrelativistic wave function in terms of spin—orbitals, which can be
transformed to two-component spinors. Then it is only necessary to reduce the Dirac
equation from four-component to two-component form.

If we set ¢ — oo in (4.81b) after dividing it by ¢2, we find that S — 0, which
implies that we must eliminate the small component before allowing ¢ to go to infinity
in order to obtain the nonrelativistic limit. Examining (4.81b), we see that it can be
rearranged to make ° the subject, provided that V — E — 2mc? is nonzero. Now V is
always zero or negative for the nuclear potential, so we must have E > —2mc? in order
that V — E — 2mc? is never zero. (Compared with the free-particle case discussed in
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the previous section, this corresponds to choosing the positive energy solution.) With
this condition,

VS = [2m + E—V] (o p)ut (4.82)
which on substitution into (4.81a) gives
(V= EW! + 2o -p[2m* + E— V] (- p)yt =0. (4.83)
The last term can be rearranged by noting that
(A+B) '=Aa""-a"'"BaA+B)! (4.84)

for any quantities A and B for which (A + B)~! and A~! exist. Letting A = 2mc?
and B = (E — V), the result is

E-V

L _
marE—y O PV=0

(4.85)

1 1
(V — E)Wrt + 5@ P pUt — —(@-p)
m 2m

Using (4.15) to reduce the second term, we find that it is the nonrelativistic kinetic
energy operator 7. The above equation is therefore

V-E

_ TR s ok =
m2 + E—y ¢ PV =0 (4.86)

(f+V—E)xpL+i(a-p)
2m

which is the nonrelativistic Schrodinger equation with a relativistic correction. Since
c is in the denominator of the last term, if we allow ¢ to go to infinity we get the
nonrelativistic Schrodinger equation with s the nonrelativistic wave function.

We may also partition the second term using (4.14) to arrive at

V —E V—-E c?
7 0P = T -
2mc*+E -V 2mc2+E -V (2mc2+E—V)2 (4.87)

x [(pV)-p+io - (pV) x p].

L( )
2m o-p

Here we see that the relativistic correction includes a correction to the kinetic energy, a
scalar potential term, and a term involving the spin that can be classified as a spin—orbit
interaction.

In the previous section, we showed that the ratio of the large component to the
small component was approximately p/2mc for a free-electron state. Given that the
large component becomes the nonrelativistic wave function in two-component form in
the limit ¢ — oo, we may use the nonrelativistic wave function as an approximation
to the large component to gain some idea of how the small component behaves for a
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bound state. Taking, for example, the nonrelativistic hydrogenic atom 1s wave function
as an approximation to y*, we find that

1,UL — lee—Zr j

(0-p)
2mce

@D 7. 2

L
. 4.88
2mce 2mcllj ( )

qu R qu = Ny

The magnitude of c¢ is approximately 137 in Hartree atomic units, which we have used
here. We will obtain a more accurate value for this ratio in chapter 7.

For light elements, the small component will be one to two orders of magnitude
smaller than the large component for the 1s orbital, and any expectation value involving
it will be two to four orders of magnitude smaller than the expectation value of the
same operator over the large component. The names /arge and small components are
in common usage, but, as we have seen previously, the large component is large only
for the positive energy solutions. More appropriate names might be upper and lower
components, and indeed some textbooks use this nomenclature. Unfortunately, this
may also lead to problems, because for some purposes it is convenient to interchange
the order of the components of the 4-spinor (for example, in some computational
applications). In this case the upper components may not both be upper anymore,
but as long as we are dealing with positive energies, the large components will at
least always be large. For this book, we will adhere to the conventional large/small

terminology.
One slightly subtle note of caution needs to be added in connection with the limiting
process carried out above. If the potential V is a Coulomb potential, V = —Z/r, the

last term in (4.86) does not vanish for infinite ¢ at r = 0. Employing the correspondence
principle for p, the operator in the last term is

Lep—r"L 6.p
m e Yo rE—voP
i he? 4 4 E
e @ -e)(0-p) — /r+ T (4.89)

=(2mc2+E~|—Z/r)2ﬁ 2mct+E+Z/r
_ ihZ ©-e)©-p) Z/c+ Er/c
T Cmer+ Erjet zje2 O s Y Erje+ Zc

where e, is a unit radial vector. Taking both limits, but keeping terms in the product
of r and ¢, we find

V—-E ihZ
(0:-p)=_—-—=(0-¢)(-p (490

1
m P (2mecr)?

r—0,c—00 2m 2mc2+E -V

In order for the limit to vanish, cr must approach infinity. We have no reason to suppose
that ¢ would approach infinity faster than r approaches zero, so we cannot assume that
this limit vanishes. Thus, for a point nuclear model, the nonrelativistic limit (¢ — 00)
is only obtained for » > 0. This points to the need for a more realistic model of the
nuclear charge distribution, which we consider in chapter 7.
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In later chapters we will consider the nonrelativistic limit of other relativistic oper-
ators. Here we will only look at one, the velocity operator, to show that it has the
correct nonrelativistic limit. Extracting 2mc? from the square bracket in (4.82) we get

1 _
S = 5 [1+(E = V)/2me?] Yo pul. (4.91)

In the nonrelativistic limit the term in square brackets may be replaced with unity,
again provided that V is finite. Using this and the definition of &, (4.33), we write the
current density as

Jim Jfeay = ﬁw”[a(a -p) + (0 -po ]yt
: (4.92)
= — " pyt,
m

from the anticommuting properties of the Pauli matrices. Classically, p = mv, so the
velocity operator does indeed have the correct nonrelativistic form.

Finally, at the interface between relativistic and nonrelativistic representations, we
should consider the nuclear potential, which we have introduced only by way of an
unspecified potential V above. So far we have only discussed the Dirac equation for
an electron, but in quantum chemistry we are often concerned with the nuclear motion
as well. From the discussion of the potentials due to a static and a moving charge
in chapter 3, it is obvious that the nuclear motion creates a magnetic field, which
should affect the electronic motion. The same arguments as are used for separating
nuclear and electronic motion in nonrelativistic quantum chemistry may be applied
here also: the mass of the nuclei is at least three orders of magnitude larger than the
electron mass, and the velocities of the nuclei are correspondingly smaller. Thus we
conclude that as far as electromagnetic electron—nucleus interactions go, we may well
regard the nuclei as stationary. Relativity also affects the nucleus—nucleus interaction
in a molecule, but again the effect is small. We therefore conclude that relativity is
a very small perturbation on the nuclear motion, and for most chemical purposes it
can be neglected entirely. Thus we will treat the electronic motion relativistically but
the nuclear motion nonrelativistically. We will, however, return to these questions in
chapter 13 when we discuss the calculation of molecular properties.



Negative-Energy States and Quantum
Electrodynamics

We now return to the problem of the negative-energy solutions that appeared when we
solved the free particle Dirac equation in the previous chapter. The energy eigenvalues
obtained there were either E, = ++/m2c* + p2c? or E_ = —/m2c¢* + p2c2. The
minimum absolute values we can have are therefore |E| = mc? for p = 0 (that is, the
particle at rest). As the momentum of the particle increases, we generate a continuum of
solutions, either below —mc? or above +mc?. This is a general feature of all solutions
we will obtain from the Dirac equation—we will have continuum solutions on both
sides of an energy gap stretching from —mc? to +mc?, in addition to any discrete
solutions.

Classically and nonrelativistically we would expect a free particle to have a positive
energy. The addition of a rest mass term mc?, which is definitely also positive, should
not change this. However, the fact that we now have negative-energy states means
that a single particle in a positive-energy state could spontaneously fall to a negative-
energy state with the emission of a photon. The interaction with the radiation field
occurs via the operator & - A. The radiative transition moment therefore connects
the large component of the positive-energy solution with the small component of the
negative-energy solution. As we have seen, both of these should be large in magnitude,
giving a large transition moment. Calculations (Bjorken and Drell 1964) show that the
transition rate into the highest mc? section of the negative continuum is approximately
108 s~!, and the rate of decay into the whole continuum is infinite. Any bound state
would therefore immediately dissolve into the negative continuum with the emission
of photons. This is clearly an unphysical situation.

To resolve this dilemma, Dirac postulated in 1930 that the negative-energy states
are fully occupied. The implications of this postulate are significant and wide-ranging.
First and foremost, it prevents the collapse of bound states. Second, if we excite a
particle out of a filled negative-energy state, it must leave behind a “hole” in this
state that behaves as a particle with complementary properties to the one we excite.
This means that, for example, total charge must be conserved. Thus, if the negative-
energy states arose from the solution of the Dirac equation for a free electron, a hole

54
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in the negative-energy continuum must behave as a particle with the same mass as the
electron but with opposite charge. The negative-energy states are therefore connected
with positrons. This explains the phenomenon of pair creation and the energy required
to create an electron—positron pair with zero kinetic energy is 2mc?, as expected if
this involves exciting a particle across the gap between negative- and positive-energy
states. The discovery of the positron in 1933 was seen as a triumph for the Dirac theory
and its reinterpretation.

There is, however, a problem with this approach. The filling of the negative con-
tinuum implies that the “vacuum” state is infinitely charged, and as a consequence we
would expect an infinite interaction between any state and the vacuum. We therefore
need to take the reinterpretation one step further. What we actually measure is not the
absolute properties of a state but the differences in properties between a state and the
vacuum. The Dirac equation is therefore only the starting point for a theory that is an
infinitely-many-body theory, even for a system with only one electron—or indeed for
the vacuum itself!

Before we go any further, we should reflect on how we arrived at this position. We
solved the Dirac equation for a free particle and found that the spectrum contained two
disjoint continua. If the particle is an electron, we interpret the positive-energy states
as describing the electron with an infinite rate of decay into the negative continuum.
But we could equally well have solved the Dirac equation for a particle of positive
charge—a positron—in the same field, and found exactly the same situation, with two
continua, and an infinite rate of decay of the positive-energy states, which now describe
positrons. So if the negative continuum for the electron should be filled, so should the
negative continuum for a positron (even if we have no particles), and the vacuum,
which should be a reference point for all particles, would then have no charge.

In fact, there is a more direct connection between the charge of the particle and the
mass-energy, so that we only need to solve one Dirac equation to obtain solutions for
both signs of the charge. We write the Dirac equation for an electron of charge —e in
four-vector form as

co- (RO — eA) ¥ = Bmc?W. (5.1

We can take the complex conjugate of this equation, but we have to exercise some care
with regard to the four-vector quantities, which represent a mixture of real and complex
entities. Showing the space and the time components of the four-vectors explicitly, the
equation above takes the form

ca, i) - [ih (v, _—ii) —e (A, @)} U = Bmc’W. (5.2)
c ot c

Complex conjugation yields

c(a®, —i) - |:—ih (v’ i%) —e (A, #)} U = BmcPwr. (5.3)

c

Due to the presence of a scalar product between the vectors, we can recover the
four-vector quantities [ and A by changing the sign of the last component in each
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four-vector and writing this expression as
c(a*, i) - [—ihO — eAlW* = Bmc* W™, (5.4)

This looks very similar to the Dirac equation, but although o is Hermitian, the complex
conjugate is not the same as the original because o = —ay. In order to recover the
four-vector o, we introduce the operator

¢ =iBay. (5.5)
Operating on the Dirac matrices we find that

¢'p=-pBC, C(@)* =al. (5.6)

We apply this operator to the conjugated Dirac equation and arrive at the result
- (ihO +eA,) C'w* = pmc*C'w™. (5.7)
which, by comparison with (5.1), is the Dirac equation for a particle of the same mass
but opposite charge. Thus, if ¥ is the wave function for the electron, C'¥* must be
the wave function for a positron. Introducing the complex conjugation operator, ICO,

the positron wave function can be written ¢ lColII C=0C IC() is called the charge
conjugation operator, which in matrix form is

0 0 1

s, o 0o -1 o]

C=|, _; o | Ko (5.8)
1 0 0 0

Applying C to the fourth of the wave functions defined in (4.72), which is for a negative-
energy electron, we find

K_/(E_ —mc?) 1
Cry = Cae'®" _KZ/(Ea — me?) =a*e kT KZ/(E_O— me?) (5.9)
1 Ky /(E- —mc?)
Noting that E_ = —E, we may write this as
1

0
—K/(Ey + mc?)
— Ky /(Eq +mc?)

Cliy = a*e kT (5.10)

This is equal to { if a is real and we change the sign of the momentum. Thus, we
have the wave function for a positive-energy particle of opposite momentum. If we had
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included the time factor we would have seen a change in sign there too. So we may
interpret the negative-energy electrons as positive-energy positrons moving backwards
in time. We will examine the issue of time reversal in more detail later when we address
the symmetry of the Dirac equation. We note also that there has been a change in spin,
which we would also expect from time reversal.

The same Dirac equation therefore provides solutions that describe electrons and
positrons. Whether they appear as negative-energy states or positive-energy states will
depend on which sign we choose for the charge. The physics of the particles ought to
be independent of this choice, and we therefore need to have a mathematical model
that permits the description of both positrons and electrons on the same footing. The
necessity for an alternative model is further obvious if we follow the line of reason-
ing about the filling of the negative-energy states a little further. We argued that the
negative-energy states for both the electron and positron Dirac equations must be filled,
producing a “vacuum” with no net charge but an infinite number of particles. However,
we now have an infinite density of particle-antiparticle pairs, which must spontaneously
annihilate each other at an infinite rate, leaving the vacuum empty again! This absurdity
is only resolved if we do not insist that the Dirac equation on its own is a complete
description of the physics. When we developed the Dirac equation, we chose the pos-
itive sign for the square root, implying that only the solutions with positive (classical)
mass were meaningful. We must therefore view the Dirac equation with its negative-
energy solutions as a mathematical means to obtain solutions for particles of both signs
of the charge at the same time; that is, we do not need to solve the Dirac equation for
both signs separately. The existence of negative-energy states is the mathematical but
not the physical embodiment of the existence of particles and antiparticles.

For an alternative model we must turn to quantum field theory and quantum electro-
dynamics. This is suggested by one final point from the heuristic model of the filling of
the negative-energy states: the annihilation of the particles produces a radiation field.
We therefore require a theory that treats particles, antiparticles and their interaction
with the electromagnetic field in a consistent way. Quantum electrodynamics (QED)
has been hailed as the most accurate theory ever devised, and it is indeed remarkable
both in its predictive power and its logically coherent treatment of the entire range of
electromagnetic interactions within the relativistic quantum regime. We do not expect
most practicing chemists to have a background in QED, and a complete introduction
to the subject certainly falls outside the scope of this text. We will therefore follow
our usual approach—beg, borrow, or steal what we need from the advanced physics
theories and adapt it to our immediate needs. It is, however, possible to develop much
of the theory presented here within the context of QED. The interested reader should
consult the articles by Quiney and coworkers (Quiney 2002, Quiney et al. 2001). For
more detailed derivations, see Berestetskii et al. (1982) or Bjorken and Drell (1964).

Second Quantization

It is convenient to use the language of second quantization when treating a general
many-body problem. Most quantum chemists are familiar with this formalism, and
here we will only provide some brief reminders of the basic features. More thorough
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discussions may be found in standard texts such as Merzbacher (1970), Schiff (1968),
or Jgrgensen and Simons (1981).

In second quantization we assume that a complete set of one-particle operators with
corresponding eigenvalues generates a complete set of one-particle states for the system
under consideration. The general N-particle state is then labeled by the eigenvalues of
each of the N particles in this representation. The entire space of such many-particle
states is called a Fock space. The basis for this space is a distribution of particles
with the specified eigenvalues. If the eigenvalues of the one-particle operators are
(collectively) w1, w2, ..., and n; is the number of particles with eigenvalue w;, then
the general basis vector in Fock space is

Ini, na,...). (5.11)

The simplest state is the state with no particles, the vacuum state, which we denote
|vac). This state is assumed to be normalized:

10,0, ...) = |vac); (vac|vac) = 1. (5.12)

We can generate the other states in the Fock space by use of creation operators. The
creation operator ;' increases the number of particles in state i by 1:

ai'ln, o mici i nign, ) = Cilngyoonisn, ng + Lnig, ) (5.13)
where C; is a normalization constant. Correspondingly, the Hermitian conjugate of the
creation operator, a;, removes a particle from state i, and is called an annihilation
OPEI'Q[O}":

ailni, ..., ni_1,ni,njx1, ...y =Cilnt,...,ni—1,ni — 1,mipq,...). (5.14)

The general state in Fock space may be constructed by applying a succession of creation
operators to the vacuum state:

(@ (@)™ ... |vac) = Cylny, na, ...). (5.15)

Application of an annihilation operator to the vacuum state yields 0, and by Hermitian
conjugation we must have

ailvac) =0 = (vacla;' = 0. (5.16)

For electrons and positrons, which will be our main concern, the creation and
annihilation operators fulfill the anticommutation relations:

aqTapT + apJfaqT =0
agap +apag =0 (5.17)

ag'ap +apas’ =5y
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From these relations it is straightforward to show that the number operator

N Eza;aﬁ (5.18)

p

yields the number of particles in the system. Here and in the following, the sum is over
the complete set of one-particle states unless otherwise indicated. We can also show
from the commutation rules that trying to create two electrons in the same state yields
a null result:

2 (a,-Taﬁ) |lvac) = (a,-Tai% + aiTaiT) |lvac) = 0. (5.19)

This means that there can only be one electron or positron (or in general, fermion) in
any state.
The second-quantized representation of a one-particle operator 2 is given as

2= 2pay'ay. (5.20)
pP.q

Here §2)4 is the usual first-quantized matrix element between the one-particle states
with eigenvalues w, and w,

qu = <‘~bp|9|¢q> (5.21)

Relativistic Second-Quantized Hamiltonians
In the second-quantized representation of the Dirac Hamiltonian for the electron, the
complete set of states must be used to obtain a proper representation of the first-
quantized Dirac Hamiltonian. We partition this set into two sets, containing the positive-

energy and negative-energy states. We will use the index p™ for the positive-energy
states and p~ for the negative-energy states. A positive-energy state is generated by

a,+"lvac), (5.22)
while the corresponding negative-energy state is

apj|vac), (5.23)
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and the Dirac Hamiltonian may be written'

H= Z [hPJ“q+ apﬂaq+ +hptg- apﬂaq’ +hy—g+ apja(ﬁ
Pq

+hy— - a,-a,- . (5.24)
There is a possible inconsistency in the expression for the negative-energy state:
while (5.23) follows from the second quantization formalism, the existence of a filled
vacuum as postulated by Dirac would prevent the use of a creation operator. We can
get around this difficulty by using our previous interpretation of negative-energy states
as related to positrons. The excitation of an electron from a (filled) negative-energy
state corresponds to the creation of a positron hole. Thus, if we create an electron in

one of these states, it is equivalent to annihilating a positron. So we can write

a,~'lvac) = a, |vac) (5.25)

where we use the tilde to refer to the positron quantities. Note that we have placed the
tilde over the operator rather than over the index (and we also drop the 4 superscript
on the electron indices). This is to emphasize that positron and electron solutions really
form two distinct spaces. However, in matrix elements we have no choice but to place
the tilde over the index.

With this formalism, the Hamiltonian operator is

H=> [hpg ap'ag +hpg ap'ay +hsq ap ag +hyg ap ag'|. (5.26)
Pq

There are several points to be noted about this operator. First, the second term creates
an electron—positron pair, and the third term annihilates an electron—positron pair.
This means that the Hamiltonian connects states with different particle numbers, that
is, particle number is not conserved, though charge is. The existence of these terms
embodies the idea of an infinitely-many-body problem that arose from the filling of the
negative-energy states in Dirac’s interpretation. Second, the order of the operators in
the fourth term means that the vacuum expectation value of this operator is not zero, but

(vac|H|vac) = Zhﬁq(vada[, a, lvac) = Zhﬁqapq = Zhﬁﬁ. (5.27)
prq prq P

Thus the vacuum has an energy that is equal to the sum of the energies of the negative
solutions of the Dirac equation, as is expected from Dirac’s interpretation. Note that
the matrix elements are the same as in the Dirac equation, so the sum is negative
and infinite. This Hamiltonian operator therefore represents the first stage of the Dirac
reinterpretation with the negative-energy states all filled.

1. We write the matrix elements of the one-particle Hamiltonian with a lower case &, regardless of the case
of the operator. Upper case H is reversed for many-particle Hamiltonian matrix elements.
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To avoid the negative infinite vacuum energy, the vacuum expectation value is
subtracted from the Hamiltonian to define a new, QED Hamiltonian?:

7QED ~ ~
AP = [ hog aylag +hyg ap'ag’ + s ap ag
pPq
+ hyg @p ag' — (vaclap ag'vac))]. (5.28)

The last term can be rewritten using the anticommutation relations as
a, d, — (vacld, a, |vac) = a, a, — 835 = —d, a (5.29)
p Yq p Yq p Yq pq q 4p :
and thus the Hamiltonian is

HOP = Z [hpq “pTaq + hpg “ﬂT&qT +hjq ap ag — hjg E’qTE’p ] (5:30)
Pq

The subtraction of the vacuum expectation value is therefore equivalent to permuting
all annihilation operators to the right as if all anticommutators had vanished. This is
called normal ordering, and operators that are normal-ordered are enclosed in colons:

HED — .7 . (5.31)

The QED Hamiltonian has the features we were looking for above. Its vacuum
expectation value is zero (by construction), that is, the vacuum has zero energy. The
positronic term now has a negative sign, and the energy of a positron state |p) =
a pT|vac) is

(Pl :H: |p) = —hzj > 0. (5.32)

Thus, the negative-energy electron solutions have now become positive-energy positron
solutions, and because of this there is no more danger of radiative decay of bound
electrons into the negative continuum.

To gain some more insight into the transition to the QED picture, we calculate the
total charge QY% of the vacuum. We do this by using the number operator N of the
previous section and multiply the number of electrons found by the electronic charge:

Q" = —e(vac|N|vac) = —e Y (vacla,'a, +a, @, |vac). (5.33)
p

Only the last term contributes, but this yields an infinite charge, consistent with
all negative-energy states being filled. However, if we use the normal-ordered

2. We use the term “QED Hamiltonian” rather loosely to mean a Hamiltonian that is more or less consistent
with the ideas of QED, recognizing that, strictly speaking, it is difficult if not impossible to define a QED
Hamiltonian.
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A

operator :N: we get

0V = —e(vac| : N: |vac) = —e Z(vacm,jap - &,,T&p lvac) =0, (5.34)
p

an uncharged vacuum. The normal-ordered number operator also gives the correct
charge of a state with a given number of electrons or positrons.

Definition of the Vacuum

The subtraction of the vacuum expectation value from the Hamiltonian makes the
operator vacuum-dependent. The argument for this proposition may be developed as
follows.

If we have chosen a basis where the Hamiltonian matrix is diagonal, the terms that
create and annihilate pairs vanish, because the matrix elements for these terms contain
one electron and one positron index. We are left with an operator that conserves particle
number. It is in this basis that the interpretation of particles is made. A basis change
in Fock space may be effected by the unitary exponential operator (see for example
Helgaker et al. 2000)

U = e (5.35)
where A is a Hermitian operator,

=Y iala; =i (5.36)

rs

It is easy to show that U is indeed Hermitian:
010 = =% oih = =ikl _ (5.37)
The reinterpreted form of s

A= Z [pg ap'ag +2pg ap'ag + g ap ag + g dq ap'] (5.38)
rq

which contains pair creation and destruction terms. Exponentiating this operator gives
an operator containing terms that create one, two, ... pairs, and normal-ordering does
not affect these terms. The vacuum state in the new basis, |vac’), is derived by operating
on the vacuum in the old basis with this exponential operator,

lvac’) = Ulvac). (5.39)
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Therefore, the new vacuum contains a whole series of pair states from the old basis.
The structure of the vacuum has changed. This may be seen by evaluating the number
of “old” electrons in the new vacuum,

(vac'|N¢|vac'y = (vac|U* Za,,*a,, Ulvac). (5.40)
P

By expanding U to first order, for example, it is fairly simple to verify that there will
be terms that have a nonzero vacuum expectation value, such as

{(vac| Z)\}ksit, as ZapTap Zkv,;,av%&w”vac)
rs p vw

= Z Z Z )‘;fs)‘vu?apsapvarw
p vw

rs

=Y M i (5.41)
pr

The number of electrons is, however, equal to the number of positrons, so that charge
is conserved.

With respect to the old vacuum, the new vacuum is called a dressed vacuum and
the states in it are called dressed states. The new particles are called quasiparticles
because they are a composite of an “old” particle and a series of “old” pairs: they are
dressed with a series of pairs rather than being bare particles. The new vacuum is also
called a polarized vacuum because with respect to the old vacuum there is a charge
polarization expressed by the presence of undressed pairs. The concept of vacuum
polarization will be discussed more later. Finally, another way of looking at the change
in the vacuum is that because the transformation mixes positron creation and electron
annihilation operators, a normal-ordered operator in the new basis will definitely not
be normal-ordered in the old basis.

So far, no prescription has been given for choosing a representation of the vacuum.
If the structure of the vacuum changes between representations, the energy of the vac-
uum may also change. It is of course zero in the chosen representation, but the energy
of the new vacuum with respect to the old Hamiltonian operator will not necessarily
be zero. For example, the vacuum in the presence of two nuclei will depend on the
distance between the nuclei.

In the calculations of relativistic atomic physics, the bare or free-particle vacuum is
chosen as a reference. The energy of any other vacuum with respect to this vacuum can
be evaluated in the chosen basis set, removing the potential problems of a “floating”
vacuum. This brings with it some complications, because a simple-minded evaluation
of the energy of a new, polarized vacuum state is actually infinite, and it is necessary
to introduce the concept of renormalization in order to remove the singular terms.
Such considerations are beyond the scope of this book. Instead, we will work with the
“floating” vacuum, in which the vacuum is defined by the current set of one-particle
states (Mittleman 1981).
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The Electron-Electron Interaction

From the discussion of classical relativistic electromagnetic interactions in chapter 3,
we know that the Coulomb interaction between charged particles is not Lorentz invari-
ant, and that we need to take into account the finite transmission speed of the signal
between particles (the retardation). If we make the replacement u = ca in (3.84),
we get an interaction for low velocities that might well be suitable for relativistic
quantum chemistry:

(g -112) (2 - T12)
3
1)

qig2 | 1 ap o

1
= - = O@c™). 5.42
dmey | 712 2r12 2 +0@ ( )

12

However, this interaction is not retarded and is definitely not Lorentz invariant. It might
be suitable, but we must at least start with an interaction that is Lorentz invariant.

As foreshadowed earlier, the interaction of charged particles in a proper relativistic
theory must propagate at the speed of light. In QED, the procedure by which this occurs
is the emission and absorption of “virtual” photons. The derivation of the Hamiltonian
for the interaction is obtained from perturbation theory. This is usually expressed in
terms of Feynman diagrams, which are a pictorial way of representing the interaction
as a function of time. Here we will use these diagrams mainly for illustrating the
processes, but they are also a powerful tool in their own right for the development of
many-body theories.

Feynman diagrams (figure 5.1) are written with time on the vertical axis. Straight
lines represent electrons. The direction of propagation is given by an arrow: an elec-
tron that is propagating backwards in time is interpreted as a positron. Squiggly lines
represent photons. The number of particles at any given time can be found by drawing
a horizontal line across the diagram. In some cases it is useful to distinguish between
bare particles (i.e., free particles) and dressed particles. The dressed particles appear
with a double line. Similar diagrams may be familiar to our readers from their use in
many-body perturbation theory, where they are applied to the calculation and analysis
of correlation energy between electrons (see for example Jgrgensen and Simons 1981).

There are three possible diagrams for the exchange of one photon, as shown in
figure 5.1(a)—(c). The first is the “normal” interaction, where a particle interacts with
another particle by exchange of a photon. The second incorporates the creation of an
electron—positron pair (the closed loop). This represents the interaction of the electron
with the vacuum, and is known as vacuum polarization. In the third diagram, the
electron is interacting with itself by emitting a photon and then reabsorbing it at a later
time. This is called the self-energy term.

The diagrams for two-photon exchange are more numerous and complicated. A few
of these are also given in figure 5.1(d)—(f). The first is a “ladder” diagram: two electrons
exchange a photon at one time, and then exchange another a bit later. These ladder
diagrams can be summed to infinite order by incorporating the one-photon interaction
into a variational procedure. Diagrams of this type are called reducible, because they
can be split into two lower-order diagrams by drawing a horizontal line across the
graph between the two parts. The second is a diagram in which a pair is created and
annihilated. One electron emits a photon, which creates a pair. The positron from this
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(a) (b) (c)

(d) (e) )

Figure 5.1 Feynman diagrams for (a)—(c) one-photon and (d)—(f) some two-photon exchanges

pair annihilates the second electron, creating a photon that is reabsorbed by the first
electron. In the third diagram, two electrons simultaneously emit a photon each, and
later each absorbs the photon from the other electron. Both of these are irreducible.

The development of a Lorentz-invariant interaction is a lengthy procedure, involv-
ing time-dependent perturbation theory. It is given, for example, in Berestetskii et al.
(1982). Here we cite results that correspond to the first diagram, that of a single photon
exchange.

The potential for the interaction between electron i and electron j is derived in the
Feynman (or Lorentz) gauge. It is given in Hartree atomic units by

L —a;i-o o,
Vi@, rij) = ———L llij/e (5.43)
rij

where w is the frequency of the exchanged photon. Although the results should be

independent of the gauge, the Coulomb gauge is usually preferred in calculations. The
Coulomb gauge form of the interaction is

Ve (,rij) = Vi, rij)) + o - {Viej - [V; fwl/c. rij)]} (5.44)
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where the function f(n, r) is

1 4inr — e
nro

f.r) = (5.45)

The additional term in the Coulomb-gauge interaction is properly called the gauge
term because it arises from the gauge transformation of the four-potential from the
Feynman gauge to the Coulomb gauge. The interaction in either gauge has a real and
an imaginary part. The imaginary part gives the energy levels a width, and is often
neglected to leave a real interaction operator.

The Lorentz-invariant electron—electron interaction operator just presented contains
a photon frequency, which is given by the conservation of energy for each of the
particles in the interaction. For an interaction given by the integral

/dri/drjllpr(ri)llfq(ri)V(w,rij)lprT(rj)‘lfx(rj) (5.46)
we have
=€ —€ =€ —€p (5.47)

where the € are the one-particle eigenvalues. This expression is of course only appro-
priate for contributions to the diagonal of the Hamiltonian matrix where there is
energy conservation, but it is sufficient for the present purpose. In general, each
matrix element will have different photon frequencies. The one-particle functions
here are the molecular functions, so each molecular integral will have a different
photon frequency, requiring N* integrals over basis functions to be evaluated. The
calculation of integrals becomes an enormous task, scaling as N3. For molecules
this would be impractical, and we would therefore like to have some justifiable
approximation that did not require so much work. We must therefore abandon strict
Lorentz invariance, but with care the lack of invariance will not significantly affect our
calculations.

The oscillatory factor in (5.43), which arises from the retardation of the interaction
due to its finite speed of transmission, contributes only if wr;;/c is large. That is, the
factor will only be significantly different from one when the eigenvalue differences
are large or the distances are large, or both. For the direct interactions, that is, p = ¢
and r = s, the frequency is zero, and therefore the retardation is exclusively an
exchange/correlation effect. The eigenvalue differences are large only for core—valence
(and core—core) interactions. The densities only have an appreciable magnitude for one-
center terms, for which the distance between the electrons is small, and therefore the
retardation correction will be small. In the valence shell, where most of the significant
molecular effects originate, eigenvalue differences rarely exceed a few hartrees, so
that w/c will be of order 10~2. The average distance between the electrons must then
be 10ag for a 0.5% reduction in the magnitude of the interaction, and 100ay for a
50% reduction. For these distances, the magnitude of the interaction will be small
because of the inverse power of the distance, and the retardation correction will again
be small.
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There is one circumstance in which the retardation could be significant, and that is
in dispersion interactions, which are generally fairly weak. Here it is possible to have
one-center densities in the exchange integrals, and the distances can be large. For the
He dimer, for example, the dependence of the dispersion energy on the internuclear
separation R changes from 1/R® to 1/R’ due to retardation (Jamieson et al. 1995).

Given the small magnitude of the retardation correction in situations of chemical
interest, it is a reasonable approximation to let w/c — 0 in (5.43) and (5.44), to give

oc,wocj

VEO.rij) = = (5.48)
s fiy) — .

r,'j

mLALTNN (orj X 13j) - (etj X ¥ij)

rij 2ri3j

VE©,rj) = ! (5.49)

The last term in V< is the gauge term. The addition to the Coulomb interaction in the
Feynman gauge is called the Gaunt interaction, and in the Coulomb gauge it is the
Breit interaction.

Note that if one is interested in pair-creation effects, such as in the second of the
two-photon diagrams, the frequency will always be of order 2¢?, and therefore the use
of the full frequency-dependent interaction is mandatory. In quantum chemistry we are
not concerned with such effects.

An alternative form of the Breit interaction is obtained by using relations for the
scalar product of two vector products,

1 1 a; -rij)(ej -y
. ai.ajer

Ve, rij) =
Y r,] 2r,-j rij

(5.50)

This is precisely the interaction we obtained in (5.42) by substitution of ca for u in the
classical interaction expanded in powers of 1/c. In some places, the last term in square
brackets is referred to as the retardation correction, but this is not correct because the
whole term in square brackets can be derived from an unretarded classical interaction.
Moreover, the retardation is expressed here by the finite photon frequency, which does
not contribute to this interaction. It is better to describe the Coulomb gauge interaction
as a sum of the Coulomb interaction, a current—current interaction, and a gauge term.

One further point should be made about the Feynman and Coulomb gauge interac-
tions. It has been shown that the Coulomb—Breit interaction is correct to O(c~2). The
Coulomb-Gaunt interaction is not correct to this order, and does not become correct
by summing ladder diagrams. The missing term comes from the crossed two-photon
exchange diagram shown in figure 5.1. Thus, in a situation where one is interested in an
accurate calculation of low-order effects, the Coulomb gauge interaction is preferable.

The operator presented above is essentially the first-quantized operator. The second-
quantized form is

2= ay'a"as a; (pqlrs) (5.51)
pqrs
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where the integral is defined as

(palrs) = / &, / Eriv, O DV (D@, (5.52)

Finally, it should be emphasized that we must use the QED reinterpretation of the
Dirac one-particle states when we introduce the electron—electron interaction, or we will
again be running the risk of having a bound state decay into the negative continuum.
Consider two noninteracting bound one-particle states, each containing one electron.
These states are degenerate with an infinity of states in which one particle is excited into
the positive continuum while the other de-excites into the negative continuum. Turn
on the interaction, and the system dissolves into the two continua. This problem is
called continuum dissolution, or the Brown—Ravenhall disease (Brown and Ravenhall
1951). The possibility of continuum dissolution has been cited as a reason that the Breit
interaction should only be used in perturbation theory. This argument is inconsistent, for
several reasons. First, we only need the Coulomb interaction for continuum dissolution
to occur: to single out the Breit term as the cause of the trouble is erroneous. Second,
the Coulomb and the Breit terms both arise from the same fully retarded interaction
in the zero frequency limit, and should therefore be treated on the same footing. Third,
the interaction between the particles is mediated by the emission and absorption of
photons, and, as we have seen already, this causes problems even for one particle.
In order to avoid problems of collapse, it is necessary to employ the reinterpretation
of QED, even for a single particle.

The Lamb Shift

The retarded electron—electron interaction presented above arises from the first of the
one-photon Feynman diagrams in figure 5.1. In terms of an expansion of the rela-
tivistic interactions in powers of 1/c, this interaction contains the lowest-order terms.
As pointed out above, the Breit interaction contains all terms of order ¢~2. After the
Breit interaction, the lowest-order interactions come from the other two one-photon dia-
grams, the vacuum polarization and self-energy terms, which are O(c—>). The energy
contribution from these two terms is called the Lamb shift, after its discoverer W. E.
Lamb Jr. (1952), and its calculation has been an important testing ground for QED
theories.

Since the classical self-energy of an electron is infinite, and the vacuum is infinitely
charged in the Dirac picture, it is not surprising that these terms are difficult to handle.
The operators derived for the self-energy and the vacuum polarization have diver-
gences in the photon frequency, either at large or at small momenta. The divergences
are removed by redefining the mass and charge of the electron, a process called renor-
malization. As the mass and charge measured experimentally incorporate these terms,
but in the Dirac equation they do not, there is an extra term to be included in the
Hamiltonian that arises from the difference between the measured and the bare charge
and mass.

The evaluation of the vacuum polarization term is the most straightforward, and
can be put in the form of a series of potentials. The lowest-order potential is the
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Uehling potential, which provides the contribution of O(c~3). For a point nucleus,
the Uehling potential consists of a multiplicative correction to the nuclear Coulomb
potential that is independent of the nuclear charge. The evaluation of the self-energy
is a complicated procedure and involves summations over partial wave expansions for
atoms; only recently has it become possible to obtain values for one-electron functions
of general form. Extensive tabulations now exist for one-electron atoms for a range of
principal and angular quantum numbers. In quantum chemistry we will generally not
need to be concerned with the Lamb shift, unless we are looking for high accuracy
in the energies. Then, we may be able to get an estimate that is accurate enough for
chemical purposes, for example by a perturbative treatment of the total Lamb shift to
lowest order (Pyykko et al. 2001).



Relativistic Symmetry

Symmetry is one of the great unifying principles of physics and chemistry. Symmetry
governs the geometry of molecules, as well as their spectra and the shapes of their
crystals. The symmetry of a system provides fingerprints that show up under various
probes of the system. Knowledge of the symmetry of a system provides us with valuable
information about its properties and behavior, and symmetry may also be used to
simplify quantum chemical calculations on the system. All this—provided we have the
theory and tools to extract this information. The purpose of this chapter is to provide
some of the tools to deal with the symmetries of relativistic quantum chemistry and
examine the symmetries of the Dirac equation.

Most chemists have a good working knowledge of the finite point group symmetry
of molecules. Crystallographers and solid state chemists are also familiar with the
symmetries of extended and infinite systems. This is usually accompanied by some
knowledge of the mathematical discipline of group theory, which provides a powerful
tool for the theoretical treatment of symmetry. Group theory in itself is a vast subject,
and only a small fraction of it is actively used in physics, and even less in chemistry.
For this presentation our selection will be aimed at those aspects of group theory
immediately connected to relativistic quantum chemistry either as a foundation for the
theory or in its application and interpretation. We will assume that the reader has a solid
background in the finite point group symmetry of nonrelativistic quantum chemistry, as
well as a familiarity with group theory at the level of a good advanced undergraduate
course (e.g., Atkins and Friedman 1997). For completeness and ease of reference, some
of the basic features of group theory commonly encountered by chemists are reviewed
in appendix C. Group theoretical concepts beyond this level will be introduced in the
text as they are needed.

In this chapter, we start with a qualitative introduction of double groups and
relativistic molecular symmetries, connecting to the more or less phenomenological
introduction this subject is frequently accorded in quantum chemistry. The aim is to
provide the necessary insight for those who only need an operational familiarity with
double groups. We then turn to a more formal discussion of the symmetry invariance of

70
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the Dirac equation, and in particular the role of the two infinite continuous Lie groups
SU (2) and SO (3)—the groups that describe rotations of spin and spatial coordinates.
While our aim is to introduce the central features of this theory in a coherent, consistent,
and comprehensive manner, our target audience is still the practicing quantum chemist,
and thus a completely rigorous mathematical treatment would carry us far beyond the
scope of this book. Fortunately, there exists a large number of books dealing with group
and representation theory at any desired level of rigor, and those readers who need to
go beyond our treatment are referred to this extensive literature. The references at the
end of the book represent only a small fraction of this material, consisting primarily of
texts that we ourselves have found useful.

The Symmetry of the Relativistic One-Electron Atom

The area where chemists normally first meet relativistic effects is in the discussion
of the spectra of atoms and molecules. This is an example of how knowledge of the
symmetry of a system enables us to make a priori predictions about its properties. The
simplest case here is atomic spectra, in particular for one-electron atoms, so let us use
that as a starting point.

We will discuss the Dirac equation for the one-electron atom in more detail in
chapter 7. Here we are only interested in the symmetry properties of the Hamiltonian
for such systems. We know that for the corresponding nonrelativistic case, angular
momentum and spin are normal constants of motion, represented by operators that
commute with the Hamiltonian. In particular

[HNR 2] = 0: [HNR 5] =0 6.1)

and we know that the angular momentum is a normal constant of motion due to the
spherical potential. The Dirac Hamiltonian for a one-electron atom has the form

H=ca p+pmc* —ep 6.2)

where —e¢ is the same spherical potential as in the nonrelativistic case. Any change in
normal constants of motion must therefore be due to the change in the kinetic energy
part of the operator. For two-component quantities it is easy to show that

[o-p, ¢]= _ih(o'xpy - prx); [o-p,o]= Zi(o'xpy - prx) (6.3)

and while neither of these commutators vanish, we see that a new operator j defined as
. h

J:l—i—zaze—i—s (6.4)

has the desired commutation property

[c-p,j,]1=0. (6.5)
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The extension to the case of the four-component Dirac Hamiltonian above follows
readily by noting that the spin operator and the orbital angular momentum operator for
this case are

(o 0 _
Yy = (02 a) , L = {14, (6.6)

which may be shown to commute with the g matrix.

The operator j may already be familiar from the treatment of spin—orbit coupling
in nonrelativistic systems. For the one-electron atom with nuclear charge Z we would
write the Hamiltonian as

h? V4
=——V +Z &S 4
2m r

>
|

6.7)
= HYR + H*°

where H* is a phenomenological effective spin—orbit interaction Hamiltonian. Again
it may be shown that while neither s nor £ are normal constants of motion for this
Hamiltonian, j is. In the many-electron case, this leads to the jj-coupling scheme,
which is important for describing cases where spin—orbit coupling dominates over
electron—electron interactions.

We can show that j has all the properties of angular momentum operators. For
orbital angular momentum, £, the effect of a rotation by an angle ¢ about the z axis is
(Brink and Satchler 1993)

R (P)1€, me) = ™90, my) (6.8)

where |, mg) is an eigenfunction of £ and ¢.. Similarly, we expect the effect of a
rotation on an eigenfunction |j, m;) of j to be

R.®)j,mj) = ™%\ j,mj). (6.9)

In particular, if we rotate through an angle of 2w, we get
Ro@m)lj my) = ™02 |j,ms) = (=" |j, my). (6.10)
For orbital angular momentum, this result presents no problems because m, is always
an integer, and thus a rotation by 277 amounts to an identity operation. However, m;

may assume half-integer values and a rotation by 27 changes the sign of the function.
For example, applying this operation to the simplest half-integer function |%, %) yields

R.2m)IL 1) =13, D). (6.11)
This is what we would get for the rotation of a 1sa hydrogenic function, for instance.

This function has a symmetric spatial part, and so the antisymmetry must be associated
with the spin part.
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In general, for functions describing systems with half-integer spin, the function
must change sign under a rotation by 2m. In particular this will be the case for one-
particle functions of particles with half-integer spin, fermions. This operation is given
a special symbol, E, and is interpreted as rotation by an angle 27 around an arbitrary
axis.

Double Groups

In order to find a normal constant of motion for a one-electron atom we have combined
the spin and orbital angular momentum of an electron into a total angular momentum j.
This has profound consequences for the description of the symmetry of atomic systems.

For molecules described in a nonrelativistic formulation, the symmetry is described
by finite point groups, none of which contain the E operation. Any symmetry operation
of a molecular point group may be composed of rotations and inversion. Thus, we
would also expect these groups to require the addition of E in order to describe the
relativistic symmetry of molecules. To be precise, the relativistic group must be the
direct product of the nonrelativistic group and the group {E, E}. This has the effect
that the nonrelativistic group of order n, {g;; i = 1,n} is expanded to order 2n by
adding the operations {g,+; = g E; i = 1, n}, and the new group is called the double
group.

The great orthogonality theorem must still hold for the double group, as must
the various orthogonalities between rows and columns of the character table. Also,
the sum of squares of the dimensions of the irreducible representations (irreps) must
equal the order of the group. If the nonrelativistic group has k; irreps with dimensions
di,i =1,...,k, then we must have

ky
> di=n. (6.12)

i=1

The double group retains these irreps to describe basis functions that do not change
sign under E, and these will appear as the first k; irreps of the double group. Thus,
expansion of the group just adds k» new irreps such that

kp
Zd,fw =n. (6.13)
i=l1

We will consider three examples of double groups and their character tables. The
simplest of these is for the molecule with no spatial symmetry, which belongs to the
point group C;. Including spin symmetry and the E operation', we get the C | double

1. We consistently try to use “hats”, for example @, for operators throughout the text. However, hats are
conventionally not used with symmetry operations in the context of character tables.
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group, which has the character table

C: character table

Symbol E E
A 1
B> 1 -1

While it is conventional to use E to denote a rotation of 0 or 27 around an arbitrary
axis, and this use is appropriate for the single groups, here we must restrict it to rotations
of 0 or 47, and 27 rotations are covered by E. This usage applies to all subsequent
discussion of symmetry operations.

Our second example is for a system that has an axis of twofold rotation, denoted
C», as its only spatial symmetry. This system belongs to the point group C,, which has
the elements £ and C,. The character table for C; is:

C, character table

Symbol E (&)
A 1 1
B 1 -1

The double group C7 has the additional elements E and CoE = C;. The character
table for the double group is easily found to be?

C; character table

Symbol E Cp E G

A 1 1 1 1
B 1 -1 1 -1
Eip 1 i -1 —i
E_1/2 1 —1 -1 l

The C3 group only has one-dimensional irreps. Given that there are already two
one-dimensional irreps in the group C», the extra irreps added in C; must also be
one-dimensional in order to have the sum of the squares of the irrep dimensions equal
the order of the group. In this case the number of classes equals the order of the group,
and the group is Abelian. The imaginary characters for C; in the additional irreps follow
from the fact that C,C, = E, which has the character —1 in these representations.

As our final example of the expansion of a regular finite point group to a double
group, we consider D, which has the elements E, Cpy, Cy, and Cp;, which are

2. The notation from Altmann and Herzig (1994) is lg 1/2 and 2E 12 for the fermion irreps. However,
we prefer the labels Ej/; and E_j/p, which display the connection with the m; quantum number (see
appendix D).
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the identity and twofold rotations about the x, y, and z axes. D, has the character
table

D, character table

Symbol E  Co; Cay Coy

Ay 1 1 1 1
B 1 1 -1 -1
By 1 -1 1 -1
Bs 1 -1 -1 1

The double group has the additional operations E, éZx = szE s C_’gy = CzyE s
Co, = (o, E, and has order 8. Construction of the character table can be done from
general group theoretical considerations. The additional irreps must be either four irreps
of dimension 1 or one irrep of dimension 2. In the first case the total number of irreps
is 8, there must be 8 classes, every element is in a class by itself, the group is Abelian,
and the elements must commute. For any of these twofold rotations we can show that

C,C, =E, C,C,=E. (6.14)

The product of two rotations about different axes must be one of the rotations about
the third axis. In particular

Ca,Cay = Co; (6.15)
where C, may be Ca, or C»,. We must also have
C2yCox = C), (6.16)

where C‘éz may or may not be equal to C‘zz. If the group is Abelian, we must have
equality, because elements commute in Abelian groups. Multiplication of C‘zz by Céz
yields

C2:Cy, = C2xCayCayCoy = Cox ECoy = CoxCox = E. (6.17)
But the square of any rotation is E, and

C2:Cr. = C2.Cy; = E. (6.18)

Therefore, we conclude that C’éz is not equal to C’zz, C2, and C2y do not commute, the
double group is not Abelian, and the expansion of the group adds one two-dimensional
irrep. From the orthogonality relations, the character table is easily deduced as
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D, character table

Symbol E Cy; Cay Co E Cp Cay Cox
A 1 1 1 11 1 1 1
By 1 1 -1 -1 1 [ |
B, 1 -1 1 -1 1 -1 1 -1
Bs 1 -1 -1 11 -1 -1 1
Eip 20 0 0 -2 0 0 0

This table does not reflect the theorem that the number of irreps must equal the
number of classes. Indeed, inspection of the table shows that except for £ and E, the
barred and unbarred operations are in the same class. A more appropriate character
table is therefore

D; character table

Symbol ~E  2Cy; 2Ch, 2Ca E
Ay 1 1 1 1 1
By 1 1 -1 -1 1
B 1 -1 1 -1 1
B3 1 -1 -1 1 1
Eyp 2 0 0 0o =2

We see here the structure of a table containing the “old” irreps from D», that is,
those that have a positive character for the E operation, and one new irrep, E} /2, with
a negative character for E. The first group of irreps is spanned by functions having
integer j values, and the irreps are termed boson irreps, whereas irreps with a negative
sign for E are spanned by functions with half-integer j values and are called fermion
irreps. We justify this by noting that only the spin can take half-integer values and thus
a half-integer j value really reflects the fermion character of the basis functions. In
standard tabulations sometimes only the left half of the character table is listed (that
is, for the usual nonrelativistic operations), and the other half is then given by the
symmetry properties of the boson and fermion irreps. A comprehensive collection of
character tables for point groups has been provided by Altmann and Herzig (1994).

The construction of these character tables illustrates how symmetries that are hidden
when only the nonrelativistic case is considered become apparent when the spin space
is also considered, providing new degrees of freedom. It is similar to a “flatlander”
living on one side of a cube discovering the additional symmetries provided by a third
dimension, expanding the world from a D4j object to one of Oy symmetry. We will
follow convention and adhere to standard usage of the term “double groups”, meaning
groups of order 2n, where n is the order of the nonrelativistic or “single” group. We
may, however, argue that the name “double group” is really a misnomer. Rather, the
“ordinary” point groups might be called “half groups” as they only tell half the story.
On the other hand, there is the possibility of further hidden symmetries that might give
rise to further doublings of the group. While these are not likely to affect quantum
chemistry, such further symmetries play a major role in high-energy physics.
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The purpose of these two sections has been to provide an easy introduction to the
subject of double groups. We now turn to a more formal treatment of the symmetry of
the Dirac Hamiltonian. However, the material covered above should provide sufficient
background to follow our subsequent discussion of the use of symmetry in applications
and implementations of the methods, and the reader mainly oriented toward these
aspects may get by with skimming the remainder of this chapter at a first reading.

Spin and the SU(2) Group

The most obvious new feature of the Dirac equation as compared with the standard
nonrelativistic Schrodinger equation is the explicit appearance of spin through the term
o - p. Any spin operator trivially commutes with a spin-free Hamiltonian, but the
introduction of spin-dependent terms may change this property, as demonstrated in the
case of jj-coupling. A further scrutiny of spin symmetry is therefore a natural first step
in discussing the symmetry of the Dirac Hamiltonian. This requires a basis of spin
functions on which to carry out the various operations, and a convenient choice is the
familiar eigenfunctions of the s, operator, I%, %) and I%, —%), also called the o and
spin functions.

With this choice any spin function can be expressed as a linear combination of the
two basis functions. Representing these as column vectors, we have

0
@—@:(J. (6.19)

An arbitrary spin function may then be written:

a
n=aly, 3) +bly, —3) = (b) (6.20)

From our choice of eigenfunctions of s, as a basis, it follows that

Sz<é) - %<é); sz(?) ="%(?> 6.21)

from which we deduce that the operator s, in this basis corresponds to the transforma-
tion matrix

10
&=%Q _J:%Q (6.22)

which is recognized as the o, Pauli matrix multiplied by %
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The familiar relations involving step operators s and s_ take the form
1y [0\, 0y 1
o)~ o) 1) 7o
1 0 0 0
S— = ) S_ =
0 1 1 0
which yields the following matrix representations for the operators.

0 1 0 0
sS4 = <0 O) ; S_ = <1 O) . (6.24)

We may now use the relations

(6.23)

Sy = #; sy = _iﬂ (6.25)

to find the matrix representations for s, and s,

1 (01 1 1 (0 —i 1
Sx=§(1 0 ngx’ Sy=§ i 0 =§Uy. (626)

Thus, with this standard basis, the spin operations are represented by the Pauli matrices.
Any other choice of basis might have led to a different representation. We note that
the basis is irreducible, a manifestation of the impossibility of determining several
components of the spin simultaneously. A general spin operation @(s) may be written as

&(s) = oxay +oyay +0a;, =0 -a (6.27)

or products of such linear combinations.

For the systems we are concerned with, any physically acceptable transformation
in spin space must preserve scalar products and expectation values. For an operation
§2 on the scalar product of two spin functions n and £ we must have

2(nlg) = (£2n]28) = (|2T2[E) = ([g). (6.28)

This is satisfied if 272 = 1, that is, £2 is unitary. A general unitary operation in spin
space may be written

i = e 100 (6.29)
where the Hermiticity of the spin operators ensures the unitarity,

it = @) gmio® (6.30)
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In our standard basis a general unitary transformation will take the form

U=¢2°% (6.31)

where a is a real coefficient vector.
The use of matrices in an exponential may require some explanation. Basically, the
matrix exponential is defined through the series expansion

| —

Ak (6.32)

o0
A=y
k=0

=~

!

and for most purposes behaves analogously to ordinary exponentials. Note however
that the familiar multiplication rule

eAeB = (ATB (6.33)

only holds if A and B commute, [A, B] = 0. Also, the determinant of an exponential
of this type is given by

leA] =TT & (6.34)

where Tr(A) is the trace of the matrix A. To show this, we note that if B is a unitary
matrix, we have

leA| = [BeABTL. (6.35)
By expansion of the exponential and insertion of BB~ it is easy to show that
BeAB™! = BABT (6.36)

We can choose B such that it diagonalizes A, and (6.36) certainly holds when A is
diagonal. But the trace of a product of matrices is invariant to cyclic permutation of
the matrices, and thus (6.36) also holds for general A.

The product of two unitary transformations is a new unitary transformation, and
it is easy to show that the set of unitary transformations on the spin space defined
above forms a group. Because the transformations all have determinant 1, due to the
Pauli matrices being traceless, this is called the special unitary group of dimension 2,
or SU(2).

A general rotation by an angle ¢ around an axis along the unit vector n takes
the form

Un(@) = ¢ 27, (6.37)
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This may be expressed in trigonometric functions in a manner similar to the
corresponding nonmatrix exponential. Using (4.15) we can show that

(c-m>=0 (6.38)

(remember n is a real unit vector), and therefore a term by term expansion of the
exponential yields

e_lf‘”"p =1, cos ? —i(o - n)sin ? (6.39)
2 2

This is possible only due to the properties of the Pauli matrices, and will not hold for

arbitrary exponents.

A major goal of the present chapter is to demonstrate how the Dirac equation
transforms under operations affecting spin and spatial coordinates. Assuming that the
two types of coordinates do not mix, such operations must appear as products of
separate operations in the two spaces. In this section, we have built on our knowledge
of spin from nonrelativistic quantum mechanics, and derived some of the characteristics
of the operations in spin space. We have shown that the only physically acceptable
operations on spin are carried by unitary transformations that belong to the group
SU(2). We have also shown that our standard basis, the @ and 8 spin functions, spans
a representation of matrix exponentials that effect the acceptable transformations in
spin space. We note that we could equally well have started our discussion from the o
matrices of the Dirac equation and their domain and arrived at the same result, avoiding
the use of the nonrelativistic ad hoc concept of spin. Nothing much would be gained
by this, as we eventually would have to provide some interpretation of the domain of
the o matrices, leading us back to a spin concept.

Spatial Rotations and the SO(3) Group

We now turn from transformations and operations in spin space to the more familiar
three-dimensional real Euclidean space, which describes the structure of atoms and
molecules. This space is usually referred to as R3. Molecules and atoms are finite sys-
tems, unlike solids and surfaces. Their Hamiltonians are most conveniently expressed
in a body-fixed coordinate system where translational motion has been separated out,
and so we will not consider translations in this treatment. We will also restrict our atten-
tion to operations that do not deform the molecule, and we will therefore be dealing
with transformations that preserve length.

For a position vector r, length is given by the scalar product (r|r). The operation
@ represented by the linear transformation $£2 must satisfy

(2r|L2r) = (r|r). (6.40)
Using the identity

A4rty =@ +rr+ry - —-rjr—r) (6.41)
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we can show, by applying £2 to each coordinate in this expression and using (6.40) on
the right-hand side, that these transformations preserve scalar products in general

(2r|2r) = (r|r) (6.42)

and therefore also preserve angles.
The operations are performed on objects in R3, and therefore the transformation 2
must be a real 3 x 3 matrix. The requirement of length preservation leads to

(2r|2r) = (r|272|r) = (r|r). (6.43)
This is satisfied if §2 is an orthogonal matrix, that is
2Te =1;. (6.44)

Thus, the transformations we consider here are all carried out by real, orthogonal
3 x 3 matrices. It is easy to show that these matrices form a group, as does the set
of length-preserving operations on R3. The two groups are isomorphic, and are both
called O (3)—the real orthogonal group of dimension 3.

The operations used for describing molecular symmetry are: E, the identity oper-
ation; C,, rotation of angle 2w /n about some axis; /, inversion; o, reflection; and
S,., rotation—reflection. The o and §,, operations may be expressed as products of rota-
tions and the inversion, and they need not be treated separately in detail. Inversion
turns out to require special consideration in connection with the Dirac equation, so
for the next few sections we will only consider spatial rotations, and we will return to
inversion as a separate theme later.

Rotation of a system by an angle ¢ around the z axis, which we denote Iéz (@),
is effected by the transformation matrix R;(¢). We know that the position vector r is
transformed to r’ according to

r=uy,7)=R.(p)r=(x cosp —y sing,x sing+y cosp,z). (6.45)
If this corresponds to matrix multiplication of the column vector by R, (¢)
R (¢)r = (x cos¢p —y sing,x sing +y cos¢, z) (6.46)
then R, (¢) must have the form
cos¢p —sing O
R;(¢) = | sin¢p cos¢p O]. (6.47)

0 0 1

The matrices Ry (¢) and Ry (¢) for rotations about the other axes are found by cyclic
permutation. An infinitesimal rotation of this type may be written as

R.(¢) =Tz — i¢X, + O (¢2) (6.48)
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with the X, matrix given by

0 -1 0
dR
—iX, = :(9) =1 0 0 (6.49)
Ao ls=0 \o o0 o

Any finite rotation can in principle be seen as the limit of an infinite sequence of
infinitesimal rotations. We may write this rotation as

R.(¢) = lim R, (%) = lim (1—ing> = ¢ X9, (6.50)

n—oo n—o0

Rotations about the x and y axes may similarly be generated by the matrices

00 00 1
—iX,=[0 0 —1}; -iX,=| 0 0 of. 6.51)
0 1 -1 00

The X, matrices satisfy the usual cyclic commutation relations, for example

[Xe. Xy] = iX.. (6.52)
Rotation by an angle ¢ about an axis in the direction of unit vector n is given by

Ry (¢) = ¢~ X1%, (6.53)
The transformation matrices are orthogonal

Rn(#)"Ra(¢) = I3 (6.54)

and because the X, matrices are traceless, the transformation matrices have unit
determinants,

IRn(®)| = 1. (6.55)
These transformations form a subgroup of O (3) called the special orthogonal group in
three dimensions, SO(3).

There is a connection between the groups SU(2) and SO(3). Recall that the
operations of SU(2) were represented by the unitary matrices

i

Un(g) = e 27™. (6.56)
Comparing this with the rotations in Rj3

Rp(¢) = e X9 (6.57)
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where
X,
X=X, (6.58)
X

we see that we can map SU(2) onto SO(3) by making the connection
Un(¢) — Ra(9). (6.59)
This mapping preserves the group properties, that is
Uny ($3) = Un, (61)Uny (62) — Ray ($3) = Rn  (0)Ray($2)  (6.60)

and is therefore a homomorphism. However, the mapping is 2 to 1. We see this by
considering the spin transformations Uy (0) and Uy (27), which map according to

Un(0) — Ra(0)

Un(27) — Ry(27). (66D
The rotation matrices for 2z and 0O are identical
Rn(27) = Ra(0) (6.62)
but the trigonometric expression in (6.39)
Un(¢) =1 cos % —i(o -n)sin % (6.63)
gives different values for U, (0) and U,(27),
Un(0) = In; Un(2r) = —I. (6.64)

Thus, both these two distinct elements of SU (2) map onto the same element of SO(3).
Finally, we list the trigonometric expression for Ry(¢), analogous to (6.39)

e X% — pnT + (X -n)sing + (X - n)? cos ¢ (6.65)
where n is a column vector and the 3 x 3 matrix nn? has elements

(nnT)ij = nin;. (6.66)
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Transformation of Operators

We have thus far only discussed the effect of spin and space operations as carried out
on the basis of a particular representation. Our aim is to discover the transformation
properties of the Dirac Hamiltonian under these operations, and we must therefore
examine the effect of the operations on operators. We first apply some operation @ to
a function . If the transformed function is v/, then we have

oy = . (6.67)

1 A (6.68)
o= Q'ay = 0y
and thus we conclude that the transformed operator Q' is
0 =o0a " (6.69)

For the case that both the operator and the function are vector quantities expressed
in our standard basis, the operator & may be replaced by the corresponding matrix, £2.
For spin operations, the function is always expressed in our standard basis, the o and
B spin functions. If the operator is also a simple vector function of spin, Q(s), then we
have

Q =20Q2°! (6.70)

where Q is the matrix representation of Q
Let us consider in particular the transformation of the o vector in the role of spin
operator. For a rotation by an angle ¢ around the z axis, we have

o' =U,(¢)oU,(¢)~!
(6.71)

— e"j"z‘ﬁo_eljaz(?

We can carry out this transformation component by component and use the trigono-
metric form of the transformation matrices from (6.39)

¢ 59 — I, cos % — ioy sin % (6.72)
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For the o, component we get

O.; — e—ljaﬂpo.xeljazd)
A ieos? i i Yo (Lo @t i i
= zcosz — 10, smz Oy 2COS§+IO'Z smE (6.73)
= o, cos’ % — i0,0y COS 5 sin 5 + ioy0; cos % sin % + 0.0,0 sin’ %
But 0,00, = —0y, and
; < 2@ ) ¢) . ¢ . ¢
0, = 0y | cos” — —sin” — | —i (0;0x — 0,0;) cos — sin —
2 2 22 (6.74)

=0y,C08¢ +0ysing

where we have used the commutation relations for the Pauli matrices and the usual
trigonometric expressions for the sine and cosine of the double angle.
Similarly
/!

oy, = —0yxsing + oy cos (6.75)

while o is unchanged. Thus
o' = (0xcos¢ + oy sing, —oy sin¢ + oy cos ¢, 07) (6.76)
which is the same as the matrix transformation

cos¢p —sing O
o' =0 |sing cos¢ 0] =oR,(¢). (6.77)
0 0 1

In fact, with considerably more algebra we can show that for the general operator iy (¢))
effecting a rotation by an angle ¢ around an axis n we have

in(p)o = oRn(¢9). (6.78)

We have regarded o as a row vector throughout this derivation. This is purely for
convenience in later application of the results.

The spin functions are expressed explicitly in terms of our standard basis in spin
space. The standard basis in R3—the coordinates x, y, z—is usually implicit in the
functions and operators in some functional form. Thus we cannot insert the transforma-
tion matrices directly as we did above for the o vector in spin space. There is, however,
one class of operators for which we can readily derive the transformation properties.
These are operators that behave like the position vector, in the sense that the compo-
nents transform like the x, y, z components of the position vector r. These operators are



86 THE DIRAC EQUATION: SOLUTIONS AND PROPERTIES

called vector operators (Tinkham 1964). We demonstrate this on the position column
vector using a rotation about the n axis,

r'Y(r) = Ra(¢) T Ru(p) 'y (r). (6.79)

Using the “passive” interpretation, where a symmetry operation on a function is defined
by carrying out the inverse operation on the coordinate system, the effect of R on a
function f(r) is given by

Rf() = fR™'r) (6.80)
where R is the matrix representation of R. Using this in (6.79), we get

Ra(®) t Ra(9) "' (r) = Ru(¢) T ¢ (Ra(g)r)

(6.81)
= Ru(®) "'t ¥ (Ra(¢) 'Ra(¢)r) = Ru(¢) 'r ¢ (r)
and we conclude that for a vector operator
Ra(®) r Ru(¢)™! = Rn(¢)'r. (6.82)

We have here chosen to treat the vectors as column vectors, which allows us to pre-
multiply by the transformation matrices, making a visually easier connection to the
operator expressions. Corresponding expressions are, of course, obtained if we use
row vectors instead.

Transformation of the Dirac Equation under SU(2) and SO(3)

‘We now have the necessary tools to discuss the transformation of the Dirac Hamiltonian.
We consider the time-independent equation with a static scalar potential, (4.74)

(h° + VU = c(@ - p)¥ + (Bmc* + V)¢ = E, (6.83)

where h° = c(a - p) + Bmc? is the free-particle Dirac Hamiltonian. As a further ini-
tial restriction we assume that the potential V is spherically symmetric. The general
symmetry operation composed of spin rotations in SU (2) and space rotations in SO(3)
takes the form 12,11 (¢ 1)1@,,2 (¢2) and the transformed operator is

(W° + V) = din, (1) Rny ($2) (B° + V) Rny (¢2) iin, (01) ™. (6.84)

The potential is spin-independent, and with the assumption of spherical symmetry this
part of the operator obviously must be invariant under the transformation above.
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The term involving B is independent of spatial coordinates. The effect of the spin
transformation on S is

R A _1 _ ((finy (@) (2)iin, (1) 0> )_
ty (1) Pttn (91) —< 0, iy (1) (A, ¢~ =P
(6.85)

and therefore this term is also invariant under SU (2) ® SO (3) transformations.
It remains to consider the term « - p. We have

o - p' = iin; ($1) Rny (#2) @ - P Ruy(¢2) " iin, ($1) ™'

= [iiny @1) @ itny ()7 | - [ Rny @) B Ry @2 (©:56)

The spin transformation here is the same as in the case considered in the previous section
with the operator working on the four-component spinor expressed in our standard basis.
Expanding « in terms of o yields

- . -1 _ 0, ln, (¢1)Gkﬁnl(¢1)_l>
un, (p1)akin (1)~ = <LA‘H1 (@1)0%itn, (1)~ 0, (6.87)
and we find that
fin, (@1)etiin ($1) "' = Ry, (¢1). (6.88)

The momentum operator p has the form
p = —ihV. (6.89)

This is a vector operator of the type considered in the previous section, that is, an
operator that transforms as

V = Ra@)VRa(®) ' =Ry @)V (6.90)
To demonstrate this, we assume that the transformation of the gradient may be written as
V' = Ra(@)VRa(¢)™' =WV (6.91)

where W is some matrix to be determined. We now recall the divergence of the position
vector r, which is

d 0
Vr=— — —z=3. 6.92
r axx+ayy+azz (6.92)
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This transforms as

A A -1 _(» D —1 T 3 -1
Ru(®)V -1 Rn(®) _(Rn(q))VRn(d)) ) (Rn(¢)ar(¢) ) 6.93)

= (WY)"Ra(¢) " 'r = VIW R, (¢) 'r.

But the divergence here is just a real number that must be invariant under the
transformations, thus

Ra@)V -TRa(@) '=V.r = WR@®) =5 (6.94)
which is satisfied if WT = Rp(¢)), or W = Ry (¢)~!. Then
Ra(@)VRa(#) ™' = Ra(¢)”'V (6.95)

and p transforms as a vector operator.
Putting all this together in the expression for the transformed « - p term, (6.86),
we get

o -9 = [aRa; @1) | [Rny ()" 'p]. (6.96)

This expression leaves the « - p term invariant if n; = np and ¢; = ¢,, and we conclude
that spin and space transformations of the type

On(p) = iin(¢) Ru(o) (6.97)

leave AP + V invariant.
The extension of this result to the usual molecular Dirac Hamiltonian is easily
made. In the Born—-Oppenheimer approximation the Hamiltonian takes the form

H= ) "hP+> Vin+ Y Vi (6.98)
i i,N ij

in obvious notation. V;; is the electron—electron interaction potential, which is spher-
ically symmetric. The pure Coulomb potential is spin independent. The Breit terms
contain «, but these appear either in the form & - & or « - r, both of which are invariant
under SU (2) ® SO(3) transformations. The nuclear potential restricts the ﬁn(¢) to
those n and ¢ that leave V;y invariant. These form a subgroup, say G of SO(3), and
within these restrictions the molecular Dirac Hamiltonian is invariant under SU(2) ® G
operations, with the restriction that the operations in SU(2) and G are “the same”, for
example a rotation ¢ about some axis n in both Euclidean space and spin space.
However, SO(3) does not cover inversion and neither therefore can G, which is a sub-
group of SO(3). So in order to have a complete discussion of all molecular symmetry
operations we must now examine the effects of inversion.
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Space Inversion

The effect of space inversion [ is to change the sign of all spatial coordinates

[f(x,y,2) = f(—x,—y, —2). (6.99)

This corresponds to multiplication of the position vector by the matrix —I3

. -1 0 0
Ir = —I3r = 0 -1 OJr=-r. (6.100)
0 0 -1

—I1 is a linear 3 x 3 transformation with (—I3)T (—=I3) = I3, and it belongs to the group
O(3). But the determinant | — I3| is —1, and —I3 cannot therefore be a member of
SO(3). The inversion is also different from the rotations of SO (3) in another respect:
all the rotations may be conceived as derived by a continuous series of transformations
starting from the identity. The inversion cannot be generated in this manner because no
combination of rotations can alter the signs of an odd number of coordinates. Getting
from the identity to the inversion operations therefore involves a discontinuous jump.

Our experience with inversion is related to the nonrelativistic case and operations
in R3. We can always apply the operator in the nonrelativistic form, but our aim is to
find operations that leave the Dirac Hamiltonian invariant, and there is no guarantee
that the nonrelativistic inversion operator will do this. However, the operator we are
looking for should have the same effect as the familiar inversion when applied only to
R3. We may therefore assume that the inversion operator we are looking for may be
written as the product of one part that acts only in R3 in the manner described in (6.99)
and one part that does not act in R3, but which may affect other coordinates. We write
the relativistic inversion operator as

A~

[ =alg (6.101)

where I is the part acting in R3, and a contains other effects not noticed in applications
on R3 only. For the present purpose it is sufficient to consider only the free-particle
Dirac Hamiltonian,

hP = c(a - p) + pmc? (6.102)

because it contains the spin-dependent terms. This transforms as
AY = fAPF-1 = ¢ (faf_l> : (ipi—l) +mc? (fﬂf‘l) . (6.103)

Here, p is only affected by the Ir part of the operator, and thus

Ipi~" = Igpiz' = —p. (6.104)
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The other terms are unaffected by operations on the spatial coordinates, but may be
affected by the operator a. Therefore

L (&aa—l) p+mc? (&,8&_1). (6.105)

If this is to be equal to ﬁD, then we must have

dad ' = —a

(6.106)
apa~' = B.
It is easy to see that setting @ = B satisfies these equations, and we conclude that the
operator representing inversion in the relativistic case is (to within an arbitrary complex
phase, which we set to 1)

I = Blix. (6.107)

For the molecular Dirac Hamiltonian the symmetry of the nuclear potential will
determine whether inversion leaves the operator invariant. In the absence of spin-
dependent terms, this reduces to normal symmetry consideration of objects in R3, and
depends on how the nuclear potential transforms under Ix.

For a relativistic Hamiltonian with inversion symmetry, it can be shown that the
large and small components of the spinor have different parity. We do this by writing
the spinor, Vs, as a column vector of large and small components

L
W= (jﬁs) (6.108)

Partitioning the expression for the inversion operator, we get

i= (’R 0 ) (6.109)
0 —ig

We apply this to the spinor

s (I 0\ (W) _ ([ IrU*
(5 B o

This demonstrates that if | is an eigenfunction of the inversion operator I, the large
and small components of the spinor must have different parity.

Our discussion of spatial inversion symmetry concludes our project of demonstrat-
ing the symmetry properties of the Dirac equation under transformations of spin and
spatial coordinates. With a spherical potential, the symmetry group is SU(2) ® O(3).
For potentials of lower (e.g., molecular) symmetries the appropriate group is SU (2)®G,
where G is the nonrelativistic (spatial) point group of the potential—that is, the



RELATIVISTIC SYMMETRY 91

single group. These direct product forms show why we get the double groups, and
we could have gone on from here and derived character tables for double groups from
our general knowledge of SU(2) and O(3). As mentioned previously, this has been
done by others?, and appropriate tables may be found in Altmann and Herzig (1994).

Reflections and Rotation-Inversions

Now that we have derived the operation for space inversion, we can proceed to define
the remaining operations in the finite point groups. The reflections in the single group
have the form o, = I Ca4, where g defines a twofold axis. The simplest of these are
the reflections in the xy, xz, and yz planes, which change the sign of the z, y, and x
coordinates. Their effect on the position vector is

1 0 X X
onpr=10 1 Y| = Yl
0 0 -1 Z -z
1 0 0 X X
ox;r=10 -1 0 yl=1—-y1], (6.111)
0 0 1 Z z
-1 0 O X —X
o’yzr: 0 1 0 y = y
0 0 1 Z b4

Like the inversion operation, the reflections are linear 3 x 3 transformation that belong
to the group O (3), but not to SO (3) because their determinants are —1.

The double-group reflection operators are similarly formed by taking the product
of the double-group inversion operator with each of the possible C» operations, to give
two reflections,

0y =BICy; 5, =BICy. (6.112)

From the relation between Cp, and C_'zq it is easy to show that 6, = aqE. The presence
of B indicates that the large and small components have the opposite parity under
reflection.

The rotation-inversions are similarly formed by the product of an inversion and
a rotation about an axis of order 2n, Sy, = I Cy,, where n > 1. The reflections are
in fact simply a special case of rotation—inversion with n = 1. As for the reflections,
the large and small components have the opposite parity under the rotation—inversion
operations.

It is important to note that 2-spinors and 4-spinors both transform as the fermion
irreps of the double group. For 2-spinors, however, there is no factor of 8 in the

3. See the bibliographies by Pyykko (1986, 1993, 2000) for references.
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inversion-derived operations. Hence, the large and small components may transform
as different irreps of the double group, when considered as 2-spinors, but the 4-spinor
as a whole transforms as only one irrep. The simplest example is the group C;, which
contains only the identity and the inversion operation in the single group. The extra
irreps in the double group are By/z; and Bi2,. If the large component transforms as
the first, the small component must transform as the second, and vice versa. However,
because of the factor of B in the inversion operation, the 4-spinor that has a By 2,
large component and a Bjz, small component transforms as Bj,, under the four-
component operations. Thus, the 4-spinors can be labeled with the symmetry of the
large component.

Time Reversal

We have previously commented on the Lorentz invariance of the Dirac equation. Con-
sidering that this places time and space coordinates on an equal footing, it may seem
inconsistent to discuss transformations in spin space and R3 only. We therefore now
turn our attention to time transformations. With only one coordinate, there are only
two possible transformations: translation and reversal. Translation will be treated in
connection with a discussion of the Lorentz transformations in the next section. Here,
we will consider the symmetry of the Dirac equation under time reversal.

Before looking at the consequences of time reversal, we need to introduce some
operator concepts not normally encountered in introductory quantum chemistry texts,
which deal almost exclusively with linear operators (A) defined by the relation

A Gy + aayn) = MAY + Ay, (6.113)
However, there is also a class of antilinear operators (B) that have the property
B Ouvn + hav) = 1By + 135y, (6.114)
If an antilinear operator is unitary, it is called antiunitary and
BB =BB=1. (6.115)
As before, any linear operator transforms under an antiunitary transformation as
A = BAF', (6.116)

and by using the defining equations for linear and antilinear operators, it is easily seen
that A’ is linear.
Antiunitary transformations affect commutation relations between operators. For

Al

v =BrB; p =DBps (6.117)



RELATIVISTIC SYMMETRY 93

it is easy to see that the antiunitary transformation leads to

[x,pxl=ih =[x, p.]=—inh (6.118)
Similarly, for the spin
[s0.5,] =ihs. = [s;, s;] = —ihs. (6.119)

Now let us turn to time reversal. In nonrelativistic physics, time reversal leaves
positions invariant, but changes the sign of all velocities. If K is the time-reversal
operator, we must have

A S

KKt =r; KpK' = —p. (6.120)

Comparing with the commutation relations above, we see that for r and p at least,
K has the effect of an antiunitary operator. Expressing orbital angular momentum as
£ =r x p, we see that KeK' = —4. For spin we can draw on the analogies between
the transformation of commutation relations for spin and orbital angular momentum.
From these we see that the transformed commutation relations are consistent with
KsK' = —s, and the spin has the same transformation properties as orbital angular
momentum.

In the nonrelativistic Hamiltonian we need not worry about spin. With r being
real and p purely imaginary in our standard representation, the complex conjugation
operator, I@o, can be used to effect time reversal. For b and d real numbers, the effect
of Ky is

Kob+id) = b —id

KorKo =r 6.121)
KopKo = Ko (=ihV) Ko = ihV = —p.

Extending our treatment to the two-component relativistic case, we have a situation
analogous to that previously encountered for inversion: there may be parts of a total
time-reversal operator that do not give explicit effects when applied in the nonrela-
tivistic realm, but which are essential for the relativistic treatment. Taking the same
approach as for inversion, we write the total time-reversal operator as

A

K = ako (6.122)

where a is an operator to be determined. If spin changes sign under time reversal, we
must have

A

KoK = —o. (6.123)
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Expanding the spin transformation in separate components, we get

akoo:Ky'a™" = aoa™ = —o,

akooyKy'la™ = —aoya™" = —o, (6.124)
Al i N N

akoo Ky a~ = ao,a” = —o3.

These relations are satisfied if we take
a=eo, (6.125)

where ¢/ is an arbitrary phase factor. Conventionally we choose this factor such that
the total time-reversal operator becomes

K = —ioyKo. (6.126)
This operator is unitary
K'K = (Koo, (0yKo) = I, (6.127)
but we note that
K? = (—ioyKo)(—ioyKo) = (—ioy)(i0)KoKo = oyo) = -1, (6.128)

that is, a double time reversal changes the sign of the wave function. Note, however,
that this derivation, and indeed this form of the time—reyersalA operator, is derjved for
a one-electron system. For a spin-independent system, X = Ko, and clearly K> = I,.
For more than one electron, we must have a o, for each spin of %, and thus K2 is I
or —I, depending on whether the system has an even or odd number of electrons, or
equivalently whether it has boson or fermion symmetry.

In spin space the active part of the time-reversal operator is the o, part. Applying
time reversal to our standard basis in spin space we get

0
(1)

o) ==ale) = (3 7a) o)
()

~ (0 .~ (0 0 —1\/0
60 =) =0 7o) ()
For four-component wave functions it is the spin operator ¥ that changes sign

Thus time reversal in spin space causes a spin flip.
under time reversal, and by simple extension of the algebra above we can write the
four-component operator as

(6.129)

K = —ix,Kp. (6.130)
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Let us first demonstrate the effect of time reversal on the time-dependent
Schrodinger equation:

ih%w) = H Ry (1). (6.131)

In the absence of external vector potentials, the only variable in FNR affected by time
reversal is p in the Kinetic energy expression. But this occurs only in the form p - p,
and therefore Z/NR must be invariant to time reversal. Transforming the time-dependent
equation above, we have

d » P
—ihEICxlf(z) = HREy (1) (6.132)
which after a change of variables becomes
d » N A
ihEIqu(—t) = Ry (—1). (6.133)

This is the equation for the time-reversed function of y(r), which we denote (r). We
have

KW (—1) = W (1) (6.134)

where K both changes the functional form of { to the time-reversed form and reverses
the time coordinate itself. The time-reversed function () satisfies the equation

ih%ﬂ;(r) = HNRY (). (6.135)

Under the assumption of no external vector potentials, the time dependence may be
separated out in the usual manner to show that {s(¢) and {r(¢) have the same eigenvalue:

HNRY (1) = EW(r); HNRY (1) = EV(0). (6.136)

For the relativistic case of the time-independent Dirac equation for an electron
subjected only to time-independent electrostatic fields, we have

(h° + V¥ = (e - p)U + (Bmc? + V) = E. (6.137)
Time-reversing this operator yields

Kh® + VK™ = c(KaK™Y - (KpK™) + mA(KBK™H) + KVK ™!
o o (6.138)
=c(a-p) +mc*(KBK™H + KVK™!
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where we have used (6.130) for time reversal in the four-component space. It follows
from (6.123) that « must change sign under time reversal, and hence the ca - p term
is invariant. The change in sign of « is consistent with the role of ca as the velocity
operator. The term involving B is easily shown to be invariant. The one-electron poten-
tial is time-independent, and for the static nuclear potential it is also a-independent.
Therefore, the Hamiltonian is invariant under time reversal, and in analogy with the
nonrelativistic case we get

(h° +V)u = Ey

R _ ~ (6.139)
(h° + V) = EV.
The extension to the many-electron case is straightforward, and the considerations
involving space inversion of the Coulomb potential and the Breit terms also hold for
time reversal.

We have now shown that a wave function and its time reverse are energy degenerate
in both the relativistic and the nonrelativistic case. One way this can happen is if time
reversal just produces the same function—that is, the function is invariant under time
reversal, possibly with the exception of a phase factor. In this case we have

KW(t) = ali(r) (6.140)
where a is a phase factor. Double time reversal then yields

K20 (1) = Kayi(t) = a*KU(1) = |a|*U(2). (6.141)

We have previously shown that K2 can only take the values 1 or —1, depending
on whether the system has boson or fermion symmetry. This leaves us with two
possibilities:

1. K2 = 1. In this case, the equation above yields |a|> = 1, and the function may
indeed be invariant under time reversal.

2. K* = —1. In this case, the equation above implies |a|> = —1, which clearly is
impossible.

For a system with fermion symmetry—that is, half-integer spin—the wave function
cannot therefore be invariant under time reversal. Further, the time-reversed wave
function cannot be a simple multiple of the original.

We can explore the fermion case further. Because K is an antiunitary operator, we
must have

(KW|Ky) =1 (6.142)

for arbitrary, normalized {, and the time-reversed wave function is thus normalized.
We can also show that K1 is orthogonal to s, as follows. If we treat the overlap of
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the wave function and the time-reversed wave function as a number, we can apply the
time-reversal operator to get

KR 1) = (Ko 9)* = (W [K). (6.143)
If we apply the time-reversal operator to the functions in the overlap integral, we get
KRG 1) = (K20 1K) = = K) (6.144)

because K2 = —1. Therefore
(K1) =0 (6.145)

and I&xb and 1 are linearly independent. These conclusions may, of course, be verified
by using the explicit expression for the time-reversal operator.

Thus, for the fermion case, ¥ and I@x[,r form a degenerate pair. It is easy to see
that any third function that is degenerate in energy with {» and I@x]f will also have its
own time-reversed partner. This illustrates Kramers’ theorem (Kramers 1930): for a
system with half-integer spin, the energy levels are at least doubly degenerate, and any
degeneracy is even-fold. This theorem holds in the absence of external vector potentials.
We will use the term Kramers pair for a pair of functions related by time reversal. The
Vr(¢) and s (¢) above form a Kramers pair, and the hydrogenic 1sa and 158 spin—orbitals
form another example of a Kramers pair. Note, however, that the Kramers partner of
the 2pja spin—orbital is 2p_1 8, not 2p; B, because time-reversal includes complex
conjugation. As can be seen from the above demonstration, the theorem is equally
valid for relativistic and nonrelativistic systems, provided any potentials involved are
invariant with respect to time reversal.

As a last comment, we note that although the time-reversal operator, I@, commutes
with the Hamiltonian, it is antilinear and therefore cannot correspond to an observable.

Lorentz Transformations and the Lorentz Group
While we still have no intention of proving the invariance of the Dirac equation under
Lorentz transformations, we do want to conclude this discussion of relativistic sym-
metry by demonstrating the relationship between the Lorentz transformations and the

spatial transformations already discussed. To make the symmetry between space and
time more explicit we introduce the variable 7, defined as

T =lct. (6.146)
The general four-vector introduced in chapter 2 is then

w=(x,y,2,1), (6.147)
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and for motion along the x axis, the Lorentz transformations take the form
/ . v
X =y (x + zr—)
c
(6.148)

=y (r-ing)
TU=ylt—ix—).
c

If we write this transformation as the result of applying an operator Ar(v) to the
four-vector w, we get

, s A v .
w =AW =A)(x,y,2,T) = (y (x + l‘[—) SV, 2, Y <1: — zx—)) . (6.149)
c c
This is equal to a linear transformation Ay (v), such that

yiz

S O

w = A, (V)W = (6.150)

S o= O
o= O O
Qe R

1

0

0

—yig 14
Here we recognize a situation that is quite similar to that encountered for the SO (3)
rotations in section 6.4. We have transformations that conserve the length of the four-
vector, and which may be expressed as matrices operating on the set of basis vectors.

We may in fact proceed in a completely analogous manner to the SO(3) case. Thus, an
infinitesimal Lorentz transformation—that is, v/c < 1—may be written as

v v2
Ax(v) =I4—i—YX+O<—2>. (6.151)
c Cc

The matrix Y, is the equivalent of the X, matrix for spatial rotations, and it may be
found to be

(6.152)

S o oo
S o oo
SO o=

Any finite Lorentz transformation may now be expressed in exponential form, and for
motion along the x axis,

Ay (v) = e W/OYx (6.153)

Corresponding generators for motion along the other two axes are easily derived.
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The X matrices were defined only on R3, but they may easily be cast into four-space
form by adding a row and a column of zeros. The six matrices

0 0 0 0 00 —i O 0 —i 0 O
00 —i O 0 0 0 0 i 0 0 0
Xx_Oi OO’Xy_iO OO’XZ_O 0o 0 o0}’
0 0 0 0 00 00 0 0 0 0
(6.154)
and
0 0 0 ¢ 0O 0 0 O 00 0O
0 0 0 O 0O 0 0 i 00 0O
Yo = 0O 0 0 o0}’ Yy = 0O 0 0 0}’ Y. = 0O 0 0 i (6.155)
—i 0 0 O 0—i 0 O 0 0—-:i O

generate a group that is known as the proper Lorentz group. If the space inversion
operator, represented by

-1 0 0
0 -1 00

=] o (6.156)
0 0 1

is added to the set, the resulting group is the orthochronous Lorentz group. Finally, we
may add the time-inversion operation

Ko = (6.157)

o= O O

0
0
0
—1

S oo~
S O = O

This defines the full Lorentz group. The symmetry of the Dirac equation may therefore
be expressed as the direct product of SU (2) and the full Lorentz group.

This concludes our introduction to relativistic symmetry. Our aim has been to
relate closely to features that should be familiar to the practicing quantum chemist. In
particular, we have put some emphasis on the double groups, which represent a rather
straightforward extension of the methods and concepts of nonrelativistic symmetry.
We have also provided a more general discussion that shows how the double group
symmetry arises as the direct product of the underlying symmetries in the two separate
physical spaces considered—spin space and the four-space spanned by the Lorentz
transformations. In the chapters to follow, we will repeatedly exploit both SU(2) ®
G, G € O(3) symmetry and Kramers symmetry to develop and simplify methods for
quantum chemical calculations on relativistic systems.



One-Electron Atoms

The development of quantum chemistry, that is, the solution of the Schrodinger equa-
tion for molecules, is almost exclusively founded on the expansion of the molecular
electronic wave function as a linear combination of atom-centered functions, or atomic
orbitals—the LCAO approximation. These orbitals are usually built up out of some set
of basis functions. The properties of the atomic functions at large and small distances
from the nucleus determines to a large extent what characteristics the basis functions
must have, and for this purpose it is sufficient to examine the properties of the hydro-
genic solutions to the Schrodinger equation. If we are to do the same for relativistic
quantum chemistry, we should first examine the properties of the atomic solutions to
determine what kind of basis functions would be appropriate.

However, the atomic solutions of the Dirac equation provide more than merely a
guide to the choice of basis functions. The atoms in a molecule retain their atomic
identities to a very large extent, and the modifications caused by the molecular field
are quite small for most properties. In order to arrive at a satisfactory description of the
relativistic effects in molecules, we must first of all be able to treat these effects at
the atomic level. The insight gained into the effects of relativity on atomic structure is
therefore a necessary and useful starting point for relativistic quantum chemistry.

Separation of Variables in the Dirac Equation

As in the nonrelativistic case, most of the salient features of the atomic systems
are exposed in the treatment of the simplest of these, the hydrogen-like one-electron
atoms. In Hartree atomic units the time-independent Dirac equation yields the coupled
equations

(V= EXWr +c@-pv’=0

(7.1)
co - PVt +(V — E —2mcHyS =0

100
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where we have shifted the energy by —mc? (with m = 1), as discussed in section 4.6.
We will use this shifted energy scale for the rest of the book unless otherwise explicitly
indicated. V is here a scalar, central potential. For a point nucleus this is —Z/r, but
we use V here in order to account for other possible models of the nucleus. In solving
the Schrodinger equation for the hydrogen atom, we can separate angular and radial
variables in spherical polar coordinates and show that the solutions take the form

1 m
YR @, 0, @) = = Rut(1)Y, L@, ¢) (7.2)

where the Yzm £ (9, @) are the usual spherical harmonics, defined with the Condon and
Shortley phase conventions,

Qe+ 1) (& —|me))!
4 (L + |mg)!

1,2
Y, "0, g) = (—1)(metine)/2 [ } P" (cos9) e™t?.  (1.3)

For the Dirac equation, we know already that the large and small components have
different radial functions, so we must seek a separation of the form

_ (PO &0
veoe0 = (G0 Eo% ) 79

Here, P and Q are the radial large and small components of the wave function.
The factor of i has been introduced to make the radial components real. The angular
functions & are two-component spinors, that is, a product of angular and spin functions;
the spin variable t has been explicitly shown.

To achieve this separation of variables in the Dirac equation, we must be able to
factorize the operator o - p. The nuclear potential V is already a function of r only. We
follow the procedure in Schiff (1968) and introduce the radial operators for momentum
and velocity

A

pr=r"t-p—i); or=r""(o 1. (7.5)
We now apply the Dirac relation, (4.14), in the form
(0-r)(oc-&)=r-L+ic-rxf€=io-rx{ (7.6)

The scalar product r - £ vanishes because £ = r x p. The vector product r x £ may be
evaluated using standard vector relations:

rxl=rx@®xp) =r-p) —r’p=r@p,+i)—rp. (1.7)
Substituting this expression for r x £ in (7.6) yields

ioc-rxl=io-r(rp,+i)—ir‘e-p=(o-1)(0-L). (7.8)
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Making use of (7.5) and rearranging, we get
o-p=opr+ior o L+ 1)=0,p —ic,r 'K (7.9)
where K is a pure angular momentum operator,
K=-1-06-=0+—-7>-1 (7.10)

where we have used ¢ = 2s and (6.4) in the second equality. We can now use this
expression for (o - p) in the Dirac equation. The first of the coupled equations becomes

(V — E)U* + co, [ﬁ,—ir_lK] S =0. (7.11)

The radial momentum operator p, can be written

. (d 1
pr = —i ( + —>. (7.12)

ot

This operator obviously acts only on the radial large or small component. The “radial”
velocity operator o, is in fact a pure angular operator, because the components of
t = r/r are pure angular functions:

0y = 0y sin ¥ cos ¢ + oy sin ¥ sin ¢ + o, cos . (7.13)

This operator therefore acts only on the angular large or small component. The operator
K also operates only on the angular function, and in order to achieve the separation the
angular function must be an eigenfunction of K. Substituting for the radial momentum
operator, using the factorized large and small components, with ¥~ and x5 the eigen-
values of the angular large and small components, the first of the coupled equations
can be written

+ =085 (7.14)

dr r r

S
(V—E)§§L=—c<d K +1>Q

which is obviously factorized. Applying the same procedure to the second of the
coupled equations yields

L
(V—E—chz) %S:c(dirJrK r“)?:,g? (7.15)

In the next section we will examine the properties of the angular functions. The
radial functions will be the subject of the subsequent sections, where we also make
comparisons with nonrelativistic radial functions and expectation values to gain some
insight into the effects of relativity on electronic structure.
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Angular Wave Functions

As discussed in the chapter on symmetry (chapter 6), neither orbital nor spin angular
momentum provide good quantum numbers for the Dirac equation in a central field,
and we must instead turn to eigenfunctions of the operators j2 and J, with eigenval-
ues j(j + 1) and m;. For a one-electron wave function the angular momentum part
can be expressed in a basis of coupled products of a spherical harmonic and a Pauli
spinor 1 (my)

Em; (0,9) = ) (Emesms|jm) Y, (9, ¢) n(my) (7.16)

my,mg

where (¢mgsmg|jm;) is a Clebsch-Gordan coefficient.

There is a problem with the labeling of the function &: the total angular momentum
label j is not unique. We can couple s = 1 to either € or £ + 1 to form j = £+ % The
ambiguity may be resolved by resorting to the operator K derived in the previous section
during the separation of variables in the Dirac equation. If we apply this operator to
one of the angular momentum basis functions, we find that it is indeed an eigenfunction
of K with eigenvalue «, given by

RY" 0, 9) n(my) = k¥, (9, @) n(my)

17 m
= [z(u D—j+1)— ZJ Y, C (9, ) n(my). (7.17)

There are two possibilities:

1
CASE1 j={+ -
J +2
Then |
c=t(i+3)=jG+D—g==-p(i+3)-1(i+3)=20-p (i +3).
(7.18)
where we use the fact that £ — j :—% in this case.
) 1
CASE2 j={— -
2
Then
. 1 . 3 PN 1 1_ . 3 . . 1 1/ . 1
K—(J+§> JH7) iU+ h=g={i+t5-J (J+§)—§<J+§>
=2(—J) (j - %) : (7.19)

where we use the fact that £ — j = ~|—% in this case.

We conclude that the operator K has the eigenvalues

k=20-p(ji+3)=-a(i+}). (7.20)
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where @ = 2(j — ¢) = +£1 is a sign factor, and j = £ + %a. The general angular
function can therefore be written with a « label as

Eem@ @)= Y. (bmpsmy|jm) V"0, pn(my), (7.21)
my==+1/2

where my + mg = m.

These functions are suitable functions for the angular large and small components.
We must now determine which of these is to be used for the large and the small
components, for there is no a priori reason to expect the angular parts of the large and
small components to be the same. From the separation of variables in the previous
section, we have the relations

ot =8 o8’ =g (7.22)

which implies that 0,2 = 1, a fact that can be proved from the expression given above.!
Now t may be expanded in terms of spherical harmonics with £ = 1, so the angular
large and small components must differ in the orbital angular momentum by a single
unit. Since the total angular momentum commutes with the Dirac Hamiltonian, j is a
good quantum number, and therefore both angular components must have the same
Jj value. To have £ values that differ by one, the large and small components must have

values of « that are opposite in sign. Thus, we can set k= « and ¥ = —«, and the
factorized 4-spinor can be written

_ l Pryc (r) Ex,m(ﬁv ®)
v 00 = (1 e ) 729

As well as being eigenfunctions of the operators j2, j., and K, the two-spinor
angular functions are eigenfunctions of the inversion operator I with eigenvalue (—1)°.
This follows directly from the inversion properties of the spherical harmonics. Because
the ¢ value of the spherical harmonics in the angular function for the small component
differs from that of the large component by 1, the small component has the opposite
parity under inversion. This fact was demonstrated in chapter 6.

A summary of the quantum numbers for the angular functions along with the labels
that are often used is given in table 7.1.

We can insert the expressions for the Clebsch—Gordan coefficients into the angular
2-spinors (and suppress the angular variables in the spherical harmonics) to get

L [afe+iramy)T

om = ——— 24
Sem = T (7.24)

e+ L —amy] 2

1. The relations in (7.22) are only defined up to a phase, which we are free to choose. We have already
chosen a phase factor of i to multiply the small component, so we choose a phase factor of 1 in this case.
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Table 7.1 Quantum numbers and labels for atomic spinors

l 0
j 12
K -1
Labels K
s
S1/2

1 1
172 3/2
1 -2
P p
pP- P+
P12 D32

2 2
3/2 5/2

2 -3

d d
d_ dy
d32 dsp2

Fora:+1,thatis,j=£+%,andwithmg=m—§

1

1 «/Z+me+1ane
Ek,mz—
V20 + 1 m Y£n€+l
and for a = —1, that is, j = ¢ — J, withmy =m — }
1 -Vl —my ane

EK,m =
WV +1
26+1 Vltrme+17,"

Explicit forms are given in table 7.2 for a few values of «.

The coupling of the spin and orbital angular momentum has implications for the
electron density of the one-particle functions. We can compare the Dirac angular func-
tions with the Schrodinger angular functions. This is done in figure 7.1 using polar
plots of the angular density, integrated over spin. Notice that the relativistic densities

Table 7.2 Angular atomic 2-spinors for s, p and d subshells

S1/2

V3pi2

V3p3p

V5ds)n

V5ds

()
()
()
(72)

V3dy
V2d;

(7.25)

(7.26)
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m|=0 [rmy] =1 [m| =2 Iml=12 |m|=32 |m|=52

3
y

% O j=5/2 8 % O
(a) (b)

Figure 7.1 Polar density plots of (a) nonrelativistic orbitals and (b) relativistic 2-spinors

depend on j and not on £. Thus sy /7 and py/2 2-spinors are both spherical. A relativistic
filled shell also has a spherical density; for example, the ground state of the Pb atom
has the configuration 6p?, which in a nonrelativistic scheme would have 3P symmetry
and components whose density looks like that of a p function, but in a relativistic
scheme the configuration is 6 pf /20 which has J = 0 and a spherical density.

Another feature that emerges from these plots is the loss of nodal structure. Because
the spin-up and spin-down components of each spinor have nodes in different places,
the directional properties of the angular functions are smeared out compared with the
properties of the nonrelativistic angular functions. Only for the highest m value does
the spinor retain the nodal structure of the nonrelativistic angular function, and that
is because it is a simple product of a spin function and a spherical harmonic. The
admixture of m, and m; + 1 character approaches equality as £ increases and as m
approaches zero, resulting in a loss of spatial directionality. The implications of this
loss of directionality for molecular structure could be significant, particularly where the
structure is not determined simply from the molecular symmetry or from electrostatics.

Solutions of the Radial Dirac Equation

We now turn to the radial functions and the radial Dirac equation. Using (7.22) in
(7.14) and (7.15) we arrive at the pair of coupled radial equations2

dr r
—¢ [d—P + Q] +(V—E—-2)0=0. (7.27b)
dr r

2. We omit the mass in this section, and work strictly in Hartree atomic units.
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or in matrix form

V-E 4 _«
N CLh_r} P(r)

—c|:i+£] V —E—2c e
r

—=0. (7.28)

For the purposes of comparison with the nonrelativistic limit, we eliminate the small
component from these equations, using (7.27b) to express Q in terms of P and
substituting into (7.27a), with the result

d®> k+1) (V—E-=2)
[m— 2 + 2 (V—-E)
_ 1 dv ,d K) p —0 799
WTET%5E(E+?}(”_' (7.29)

Comparing this with the nonrelativistic radial equation,

2
|:d— — te+D + 2(E — V)} R(r) =0, (7.30)
dr2 r2
we see that the former reduces to the latter in the limit ¢ — oo, provided that k (k +1) =
£(€ + 1), which indeed holds, as may be verified from the definition of « above.
The solutions of these equations depend on the choice of the nuclear potential. For
a point nucleus V. = —Z/r, analytic solutions have been derived (Darwin 1928,
Gordon 1928). We will not go into the details of the derivation, but we repro-
duce the essential features of the solutions for the purposes of comparison between
nonrelativistic and relativistic solutions and the examination of the effects of relativity.
The solutions of the point nucleus radial Dirac equation can be written as a product
of an exponential function, a power of r, and a polynomial:

P(r) N Np[Fi(r) + F2(r)] . (731)
o(r) NolFi(r) — Fa(r)]

The exponent A is defined by

A=+/—EQ+E/c?) (7.32)

and y by

y =+/k2—Z2/c% < |k|. (7.33)
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The nonrelativistic solution in a point nuclear potential can be similarly written
R(r) = N'e V72Er p 1 F/ (). (7.34)

There are some obvious similarities between the functions, and some obvious differ-
ences. Further discussion of the exponents is deferred to the next two sections, where
the implications of the form of the exponent are drawn out. Here, we first want to make
some remarks on the overall shape of the radial functions.

The apparent angular quantum number y is clearly not an integer.? For negative «,
that is, for j = £+ %, || = €41 and the exponent of r is less than the nonrelativistic
exponent. This means that for s functions, instead of a cusp at the nucleus, there is a
singularity, which will inevitably place much greater demands on the basis set in an
LCAO expansion of the wave function than in the nonrelativistic case. It also means
that the value of the large and small components at the origin » = 0 are discontinuous
at the nonrelativistic limit ¢ = oo,

UL, 0), ¥5(0,¢) =00, ¢ < o0

7.35
=N, c¢=o0. (7:3)

This discontinuity causes some difficulties in the interpretation of the nonrelativistic
limit of the wave function, to which we return later.

For positive «, that is, for j = ¢ — %, || = £, and the exponent of r in the
relativistic wave function is smaller than the nonrelativistic exponent of r by at least
one unit. This means that the 2p;, radial function should behave in the same way as
the 1517 radial function, and have a singularity! To further understand what is going on
here, and how the nonrelativistic limit is attained, we need to examine the polynomial
functions F; and F>.

F1 and F, can be expressed in terms of the confluent hypergeometric function
F(a, b; x), which is defined by

1
F(a,b;x)=1+gx+a(a+ LI

This sum clearly truncates after a finite number of terms if a is a negative integer. The
two functions F1 and F» appearing in the radial solution of the point nucleus Dirac
equation are

Fi1 = (N¢ =) F(—ny, 2y + 1;24r)
Fo=—n.F( —n., 2y +1;2xr)

(7.37)

3. As a matter of fact, for hydrogenic atoms with nuclear charge Z > 137, it could even be imaginary.
In practice, other effects, such as finite nuclear size, become important at that stage, and the imaginary y
remains mainly a formal problem.
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where we have defined the variable N, by

N, = \/(nr + y)2+22/62

— \Jn? = 2n, (el - ) (7.38)

<n

and the radial quantum number 7, by
n,=n— |k (7.39)

where n is the nonrelativistic principal quantum number. The nonrelativistic equivalent
of the radial quantum number is n — £ — 1, which counts the number of radial nodes.
As n, is non-negative, F; will always truncate. F; truncates if n, > 0, but for n, = 0 it
vanishes. Hence both functions are indeed polynomial functions of the radial variable.
If F; vanishes, the large and small components have exactly the same radial form, and
the ratio between them is that of the relative normalization factors,

Np =24 E/c2, Np=+—E/c. (7.40)

This case applies whenever n = |«|, that is, to the 1s1,2, 2p3/2, ... spinors.
The 2py/, case has n, =1 and « = 1. Then

F,=—n,F(0,2y + 1;2Ar) = —n, (7.41)
and
Fi =Ny —)F(—1,2y + 1;2xr) = N —k)(1 = 2Ar/Qy + 1)) (7.42)

and the wave function is

(P(r)> e [V [ =0 (1= 5257) =) (7.43)
() No [MNe =) (1= 25) +n] ) |

Given that ¥ ~ ¢, both P and Q behave approximately as r* at the origin, not ¢!
as the nonrelativistic radial function does. There is in fact a singularity at the origin of
the same order as the 1s1,2. However,

ZZ
Ne=ym2—2n(cl =y kl—y= 0<C—2> (7.44)
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and therefore N, — « is quite close to n,, and in fact equality occurs in the non-
relativistic limit. Thus, for 2pj,2

2Ar
Fi~n|1- . (7.45)
2y +1

Inserting this approximate value for F; and the exact value for F; into the expression
for the radial solutions, we get for 2p1 >

Pr)\ o rr,—ar
(Q(r)>_Ne rY

(7.46)

(
~ Ne ™ pv s [(_2%:1)]
Non, [(2 - 2;21:1 )]

In this form the 2 p; > does appear better behaved. The large component adds in another
power of r in the lowest order, and yields the correct power dependence for a nonrela-
tivistic 2p function. The problem of the singularity persists in the lowest order for the
small component, but here the normalization factor Ny vanishes in the nonrelativistic
limit, and so the small component also tends towards the correct behavior. As discussed
in chapter 4, this is not true at r = 0, where the singularity persists.

We have compared the relativistic and nonrelativistic radial functions, and we now
compare some of the properties of the solutions. We select two of these, the eigenvalue
and the mean radius. The orbital eigenvalue €, is given by

) Z \?
€ = —C2 | 1= [1—
cN,

-1

72 Z \? (7.47)
= |1+,/1-
N2 cNi
22
o2

since N, < n and the factor in square brackets is less than 2. We see from this that N,
has the role of an apparent principal quantum number. The direct effect of relativity
is therefore to provide an energetic stabilization of the orbitals. One further point of
interest here is that the eigenvalue depends only on the magnitude of « (via N,) and
not on its sign; thus the 2s1,2 and the 2p; /> orbitals are degenerate, but the 2p3,2
is higher in energy. The difference in energy between the 2p;,; and the 2p3/; is the

spin—orbit splitting. The degeneracy between the 2s1,2 and 2py > levels is removed by
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the Lamb shift. In contrast, the nonrelativistic eigenvalues have no dependence on the
angular momentum at all, and the 2s and all 2p orbitals are degenerate.
The mean radius is given by

_ 1 [y +n, 2 _ 2y _
(e = YA |: N, (BN — %) K}
L [3n2 7.48

< E [?an2 — L+ 1)]

since £(£ + 1) = x(k + 1). The last line is the nonrelativistic mean radius. The direct
effect of relativity is to decrease the mean radius, which is consistent with the lowering
of the energy.

Behavior at Large r

At large distances from the nucleus, the potential energy term as well as the angu-
lar momentum term of the radial Dirac equation becomes small, and the equation
approaches the limiting form:

EP —c |:dQ:| 0 (7.49a)
dr
c [E] + Qc“+E)Q=0. (7.49b)

This pair of equations is easily seen to be satisfied by exponential solutions, and in
fact at large r the behavior of the solution is dominated by the exponential term. The
behavior of the solutions—bound or continuum—depends on A from (7.32):

A=\/—EQ+ E/c?). (7.50)

For positive energies, A is imaginary in both relativistic and nonrelativistic cases, and
the wave function is oscillatory, representing a free electron in a Coulomb field. For
small energies, E < mc?, the wavelengths will be very similar, but as E becomes large
they will diverge from each other, the relativistic wavelength becoming shorter than
that of the nonrelativistic function for the same energy.

For negative energies, X is real for all energies in the nonrelativistic case, and hence
the spectrum in this region is composed of bound states. In the relativistic case, A is
real in the range 0 > E > —2c2, providing a bound spectrum, but for E < —2¢2,
A is again imaginary and the solutions are oscillatory. The spectrum for both cases is
shown in figure 7.2.
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Figure 7.2 Spectrum of the
Schrodinger Hamiltonian (left) and the : :
Dirac Hamiltonian (right) Negative continuum

It is interesting to note that A is related to the product of the large and small
component relative normalization factors,

3= ANENG. (7.51)

The two points at which A = 0 correspond to E = 0, where the small component
vanishes, and E = —2mc?, where the large component vanishes.

Behavior at Small r

At small distances from the nucleus, the solutions of the Dirac equation are determined
largely by the nuclear potential. In section 7.3, the solutions for a point nuclear potential
were presented. Here, we adopt a more general approach, to determine the behavior of
the solutions for an arbitrary (but realistic) nuclear potential. The radial functions are
expanded in a power series,

P(r)=r"P(po+ pir + par’ +---)
) (7.52)
Q(r) =r"(qo+qir +qor” +--+).

Note that P and Q do not necessarily have the same lowest-order term. In this expan-

sion, we require po and gg to be nonzero. Other coefficients may however be zero. The
potential V is also expanded in a power series,

—rV(r) =vo+vir+vrt 4. (7.53)
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For a point nucleus, vo = Z, v; = 0, i > 0. The form of the expansion for a finite
nucleus can be derived by considering the potential due to a distributed charge, but
in general we have vy = v = 0 for finite nuclei. Inserting these expansions into the
radial Dirac equation gives

r"P " wopol + r’P[(v1 + E)po — vop1l + . ..
(7.54a)

— 4 e(y, — K)1go — r¥ ey, —k + Dlgr —--- =0
ra~Tvogo] + r79[(2¢* + vi + E)qo — vogqi] + . ..
(7.54b)
+ 7 e(yp +101po + 7P e(yp +k + Dlpr+--- = 0.

Equating powers of r, there are three cases to consider: y, = y;, ¥p < ¥4, and
Yp > VYq-

CASET1 yp=V4=VY

The lowest power of r in the Dirac equation gives the two equations

vopo —c(y —Kk)go =10
voqo + c(y +xk)po = 0. (7.55)

If vo = 0, we have y = —« and y = k at the same time. This is an impossibility
because « is never zero, so this case applies exclusively to the point nucleus.
Expressing gg in terms of pg and taking ratios,

vy = -y (7.56)

Since vg = Z, we get the definition of y given earlier. The two equations above
determine go in terms of pg, and the value of pg is determined by normalization.
Equating higher powers of r yields expressions for the higher coefficients.

CASE2 Yy, <Yy
From (7.54a), this choice implies that vopo = 0, from which it follows that vy = 0,
and this case applies to a finite, or distributed, nuclear charge. The lowest term in
(7.54b) then yields c(y, + «)po = 0, from which we deduce that y, = —«, and
thus k¥ < 0 in order for the solution to be normalizable.

We now need to determine y,. The term in r74~1 must match the term in r?7.
If y; # yp +1 then from (7.54a) we have c(y; —x)qgo = 0 and hence y,; = «. This
contradicts the assumption that y, < y,. If the term in r74~1 matches the term in
#¥Pt1l then the term in #'P yields vi = —E, which cannot be the case since v
must be linear in Z and E is quadratic in Z. We conclude that y,;, = y, + 1.

As for the point nucleus case, pg is determined by the normalization, and the
other coefficients are determined relative to pg. Because vy = 0, the lowest-order
nonzero term in (7.54a) relates g to po:

(vi + E)po — c(yq — x)q0 = 0. (7.57)
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The 77 term in (7.54b) has no matching term in ¥4 ~!, and consequently p; = 0.
The next term from the same equation relates p; to go. The 77 +! term in (7.54a)
(not listed) turns out to be zero because vp = vo = 0 and p; = 0. This leads
to g1 = 0. It can be shown that if the potential is an even function of r, then
Pn = qn = 0 for n odd.

CASE3  yp > Yy

Then vogo = 0, and again vy = 0. The lowest term in (7.54a) gives c¢(y, —k)go =0
from which y, = «, and thus « > 0. Similar arguments can be marshaled as for
case 2 to show that y, = y, + 1 and to derive the coefficients. This case is the
finite nucleus case for « > 0.

At this point it is useful to summarize some of the features of the solutions for point
and finite nuclear charge distributions.

POINT NUCLEUS CASE

(1
2

3)

P and Q have the same behavior at the origin, and both are series in r (not r2).
The solutions for |« | = 1 have a singularity at the origin. This could be a serious
problem in quantum chemistry where Gaussian basis functions are commonly
used to expand the wave function. The cusp that has to be represented in the
Schrodinger solutions is now replaced by a singularity, which will inevitably
make greater demands on the flexibility of the basis.

For y > 1/2, there is only one normalizable solution, that is, the regular
solution with leading power r?. This is called the limit point case. For y < 1/2
both the regular () and irregular (r~7) solutions are normalizable, and the
general solution is a linear combination of the two. This is called the limit
circle case. The extra condition that the integral over the potential must also be
finite eliminates the irregular solution. The point at which y < 1/2 occurs for

Z/c=,k?— 4—11, which for « = 1 gives a Z value of approximately 119.

FINITE NUCLEUS CASE

(D

2

P and Q have the same lowest-order term as the corresponding nonrelativistic
function of the same angular momentum at the origin. This means that the
large component behaves like the nonrelativistic function, P/r ~ rt, but the
small component behavior depends on «. For « < 0, Q/r ~ r+1 and for
k >0, Q/r ~ rt=1. The spin—orbit splitting can then be understood in terms
of the expectation of the potential over the small component, which is larger in
magnitude for positive « than for negative «.

For at least the first few terms, the solutions are either odd or even functions
of r. If the nuclear potential is an even function for all » (e.g. for a Gaussian
nuclear charge distribution), P and Q are odd or even for all r.
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(3) At least inside the nucleus, P and Q are essentially Gaussian in shape. This
means that in a method using a Gaussian basis set a nuclear charge distribution
with a finite radius is preferred to a point nucleus: the basis then has the right
behavior at the origin, and the demands on the basis are smaller because of the
cutoff in the potential (Visser et al. 1987, Ishikawa et al. 1985).

We conclude from this discussion that for relativistic quantum chemistry it is preferable
to adopt a model of the nucleus that has a charge distribution with a finite, rather than
a zero, radius.

Nuclear Models

If a nuclear charge distribution with a finite radius is to be used, the question of the
functional form of the distribution must be raised. The point nuclear model was simple:
now we have to consider some form of the nuclear charge distribution that bears some
relation to experimentally determined distributions. The Coulomb potential at a point r
from a charge distribution p(r) is

p(r')
v Ir=r]

V(r) = dr’. (7.58)

In relativistic atomic structure calculations, the two most common models are the
uniformly charged sphere and the Fermi two-parameter distribution. The radial density
for the uniformly charged sphere is given by
p"Me(r) = po, r=r™e
(7.59)

=0, r>r"c,

This is the simplest model, and gives rise to a quadratic potential inside the nucleus
and a Coulombic potential outside:

2
VHUC(V)Z— Z [3_( r ) :I’ rSrnuc
zrnuc rnuc

nuc

(7.60)

=——, r>r

With a quadratic potential inside the nucleus, the wave function should be Gaussian in
shape.
The Fermi two-parameter distribution has the form

£0

R PR TSy

(7.61)

which introduces a smooth decay of the nuclear radial density rather than a sudden drop
to zero. The potential is difficult to represent in closed form. It reduces to the uniform
distribution in the limit s — 0. A variant of this distribution, the three-parameter
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distribution, multiplies it by a quadratic function of r. This model has been used to fit
a range of nuclear scattering data.

Both of these distributions present some problems for implementation in quantum
chemical programs. The uniform sphere potential can be represented as the sum of
the point nuclear potential and the difference between the point and uniform sphere
nuclear potentials inside the nuclear radius. Then one has to perform integrals over a
small finite region of space, which may have to be done numerically. A method for their
evaluation has been presented by Matsuoka (1987). The Fermi distribution is difficult
to represent in closed form and therefore the integrals would have to be performed
numerically. An attractive alternative is to choose a Gaussian distribution,

() = Zpoexp (—¢™ 1), (7.62)
whose potential is simply
z
Ve = — 2 erf (ﬁ/;nuc r). (7.63)
r

This is a convenient choice for quantum chemical calculations because the integrals are
readily evaluated. For this choice, the nuclear charge distribution falls off too slowly
for heavy atoms, but the effect is not large.

The principal parameter used in these distributions is the nuclear radius. For many
nuclei the rms radius has been determined. These data could be used directly in cal-
culations, but it is probably more useful in quantum chemistry, where the accuracy of
the nuclear model is not very important, to use a fitted value. Two common fits to the
cube root of the mass number A are used:

Fms — 124173 (7.64)
r™ = 0.8364'3 +0.57 (7.65)

where r™S is given in fm.* This value may be used directly in the uniform and Fermi
distributions; for the Gaussian distribution it may be used to determine the exponent
by matching the rms radii, so that

é.nuc _ 3

= W (7.66)

The Fermi distribution has in addition the parameter s, which can be taken to be
constant, determined from fits to scattering data.

4. The latter has become a standard for the Gaussian nucleus in relativistic quantum chemistry (Visscher
and Dyall 1997).
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Table 7.3 Nuclear size and shape effects on the 1s orbital of Hg7%*

Nuclear model Eigenvalue Difference
Point —3532.191 849

2.017 574
Uniform —3530.174 275

0.007 881
Fermi —3530.182 156

0.011 843
Gaussian —3530.193 999

The difference between the models is not large, as shown by the data in table 7.3
for hydrogen-like mercury. The effect of the finite radius is approximately 2 Ep, but
the difference between the models is only 0.01 EY}. For the valence spinors of many-
electror; atoms, the difference between the models is well below the limits of chemical
interest”.

5. Finite nuclear models have been discussed in detail by Andrae (2002).



Properties of Relativistic Mean-Field
Theory

We have previously seen how the Dirac equation for one particle requires some rather
special consideration and interpretation in order to arrive at a form that is able to
treat electrons and positrons on an equal footing. These problems persist also when
we go to systems with more than one electron. One might think that the extension to
several electrons should not introduce dramatic changes. After all, we noted that even
the one-electron problem must be viewed as a many-electron (and -positron) system in
order to arrive at a consistent description. The problem with introducing more electrons
is that electron—electron interactions that were previously small—for the one-electron
case typically arising from vacuum polarization and self-interaction—now occur to
the same order as the kinetic energy and the interaction with the potential. So while
a perturbative approach such as QED can use the solutions of the one-electron Dirac
equations as a very good starting approximation to a more accurate description of the
full system, the same would not work for a system with more electrons because it
would mean neglecting interactions of the same magnitude as the zeroth-order energy.
For applications to quantum chemistry, the treatment of the entire electron—electron
interaction as a perturbation would be hopelessly impractical, as it is even in many-
electron relativistic atomic structure calculations.

The technique for dealing with this problem is well known from nonrelativistic
calculations on many-electron systems. One-particle basis sets are developed by con-
sidering the behavior of the single electron in the mean field of all the other electrons,
and while this neglects a smaller part of the interaction energy, the electron correlation,
it provides a suitable starting point for further variational or perturbational treatments
to recover more of the electron—electron interaction. It is only natural to pursue the
same approach for the relativistic case. Thus one may proceed to construct a mean-field
method that can be used as a basis for the perturbation theory of QED. In particular, the
inclusion of the Breit interaction in the mean-field calculations ensures that the terms
of O(a?) are included to infinite order in QED.

Deriving a mean-field or self-consistent field (SCF) method is not an entirely
straightforward matter, however. In the QED reinterpretation, we take a particular
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approach to the negative-energy states. Now we come to develop a mean-field theory,
do we regard these states as occupied or not? It is this question and the implications of
the answers to it that will occupy the attention of the present chapter. As a first step,
we analyze the traditional mean-field approach in a second-quantized form.

Mean-Field Formalism in Second Quantization

In deriving a set of relativistic one-particle functions, that is, spinors, from a mean-
field approach, we typically start by making a simple guess at these functions (or the
electron density), and then try to refine them iteratively. The refinement can be done by
diagonalizing a suitable Hamiltonian (or Fock) matrix, which defines a rotation of the
spinors in the entire function space available. Normally, this iterative process reaches a
stage where further rotations do not change the spinors, that is, they are self-consistent.
Provided we have chosen our sequence of rotations carefully, this should correspond
to the optimal set of spinors from the mean field. For the present chapter our main
concern is the rotation of the set of one-particle functions, and how this can be cast in
a consistent theoretical framework that also accounts for the positron contributions.
The second-quantized Hamiltonian that defines our many-electron system is

H = thq apTaq + % Z(pqlrs) a;arfas ag. (8.1)
P4 pqrs

Most of the theory can be developed using only the one-electron part of this opera-
tor, with rather straightforward extensions to include the two-electron part. To effect
the rotations in the function space we employ the exponential rotation operator
U= exp(zk) introduced in (5.35), but parametrized in terms of the operator k = i
We want the rotations to preserve orthonormality in the set of one-particle functions,
and therefore require that U be a unitary operator, that is

U0 = e =1. (8.2)
The operator k¥ may be expressed as
k=Y kpgayay,. (8.3)
pq
The Hermitian conjugate of this operator is
kaq' aq a, = Zqu ap ag. 8.4)

From this it is easy to see that the unitarity condition is fulfilled if

Kpg = —K, (8.5)

qp’

that is, the matrix x is anti-Hermitian.
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The first step is to choose a reference state, or initial guess, which we will denote |0).
To this reference state we apply the general rotation to obtain a new reference state,

|0') = U]0) = €10). (8.6)

The energy of the reference state in the rotated basis is the expectation of the
Hamiltonian in the rotated basis:

E = (0 |H0). (8.7)

Since the Hamiltonian involves a complete sum over one-particle states, we can just
as well express it in terms of the old basis. Using (8.6) to express the new reference in
terms of the old, we get an expression for the energy of the rotated reference in terms
of the original basis,

E = (0|H|0)=(0]e “FLe0). (8.8)

The operator can be expanded in a commutator series
gk o 21 Lo 21 -
e “He =’H+[H,K]+—[[H,K],K]+-~- (8.9)
so that the energy may be written
. . 1 N
E/=<0|H|o>+<0|[71/,,x]|o>+5(0|[[ﬂ,K],x]|0>+~--. (8.10)

The energy at the new point depends on the Hamiltonian matrix elements and the

parameters of the rotation. Not all of these parameters will necessarily cause a change

in the energy, and we need to determine which parameters are the nonredundant ones.
Substituting & into the first term in the energy expansion, (8.10),

OI[A. #]10) =" kpg (01 Fa, aq 10) = (0la,'a, 710))
rq

R R (8.11)
= kpg((01Hayag 10) — (0| Hay a, 10))
rq

we may make the following observations:

o If g is the index of an unoccupied spinor, the action of a, on the reference
produces a zero result, and the first term in (8.11) is zero.

e If p is the index of an unoccupied spinor, the action of a;, on the reference
produces a zero result, and the second term in (8.11) is zero.

® Therefore, if both p and g are unoccupied spinor indices, the right-hand side of
(8.11) vanishes.
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e If p and g are the indices of occupied spinors, we may permute a p% and a,
to get
(0] [”H K] 10) = kpg (01 (Bpg — ag ap))[0) = (0| H (8pg — ap ag")]0))
Pq

= kpg((01Fay a'10)" = (0| Ha, a,' 10)). (8.12)
rq

Now the action of a pT and aqT on the reference gives a zero result because they
are already occupied.

Similar arguments to these can be marshaled for the higher-order terms in (8.10).
The conclusion is that the energy is invariant to rotations within the occupied spinor
space and within the unoccupied spinor space. The matrix elements of ¥ within these
spaces may therefore be set to zero, and the only matrix elements to be considered are
those that connect occupied and unoccupied spinors.

To make the energy stationary, we differentiate with respect to the nonredundant
parameters of k and set the derivative to zero. For this purpose, we write the energy
expansion explicitly in terms of the parameters as

E' = (0]71]0) +ZKP,1<O||:7:[, a,a, ]|o>
rq

+ % Z quKrs<0| [[7:[7 ap?aq il, arTas ]|O> + -
pqrs

=E+Y kpg8pg+3 O KpgkrsGpgrs + - (8.13)
rq pqrs

The matrix g is the gradient of the energy with respect to the parameters of the rotation,
and the matrix G is related to the matrix of second derivatives. Differentiating the
energy with respect to «,, we find

oF’
0K pg

:gpq + %Zkrs(épq,rs'i‘érs,pq) + - (814)

rs

Truncating the expression at the dots gives a set of linear equations for «, which can
be solved by standard methods. The rotation operator U may then be constructed and
the spinors rotated to give a new initial guess. This will not be the exact solution
because we have truncated the energy expression to second order to obtain the rotation
parameters. However, it should give a good—or at least a better—approximation to
the exact solution. The procedure is repeated until the spinor gradient is zero. At this
point we have arrived at a stationary point of the energy as a function of the rotation
parameters.

We could equally well have differentiated the energy expression with respect to
the complex conjugate of k, since this may be regarded as an independent parameter.
This is equivalent to differentiating with respect to —«;,, and in fact we end up with
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the same result as (8.14) after reindexing, if the gradient is an anti-Hermitian matrix.
This makes sense, because the gradient appears in the energy expression contracted
with &, which is an anti-Hermitian matrix.

The second derivative of the energy with respect to the rotation parameters,

92E

*
8KP‘1 Krs licpg=rrs=0

= _%(qu,rs + Grs,qp) = qu,rs’ (815)
is called the Hessian' matrix. Since the energy expression actually contains the prod-
uct of the conjugate of the rotation operator with the Hamiltonian times the rotation
operator, we have differentiated with respect to k,, = —kgp. The Hessian gives us
information about the nature of the stationary point. If we have reached the ground state,
all the eigenvalues of the Hessian should be positive. If we have reached an excited
state, on the other hand, there should be as many negative eigenvalues of the Hessian
as there are states below the state reached. Other stationary points are characterized by
other conditions, but for the present these two will suffice.

Up to now, our discussion has been quite general and independent of the form of the
Hamiltonian. To obtain explicit expressions for the gradient and the Hessian, we must
use the Hamiltonian from (8.1), but as previously remarked it is initially sufficient to
consider only the one-electron part. We assume that the many-electron wave function
is described by a single determinant. The gradient is

8oy = O [a'as . ay'ag|j0). (8.16)
rs

By using the commutation relations for creation and annihilation operators, we can get
two rank 4 expressions that cancel, and we are left with

g =3 (<0|a,Taq 10)hyp — (O] ay ay |O)hq,). (8.17)

r

The Fock space matrix element is called the first-order density matrix or one-particle
density matrix,

Dy, = (0]aya, 10). (8.18)

Using this definition, we may write the gradient as

g% = (Drghrp — Dprhyy). (8.19)

r

If p and g are both occupied spinor indices, the first-order density matrix element is
a delta function, D, = 8,4, and the gradient matrix element is zero. This is in accord

1. We give the Hessian the symbol G here, where in many other places it is given the symbol H; we do this
to avoid confusion with the Hamiltonian.
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with the findings above, in which the energy was not dependent on the parameters for
two occupied spinors. Similarly, if both p and g are unoccupied spinor indices, the first-
order density matrix elements are zero, and again the energy does not depend on the
rotation parameters. However, if p is occupied and ¢ is unoccupied, a, |0) vanishes,
and g},lq) = —hyp. Similarly, if p is unoccupied and g is occupied, g% = hgyp. Thus
for any pair of indices #, u, where we have

eV = hy, (8.20)
we get
g = —hu = —gL* (8.21)

by virtue of the Hermiticity of h. The gradient is therefore an anti-Hermitian matrix,
as we had supposed. The condition for a stationary state is that the matrix elements
hpq are zero for p # g, as we should expect.

The Hessian matrix is

G0 1 =2Dqshpr+Dyphsg) = Y (8ep (Dishiq + Dythse) +84s Diphir+ Dyihiye) ).
t

(8.22)

The matrix elements are nonzero only for ¢ and s unoccupied and p and r occupied
(or vice versa), and the Hessian is then

GO vy =2 prhsg — Ssghpr). (8.23)

If we ensure that h is diagonal, including the occupied—occupied and unoccupied—
unoccupied blocks, which, since they are arbitrary, we are always free to do, the
Hessian reduces to

GO sy = 2hgq — hpp). (8.24)

If p is occupied and ¢ is unoccupied in the ground state, the Hessian eigenvalues (which
in this case are just the diagonal elements given above) are all positive. The state is
therefore a minimum with respect to rotations among the spinors. The first excited state
will have one hyy < hpp, and therefore one of the eigenvalues of the Hessian will be
negative. This state represents a saddle point of the energy surface spanned by rotations
in the spinor space—it is a maximum with respect to rotations involving the spinor g
for which hy; < hpp, but a minimum with respect to all other rotations. If we wish
to optimize this state, we must employ a minimax technique. There are several ways
of doing this, including counting eigenvalues of the Hessian, making use of maximum
overlap between iterations to follow the desired root, inverting the negative eigenvalues
of the Hessian in the equations used to obtain the rotation parameters, and so on.
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The two-electron contribution to the spinor gradient is given by

¢ =Y [a,"‘aﬂ'au as (rslru), ap'ag ]|0). (8.25)

rstu

Similarly to our treatment of the one-electron contribution, we can commute operators
to achieve a rank reduction through cancellation of two terms, and we are left with

g%) = %Z(VSVM) (01685 a‘aa, ag + Spu arTa,Taq ag

rstu

— diq arTapTau ag — Org apTa,Tau ag 0). (8.26)

Reindexing the integrals enables a reduction to two terms,

g =Y (rsltp) (Ola,"ai’ag as 10) =) (gs|tu) (0lay a'a, as 10).  (8.27)

rst stu

The Fock space matrix element is called the second-order density matrix or two-particle
density matrix,

Ppgrs = (0lay'a, a5 aq 10), (8.28)

which is zero unless all four indices are of occupied spinors. For a single determinant,
the value of the matrix element is then

qurs = Spqars - prfsrq' (829)

The second-order density matrix is invariant to the interchange of the two index pairs
pq and rs.
Combining the one- and two-electron contributions to the gradient, we get

gpq = Z (quhrp + Z Pstrq (Sf|rl7)) - Z (Dprhqr + Z Pprst (CIV|SI)).
r st r st
(8.30)
The terms in brackets may appear familiar, and are indeed nothing but the expression

for the usual spinor or spin—orbital Fock matrix. If we insert the values of the density
matrices for a single determinant, we get

fap = hgp + Z ((rr|qp) - (CIT|VP)) (8.31)

where ¢ is an occupied spinor index. The gradient defines the generalized Fock matrix

8pq = fap — fpq- (8.32)

The Fock matrix defined in terms of the densities in (8.30) is only nonzero if the second
index is an occupied spinor index. A set of spinors that transforms the Fock matrix
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into a diagonal matrix corresponds to a gradient where all elements are zero, and thus
corresponds to a stationary point of the energy surface. The form of the Fock matrix
in (8.31) is used to define the matrix for all indices p and ¢, but, as already noted, the
choice of the occupied—occupied and unoccupied—unoccupied blocks has no influence
on the energy or on the parameters of the optimization. It can of course influence the
rate of convergence of a self-consistent field procedure.

We may similarly derive the two-electron terms for the Hessian, which are presented
here for completeness:

Ggazq)rs = 22 (Prpvw{(sqlvw) - (sw|UQ)} + quvw{(P”|Uw) - (Pw|vr)}
— Pypus(vgqlwr) — qurw(pv|sw))

-y (5,,,{Pquvw(su|vw) + Puus (wolug)}

uvw

+ aqs{Pruvw(pulvw) + Pwvup(wvlur)})' (8.33)

Structure of the Spinor Rotation Operator

Having carried out this analysis of the variational process, we are now equipped to
consider the question raised at the start of this chapter—what role should the negative-
energy spinors play in this process? As we saw, the various contributions to the gradient
and the Hessian above depend on whether the spinors involved are occupied or not in
the many-electron state being optimized. The variational process is therefore directly
influenced by our choice of model for the negative-energy states: are they filled or
not? Here, we define three possible approaches, in which the definition of the occupied
and unoccupied spinors depends on the interpretation used. In the first, which we will
call the empty Dirac approach, the negative-energy states are empty, and they are not
reinterpreted as positron states. The representation of the orbital rotation matrix < in
this approach is

A + +
k= Z [Kp+q+ Apt g+ + Kpbg— Ayt Gy
pq
+ :
F Kyt Ayt + K a, A ] (8.34)

where the + and — superscripts label the positive-energy and negative-energy states,
respectively. The unoccupied spinors consist of the unoccupied electron spinors and
the negative-energy spinors. In the second approach, the filled Dirac approach, the
negative-energy states are filled, so that the occupied spinors include these states, and
the only empty spinors are the unoccupied electron spinors. The representation of £ is
the same as for the empty Dirac approach. In the third approach, the negative-energy
states are reinterpreted according to the QED approach as positive-energy positrons,



126 THE DIRAC EQUATION: SOLUTIONS AND PROPERTIES

and the operators are presented in normal-ordered form,

K= Z [qu apTaq + Kpg apTquJf + Kpg p ag — Kpg EquElp ] (8.35)
Pq

where the tildes label positrons. The unoccupied spinors consist of the unoccupied
electron spinors and the positron spinors, just as in the empty Dirac approach. Thus
the structure of k£ will depend on whether the negative-energy states are filled or not.

If no reinterpretation is employed, that is, if the negative-energy states are kept as
negative-energy states, the structure of « is the same as that used in the energy expan-
sion, (8.13), and the conclusions from the general considerations above are valid. The
nonredundant parameters of k are those that connect occupied and unoccupied spinors.
In the empty Dirac approach the unoccupied spinors are the empty electron spinors of
positive and negative energies. In the filled Dirac picture the only unoccupied spinors
are the empty electron spinors, and the occupied spinors consist of the occupied elec-
tron spinors plus the negative-energy spinors. For a system where we have n spinors
of both positive and negative energy and n, occupied electron spinors, the parameter
space in the empty Dirac picture is of the size n,(2n — n,), whereas in the filled Dirac
picture it is of the size (n 4 n,)(n — n,), which will generally be much larger.

In the QED approach : & : also contains terms of the form aPT&qT, ap ag and
Zz(;& p» which were not covered by the discussion of the previous section. We therefore
need to investigate how these terms affect the first-order correction to the energy,
(0] [7:[ , /%] |0). However, we must apply the normal ordering after we have performed
the commutation, because the product of two normal-ordered operators is not itself a
normal-ordered operator but must be placed in normal order.

To illustrate this approach, it is again sufficient to consider the one-electron part of
the Hamiltonian, and the relevant commutator in the Dirac approach (filled or empty)
becomes

7 cl= i i i i
I:H ’ K] - |:Z (hr+s+ ar+ as"‘ + hr"‘s‘ ar+ as_ + hr_s"‘ ar_ as+ + hr_s_ ar_ as_)’
rs
Z Kptotdora s + k4o—aya,
Pq p q pP'q p q
2

ke gty tagy + K- g-a,ta, )} (8.36)

where we have used the same indexing conventions for h and &. The evaluation of the
various terms in this expression is straightforward, but somewhat lengthy. Thus, after
commutation of operators and reindexing, the first term gives

ZZ [+t ap+agt, Kptgt Ayt dg+ ]
rs pq

= Za,ﬂ'a,ﬁ Z (Ks+q+h,+s+ — K,+S+hs+q+)' (8.37)
rq s
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Collecting all the terms arising from evaluation of the commutator, we get from the
Dirac approach (empty or filled)

H =[H k] = Z(a,ﬂanr gt + a,+'a,- -
rq

T ! T 1
+a,-"a,+ hr*(ﬁ +a,-"a,- hr,q,) (8.38)
where the matrix elements are defined by

;b = Zhar+Kr+b + har_Kr_b - Kar+hr+b - Kar_hr_b (8.39)
r

with a and b any index, positive or negative. The QED approach gives a normal-ordered
one-particle operator

=1 k)= Y (afag by + alahg + @ ag b, = aga b)) (840
rq

where the matrix elements are defined by
v =D harkeh + hapkip — Karhry — Karhip (8.41)
B

with a and b any index, electron or positron. Note that this matrix is the same as in
(8.39); all that differs is the convention for labeling the indices.
If we now take the reference expectation of this operator in the QED approach,

(0] 7 10) = Z((ma;aq 0YA,, + (0la,'a,’ [0),,
rq

+(01ap ag 10)h%, — (0]a,"a, |0>h/ﬁq), (8.42)

we find that the second and third terms vanish because the operators create and destroy
pairs and hence connect states of different particle number, and the fourth term vanishes
because there are no positrons in the reference, leaving only the first term. Taking the
expectation of the Dirac approach operator, (8.38),

! _ T ’ T ’
(0|H'0) = Z<(0|ap+'aq+ 0V 4+ (Ola,sia,— [0
rq

+<0|ap_Taq+ |O)h;,q++(0|apjaq_ |0>h’p,q,) (8.43)

the last three terms vanish in the empty Dirac approach because there are no negative-
energy states occupied in the reference, and again only the first term survives.
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Thus we find that in both the QED approach and the empty Dirac approach all terms
except the first vanish, because the reference contains only electrons in positive-energy
states. But in the filled Dirac approach all terms in principle survive. Thus the properly
normal-ordered QED approach gives the same result for this term in the energy expan-
sion as the empty Dirac approach, and not the same as the filled Dirac approach. The
parameter space for the QED approach is therefore identical with that of the empty
Dirac approach.

This is not quite the end of the matter. What we have assumed in the QED approach
is that the reference vacuum is that of the current guess. If we were to take an absolute
reference, such as the free-particle vacuum, the normal ordering should take place with
respect to this fixed vacuum, and then the QED approach would give the same results
as the filled Dirac approach, in which rotations between the negative-energy states and
the unoccupied electron states affect the energy. By this means a vacuum polarization
term has been introduced into the procedure, but without the renormalization term?.
In atomic structure calculations in which QED effects are introduced, the many-particle
states employed are usually the Dirac—Fock states (Mittleman 1981), that is, those that
result from the “empty Dirac” picture. We will therefore take as our reference the QED
approach with the “floating vacuum”—a vacuum defined with respect to the current
set of spinors.

The conclusion of this analysis is that the normal-ordered QED approach as pre-
sented here, with a floating vacuum, is equivalent to the empty Dirac approach.
It appears that the reinterpretation of the negative-energy states as positron states has
no influence on the combination of matrix elements that results from the commutator.
Normal ordering then only affects the terms involving the positron operators, and at
least for the one-electron Hamiltonian this means that the reference energy will be
identical in both the empty Dirac and the QED approaches, since they only have occu-
pied electron states, and the terms that survive in the reference expectation value are
identical in the two approaches.

Relativistic Stationarity Conditions

Having determined which of the parameters of x are nonredundant, we can pro-
ceed with the development of the mean-field theory using the methods presented in
section 8.1. Again it is sufficient to treat only the one-electron part of the Hamiltonian
for purposes of detailed derivation. The gradient must now be expanded to include the
negative-energy states, and it can easily be derived from equations (8.42) and (8.43).
Where both indices in the gradient refer to states with positive energies, the gradient
is the same as that derived above,

)]
gp""q"' = E (hrp+qu+ — thererr), (8.44)
-

2. See Chaix and Iracene (1989) for a discussion of this kind of approach.
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and has the same properties. The new term comes from one positive-energy and one
negative-energy index,

80ty = Dyt Dy = hy D). (8.45)
B
The first density matrix is zero for all r, and the second reduces to a delta function in
which p must be an occupied spinor index, giving
8oty = —hy=pt- (8.46)
A similar expression arises if the first index is a negative-energy spinor index, while
the element with two negative-energy indices obviously vanishes. The gradient is then
simply related to the one-electron matrix, which on diagonalization will make the
gradient zero.

Of more interest is the Hessian, because this determines what sort of state we have.
When all four indices are electron indices, the result is the same for all approaches, and
is given by (8.22) and the following equations. The important—and interesting—case is
where two indices are negative-energy indices. As we noted at the end of the preceding
section, the empty Dirac and the QED pictures give the same result. In the empty Dirac
approach, the expression is derived quite simply by inserting the appropriate indices
in (8.22), giving

(€]
Gp"‘q_,r'f‘s— = 2(Dq*s*hp+r+ + Dr+p+hs*q*)

- Z [STP(Dts_htq+ + Dq_ths_t) + qu (Dtp+htr+ + Dr+thp+t)]'
t
(8.47)

Of course, g~ and s~ are unoccupied, so that if p and r are occupied spinor indices
and h is diagonal,
G;‘jq,’m, = 8prbgs 2(hy—g— — hpt ) (8.48)
which is the same as the general result but with negative-energy spinor indices for g.
Now, however, h a—q— < —2mc?, so that the Hessian eigenvalue is large and negative.
This means that the eigenstate we have labeled as the ground state is not in fact the
“ground state” of the Dirac one-electron Hamiltonian matrix h, but an excited state:
in fact it is the (N + 1)th excited state, where there are N negative-energy solutions.
The ground state of the Dirac matrix is the lowest of the negative-energy states, and
does indeed collapse towards minus infinity as we increase the size of the basis set.
The phenomenon of variational collapse is therefore a real one, but it is irrelevant to
the issue of bound states. Provided that we can label the eigenvalues, which we can
always do in a finite basis set, we can always identify the state that corresponds to
the “real” ground state, the one that has the minimum energy in the reinterpreted QED
approach.
An important point in this discussion, and one that appears to have been missed
all too often, is that the QED approach is always based on some set of one-particle
functions, for which there are both positive- and negative-energy states. It is only
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after the reinterpretation and the normal ordering that we have a Hamiltonian in which
the ground state is the electron state of lowest energy, and that the positron states
appear as positive-energy states of particles with a positive charge. Therefore, the
spinor optimization process will always have to contend with a set of negative-energy
states, whose existence is the mathematical embodiment in a single formalism of the
occurrence of particles and antiparticles.

The implication of the discussion above is that the mean-field theory we are looking
for is not one of minimization of the energy with respect to the rotation parameters,
but one in which we are seeking an excited state in the space of one-particle functions.
It is therefore a minimax problem (Talman 1986). As noted above, the procedures
for attacking this problem are well-established in quantum chemistry. In fact, there is
likely to be no problem with convergence to the correct solution, even in a first-order
SCF method, because the separation between the positive- and negative-energy states
is very large and the coupling between them is small. This has been found to be the
case in practice in a large number of four-component SCF calculations on atoms and
molecules.

Projection and Bounds

If we are seeking an excited state, it is worth asking whether there are any bounds to the
solution that would give us confidence (apart from experience) that our calculations will
not collapse. In nonrelativistic variational theory, the ground-state energy is bounded
from below by the exact energy, and the iterative solution of the self-consistent field
equations converges to the exact energy from above. For an excited state there is no such
variational lower bound, but we may obtain some kind of bound from a consideration
of the properties of matrices and eigenvalues.

Suppose we have a matrix h for which we wish to find the first excited state,
that is, the second-lowest eigenstate. From the discussion above, we know that it is a
minimum with respect to rotations with all the higher-lying states in the initial guess.
Therefore, if we project out the parts of the matrix involving the ground state, we
end up with a matrix in which the state of interest is now the ground state, and will
converge from above to the desired solution. The excited state is bounded from below
by the projection.

Now if we reintroduce the ground state and diagonalize the matrix, the excited
state solution must go up, provided that the projected eigenvalue is higher than the
eigenvalue of the ground state. (If it does not, the initial guess must be very poor.)
This is a consequence of theorems involving the diagonalization of a matrix and its
submatrices and the relations between the eigenvalues.

Applying this to the Dirac one-electron Hamiltonian, the lowest electron state is
the state of interest. Projecting out the negative-energy states leaves only the positive-
energy block of the matrix. The lowest electron state in the projected matrix is therefore
bounded from below, and we may minimize its energy to obtain a projected eigen-
value. Now, if we reintroduce the negative-energy states, there is a large gap between
the projected eigenvalue and the highest negative-energy eigenvalue, which will be
at about —2mc?. The projected eigenvalue must therefore go up to the eigenvalue of
the full matrix. The true eigenvalue is therefore bounded from below by the projected
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eigenvalue. Second-order perturbation theory, combined with the information that the
coupling between the positive and negative energy states is O(c~!), then shows that
the energy can go up by at most O(c™?).

What this means for mean-field theory is that the lowest electron eigenvalue of the
one-particle matrix that we are diagonalizing can never fall below the lowest eigenvalue
of the positive—positive block of the matrix in any one iteration, and therefore there is no
problem with variational collapse in a self-consistent field procedure, provided that the
set of states in which we have formed the matrix represent the solutions of some one-
particle Dirac equation. Failure to ensure a proper representation in a finite basis has
been the occasion of problems that appear to exhibit variational collapse. Further dis-
cussion of this issue will be postponed to chapter 11, which covers finite basis methods.

It has been argued that in order to prevent variational collapse, it is necessary to
introduce a projection onto some set of positive-energy states (Sucher 1980, 1984).
This, as we have just seen, is not the case. Even if it were the case, there is no
prescription for choosing the set of positive-energy states onto which a projection must
be made, and in the absence of any such prescription, one might as well choose the
self-consistent field states (Mittleman 1981).

Many-Electron Theory

In all of the preceding discussion, we have simply assumed that we have some kind of
one-particle potential V, which is used to set up the one-particle Hamiltonian matrix.
We should now consider the effect of the electron—electron interaction in the discussion.
Intuition tells us that since the solutions are mostly dominated by the nuclear Coulomb
attraction, things will not change much, if at all.

The second-quantized Hamiltonian in the general case is

H = Zh,,q apTaq + % Z(pqlrs) a;arfas ag. (8.49)
r4q pqrs

Rewriting this in terms of positron and electron indices is more involved, because the
two-electron part produces 16 terms. Permutational symmetry and reindexing permits
the combining of six of these, and the result in the empty Dirac picture is

H:Z(hp+q+ ap+Taq+ +hytg—- a,,+Taq_
Pq .
Thy—gt apjaq+ Thy—g— ap="a,- )
+3 Z ((P+q+|r+s+)ap+Tar+Tas+ a,+ + 2(P+q+|r+sf)ap+Tar++as— a,+
pqrs
+20p g s Na, e, Tag age +20p g s a4 a,Ta- ags

+2(p+q_|r_s+)ap+Tar_TaS+ a,— + (p+q_|r+s_)ap+Tar+#as_ a,—

+(p gt IrsMa,-Ta,Taq a+ +2(p7 ¢ Ir s Ta,-Ta,Tagr a,-

+2(p_q_|r+s_)apjar+'}'asf a,~ + (p_q_|r_s_)apjarjas7 aqf).

(8.50)
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Applying the reinterpretation of the negative-energy states and normal-ordering the
result, we get the QED Hamiltonian

:ﬂ::Z(h,,q apTaq +hpg a,,%fzqf—i-hlaq ap ag —hsg quZzp )

-iq% Z ((pq|rs) apTarTaX ag +2(pq|rs) a,jaj&si'aq +2(pq|rs) apTEtr as ag
bars —2(pq|rs) apTdSTEt, aq +2(pqlrs) apTquTdr dg
+(pgIrs) ayfataa, +(pqlFs) ap ar as a; —2(pglFs) a,'a, ar as
—2054\r3) a/'ds'a, a, +(palFs) ala,a, ar ) (8.51)

The first, fourth, fifth, and tenth of the two-electron terms all preserve the numbers of
particles, and it is these terms that will contribute to the energy. The second and third
and the eighth and ninth terms are terms that create or annihilate one pair, and the sixth
and seventh terms create and annihilate two pairs, respectively.

With all these terms, the derivation of the gradient and Hessian will be a very tedious
exercise. However, we may make use of results from the previous sections to analyze
the terms that will be required and the terms that may be ignored. First, it was noted
that the commutators in the QED and Dirac approaches gave the same matrix elements,
regardless of whether the negative-energy states were reinterpreted as the conjugates of
positron states or not. Second, the density matrices are only nonzero when all indices
are those of occupied spinors, which in the present case means that they are electron
indices. The normal ordering of the QED operators will therefore have no influence
on the density matrices. It follows that the QED and the empty Dirac approaches must
give the same results, so that it is only necessary to consider the empty Dirac approach.
Third, the contributions from the positron spinors can be derived by inserting a tilde
on the appropriate indices in the expression for the electron contributions. The only
terms that survive are those in which none of the creation operators and annihilation
operators—or alternatively none of the density matrices—have tilded indices.

With these principles, the gradients for positive—negative rotations are deter-
mined to be

8pq = Z (quhrﬁ + Z Psirq (St|}’f))) = fqﬁ7
r st
8pi == 2 (Dprhar + 3 Porst Grlsn) = —f7;. (8.52)
r st

The Fock matrix is identical in form to the electron Fock matrix given above,
and the gradient is the same in form as the spinor gradient involving one unoccupied
electron spinor. Thus, for the purposes of self-consistent field methods, we may treat
the negative-energy spinors as simply an extension of the set of unoccupied spinors.
The Hessian may similarly be defined using the principles and formulas set out above.
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Operators, Matrix Elements,
and Wave Functions under
Time-Reversal Symmetry

We now take on the task of developing the theory and methods for a relativistic quantum
chemistry. The aim is to arrive at a qualitative as well as a quantitative understanding of
the relativistic effects in molecules. We must be able to predict the effects of relativity
on the wave functions and electron densities of molecules, and on the molecular prop-
erties arising from these. And we must develop methods and algorithms that enable us
to calculate the properties and interactions of molecules with an accuracy comparable
to that achieved for lighter systems in a nonrelativistic framework. Parts of this devel-
opment follow fairly straightforwardly from our considerations of the atomic case in
part II, but molecular systems represent challenges of their own. This is particularly true
for the computational techniques. From the nonrelativistic experience we know that
present-day quantum chemistry owes much of its success to the enormous effort that has
gone into developing efficient methods and algorithms. This effort has yielded power-
ful tools, such as the use of basis-set expansions of wave functions, the exploitation of
molecular symmetry, the description of correlation effects by calculations beyond the
mean-field approximation, and so on. In developing a relativistic quantum chemistry,
we must be able to reformulate these techniques in the new framework, or replace them
by more suitable and efficient methods.

In nonrelativistic theory, spin symmetry provides one of the biggest reductions in
computational effort, such as in the powerful and elegant Graphical Unitary Group
Approach (GUGA) for configuration interaction (CI) calculations (Shavitt 1988). For
relativistic applications, time-reversal symmetry takes the place of spin symmetry,
and this chapter is devoted to developing a formalism for efficient incorporation of
this symmetry in our theory and methods. Time-reversal symmetry includes the spin
symmetry of nonrelativistic systems, but there are significant differences from spin
symmetry for systems with a Hamiltonian that is spin-dependent.

The development of techniques that incorporate time-reversal symmetry presented
here are primarily aimed at four-component calculations, but they are equally applicable
to two-component calculations in which the spin-dependent operators are included at
the self-consistent field (SCF) stage of a calculation.

135
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Time Reversal and Kramers-Restricted Representation
of Operators

In the previous discussion of the symmetry of the Dirac equation (chapter 6), it was
shown that the Dirac equation was symmetric under time reversal, and that the fermion
functions occur in Kramers pairs where the two members are related by time reversal.
We will have to deal with a variety of operators, and in most cases the methodologies
will be developed in the absence of an external magnetic field, or with the magnetic
field considered as a perturbation. Consequently, we can make the developments in
terms of a basis of Kramers pairs, which are the natural representation of the wave
function in a system that is symmetric under time reversal. The development here
is primarily the development of a second-quantized formalism. We will use the term
Kramers-restricted to cover techniques and methods based on spinors that in some
well-defined way appear as Kramers pairs. The analogous nonrelativistic situation is
the spin-restricted formalism, which requires that orbitals appear as pairs with the same
spatial part but with & and g spins respectively. Spin restriction thus appears as a special
case of Kramers restriction, because of the time-reversal connection between « and 8
spin functions.

The first step in the implementation of time-reversal symmetry is to classify the
basic operators according to their behavior under time reversal effected by the operator

K = —ix,Ko:

e The position operator is symmetric: Kr = rl@

e The momentum operator is antisymmetric: Kp = —pl@.

e The Dirac velocity operator & is antisymmetric: Kot = —aK.

® The Dirac kinetic energy operator ce - p is therefore symmetric, as it should be.

¢ The f matrix is symmetric: ICﬂ ,BIC

® The scalar potential V is symmetric: Kv = VK.

® For a radiation field in the Coulomb gauge, the vector potential is real and hence
symmetric under time reversal: KA = AK.

e The interaction of a current with the vector radiation field ca - A is therefore
antisymmetric.

Our basis of Kramers pairs is {{,, ¥5}. We adopt the convention that general
spinors are labeled p, ¢, r, s, occupied spinors are labeled i, j, k, [, unoccupied
spinors are labeled a, b, c, d, and active spinors (where necessary) are labeled ¢, u, v, w.
The time-reversed conjugate of a function or operator is denoted by a bar. We place
the ba_r over the index of a function rather than the function, that is, we use 5 rather
than \r,. However, the two are equivalent, and we place the bar over the function
when there is no index.

To develop relations under time reversal, we use the creation operator apT
corresponding to s, that is

Uy = a, |vac). 9.1)
Time-reversing this expression yields

Ka, lvac) = Ky = U = aj' [vac), 9.2)
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while another application of K provides the expected sign change

l&a;ﬁlvac} = ’&1!}[3 —p = —apT|vac). 9.3)

We therefore have the following result for time reversal of creation operators
l%apT = aﬁTI@; I@aﬁT = —apTle 9.4

and by conjugation we get the corresponding relations for annihilation operators,

A

Ka, =a; K; I@ai =—a, K. 9.5)

In this basis, the second-quantized representation of a general one-particle oper-
ator £2 is

2= Z [2pqap’ag + 2p5a, a5+ Rpqa5'a, + 5za5'az]. 9.6)
Pq

Let us for a moment consider the nonrelativistic case of the second-quantized repre-
sentation of operators. Here, time reversal flips the spin function between « and 8, and
in a spin-restricted formalism the basis of Kramers pairs is {¢,a, ¢,0}, where ¢ is the
spatial part of the orbital. Normally the operators used in nonrelativistic calculations
are real and spin free, and we can then use the representation

2= Z (240, ag + 2505 ag]

pq
) 9.7
= Z Rpq(ay'aq + aj'ag).
Pq
We see that we can define a new basis generated by the operators
Epg=a,a, + a3 a; 9.8)
pq p Yq p Yq :
and then the operator in this basis is
2= 2pgEpq. (9.9)

The E pq operators are known as the generators of the unitary group of order N, and
are extensively used in nonrelativistic theory. They are also known as one-particle
excitation operators. The interested reader can find a more extensive discussion of
these operators in the books listed in the bibliography, such as Jgrgensen and Simons
(1981) and Helgaker et al. (2000). Here we will explore the possibilities of an analogous
development for the relativistic case.
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The relativistic basis is no longer the set of products of orbital functions with «
and B spin functions, but general four-component spinors grouped as Kramers pairs.
Likewise, the operators §2 are no longer necessarily spin free. If we apply the time-
reversal operator to matrix elements of £2, we can derive some relations between matrix
elements

K2pq = Kipl21q) = (51213) = (p1210)* = 2},
9.10)

K254 = K(p121q) = —(pI213) = (p|R21q)* = 23,

The last two equalities follow from the fact that matrix elements are simple numbers,
and application of the time-reversal operator generates the complex conjugate of the
number.

We should be prepared to handle operators that are antisymmetric under time rever-
sal as well as those that are symmetric. We introduce a sign factor t to keep track of
this behavior, that is

Q=ROK ' =td: =+l ©.11)
Using these relations, we can represent Q as

2= [2pgay‘ag + 125,05 a5 + 2pga5'a, — 125,a,7a; . (9.12)

Here, although we have not reduced the number of terms in the expression, we have
reduced the number of unique matrix elements by half.

The operators encountered within the relativistic framework can be complex as well
as spin-dependent. To recover something similar to the E operators above, we must
split the matrix elements of £2 into real and imaginary parts:

Q= Z Re(.qu)(ap ag + tap ag ) +i Im(.qu)(ap ag — ta[;Taq )
P4

+Re(R2p9)(ap ag — tap'ag ) +iIm(2p)(ap ag + tay ag)].  (9.13)

The first term contains an operator reminiscent of the nonrelativistic £ pg» and so we
are led to the relativistic analogs

EA‘;(I = (apTaq + Sapjaé )’ EA'I% (ap—-}—aq _ SapTaq ), (914)

where s is a sign factor that takes the values +1. Using these operators, we can cast
£2 in the form

Q:Z[Re(g,,q)E +ilm(82pq) £, +Re(254) EY +i1m(szﬁq)él;;]. 9.15)
rq
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These E »q Operators are the equivalent of the singlet and triplet excitation operators of

nonrelativistic theory: EA[‘fq is the singlet operator and the remaining three are the triplet
operators. The presence of triplet operators should not be surprising in a formalism
in which spin is incorporated from the start. Although we are dealing with general
operators and matrix elements, and there is no explicit mention of spin, the basis for
the matrix elements is a general, complex, mixed-spin basis, which is appropriate for
operators that incorporate spin.

Two features of this representation of 2 are noteworthy. First, we still have the
same number of terms as in the original primitive representation. Second, we have a
mixture of E ;q and E g Operators, and thus we have not achieved a basis set reduction,

while the nonrelativistic £ pq allowed us to formally halve the size of the basis. The

conclusion is that even if it is possible to construct operators analogous to E pq for the
relativistic case, there is less, if anything, to be gained compared with the nonrelativistic
case because we must evaluate expressions involving both triplet and singlet operators.
This is to be expected because the operators include spin-dependent terms. These
excitation operators have their uses in correlated methods, and there are reductions
that occur due to point group symmetry, which will be considered later.

To complete the development of this operator formalism, we can define the two-
particle excitation operators,

et = B ER —5,,E)N7. (9.16)

The operator with s; = 5o = 1 is identical in form to the nonrelativistic two-particle
excitation operator. To arrive at expressions for the time-reversed operators, any index
in this expression can be replaced with the barred index. The final expression for the
Dirac—Coulomb Hamiltonian is

H=3"[Rehpg by +ilmhpy gy +Rehpg Ef, +iTmhs £, |
pq

+ — Z [(Re Pql Rers)epq s Ti(Re pg|Im rs)epq s
pqu

+i(Im pg|Rers)é, " — (Im pg|Imrs)é, -

pq.rs pq.rs

+ (Re pg|Re7s)ét . +i(Re pg|Imis)et-

Pq rs pq rs

9.17)
+i(Im pg|Rers)é +. — (Im pg|Imis)e -

pq rs pq rs

+ (Re pg|Re rs)e + i(Re pg|Im rs)e

pq.rs pq.rs

+i(Im pg|Rers)é. T - — (Im pg|Imrs)e,

pq.rs Pq.rs

+ (Re pg|Rers)ett +i(Re pg|Imrs)et—

pq.rs pq.rs

+ t(Impq|Rers)epq s — (m pgq| Imrs)epq rs]
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Here, to obtain an expression in terms of the ¢ operators, we had to partition each two-
electron integral into four parts, by the real and imaginary parts of each density. The
expressions in (9.10) were used to combine integrals with common density components.

In this Hamiltonian we separate the matrix elements into real and imaginary parts.
This is not always convenient, and the formalism is no more compact than the original.
There is, however, an alternative. We can invoke the properties of 2 under Hermitian
conjugation,

2%, =h2y 25, =h2u  h=xl (9.18)

Using these expressions with some regrouping and reindexing, we can cast the
expression for £2 in the form

Q= Z [2p4(apa; +thag'ap)+ 12,50, a5 —thagap)
P4

+125.(a5'a, —thag'ay)]. (9.19)

The quantities in parentheses suggest the introduction of a new set of operators defined
by (Aucar et al. 1995)

” . I

X;q = ap'laq +saz' a;
X5 =aya; —saj ap (9.20)
X%q = aﬁTaq - sa,fap

where s is a sign factor. These operators can now be used to write the one-electron
operator as

2= Z ['quxglq + %Qpéxglé + %*Qi?qxglq]' 9:21)
pq

This expression represents a simplification of the original expansion in the primitive
Kramers pairs basis. Although there is not a reduction in the size of the one-particle
basis, we need only consider half the matrix elements, and there is therefore a 50%
reduction in the amount of work. The lack of reduction might be expected because the
matrix elements are potentially spin-dependent. The X fq operators are called Kramers
single-replacement operators, and they define what we will call a Kramers basis.

o+ ; .
The X7, operators have the following features:

1. They give the most compact representation of an operator.
2. There is no division of matrix elements into real and imaginary parts.
3. The behavior under time reversal is

KX, K'=sX5,: KXK' =sX5, 9.22)

that is, they transform into their conjugates.
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4. The symmetry under time reversal and Hermitian conjugation is transparently
displayed in the sign index of X7 .

This is in contrast to the E ;,tq operators, which have the following properties:

—

. They give a representation of an operator in terms of real matrices.
2. They are genuine excitation operators, which can be used in the same way as in
nonrelativistic theory, and must be used for coupled-cluster theory.
3. The behavior under time reversal' is:
KES K™ =sES,; KES K" =sE3,;. (9.23)
A further difference between the )A(Ifq and E;,tq is in their relation to point group
symmetry, to which we will return later.

There is an even more compact way of defining the Kramers single-replacement
operators, X ;,tq, which also has the advantage of displaying the permutational symmetry.
To do this, we introduce two auxiliary operators. One is the bar-reversal operator,
K p» Which is the time-reversal operator for a spinor with index p. The effect of this
operator is

Kobp =5 Kplp=—p  Kplg =y, 9.24)
where p # g. In terms of annihilation and creation operators, the effect of K p 1S

Kpap =ap; Kpap = —ap; Kpa;, =ay. (9.25)

A~

The other auxiliary operator is the Kramers permutation operator, T),, whose action
is given by

quapTaq =ag,Tal-,, quaﬁTaq = —agTap (9.26)

and which may be considered as the application of the time-reversal operator followed
by Hermitian conjugation. These two operators commute because

A T

KpTpqap'ay = Kpag'ap = —ag'ap

. . . 9.27)
fq, — ta = _g-

TpgKpap'ag =Tpqap'ag = —ag ap.

S

The Kramers single-replacement operators, X Pg>

these auxiliary operators,

can now be expressed in terms of

Xy = (14570 ) ap'aq, (9.28)

1. These operators can be made symmetric under time reversal by multiplying the E- operators by i;
however, this makes it more difficult to define the two-particle excitation operators e.
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and the operation of K p and K 4 on this expression defines the other members of the set:
)A(;é = qu)?;q = (1 + sf"pq> ayla; =ay'a; —sa, a;. (9.29)

The reduction of products of second-quantized operators makes use of commutators
of the replacement operators. The various commutators of Kramers single-replacement
operators are given by application of bar reversal to the basic commutator relation

[f(;l,,, f(i%] = (1 + 52701 = s150Ts T Brgap’as — Spsar’ag).  (9.30)

The Kramers permutation operator must be taken to apply to the Kronecker delta as
well as the operators. Thus, for s; = s = +1 we have

(%5 K] =805 — 80Xy 9.31)

Using these auxiliary operators, it is easy to define Kramers double-replacement
operators in an analogous manner:

XA;IKIS%S = (l + 1 qu) (1 + SZfrs) apTarTas ag = ijg,s[}q’ (9.32)

and the X operators with bars follow from the application of the bar-reversal operators.
The double-replacement operators can be expressed in terms of the single-replacement
operators, but not in the same simple manner as in nonrelativistic theory:

AS1S AS] 58
)Cplq’%s = Xpqur% - 6,qapTas — Sﬁ,,;atfax — SQ(quapTa; — 5152313§aqTa;. (9.33)

The Kronecker delta terms with an odd number of bars have been retained both to
show the structure and to enable the expressions for the other x operators to be derived
using the bar-reversal operator.

Finally, the commutator of a single- and a double-replacement operator is given by

(%04 8753 ] = (1 + $2Tpg) (1 + 53T5)
X [(1 + SlS2Tpuqu)(8puatTarTas ag — 81qapTarTas ay)

+ (I + 81837y Tts)(SrLtatTapTaq as — 5tsarTapTaq ay )] (9.34)

Matrix Elements under Time Reversal

We have already examined the matrix elements of a one-particle operator. The integrals
of the one-particle Hermitian operator f have the following relations:

fra=thfp=tfi  fag=—thfzy=—tfi. (9.35)

Thus, the application of time reversal reduces the number of unique matrix elements
by a factor of 2.
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Matrix elements of two-particle operators arise primarily either from the Coulomb
or the Breit (or Gaunt) interaction,

(palrs) = f &, / &, OUTDVEG DU, (9.36)
and
(pag|ras) = / &r; / &, O GIVB G s ()i (), 9.37)

where V¢ and VB are the Coulomb and Breit interactions, respectively.

The Coulomb integral (pg|rs) is essentially a matrix element over two charge
densities. In the relativistic case the permutational symmetry of the integrals is reduced
relative to the nonrelativistic case because the functions are in general complex. Thus,
we have

(pqlrs) = (qplsr)* # (qplrs). (9.38)

Particle interchange symmetry is of course retained. The Kramers permutation operator
is effectively a unit operator when applied to a charge density, for

Ty Wy = W3 ) = W' s

R o (9.39)
= K" g) = KK, g) = 0,1

where we have used the antiunitarity of the time-reversal operator. The charge density
is a product of two fermion functions and behaves as a boson under time reversal,
that is, K2 = 1. The relations between the 16 types of two-electron integrals arising
from all possible combinations of barred and unbarred spinors can then be determined
with the use of this operator and the bar-reversal operator. Thus, for the Coulomb
interaction,

(pqlrs) = Tws(pqlrs) = Tpa(pqlrs) = TpgTrs(pqlrs) (9.40)
= (pqlsr) = (qplrs) = (qpl5r) '
giving a reduction of a factor of 4. Application of the bar-reversal operator to this
expression yields expressions for all the other integral types, and we see that time
reversal reduces the number of unique integrals by a factor of 4.
The Breit interaction involves current densities of the type \{ ,a ;. When applied
to a current density, the Kramers permutation operator gives

Toglrp ey = (U5 ey’ = Vg'al;

. o 9.41)
= K5 alg) = =LK, aly) = —b, ey,
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Thus, for the Gaunt (or Breit) interaction
(paglras) = —(paglsar) = —(qop|ras) = (qop|sar). (9.42)

Application of the bar-reversal operator to this expression yields expressions for all the
other integral types, and time reversal again reduces the number of unique integrals by
a factor of 4.

If the Coulomb and Gaunt interactions are combined into a single interaction, there
is of course a loss of one of these relations, and then the only relation between the
integrals involves permutation of both pair indices. However, the factor of 2 lost by
this procedure is regained by the use of a single interaction instead of two separate
interactions.

With the use of these relations, the Kramers-restricted Dirac—Coulomb—-Breit
Hamiltonian may be written as

= Z % (h,,qX;quhM)%;q)]

+= Z [(pq|rs)x,,q rs—(paglras)i,  +(pqlrs)& it
pqu

—(aqlras)isy, +(palrs)its, — (paglras)ty, | 9.43)

1 _ A
T2 Z [(pqlrs)qu rf_(p“mms)xf’%”_]
pqrs

1 Al
2 2 [ (PalFs)s] s — (aglFes)is s+ (PaIrHIE s — (paglra)s,g s |
pqrs

This expression is more compact than the equivalent expression in terms of the one-
and two-particle excitation operators E and é.

Many-Particle States and Time Reversal

A many-particle (Fock space) single-determinant state in Kramers-unrestricted form
can be written

N

L) = [ afIvac). (9.44)

k

To represent the state in Kramers-restricted form we may partition the creation operators
into “barred” and “unbarred” sets, and anticommute the barred operators to the right,
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so that, up to a sign,
L) =[]a) ]_[a;|vac>. (9.45)
14 q

The two products of creation operators are in nonrelativistic theory termed « and B
strings. To avoid confusion with these operators, but also to retain the analogy between
Kramers pairs and spin—orbital pairs, we will term these A and B strings:

Ny

Ay =[]

P
(9.46)

Np
B;(Np) = Ha;
P

The subscripts / and J on the strings are indices of the particular set of Kramers pairs
from which the creation operators that make up the string are taken. The spinors that
make up the Kramers pairs can, in this notation, be labeled A and B spinors. The
many-particle state can now be written

L) = A;(Na)B; (Np)lvac). (9.47)
The behavior of these strings under time reversal is given by
KAj(No) = Bi(Na);  KBj(Np) = (=DVEA;(Np). (9.48)

For a closed-shell system, it is often convenient to reorder the creation operators so
that the operators for each Kramers pair are together. Thus, we define a Kramers-pair
creation operator

0p =ay'a;' (9.49)

and a closed-shell state is then given by

Ny
L) = A (N Br (N lvac) = (~D®a= D D2TT O vac). 950
p
It is clear that O p 18 symmetric under time reversal, for
KO,K™' = Ka, a;j' K™ = —a5'ay’ = a, a;’ = 0,. 9.51)

Thus, all closed-shell states are symmetric under time reversal.
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We now consider the effect of time reversal on a general many-particle state
(determinant), which we write in terms of A and B strings:

|1, Na; J, Ng) = Aj(Na) B (Np)lvac). (9.52)
Operating with K on this determinant produces the result

K I, Na; J, Ng) = (=1)NBB;(Na) A;(Np) |vac)
= (—1)NBWNAFTD A (Np) B;(Ny) vac) (9.53)
= (=1)NBWNATD ] Np; I, Na).

In this notation the first two indices in the ket are always for the A string, and the
second two are for the B string.

The sign in this expression is determined by whether N is even or odd. If N is
even, then Ny = Np + 2k for integer k, and therefore N4 can be replaced by Np in
the phase factor. Np(Np + 1) must be even and the phase is +1. If N is odd, then
Nag = Np + 2k — 1 for integer k, and we can replace N4 + 1 by Np in the phase
factor. Then we have N é, which is even or odd, depending on whether Np is even or
odd, and it can be replaced by Np. We can therefore write

K |I,Na; J, Ng) = 1J, Ng; I, Na), N even
(9.54)
= (=1)VB|J,Ng; I, N4), N odd.
Operating again on the determinant with K produces the result
K21, Na; J, Ng) = K(=1)VBB;(NA)A s (Np)lvac)
= (—=D)NATNB A (N4)B;(Np)|vac) (9.55)

= (=1, Na; J, Np).

We see that, for many-electron functions, a double time reversal produces a phase that
depends on the number of electrons. If N is odd, there is a change of phase; if N
is even, there is no change of phase. This is a manifestation of Kramers’ theorem:
a system with an odd number of fermions behaves like a fermion, but a system with
an even number of fermions behaves like a boson.

We can summarize the effect of time reversal on many-electron states as follows:

5)

M) = 191) (9.56)

fay

M) = (-1)N|M).
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We finally consider the effect of time reversal on matrix elements of the Hamiltonian
over many-electron states. According to what we have shown above, we must have

K(LIH|M) = (LIH|M) = (LIH|M)* 057
KALIHIM) = (~DN(LIH|M) = (LIH|M)* '

where |L) and |M) are N-particle states. Thus the phase relations between the matrix
elements of H are also determined by the parity of N.

These relations between the Hamiltonian matrix elements reduce the number of
unique elements by a factor of 2. If the states are arranged so that the time-reversed
partner of a state is the same distance from the end of the list as the state is from the
beginning, time-reversal symmetry provides a symmetry about the diagonal running
from upper right to lower left. The Hermitian character of the Hamiltonian corresponds
to symmetry about the leading diagonal (upper left to lower right). Therefore, only a
quarter of the Hamiltonian matrix is unique.

For the case of N even, it is possible to construct a real basis, that is, one in which
the Hamiltonian matrix is real,

j1=)72 _
IM®) = ——uo (M) + 5| M) (9.58)

/201 + 8y, 1)

where the sign s can be £1. Both of these functions, | M ™) and | M~ ), are symmetric
under time reversal, by construction. We can write these states in terms of the A and
B strings as

e A Np(NgA+D) 2 A
IM*) = ————=(A1(Na)B; (Np)+s(=1)"BWNATVA ;(Np) B/ (N4a)). (9.59)

/2148, 1)

Transforming the Hamiltonian matrix elements into this basis and making use of the
behavior of the functions under time reversal, we have

Hy+y+ =Re(Hiy + Hy jp)/Grm

Hpty— =—Im(Hy — Hp i)/ Gm

H;—p+ =Im(Hpy + Hy ) /G

Hy—y~ =Re(Hoy — Hyjp)/GLm

(9.60)

where Gy = [(1+6, ;)(1+ ‘SM,M)]UZ is a normalization factor required when one
or both of the determinants is a closed shell. We will return to these expressions later
when we consider the effect of symmetry on the structure of the many-electron Dirac
Hamiltonian matrix.
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Matrices and Wave Functions under
Double-Group Symmetry

Symmetry is one of the most versatile theoretical tools of physics and chemistry.
It provides qualitative insight into the wave functions and properties of systems, and
it has also been used successfully to obtain great savings in computational efforts.
In the preceding chapter we examined time-reversal symmetry, and now we turn to the
more familiar point-group symmetry. We show how relativity requires special consid-
eration and extensions of the concepts developed for the nonrelativistic case, and how
time-reversal symmetry and double-group symmetry are connected.

Although the techniques that incorporate double-group symmetry presented here
are primarily aimed at four-component calculations, they are equally applicable to
two-component calculations in which the spin-dependent operators are included at the
SCF stage of a calculation.

Time-Reversal and Point-Group Symmetry

In the preceding chapter, we have shown how the use of time-reversal symmetry can
lead to considerable reduction in the number of unique matrix elements that appear in
the operator expressions. However, we are also interested in the overall structure of the
matrices of the operators. In particular, we are interested in possible block structures,
where classes of matrix elements may be set to zero a priori. If the matrices can be
cast in block diagonal form, we may save on storage as well as computational effort
in solving eigenvalue problems, for example.

Matrix blocking will already be effected by the point-group symmetry of the
molecule. We do not expect time reversal to reduce the symmetry because the time-
reversal operator K commutes with all operations of the point group. If time reversal
introduces new symmetries, we will gain further blocking. We must therefore establish
the relation between time-reversal symmetry and point-group symmetry.

One possibility would be to extend the point group G = {g;; i = 1, i} in the same
manner as already done for the double groups in chapter 6. There we constructed a new

148
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set of operations E$; and obtained a new group G* = {g;, Egi:i = 1, h}. The same
recipe for time reversal would give us a group G} = {g;, Kgi:i = 1, h} of order 2h.
This is unfortunately only of limited use, due to the antiunitary character of K. Wigner
(1959) has shown that with antiunitary elements in the group it is not possible to find
a homomorphism of the group onto a set of linear transformations.

We can illustrate this problem by considering the associative conditions that the
group has to fulfil (Tinkham 1964). The action of K ona product of two group elements
yields

(K(@:i8) = (K& (Kg)). (10.1)

If the time-reversal operator is considered an element of the group, then the associative
law must hold, such that

Kig;) = (Kéng; (10.2)

which implies that (/€g j) = &;. If this is true, the group elements must be real, some-
thing they are not in the general case. Not only that, the time-reversal operator must
be the identity operator E, which is also not the case. We can, of course, still construct
transformation matrices corresponding to the symmetry operations of the group, using
a given basis, and these matrices may even be decomposed to irreducible members.
Wigner (1959) has introduced the term co-representation for such sets of matrices.
We must therefore go back to the Kramers pairs and see how they behave under

/!
the symmetry operations of the group G. Consider the Kramers pair (U,r}/,, qf’;-, ), trans-

forming under the irreps ¥ and y’, respectively. The function 1];}’, transforms under the
group operation g according to

2vh =Y WD} (10.3)
q
The transformation of 1];1;/ under the operation g is
V7 = eKvy = Kawy = K Y wiD),@ = YR D, )"
q q
/ N / ’o.
=2 Wy DL@% =) Wy D@ (10.4)
q q

We have made use of the fact that K commutes with all elements of the group.! Thus,

!
the representation matrices of the time-reversed spinor 1!;; are the complex conjugates
of those for U7,

DY (3) = D7 (3)*. (10.5)

1. This fact may be established by using angular momentum eigenfunctions for the Kramers pair basis and
applying Kg and gK to them using a rotation and an inversion for ¢ and using the explicit expressions for
the rotation matrices and the angular momentum functions.
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What consequences does this have for the relation of the Kramers pairs to the
representations of the (double) point group? Let us initially restrict our discussion to
groups with irreps of dimension 1 or 2, which covers all groups except the cubic and
icosahedral groups. There are three cases to consider:

1. The irrep y is one-dimensional, and all the (1x 1) representation matrices DY (g) are
real. Then qf}; and \IJJ[;/ obviously belong to the same irrep and y = y'.

2. The representation matrices D (g) are complex, and the operations of the point
group do not mix IIIZ and 1[1?. In this case w; and llf;/ belong to two different

one-dimensional irreps and y # y’.
3. The representation matrices D (¢) are not all real, and the operations of the point

/ /
group mix ', and q;’[; . In this case ¥}, and 1];; are a basis for a two-dimensional
irrep and y = y'.

Let us consider a few simple examples to see how this works. We only show the
half of the character tables that covers the “single group” operations. The other half
follows by symmetry.

EXAMPLE 1

C’lk character table

Symbol E
A 1
Bi)» 1

Here, the fermion irrep is By, the representation matrices are all real, and we
have case 1.

EXAMPLE 2

C; character table

Symbol E Cy
A

B
Eyp
E_ip

-1

—_ = =
~

The fermion irreps2 are £y and E_1;5, some of the representation matrices are
complex, and we have case 2. Note that although the irreps are one-dimensional
(in accordance with Lagrange’s theorem), they are labeled E in recognition of the
equivalence between them: together they form an Ej, rep.

2. See appendix D for an explanation of the notation for the irrep labels, which differs a little from the
conventional notation.
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C;v character table
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Symbol E

G

Ox

Oy

1
1
B, 1
1
2

Eyp

1
1
—1
-1
0

1
-1
1
-1
0

1
-1
-1

1

0

The fermion functions span the two-dimensional E1; irrep, and we have case 3.

EXAMPLE 4

C;v character table

Symbol

E

2C3

30y

Eip
E3p
E_3p

1
1
2
2
1
1

The fermion functions are either in the two-dimensional E1, irrep, or they are in
the two one-dimensional irreps E32 and E_3,,. Thus we have both case 2 and

case 3 in this group.

For case 1 and case 2, time reversal introduces extra degeneracies in the group
that are not formally evident from the character table. In case 1, fermion functions
are pairwise degenerate; in case, 2 time-reversal makes two formally inequivalent one-
dimensional irreps degenerate. This phenomenon is not confined to the relativistic case.
In the group C3, for example, the boson irreps consist of an A irrep and two E irreps
that are related by complex conjugation, and are degenerate, forming an E rep. We
can regard this as the application of time reversal in a nonrelativistic system: the
time-reversal operator for scalar functions is simply the complex conjugation operator.

For the groups of higher symmetry, initially excluded from our considerations, we
encounter irreps that display higher degeneracies. These fall into two categories:

1. Genuine 2m-fold degenerate irreps, where the members of Kramers pairs can be
assigned to different rows. An example is 7, which has two real irreps of degeneracy

2 and one of degeneracy 4.

. m-fold degenerate irreps that occur in conjugate pairs, so that the pair together forms

a 2m-fold degenerate rep. The members of a Kramers pair belong to the different
irreps. An example is 7', which has 6 fermion irreps: 2 doubly degenerate irreps that
together form a rep, and 4 singly degenerate irreps that form 2 reps.
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There is a simple test, the Frobenius—Schur test, that can be applied to determine
which case we have for a given irrep y. We calculate the quantity T defined by

h
1 A2
r=EZ;‘xy<gi>, (10.6)
1=

where x7 (§i2) is the character of the operation g; g;. The test gives the following results:

T=1 = casel,
t=0 = case2, (10.7)

T=—1 = case3.

We demonstrate this test for C3, remembering that C;C; = E. Then for E; 2

1 2 ) 1 _

v =3 [xE) +x(CD] = 5 [x(E) + x(B)] =0. (10.8)

Thus this is indeed a case 2 irrep, as already found above. We have only used the single

group operations for this test: the result would have been the same if we had included
all operations of the double group and doubled the order of the group.

In order to classify the irreps of the higher groups—and also to gain insight into the

properties of the lower groups—it is useful to make use of a group chain, as follows.

1. The higher group is decomposed into a product of two groups, one of which is of
order 2.

2. A correspondence is set up between the fermion irreps in the higher group and the
lower group.

3. This correspondence is used to define the rows of the irreps in the higher group.

It is particularly useful to make this definition so that real irreps reduce to complex
irreps, where the rows and the multiplication table are well-defined.

A simple example is the decomposition Cz, = C3 ® Cs. The reduction Cp, —
C, gives the correspondence Ay, A, — A, Bj, B — B for the boson irreps, and
(E12, E—172) — (E1/2, E_1)2) for the fermion irreps. The notation used for the rows
of the Ey/, irrep make the correspondence perfectly clear. A more extensive example
is the reduction 7y — T, which follows the same pattern.

Time-Reversal Symmetry and Matrix Block Structure

We now return to the question of how time-reversal symmetry relates to double-
group symmetry and the block structure of operator matrices. For case 2 above,
with the two components of the Kramers pair belonging to different irreps, there are
no matrix elements of totally symmetric operators between a fermion function and
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its time-reversed partner. For case 3, we can always carry out transformations between
the Kramers pairs such that they correspond to different rows of the irreducible matrix.
Again, the great orthogonality theorem assures us that the matrix is blocked.

It remains to discuss case 1, where both functions in a Kramers pair belong to the
same irrep. For this case, ordinary point group symmetry does not promise any a priori
blocking. We will therefore look for a unitary transformation on the Kramers pair basis
that can block-diagonalize a matrix constructed over functions belonging to a case 1
irrep. The problem can be reduced to the diagonalization of a general 2 x 2 matrix
spanned by the components of a Kramers pair. For the operator $2 this is

2,0 295
Q= (°4ra Pq) (10.9)
(%q 254

We have previously shown that in a Kramers basis we have the following relations:

55 =125 Rpq = 12,5, (10.10)

Using these relations, we see that the matrix takes the form

b
Q= (_fb* ta*). (10.11)

For simplicity we will assume that t = 1, that is, 2 is symmetric under time reversal.
We will comment briefly on the antisymmetric t = —1 case later.
The general unitary 2 x 2 matrix has the form

_( pcos?®  gsin?d
u_<—q*sinz§‘ p*cosz&‘) (10.12)

where p and g are phase factors such that pp* = gqg* = 1. Without loss of generality,
we can assume that p = 1, and that

_ cos ¥ q sin ¥
u= <—q* sin® cost > (10.13)

Applying this transformation to £2, we get

/ !/
U Qu=290 = (9}1 9}2> ) (10.14)
21 Q22
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By insertion we get the following expressions for the elements of 2:
2] =a cos®> ¥ + ga*q* sin> ¥ + (gb* — bg*) sin ¥ cos ¥
2}, = beos® ¥ + gb*q sin® ¥ + (ag — ga*) sin ¥ cos ¥
2y = b cos?  — ¢*b*q* sin® ¥ + (¢*a — a*q) sin ¥ cos ¥ (1015
2}y = a* cos® ¥ + g*aq sin® ¥ + (¢*b — b*q) sin ¥ cos V.

For 2’ to be diagonal, the elements .Qb and .Qél must vanish. A sufficient condition
for this is that the terms in a and b vanish independently of each other. Thus, from
21, we get

aq — qa* = Re(a)q + ilm(a)g — gRe(a) + gilm(a) = 0. (10.16)

Re(a) and Im(a) are real numbers and commute with all other quantities. We cannot
expect a to be real in general, and thus we are left with the equation

iq+qi =0, (10.17)

that is, ¢ anticommutes with i. Let us accept this somewhat unexpected result for the
moment and see where it takes us. For the b-dependent terms to vanish, we must have

gb*q sin® ¥ + bcos® ¥ = 0. (10.18)
Accepting the premise of anticommutation between ¢ and i, this yields
g*bsin®> ¥ + bcos? 9 = 0. (10.19)

Our starting assumption was that the matrix §2 was not in general diagonal, and thus
b will not in general be 0. Then

g% sin® ¥ + cos® ¥ = 0. (10.20)

Here sin® ¢ and cos? ¢ are real positive numbers, and the equation can only be satisfied
if ¢ is a negative real number. As ¢ is assumed to have unit modulus, this means that

g% = —1. For this value of ¢, the equation above is satisfied if
in ¥ v ! (10.21)
sin® =costt = —. .
V2
The diagonal elements of §2 are now
/! l kK l k *
11=§m+qaq)+§@b—%q)=a+bq
(10.22)

1 1
25 = E(a* +q*aq) + E(q*b —b*q) = a* — b¥q
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and the 2’ matrix takes the form

,_ (a+bg 0
2 _< 0 a* —b*q) (10.23)

The question remains, what is ¢? We have the following circumstantial evidence
in the case:

q*q =1; q2 =—1; qi = —iq. (10.24)

We see that the imaginary unit i itself satisfies the first two criteria, but obviously
not the last. The solution is that g is one of the guaternion units. Quaternions were
developed by Hamilton as a further extension of the complex numbers in a progression:

real numbers — complex numbers — quaternions.

A general quaternion number is expressed in terms of the units (1, i, j, k), where 1 and
i are the usual units for complex numbers. Thus the quaternion number Q is given as

Q=r-+si+tj+uk (10.25)
with r, s, ¢, u real numbers. These quaternion units fulfill the relations

i2=j2=k2=—1
ij=k jk=i; ki=j (10.26)
iY=—i; j*=—j; k' =—k

As we can see from these expressions, only two of the three units are truly independent:
the last one may be expressed in terms of the two others. Conventionally, we choose j
as the independent unit, which allows us to write Q as a combination of two complex
numbers:

0 =v+wj; v=r—+is,w=t+iu. (10.27)

Quaternions as well as complex numbers are members of a more general class of struc-
tures called Clifford algebras. The Clifford algebra C(p, q) is generated by starting
with the real numbers and then adding p quantities that squared yield —1 and g quanti-
ties that squared give 1. The complex numbers then correspond to C(1,0), quaternions
to C(2,0), and the series may be extended to octonions and so on.

An important realization of quaternions is to be found in the Pauli matrices. The set
of matrices {I,io;,i0y,i0y} is isomorphic to the set of quaternion units {1, i, j, k}.
This isomorphism has been exploited in computational schemes for the construction of
symmetry spinors (Saue and Jensen 1999).
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Returning to the diagonalization problem at hand, we see that the transformation
matrix u that diagonalizes the 2 x 2 matrix £ is

_ L1t o211 /)
u_ﬁ<_j* 1)‘&(;‘ 1)- (10.28)

Because we need a quaternion transformation to diagonalize a matrix over a basis that
follows case 1 above, and the resulting matrix is a quaternion matrix, the corresponding
irrep can be called a quaternion irrep. In the same vein, a case 2 irrep is called a complex
irrep, while case 3 yields a real irrep.

The case of an operator that is antisymmetric under time reversal, that is, t = —1,
may now be discussed on the basis of the equations above. All we need to do is
replace a* by —a* and b* by —b*. For vanishing off-diagonal elements we then get
the condition

ag +qa* =0 = 2gRe(a) =0; (ig — qi)Im(a) = 0. (10.29)

This requires that Re(a) = 0 and that [i, g] = 0. The last condition means that g can
at most be imaginary, while the first one means that @ must be pure imaginary. Further
investigation reveals a similar condition on b.

We now turn our attention to the entire space of n,, Kramers pairs that transform
under the irrep y. We see that operators are represented as 2n,, X 2n, matrices. By
a suitable reordering, the representation matrix for an operator symmetric under time
reversal may be brought to the form

A B
sz:(_B* A*> (10.30)

where A and B are n, x n, matrices. This matrix may clearly be block-diagonalized
by the matrix

1 In jII‘l )
U=— (.} 14 10.31
V2 (JI”V Ly, ( )
giving the result
A+Bj 0 G 0
+ — —
U'2U = ( 0 AF B*j) = (0 _ka). (10.32)

G is a quaternion Hermitian matrix, and the eigenvalues of £ are clearly doubly
degenerate.

It may be thought that quaternions could be used in the creation and annihilation
operators to define a new basis in which all matrices were block-diagonal in the Kramers
pairs. However, because of the noncommutative algebra, the step in which the creation
operator is permuted over the matrix element to separate the two does not produce the
desired result. Therefore, quaternions are useful only at the matrix algebra stage, and
not in the formalism.
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Symmetry of Spinor Components

Up to now in this chapter we have discussed the symmetry properties of spinors as a
whole. The spinor itself is a four-component entity in which the rows correspond to
spin orientations, the first and third to « spin, and the second and fourth to 8 spin:

Lo

Lp
Y= Zs(x . (10.33)

¢5P

Partitioning the spinor into large and small components, we can write the 2-spinors in
the form

U = pX%a + ¢*Pp (10.34)

where the spin functions o and B are two-component vectors. These spin functions
must transform according to the fermion irreps, and the spatial functions according to
the boson irreps. Therefore, we ought to be able to classify the real and imaginary, o
and B components of a spinor in terms of the boson irreps and determine the symmetry
relationship between the large and small components.

We consider the simplest case where we have a clear division of the spin functions,
and that is the group C», for which the multiplication table is given, and take o in Eq 2
and Bin E_12. AsA® E12 = Ejppand B ® E_1/2 = Eq/2, a 2-spinor belonging
to E1/2 must have functions of A symmetry for o spin and B symmetry for 8 spin.
Similarly, as A ® E_ 1o = E_1jp and B ® E1j2 = E_1/2, a 2-spinor belonging to
E_1 /> must have functions of B symmetry for o spin and A symmetry for 8 spin.

Multiplication table for C;

Symbol A B Eip E_12

A A B Eip E_1)
B A E_ip Eip
Eip B A
E_1p B

For a group such as Cj,, which has a doubly degenerate fermion irrep, the group
chain to C; gives some information, but it does not resolve the division between A
and A, and By and B;. We therefore need a more general approach.

We start by splitting each of the four spatial components of the spinor into a real
and an imaginary part:

¢*" =Re(¢*") +iIm($*7) (10.35)

where X is L or S, and 7 is « or 8. Each of these parts, Re(¢X’) and Im(¢X’),
transforms according to a boson irrep. We wish to derive relations between the various
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symmetries of the eight such boson contributions to each 4-spinor. For this purpose
it is most convenient to look at the large and small components separately. These
components form 2-spinors of the form

(10.36)

x _ (Re(@*) +ilm(@*®)
Re(¢XP) +ilm(p*P) ]

To elucidate the symmetry properties of the various parts here, we can start from
the expressions for elimination of the small component, (4.82) and (4.83),

A -pB (o -put = (E-V)u*

(10.37)
B o -pul =S

with
B=22+E—_V. (10.38)

In the absence of other external fields, V is totally symmetric under the operations
of the molecular symmetry group because it defines the symmetry group. 2¢ and E
are numbers, which by definition are totally symmetric. B and its inverse are therefore
totally symmetric. Moreover, the equation involving only the large component, %,
above tells us that the operator (o -p) B! (o -p) must also be totally symmetric, because
after it has operated on “ we get back something of the same symmetry. Thus we
can apply this operator to |/ and should regain a 2-spinor where the parts have the
same symmetries as y’.

We expand (o - p)B‘l(a -p) as

@ PCE+E-V) o p = I
224+ E-V (2c2 4+ E — V)2
x [(VV)-V +io-(VV) x V]. (10.39)

Since V is totally symmetric, any function of V is totally symmetric. p? is also totally
symmetric. VV behaves like a position variable and therefore has the same symmetry
as r. V also behaves like a position variable, so the scalar product (VV) -V behaves as
r2, which is totally symmetric. These operators are all multiplied by the unit matrix and
so contribute to the real part of the diagonal of the operator matrix. The remaining oper-
ator is (VV) x V, which behaves like r x V. This is essentially an angular momentum
operator, and so its symmetry is the same as the vector of rotations R = (Ié s Ry, Iéz).

At this stage we need a notation that enables us to describe symmetry in a con-
venient and transparent manner. We therefore introduce the symbol I"(£) as meaning
“something that transforms as the quantity £ under the operations of the group.” This
may not appear to be very precise, but if handled with care it turns out to fulfil our needs.
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As an example of how this notation works, (10.37) gives rise to the relation

r(e-wse w)rvt)=r(v)
(oo w) () =1 (v

Iy will be used to denote the totally symmetric representation. Based on our discussion
above, we have for the symmetries involved

(10.40)

No+il(R,) F(ﬁy)“r(ﬁx)) (10.41)

—1 —
Fe-pB ("'p))_(r(ﬁy)ﬂr(léx) Lo+il(R,)

As we are only concerned with symmetry, not sign, we will use plus signs in the
complex quantities: 1o+il” (Iéz) means “something real that transforms like the totally
symmetric irrep plus (or minus) something imaginary that transforms like a rotation
about the z axis.”

This operator can now be applied to %, where the symmetries of the separate
boson parts are

(F(ReL,a) + iF(ImL,a)> (10.42)

I'Rep g) +il'(Imyg g)

in obvious notation. From the equation for the large component we know that in terms
of symmetry we must have

r'((e-p)B (o -pHIr ) = rh). (10.43)

When expressed at the level of the various parts of these quantities, the result is

< Iy+il(R) r(ﬁy)+ir(1€’x)) (F(ReL,a)-i-iF(ImL’a))
F(Ry) +il(Ry)  TNo+il(R,) I'(Reg,g) +iI'(Img, g)

_ <F(ReL,O,) - ir(lmL,a)>

I'(Rep p) +il'(Img p) (10.44)

To determine the symmetries of the scalar parts, it is sufficient to consider only the
first one, the real part of the alpha component on the right side of the equation, for
which we have the symmetry I"(Rey, o). The matrix multiplication yields

ol (Rep o) + I(R)T(Imy o) + T'(Ry) I (Rep g) + I'(R)I'(Imy g) = I'(Rey. o)
(10.45)
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and thus
r(mgq) = I'(R)T (Re o),
I'Rep g) = F(Ié),)F(ReL,a), (10.46)
r(mgg) = F'(ROT (R o).

The symmetry of the 2-spinor is then

Io+il(R,)

F(qu):( L
I'(Ry) +il'(Ry)

) I'(Rey o). (10.47)

Two results follow immediately from this derivation. First, the four parts of the
¥ 2-spinor must fulfil the same relation, because we could equally well have done an
elimination of the large component, analogously to what we did for the large component
at the outset. The same argument could then have been carried through for ¥5. Second,
the symmetry of the time-reversed partner of /" follows easily because application of
the time-reversal operator just corresponds to a spin flip, effectively swapping the two
complex spatial components of the 2-spinor:

K( F? +1F(RZZ ) _ (F(Ry) +er(Rx)>. (1048)
I'(Ry) +iI'(Ry) I'n+il'(R;)
Remember that we are not taking the sign into account here: we are purely concerned
with the symmetry of the real and imaginary parts of the spinor components.

It remains to determine the symmetry relation between the large and the small
component. To do this, we can use the remaining equation from the elimination of
the small component, which provides us with a connection between |~ and 5. The
inverse operator is totally symmetric, so the relations are determined by the operator
c(o - p), which in terms of symmetry can be represented as

(10.49)

0+irr r i I
F(a_p)=< +il@) ) +i (x)>7

rey)+il'(x) 0+il(z)

where we have to remember that replacing p by its quantum mechanical operator
equivalent introduces a factor i. In symmetry terms we now have

0+il(z) T'+il'x)\ (T Repq)+il(Imy )
FrM»+illx) O0+il(z) I'Rep p) +il(Img pg)

B <r<Res,a> +ir<lms,a)>

~ \I'(Res ) +iI"(Imgs 4) (10.50)
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Again we need only consider one function, for which we may write
I'(@QI'(mgq) + I'() 1" Rep ) + I'(x)I'(Img g) = I"(Res,q). (10.51)

Substituting for the large-component symmetries in terms of the Re; , component,
we find

F(Resq) = [T (R + TRy + TR | T'Rep)

=I'(r-R)I(Rep ). (10.52)

The same symmetry operation connects the other corresponding large- and small-
component functions. The symmetry of this operator is given for all groups in
table 10.1.

Table 10.1 Symmetry of operators connecting the large- and small-component functions

Group I (r) I'(R) I'r-R)
Cq (A, A, A) (A, A A) A
Cs (B, B, A) (B, B, A) A
Cy,n>2 (E1, E1, A) (Eq1, E1, A) A
Coy (B1, B2, Ay) (B2, B1, A2) A
Cpy,n > 2 (E1, E1, Ap) (E1, Ey, A2) Az
Cop (Bu, By, Ay) (Bga Bgv Ag) Ay
Copp,n > 1 (Etus Evu, Au) (ElgaElgv Ag) Ay
C]h = CS (A/’ A/’A//) (A//, A//’A/) A//
Consiyps n >0 (E|, E}|, A") (E/,EJ, A A"
D, (B3, By, By) (B3, By, By) A
Dy,n>2 (E1, Er, A2) (E1, Ey, A2) Ay
Dopg (Ey, Ev, Bo) (E2n—1, Eon—1, A2) B
Dont1ya (Evus Evus Aoy) (E1g, E1g, A2g) Ay
Doy, (B3u, Bou, Biu) (B3g, Bag, Big) Ay
Dopp,n > 1 (E1us Evu, A2y) (ElgyElg» AZg) Ay
Dont1yn (E{, E{, A)) (EY, EY, A%) Af
San (E1, Ev, B) (Ey, Er, A) B
S, = C; (Ay, Aus Ay) (Ag, Ag, Ag) Au
Sap+2,n >0 (Evus Evus Au) (Elnglgv Ag) Ay
T T T A
T, T, T, Ay
Tq T, T Ar
0 T, T A
Op T Tlg Ay
1 T, T A
Iy Ty Tlg Ay

For groups that have only one E irrep, the subscript “1” should be dropped.
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To obtain all symmetry 2-spinors for Dj; and subgroups, it is only necessary to
consider Iy and I (xyz) for I'(Rer,). The basic spinor symmetry vectors for Dj;, and
subgroups are

Al +iA; A +iB )
Coy: D;: . 10.53
2v (B]-I-iBz) 2 (324—133 ( )
A A’
Cy: <B> Cs: (A”) (10.54)
A
Ci: <A> (10.55)

from which the Kramers partner symmetries can be obtained using the above expres-
sion, and the symmetries for the groups with inversion by adding g or u for the inversion
operation.

The symmetry relations between the components influence the phases of the atomic
2-spinors that we might use as a basis. For example, consider a pj 2 spinor on the axis
or the center of symmetry. The spinor can be written

_ 1 Pz
X(P1/2,12) = 7 (Px L ipy> . (10.56)

This spinor would have the following symmetries in C», and Dj:

Y : By
Coy: (Bl +iBz> Dy: (l.Bz . 33). (10.57)

Thus, in D, this spinor should be multiplied by i to form a basis function. Of course,
the phase is to some extent arbitrary, but the relative phases for each symmetry are
fixed. If we did not multiply the py,> spinor by i in D5, the one-particle matrices would
no longer be real but would have a mixture of real and imaginary elements. This would
be undesirable in any implementation.

Further information on double groups and basis functions for representations can
be found in appendix D .

Symmetries of Two-Particle States

For systems with more than one electron, spinors appear as part of an N-particle wave
function. It is therefore of interest to describe how the symmetries of the constituent
spinors propagate through a many-particle product. Here we will discuss the simplest
case, that of a two-particle state. This case illustrates the principles for extension to
more particles.

For two-particle states the wave function must transform according to a boson
irrep. The simplest case is that of a two-particle state made up of a spinor and its
Kramers partner. In the absence of other degeneracies this corresponds to a closed
shell, and we would expect this product to transform as the totally symmetric irrep.
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From the example of C;, we see that indeed E1 ® E_1;» = A, and also that
E1p® Eyp = E_1)2 ® E_1)2 = B. Thus, for the simple groups where the irreps
are all singly degenerate, the symmetries of the two-particle states are easily deter-
mined from the multiplication table. This is not the case for groups that have doubly
degenerate irreps.

For the general two-particle case, the wave function is found as the direct product of
the 4-spinors. As before, we concentrate on the large- and small-component 2-spinors,

and get
%L) (q;g) (%Lﬂf% ﬂffﬂfg)
Yo = ® = . (10.58)
e (wf w$) T \usuk sl

Each product of two 2-spinors consists of four components corresponding to the
primitive spin basis {aa, af, o, BP}.

Concentrating on the relative symmetries of the real and imaginary parts of these
blocks in the manner of the preceding section, we get for one such block

(10.59)

Wil = (¢f‘“¢5 ¢fw¢z”‘°“‘),

pFPpY B ¢XPplPpp

where, as before, X and Y may take the values L and S. Here we have explicitly
displayed the spin labels that are normally implicit in the vector formalism as the
vector basis.? Tracing the symmetries of the parts of this bispinor, we get

rafwl)

[r0+ir(1éz)] () [r0+ir(éz)] ()
=I"(Rex,10)I"(Rey 24) A . ® . .
[rko+ir@o|re)) \[r@)+ir@o]|re

[R+irR)|r@a  [F@R)+ir R | @)
ZF(ReX,la)F(ReY,2a) R . R s
[rR)+iro|réw  [ro+ir k)| rep)
(10.60)

where we have once again indicated the spin functions explicitly.

3. The notation corresponds to an outer product of the two spinors.
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One obvious problem with this bispinor form is that it does not carry time-reversal
symmetry. The product of two fermion functions should transform as a boson and
thus be symmetric with respect to time reversal. The simple products of spin func-
tions clearly do not do this: I@(oc(x) = PP, not aa. This problem can be remedied
by making linear combinations of the primitive spin functions. Thus we can change
basis to

L
V2

L
V2

(of — oo, %(as 1 Ba),

(10.61)
i

(e + BP), 7

(aa — BP).

which are all symmetric under time reversal. We note further that these functions
are linear combinations of primitive spin pairs that have the same symmetry for the
spatial component, that is, ao with 8 and af with Ba. One of these spin functions is
immediately recognizable as the singlet, S = 0, spin function:

1
So = —(ap — Ba). (10.62)
V2
The other three are connected with the triplet, S = 1, state, but in a Cartesian
representation:
1
SlZ = _(OLB + BOL)7

V2

Six = %(w + BB), (10.63)

Spy = %(aa— BR).

We can now determine the symmetry contributions from the spin functions. The
So function clearly transforms according to . The rotational symmetry of the triplet
spin functions follows from their properties as / = 1 angular momentum functions.
In addition we need to consider the effect of inversion. But the product of two spin
functions must always be of even, or gerade, parity.* Thus the symmetrized spin basis

4. Actually, the spin functions themselves are of even parity—see Tinkham (1964).
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functions of the triplet state transform as the Cartesian rotations ﬁx, Iéy, Iéz. The total
symmetry of the product of 2-spinors then becomes

raiv;)
(PR +ir (R0 (@ — B

[Fo+ il (R)| I (e + )
= I'(Rex, 1) " (Rey,20) )
[ro + iF(RZ)] i (0o — BB)

[r(l%y) + ir(zéx)] iF(p + pa)

[r &) +ir@o]ry

[Fo n ir(léz)] r(Ry) (10.64)
= I'Rex,1a) I (Rey 2q) R ~
[Fo + iF(RZ)] I'(Ry)

[r(l%y) + ir(zéx)] ir(R,)

T (Ry) +il(Ry)

T (Ry) +il(Ry)
= I'(Rex.1¢) " (Rey 2q) R .
I'(Ry) +il"(Ry)

C(Ry) + il (Ry)

The end result of this process is a function that might not have a unique boson
symmetry. If I'(Ry) and T (ﬁy) belong to different irreps, then the product does not
belong to a single irrep. The linear combinations Ry £ iﬁy belong to different rows of
degenerate irreps in many groups. The information given here does not take signs into
account, but it can be shown by explicit consideration of the signs that the four terms
do indeed belong to the same row of the same irrep, and the product may then belong
to one row of a degenerate irrep.

Otherwise, the product can span two irreps. In this case, we can take a linear
combination of the product and its time-reversed partner to obtain a function that
transforms as an irrep. For example, in C, the functions that transform as boson
irreps are

Ay EypE_1p—E_1pEip Bi: EipEip—E_1pE_ip
(10.65)
Ay: EpE \p+E_1pEy)y By EypEip+E_1pE_p.
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There is a simple prescription that can be used to determine the symmetries
of product wave functions for groups other than the cubic and icosahedral groups.
The basis functions can be represented by angular momentum eigenfunctions on the
symmetry axis (or center). Due to the finite order of the principal rotation axis, the angu-
lar momentum eigenfunctions with a given value of m mod n belong to the same irrep,
where m is the azimuthal quantum number and # is the order of the axis. To determine
the symmetry of a product, simply add the m quantum numbers and perform the mod-
ulo division. The remainder shows which irrep the product belongs to. However, if the
result is zero, or half the order of the group for groups with n even, it is necessary to
take linear combinations of the product with its time-reversed partner to obtain func-
tions that transform as a single irrep. These rules and information on basis functions
are given in appendix D.

Matrix Elements and Symmetry

Having discussed the symmetry of the spinors and products of spinors, we are now
in a position to discuss the symmetries of the one- and two-electron integrals. For
computational applications, the integrals over molecular orbitals are often divided into
symmetry classes for convenient handling of symmetry. In addition, the consideration
of symmetry may produce some simplification in the expressions for the many-electron
Hamiltonian. In the relativistic case we must use both point-group and time-reversal
symmetry.

The nonrelativistic case is relatively straightforward because the integrals are real
for nondegenerate irreps, and can be made real for degenerate irreps by transformation
to a real basis. The one-electron integrals f,, must have both p and g belonging
to the same irrep because the integral itself must belong to the totally symmetric
irrep5. Denoting the symmetry species as I, J, K, L,..., it is clear that the two-
electron integrals fall into one of four symmetry classes: (/1|11), (II|JJ), (IJ|JI)
and (/ J|K L). In the last class, not all combinations produce the totally symmetric irrep,
so this class is restricted to only those combinations that do. Note that the product of
boson irreps 11 belongs to the totally symmetric irrep, and that the product /J must
belong to another irrep.

The Kramers-restricted relativistic case is a little more complicated. First, because
the basis is complex, we must use the conjugate representation for the bra in any
integral. In the notation used above, we can express this as

(A) = (pIRIq) — ['(A) =T (pHT () (q) = T (P)C )T ().  (10.66)

So if Y, and s, are from the same row of the same irrep, the product qf;qu trans-
forms as I'(p)I'(q). It is this product that contains the symmetric irrep. Thus, for

5. Here we refer to the orbitals or spinors by their indices.



DOUBLE-GROUP SYMMETRY 167

the one-electron integrals over a symmetric operator, such as the Fock matrix f,q, p
and g must belong to the same row of the same irrep, just as in the nonrelativistic
case.”

The symmetry reduction for the one-electron integrals follows from the considera-
tion of time-reversal symmetry:

1. For the quaternion irreps, both f},, and f),; are nonzero and complex.

2. For the complex irreps, the second of these is zero, giving a reduction of a factor of
2 in the number of nonzero integrals.

3. For the real irreps, the first matrix element is also real, giving another factor of 2 in
the number of independent quantities.

4. Further reductions may arise from the remaining symmetry operations, such as
inversion, which provide good fermion quantum numbers.

When considering symmetry reductions, it is important to take into account the number
of independent quantities, not simply the number of integrals. If we consider the groups
C1, Ca, and Cy,, we can transform fp, and f),; into a single quaternion matrix for
C1, and thus the integral count is the same for all three groups for a given basis.
However, the number of independent quantities per integral is 4 for Cq, 2 for C,, and
1 for Cyy.

For the two-electron integrals, we want to divide the integrals into symmetry
classes, as for the nonrelativistic integrals. We also want to divide the integrals into
classes by time reversal symmetry, as we did for the one-electron integrals. Because of
the structure of the Kramers-restricted Hamiltonian in terms of the one- and two-particle
Kramers replacement operators, we hope to obtain a reduction in the expression for the
Hamiltonian from time-reversal symmetry. The classification by time-reversal proper-
ties is also important for the construction of the many-electron Hamiltonian matrix,
whose symmetry properties we consider in the next section.

First, we consider the classification of the integrals (pg|rs) into symmetry classes,
anin, dI1\JJ), (IJ|1J), and (IJ|KL). For simplicity we consider only integrals
over the Coulomb interaction. To make the classification, we need to know what the
symmetry of a spinor overlap density is. We do not need to take the spin into account,
as we did for the two-particle wave functions, because the spin is integrated out. Using
the tools developed in section 10.3, and the result in (10.47), the symmetry of a charge
density can be represented as follows:

To+il(R,)

No+il(R,) )
(Ry) + il (Ry)

+
) I'(Rex o, p)I"(Rex,a,q) <p(1éy)+i1“(1§x)

r ") = <

= I'(Rex.a.p) " (Rex.ag) [Fo + ir(zéz)] . (10.67)

6. A reference to the Cp multiplication table (page 157) will establish this point.
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We note that for the electron density, we must have p = ¢. The total symmetry is
I'(p)I"'(p) = Iy, and so the density is totally symmetric, as it should be.

We have now shown that the symmetry of a spinor overlap density depends on
the symmetry of Iy and I” (Iéz). These two symmetries are the same in the groups
Cy, Cupn, and Sy, but not in the other groups. If the product of the ket irrep and the
conjugate of the bra irrep lies in one of the degenerate boson irreps, the density could
have a well-defined symmetry. In analogy to the two-electron wave functions, we can
establish the symmetry by subtracting the m ; values for the irreps and performing the
modulo division to arrive at an m, value for a boson irrep.

However, if the product spans nondegenerate boson irreps, the symmetry is not
well-defined, and it is the real and imaginary parts of the density that have a well-
defined symmetry. This is the case even for p = g and r = s, for the groups in which
r (ﬁz) # Iy. We can of course make the classification of the integrals into the four
classes regardless of whether the densities belong to a particular boson irrep, but if we
wish to exploit boson symmetry we have to address this issue.

The extension of these symmetry consideration to the Gaunt or Breit interactions
proceeds along similar lines, but is more complicated due to the appearance of the
current density and is omitted here.

The reduction of the number of integrals due to time-reversal symmetry follows a
similar pattern to that of the one-electron integrals. We consider the case of Dy;, and
subgroups, where all irreps belong to one of the three types: quaternion, complex, or
real. The analysis for groups that have more than one irrep type follow.

1. For groups that have only quaternion irreps, all integrals are nonzero and complex.

2. For groups that have only complex irreps, integrals with an odd number of bars
are zero. This results in a reduction of a factor of 2 in the number of nonzero
integrals.

3. For groups that have only real irreps, the matrix elements are also real, giving
another factor of 2 reduction in the number of independent quantities.

Classification by time-reversal relations overlaps the symmetry classification. For
groups without quaternion irreps, integrals in the classes (//|/1) and (/1]|JJ) must
have an even number of bars for each electron: thus, only integrals of the type
(pglrs) and those to which it is related by time reversal can belong to these
classes. Integrals of the type (pg|rs) and (pg|rs) belong to the (IJ|IJ) or (IJ|KL)
classes.

These time-reversal reductions affect the expressions for the second-quantized
Kramers-restricted Hamiltonian. Both forms given in chapter 9 contain integrals
with an odd number of bars, and in both, these terms vanish if the group has
no quaternion irreps. If we want to use the Hamiltonian as expressed in terms
of the excitation operators E;q and é‘;,lqs,z”, such as in a coupled-cluster calcula-
tion, the integrals are already partitioned according to the real and imaginary parts
of the densities, and these parts have a particular boson symmetry for nondegen-
erate irreps and belong to a particular row of a degenerate irrep in a real basis.
The symmetry reduction in the Hamiltonian is obvious from the structure of the
expressions, and follows directly from the time-reversal reductions: half the inte-
grals vanish if there are no quaternion irreps, and another half vanishes if there
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are no complex irreps. Thus, for the groups that contain only complex irreps,
we have

A=Y [Rehpg by +itmhpg |
prq

+ = Z [(Re pqlRers)é;r  +iRepg|Imrs)é)

pqrs
+ i(Im pg|Re rs)epq s — (Im pg|Im rs)epq s (10.68)
+ (Re pq| Rers)epq = Ti(Re pq| Imrs)epq P
+i(Im pg|Re7s)é, + . — (Im pg| Im )2, ,.s]
and for the groups that contain only real irreps we have
H= Z Re h g E;q
pq
+ Z [Re pg|Rers)z) s, — (m pglTmrs)é, (10.69)
pqr?
+ (Re pq| Rers)epq P (Impqumrs)epq ”]

In each case, the reduction in the types of integrals leads to a reduction in the types
of excitation operators that need to be considered. Any implementation must there-
fore take account of the fact that different numbers and kinds of excitation operators
are required for different irrep types. We see here how this symmetry reduction
appears naturally when we use the I;"f,q operators. This would not be the case with

vS
the qu.

Time Reversal and Symmetry in the Many-Electron
Hamiltonian

We have seen how time-reversal symmetry and double-group symmetry are intimately
connected in the matrices of one- and two-electron operators. These two symmetries
are just as intimately connected in the many-electron Hamiltonian matrix.

As for the one-electron matrices, we must choose a representation for the basis with
which the matrices are represented. We take as our N-particle basis the determinant
basis introduced in chapter 9, given in terms of A and B strings, and consider all possi-
ble determinants that may be constructed from a given set of Kramers pairs. We group
these determinants into subsets with a given value of N4 and Np, characterized by a
pseudo-quantum number Mg,

Mg = Y(Ns — Np). (10.70)
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In the nonrelativistic case, with « and § strings, Mx = My. Because the nonrelativistic
operators are spin-independent, the Hamiltonian matrix is blocked by M. This block
diagonalization of the Hamiltonian matrix does not persist in the relativistic case, and in
the absence of any point group symmetry, the N-particle basis extends to all M values.

After dividing the determinants into subsets defined by their M values, we order
the subsets from highest to lowest M value. The subsets define a partitioning of the
Hamiltonian matrix H into blocks. Determinants from sets whose Mg values differ
by more than two have zero Hamiltonian matrix elements between them, because the
excitation between them is more than a two-electron excitation, and the Hamiltonian
contains at most two-electron operators. With the arrangement of the determinants in
M blocks from highest to lowest, H is therefore block pentadiagonal. This structure
is shown in figures 10.1 and 10.2 for an even and an odd number of electrons.

N, Nﬁ My
6 0 3
5 1 2
4 2 1
33 0
2 4 A1
. - 5 -2
Figure 10.1 Diagram of Hamiltonian
block structure for N even. The blocks 0 6 -3
are ordered by Mg

N, 5 4 3 2 1 0
Ny O 1 2 3 4 5
My 52 32 1/2 -1/2 -3/2 -52
N, Ny My

5 0 52

4 1 312

3 2 12
2 3-12

4 -3/2
Figure 10.2 Diagram of Hamiltonian block

structure for N odd. The blocks are ordered g 5 _g5p2
by Mg
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We now consider the composition of the Hamiltonian matrix elements Hpg between
determinants P and Q on each block diagonal. For convenience we will simply refer
to these as diagonals. For the main diagonal, |Mg (P) — Mg (Q)| = 0, and there must
be the same number of A and B spinors. The matrix elements consist of one-electron
integrals of the class 4, and two-electron integrals of the classes (fu|vw) and (fu|vw).
These classes include all integrals that are related by time-reversal symmetry. For the
first off-diagonal, |[Mx (P)— Mg (Q)| = 1, and one determinant must have an A spinor
where the other has a B spinor. The matrix elements are therefore composed of integral
classes h;; and (fu|vw). For the second off-diagonal, Mk (P) — Mk (Q)| = 2, and one
determinant must have two A spinors where the other has two B spinors. The matrix
elements are therefore composed of the integral class (fu|vw).

The classes of two-electron integrals required for the construction of the matrix
elements are therefore different for each block diagonal, and the use of time-reversal
properties to classify the integrals provides an efficiency in the construction of the
Hamiltonian matrix.

To proceed with the analysis of the structure of H and the relation between time-
reversal and point-group symmetry, we consider the case of Dj; and subgroups, the
so-called “binary” groups. There are two good reasons for this. First, these groups
are particularly convenient for computational implementations. As all the operations
are twofold, only a parity factor (or sign bit) is required to describe the effect of an
operation on a function. In addition, each group contains only one of the three types
of irreps described previously, and it is therefore customary to classify these groups
accordingly:

® The groups Dy, D2, and Cy,, whose fermion irreps are all real, will be called
real groups.

e The groups Cyj, Ca, and C,, whose fermion irreps are all complex, will be
called complex groups.

® The groups C; and C1, whose fermion irreps are all quaternion, will be called
quaternion groups.

The advantage of having to deal with only one type of fermion irrep will become
apparent below.

With the restriction to binary group symmetry, we realize that the integrals on
the first off-diagonal are only nonzero for the quaternion groups. For the two other
types of binary groups, a spinor and its time-reversed partner belong either to dif-
ferent one-dimensional irreps (complex groups) or to different rows of the same
two-dimensional irrep (real groups), and therefore integrals of the types h;; and (fu|vw)
must vanish. The elements on the first off-diagonal are represented by the grey shading
in the diagrams, and we see that when these disappear for the real and complex groups,
the diagonal and second off-diagonal blocks partition into two disjoint, interleaving
groups, represented by the striped white and grey shading. As a consequence the deter-
minants may be partitioned into two sets. The relation between these sets depends on
the number of electrons:

e For N odd, the N-electron wave function must transform under one of the
fermion irreps. In this case time reversal of one set produces the other set.
We see this from figure 10.2 by inversion through the center of the diagram.
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The two sets of determinants therefore form a basis for the doubly degenerate
Kramers pairs of the N-electron states. For the fermion irreps of the binary
groups, the only other element of symmetry that can be exploited is inversion,
which may be handled in the same way as in nonrelativistic CI theory.

e For N even, the overall symmetry of the wave function must be that of a boson
irrep. The application of time reversal maps each set of determinants onto itself.
The two sets form bases for states of different boson symmetry, and the set with
M even contains the basis for the totally symmetric irrep. For the complex
binary groups C> and Cj there are only two boson irreps, and so the Hamiltonian
matrix is fully blocked by the use of Kramers pairs. Thus selection of the parity
of Mk determines the state symmetry. The last of the complex groups, C»p, has
inversion symmetry, which gives rise to two more boson irreps, but again
inversion may be treated by nonrelativistic methods.

Thus, apart from inversion, time-reversal symmetry provides for full symmetry block-
ing of the Hamiltonian matrix for an odd number of electrons in complex or real groups
and for an even number of electrons in complex groups.

For an even number of electrons in real groups, the remaining element of symmetry
is introduced by forming a real basis in the manner described in (9.58). From the
consideration of the Hamiltonian matrix in this real basis in (9.60), it may be seen that
the elements of H in the real basis that connect the positive and negative combinations
come from the imaginary part of the elements in the determinant basis. However, for
the real groups, the Hamiltonian must be real because all the integrals from which it
is constructed are real. Therefore, these blocks must be zero, and the Hamiltonian is
partitioned into four blocks, defined by the parity of Mg and the sign of the combination
of determinants in the real basis. The symmetry of each set of such configuration state
functions (CSFs) may be deduced from the discussion of the symmetry of two-particle
states above.

The matrix elements between the CSFs in the real basis involve two Hamiltonian
matrix elements between determinants, Hpg and Hp o However, Hp ) is only nonzero

for [IMg (P)— Mgk (Q)| < 2, because otherwise the excitation between P and Q is more
than a two-particle excitation. Thus it is only in the center blocks of the Hamiltonian
that the linear combination of matrix elements needs to be taken.

The only remaining case to consider is that of the quaternion groups with N odd. The
Hamiltonian matrix may be blocked by the quaternion transformation given previously,

B)-50 06w

producing two quaternion matrices of half the rank, with matrix elements

HP/Q/ = Hpg — HPQJ
HP//Q// = H}‘)Q — H};Qj (10.72)

HP/Q// = HP//Q/ =0.
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As for the real groups for N even, the blocks for which both Hpgp and Hpg; are

nonzero occur only for |Mg (P)— Mk (Q)l < 2. Although the amount of work forming
the Hamiltonian or forming its product with a vector would be the same without the

transformation, the indexing work is halved, and therefore it may be useful to perform
the transformation.
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Basis-Set Expansions of Relativistic
Electronic Wave Functions

There have been several successful applications of the Dirac—Hartree—-Fock (DHF)
equations to the calculation of numerical electronic wave functions for diatomic
molecules (Laaksonen and Grant 1984a, 1984b, Sundholm 1988, 1994, Kullie et al.
1999). However, the use of numerical techniques in relativistic molecular calculations
encounters the same difficulties as in the nonrelativistic case, and to proceed to general
applications beyond simple diatomic and linear molecules it is necessary to resort to
an analytic approximation using a basis set expansion of the wave function. The tech-
niques for such calculations may to a large extent be based on the methods developed
for nonrelativistic calculations, but it turns out that the transfer of these methods to the
relativistic case requires special considerations. These considerations, as well as the
development of the finite basis versions of both the Dirac and DHF equations, form
the subject of the present chapter.

In particular, in the early days of relativistic quantum chemistry, attempts to solve
the DHF equations in a basis set expansion sometimes led to unexpected results. One
of the problems was that some calculations did not tend to the correct nonrelativistic
limit. Subsequent investigations revealed that this was caused by inconsistencies in the
choice of basis set for the small-component space, and some basic principles of basis-
set selection for relativistic calculations were established. The variational stability of
the DHF equations in a finite basis has also been a subject of debate. As we show in
this chapter, it is possible to establish lower variational bounds, thus ensuring that the
iterative solution of the DHF equations does not collapse.

There are two basically different strategies that may be followed when developing
a finite basis formulation for relativistic molecular calculations. One possibility is to
expand the large and small components of the 4-spinor in a basis of 2-spinors. The
alternative is to expand each of the scalar components of the 4-spinor in a scalar basis.
Both approaches have their advantages and disadvantages, though the latter approach is
obviously the easier one for adapting nonrelativistic methods, which work in real scalar
arithmetic. The two approaches differ in the actual implementation and are therefore
to some extent mutually exclusive, though there are ways of combining the benefits of

174



BASIS-SET EXPANSIONS 175

both approaches. For purposes of analysis the 2-spinor formulation is more transparent
and powerful, and we therefore start with this approach as a basis for discussing the
problems mentioned above.

The Dirac Equation in 2-Spinor Form

In order to analyze the consequences of basis set expansion of the relativistic wave
equation for electrons, it is sufficient to consider the one-electron Dirac equation. The
only other fundamental complication we foresee when going to a many-electron model
is continuum dissolution (Brown—Ravenhall disease), which we have already dealt with
in chapter 5 and so need not consider in this context.

We start by writing the 4-spinor { in the 2-spinor decomposition

L
V= (f{,s) (11.1)

A natural choice for the expansion of the wave function would be the atomic 2-spinors
of the form

a,/ﬁ—}-%—i—am Yé"_l/z

1
X — X em (D, — »X _ y 11.2
V() = @7 (N&em(D, ) = 97 (r) T 1 i (11.2)
t+5—am¥,

but the discussion below is not restricted to this type of basis function, and would in
principle apply to any suitable form of 2-spinor basis.
We expand the large and small components in a basis of 2-spinors, { xfz, xi}

N Ng
AR D BT TR GO BB v (13
pu=l1 n=l1

where we note that Ny and Ng need not be equal. Inserting these expansions in the
time-independent Dirac equation, (4.81), we get

Ny Ng
V=B aw + el ax=0
,LL:l ;,L:l

(11.4)
Ng

N
co-p) Y akxk + (V-E-2mc?)Y af x5 =0.
u=1 u=l
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This we can turn into a matrix equation in the expansion coefficients a, and we get the
one-electron Dirac equation in a basis expansion as

VLL _ g SLL ks al
=0. (11.5)
cIrst VS5 — 2mc? + E) 855 ) \a’
The matrices appearing here are defined by
VEF = OGIVIXE: VS = (G IvIng) (11.6)
Spr=(hIxt): She = (k) (11.7)
ks = (bl —ihe -VIxS): ISk = (x5 —iho - Vixk). (11.8)

These are the representations of the overlap, the potential energy, and the kinetic energy
operators in the expansion basis. Note that 1T, SL = (I1,, LSYT o that

0 mts
H=<HSL 0) (11.9)

is Hermitian.

Kinetic Balance

Elimination (or isolation) of the small component provides a useful basis for discussion
of the properties of the Dirac equation. In particular, in this section we want to develop
the relationship between the large- and small-component basis sets. We write the matrix
2-spinor Dirac equation in the form of two coupled matrix equations,

[VEE— EStE] at 4 et a¥ =0
(11.10)
¢ MStal + [VSS Qme? + E)SSS]

V55 is negative definite for most atomic and molecular potentials. Assuming that we
are looking for solutions above the negative-energy continuum, where E > —2mc?, it
is permissible to invert the term in brackets in the second of these equations to get

—1
- [(2mc2 + E)SSS - VSS] clStal. (11.11)
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We now eliminate the small-component expansion coefficients, aS, from the first
equation to obtain

—1
[VLL — ESLL] al + cnmts [(2m62 +E)SSS - VSS] clStal =0, (11.12)

This is an equation for the expansion coefficients of the large component only, and
corresponds to solving the equations by standard matrix partitioning techniques. For
actual calculations we would gain nothing, because we also have to find the expansion
coefficients for the small component, but for purposes of analysis this form turns out
to be convenient. In order to display the dependence on ¢ more clearly, we can expand
the inverse operator in the equation above by using the matrix relation

A-B) '=A"T1T+A'BA-B)L (11.13)

Setting 2mc*S5S = A and V35 — ES5S = B, we get

[VLL _ESLL 4 ZLHLS[SSS]AHSL] al
m

= %HLS[SSS]_I[VSS — ESSS|[VSS — @me? + E)S*S] ' mStal.  (11.14)
m

Here we have collected terms of order ¢? on the left-hand side of the equation, and
terms of order ¢~2 and smaller on the right.

We are now in a position to discuss the first problem mentioned at the beginning of
this chapter, which concerns the transition to the nonrelativistic limit. This limit should
be approached if we increase ¢ in our equations. Thus, if we let ¢ — oo in (11.14), the
right-hand side vanishes, and we are left with

1 -
[VLL — ESH 4 1 [s%] 1HSL:| al = 0. (11.15)
m
By analogy with the nonrelativistic equations, we conclude that the kinetic energy is

represented by the matrix product,

1 -
T = s et (11.16)
m

If we insert the explicit expressions for the matrix elements, we get
LL 52 L S S§S1-1 N L
Tk =52 (e VIxd) %15 (1o Vix)- (11.17)
KA

The part of this expression that we have underlined constitutes an inner projection
onto the small-component basis space. Now, (o - V)(o - V) = V2 according to vector
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relations we have used previously, and the nonrelativistic version of (11.17) is

hz L2\, L hz L L
T = =5 - ulVII) = =5 {xl@ - V) - V)ixy). (11.18)

However, the matrix equivalent of this relation as it appears in (11.17) does not hold
unless the small-component basis spans the space {o - V)(ILL} (Dyall et al. 1984).
In particular, if we choose

X = —ihe - V)xf = (0 -p)xs (11.19)

then ITS™ = $55 and thus M*5 = 2mTLE = 2mT.

This condition, which ensures that the kinetic energy is properly represented in the
nonrelativistic limit, is known as kinetic balance (Stanton and Havriliak 1984). It is
an important condition on the basis sets because it defines a relationship between the
large- and small-component basis functions that must be satisfied in the nonrelativistic
limit.!

The consequence of not satisfying this condition was observed in early basis set
calculations (Rosicky and Mark 1979, Mark and Rosicky 1980, Mark et al. 1980).
It can be shown (Dyall et al. 1984) that the kinetic energy is a maximum when the
kinetic balance relation is satisfied, and therefore any approximation that does not
fully span the space defined by (11.19) must lower the energy. This is indeed what was
observed.

Variational Bounds

We now have a matrix form of the Dirac equation which tends to the right nonrelativistic
limits, but we have no guarantee that the solutions of these equations are well-behaved.
In particular, we need to ensure that the finite basis expansion does not produce solutions
corresponding to energies below the “positive energy” electronic space, despite all our
efforts to cast the equations in a form that should prevent this from occurring (chapter 5
and chapter 8).

The tool we use to analyze this problem is the Rayleigh quotient corresponding
to (11.12),

. -1
R(E) = att [VLL +ents [(2mc2 + E)SSS VSS] cHSL]aL/a”sLLaL.
(11.20)

To simplify the notation, we normalize the coefficients,

a =al/[alTSlLal)l/?, (11.21)

1. This condition was first formulated by Lee and McLean (1982a, 1982b) and Grant (1982).
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so that we can write the Rayleigh quotient as
. —1
R(E) =a'Vila + a*[cHLS [(2mc2 +E)SSS - VSS] cHSL]a. (11.22)

We want to know if this quotient is bounded from below for what we expect to be
bound-state energies, 0 > E > —2mc?>. Obviously we are looking for a bound that is
greater than —2mc?; if we do not find one it is likely that there is no bound.

The Rayleigh quotient is a function of E because of the elimination of the small
component. In order to find a lower bound, we need to remove E and identify a positive
term in the quotient, so that we can create an inequality.

First, since V53 is negative definite, S5 is positive definite, and 2mc? + E > 0,
the inverse in (11.22) is positive definite. Defining a vector b by

b = m5%"a (11.23)

we can write the second term of the Rayleigh quotient as

—1
Ry =c2a'mts [(2m62 +E)SSS - VSS] msta
. —1
= 2 [(2m62 +E)SSS - VSS] b. (11.24)

This term is the expectation of a positive definite matrix—the inverse—and is therefore
positive. We can conclude that

R(E) > a'Vila, (11.25)

that is, the energy is bounded from below by the expectation of the potential. This is
not a very useful bound, and it might be possible that it is lower than —2mc?.

The term that was neglected to obtain the inequality is large: it contains the entire
kinetic energy. We can partition it into two positive terms, one large and one small,
using (11.13) with A = 2mc?S55 — VS5 and B = —ESSS:

Y —1
Ry =2 bl [2mc2555 - VSS] b
2 2SS 5517 ass 2 ss ss17!
—PED [2mc S5 _y ] S [(ch +E)SS -V ] b.  (11.26)

The first term is positive because the matrices in the inverse are both positive definite.
The second term is positive because each matrix in the product is positive definite,
and —c?E is also positive because E is negative. Now, E is formally O(c?), so the
second term is formally O(c™2). The first term is formally O(Y), so the first term can
be considered “large” and the second term “‘small.”
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If we neglect the second term, we arrive at the inequality for the Rayleigh quotient:
R(E) > a [VLL + TS (2me?SSS — VSS)_IHSL] a. (11.27)

The expression on the right is the expectation of the matrix form of the ZORA
Hamiltonian, which we will explore in depth in chapter 18. The ZORA Hamiltonian is
a variational Hamiltonian and therefore does not suffer from variational collapse.

We can also derive a bound that is related to the expectation of the nonrela-
tivistic Hamiltonian with a relativistic correction. To proceed, we use the matrix
relation (11.13) twice to partition the second term of the Rayleigh quotient, R, with
A =2mc?S5S and B = VS5 — ESSS. The first application yields

. —1
R, = ﬁ[ T(SSS)—lb + bT(SSS)—l(VSS_ESSS) [(2mc2+E)SSS—VSS] b].
(11.28)

In this expression the first term is again positive, and it is O(c?). We retain it so that
we may find a better lower bound. Partitioning the inverse again, we get

1

— RSS!
R2_2mb (S ) b
-1 1
+ 3 gb (87) T (V- ES™)(S*) b
—1 2 —1
+ 4m262m[(s“) (VSS—ES%)] [ @me2+ E)SS5-V5S| b (11.29)

The last term is clearly positive, because the inverse matrix is positive definite and the
other term is the square of a matrix. Substituting for b, and neglecting the last term,
we get the following inequality for the Rayleigh quotient:

. 1 _
R(E) >a [VLL + %HLS(SSS) ‘HSL] a

+

yp at s (s5%) 7' [vSS — ESS5](s%%) " M5 a. (11.30)

m2c2

Cc

If we choose a kinetically balanced basis set according to (11.19), this expression
simplifies considerably, to

R(E) > a'[VEE 4+ T]a+ a' [V5% — ES%S]a. (11.31)

4m?2c?

The energy is therefore bounded from below by the sum of the expectation of the
nonrelativistic Hamiltonian and a term which is O(c™2). Using (11.19) again, we can
rewrite the matrix elements in the last term as

Vol —ES3e = (x5l -p)(V—E)o-p) %) (11.32)
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We will meet an expression similar to this in chapter 17, as the first-order relativistic
perturbation correction to the nonrelativistic energy. We can derive an inequality for
these matrix elements by noting that ENR > E_ and therefore the expectation value of
—ESSS is greater than the expectation value of — ENRSSS. Thus,

R(E) > a'[VEE +T]a+ a' [V — ENRGSS]a, (11.33)

4m?2c?
The Dirac eigenvalue is therefore bounded below by an expression that is the expec-
tation of the nonrelativistic Hamiltonian plus the first-order relativistic perturbation
correction to the energy evaluated with the large-component wave function.

The developments of this section show that for energy solutions in the domain of
interest to us, the Rayleigh quotient is bounded below, and there is therefore no danger
of variational collapse when solving the Dirac equation in a kinetically balanced finite
basis. For the Dirac—Hartree—Fock equations, the only addition is the electron—electron
interaction, which is positive and therefore will not contribute to a variational collapse.

The role of kinetic balance in these bounds is also critical. If the small-component
basis set is not related to the large-component basis set by kinetic balance, the large
positive term that involves IT is reduced toward zero, and the eigenvalues can approach
those of the large-component potential as expressed in (11.25).

Matrix Dirac-Hartree-Fock Equations in a 2-Spinor Basis

The Dirac—Hartree—Fock operator for a single-determinant wave function in terms of
atomic spinors has been derived previously (section 8.1), and appears as

N
Fra =hpg + Y [(pqlii) — (pilig)]. (11.34)

While the expansion of 4, follows readily from the development for the Dirac oper-
ator above, the electron—electron interaction integrals must be considered separately.
We also want to develop a Kramers-restricted Dirac—Hartree—Fock (KR-DHF) theory,
but first we develop expressions for the general, Kramers-unrestricted case. In the
developments below we follow the practice of giving only the basis function index in
the integrals.

For the Coulomb contribution to the Fock operator we have to consider the interac-
tion between charge distributions involving two 4-spinors, for example, s pT . If this
distribution is decomposed into 2-spinor form, we get

Vg

Yol = (5" xvfﬁ)( ufS) = Uy Wk U (11.35)
q

On substituting this expression into the two-electron Coulomb integral, we get

(pqlrs) = (pEqtIrtst) + (Pt 1rSsS) + (p551rEst) + (pS¢S1rSs®)  (11.36)



182 FOUR-COMPONENT METHODOLOGY

To go beyond the Coulomb approximation, we must include the Breit interac-
tion (5.49), given by the operator

1 o -o; (o X)) (oej X))
Ve, rj) = — - lr-~ S ==Y . J 2 (11.37)
12} 12 lj

The integrals over this operator depend on densities over o or & x r. The integrals over
the first (Gaunt) term are the same as the regular Coulombic electron repulsion integrals,
while the second term requires calculation of integrals that are not encountered in
nonrelativistic calculations. If we restrict our discussion to contributions from the Gaunt
operator, we get densities of the form

L
Vhal, = (V5 ff)(?f (‘)’2> (i@) = Uy o Uk + oy (11.38)
q

Inserted into the integral, these give

(paglras) = (pSoqtIrtos’) + (pLog®Iriast) + (pPoq”lriast)
+ (prog’irtasd). (11.39)

We can now introduce the basis set expansion from (11.3). For (quL |rLsL) this
yields

(quL|r Z aﬁ; fq ,f,*a)fs(u v |KL)\.L). (11.40)

VKA

Similar expressions follow for the other combinations of components, and for the Gaunt
integrals. To arrive at a compact expression for the Fock matrix elements, we define
the 2-spinor density matrices by

DLLLL ZaLTL DLS ZaLw S

i=1 i=1

SL ST,L SS ST,
D3l = Zam LoD = Zam 5. (11.41)
i=1 i=1

Note that D;IZ{;S = DVS/I;', so that

LL LS
D:(D D) (11.42)

is Hermitian.
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The DHF matrix can be written in terms of blocks between the components as

fLL fLS
with the blocks defined by
+ZD§§ (EvE11528) — (ntars iSavl)), (11.44)

fLS _CHLS+ZD ;LLavS|KLaAS)—(/LLGAS|KLUUS)}

+ Y DIE{(uFovS [iSart) — (uhak [SvS )}, (11.45)
KA

fMS,}S = VMSVS ZSSS + ZD,];AL SvS |KLAL) - (,usa)»L |I<LO'VS)}

+ Y DE{L (551525 ) = (1525 1505} (11.46)

We can collect the terms into direct and exchange contributions. Here we use the
term “direct” rather than the traditional “Coulomb” because we must distinguish the
Coulomb interaction, which gives rise to direct and exchange terms, from other inter-
actions, such as the Gaunt interaction, which also give rise to direct and exchange
terms. The direct contribution for the Coulomb interaction is in the diagonal blocks,

Jli(vxzz[DLL( X XlKLAL)+DEf(MXvX|KSAS)]

(11.47)
_Z Xlll (,bLX|VeleC|UX)

where the index i runs over occupied molecular spinors. This is the matrix element of
the electrostatic Coulomb potential of the electrons. The corresponding direct part of
the Gaunt interaction is in the off-diagonal blocks. The sum over these terms is the
interaction with the current density,

X = Z [D,i()\Y (nXov? |kXad’) + DI (n¥ov” [k orX )]
KA

:Z (/.LXO'VY|iui):(/.LX|O"chrrent|Uy).

(11.48)
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Here we must have X # Y: if X = L we must have Y = S and vice versa. By contrast
to the direct contributions, the exchange contributions from both the Coulomb operator
and the Gaunt operator are distributed over all four blocks:

KXY =Y [D;;X (uX2X [k X0X ) + DYY (uXor¥ | ovX )] , (11.49)
KA

K,fvy = Z [DEAX (MXAX |ICYUY) + DE)LY (/,LX(I)»Y |k Xav? )] . (11.50)
KA

Kramers-Restricted 2-Spinor Matrix Dirac-Hartree—-Fock
Equations

So far we have not taken time-reversal symmetry into account. From the preceding
chapters, we expect that incorporating time-reversal symmetry in a Kramers-restricted
Dirac—Hartree—Fock theory will result in a reduction of the work, and possibly also
a reduction in the rank of the Fock matrix. The basis set we will use is a basis set
of Kramers pairs. We develop the theory for a closed-shell reference, for which all
Kramers pairs are doubly occupied.?

We partition both the molecular spinors and the basis set into Kramers pairs. This
partitioning reduces to a partitioning of the large and small components into Kramers
pairs, (YX, ) for the molecular spinors and (x 7}, xf-f ) for the basis functions, where
X is L or S. We cannot assume a priori that the molecular spinors for one of the
Kramers partners can be expanded solely in the corresponding basis spinors, and we
must therefore retain the full expansion until we have deduced the proper restrictions:

nr, nS
L L L L L s s S s S
vi=2 (“m Ky T+ A Xﬁ) CoW= (“m Ky @i Xﬂ) ’
n=1 u=l
(11.51)
}’lL I‘lS
L L L L L s s S s .S
V=) (am‘ Xu t Xﬂ) LW =) (auf X+ g Xﬁ) :
n=1 n=1
From time-reversal symmetry, I@ll;lx = 11;13( and lallilix = —1]le , and from these
relations we derive expressions for the coefficients
aXF = gX aX* = —g% . (11.52)

With the partitioning of the basis set, we can partition each block of each matrix—
density, one-electron, and Fock—into four blocks. For the density matrix elements

2. Pioneering work for closed-shell DHF theory was done by Malli and Oreg (1975) and by Hafner (1980).
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defined in (11.41),

DXY Zax*afl~l—axfkay— DXY Zax*afl%—ax*ay—
i=1 i=1

Z aX*af, + a)—(-*af- DY — Z aX*al 4 a}—(-*aY-
v Vi
i=1 i=1

(11.53)

where n = N/2 is the number of occupied Kramers pairs. Using the expressions in
(11.52), we can relate these matrix elements, Df—fg = D,}fvy* and DXUY = —DXl-f/*.
These are precisely the relations that we would obtain from the application of (9.10).
These relations represent a reduction in the work of a factor of 2, since we only need to
construct two of the four possible blocks and can obtain the others from time reversal.

Now that we have expressions for the density matrix elements, we can consider the
two-electron terms of the Fock matrix. Because the forms of the contributions to the
diagonal and off-diagonal blocks of the Fock matrix for the large and small components
are different, we must consider them separately. First, we consider the direct term of
the Coulomb interaction,

n
I = S [DL (X 12 ) + DY (50Y )
Y, kA

+ DYV (WXVX 7YY ) + DY (WX |3k Y)], (11.54)

where we have swapped the indices « and X in the last two terms for the purposes
of analysis (which we are free to do since they are summation indices). We can use
the time-reversal relations for the integrals and the density matrices to reduce this
expression. Since DAYKY DYY* = DYV and (u*vX |AYiV) = (uXvX [«YAY), the
first and fourth terms are equal. However, there is no equality between the integrals in
the second and third terms, even though the density matrix elements are conjugates:
D{KY = D:XY* but (uXvX | AYkY) # —(uXvX |«YAY). Instead, we can restrict
the sum in each term to x > A and obtain a reduction, because D:XY = —DfEY
and ([,LXUX |KY)_\Y) = —(,uXvX [ Y ie¥ ) With these reductions, the application of
time-reversal symmetry for the direct terms leads to

Jli(vX — 22 D:AY (/,LXVX |KY)\,Y)
Y, kA

+2 ) [DYY XvX|KYXY)+D§{(MXVX|EYAY)]. (11.55)
Y e>\

The work involved in constructing this part of the Fock matrix is therefore half the
work involved in constructing the corresponding part of the unrestricted Fock matrix.
This reduction parallels the reduction from spin-unrestricted to spin-restricted Fock
matrices in nonrelativistic theory.
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Next, we consider the direct term from the Gaunt interaction:

Jlfvy = Z[Di&y (/,LXO'VY |/<X6)»Y) + DfXY (,bLXO'VY |KX0')_\Y)
KA
+ DEY (nXov? |iiXort ) + Dé(iy (n¥ov? |iiXad?)

+ D}(KX (,uXavY |kYaKX) + D{,ZX (,LLXO'VY |AY6EX)

+ DIX (¥av? [ o) + DIX (u¥o” |2Tor¥)]. 156)
Applying the time-reversal operator to the current densities, we derive the relations

kXaor¥)y = -Yeic®),  wred')=(Yaic?), (11.57)

which we can use in the integrals. Making use of these relations and the relations
for the densities, we find that all the integrals cancel: the first and eighth and the
fourth and fifth terms cancel due to the first relation, and the second and sixth and
the third and seventh terms cancel due to the second. The result is that the direct
Gaunt contribution to the Fock matrix vanishes. We can see this by applying the first
relation to the molecular density: (iai) = —(faz) and we are adding the two terms
and summing over i. It makes sense that these terms cancel because time-reversing the
current density should change its sign. The cancellation also exists in the unrestricted
case, but it is a numerical cancellation, and it is incomplete because the molecular
spinors do not form precisely into Kramers pairs. In the Kramers-restricted case, a
single electron outside a closed shell also has no direct Gaunt interaction: it requires
two unpaired electrons before this term is nonzero.

The exchange terms do not reduce so easily. Considering first the Coulomb
interaction terms for the blocks that are diagonal in the components,

K;(EUXX Z[Dfxx (MXAX |KXUX) n DfXX (MX)'LX |KXVX)
KA

+ DEX (WX [#¥0X) + DEX (T [#Y)] a1ss)

we see that although we can combine or triangularize the density matrices, there are no

relations between the integrals that would give us a reduction in the number of terms.
Making the combinations, we get

RS = 3 DI (¥ 1) 4 (XX 17509
KA

+Z+DXX[ X)'LX|KXVX)_ (MXIZXMXVX)]

K>\

+Z+D,§LX[(/LX)LX|EXVX)— (MXKX|XXVX)]. (11.59)

K>\
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The reduction in work is not a factor of two, though there is a reduction because the
number of multiplications has halved. However, in a conventional disk-based SCF
algorithm, the integral sums could be precomputed so that a reduction of a factor of
two can be achieved in the construction of the Fock matrix.

The same kinds of reductions occur for the exchange terms from the Gaunt
interaction,

K}Clil,)XX _ ZDZ{[(MXU)\Y |KYGUX) T (MXUEY |)‘LYGUX)]
KA

+Z+D:{|:(/LXG)_»Y|KYGUX) — (n¥ok? 1Y ar¥ )]

K>\

+ Z +D,;YAY[(MX0)\Y |Eyavx) — (/,LXO'KY | A Yo vX )], (11.60)

K>\

and also for the exchange terms in the large-small and small-large blocks,

KXY = 3 DI (15X 1) + (¥R |7¥vT) ]
KA

+D5<Y[(MX5»X|EYVY)+ (MXGKYMXGVY)]
+DZ;(|:(,LLXXX|KY1)Y) - (,U,XGKYI)_LXavY)]

_D})L%Y[(MX)LXWYUY)_ (MXO,EYULXO,])Y)]. 11.61)

Symmetry in the Kramers-Restricted Fock Matrix

The symmetry reductions in nonrelativistic methodology come from spin symmetry
and from point-group symmetry. In relativistic methodology, time-reversal symmetry
is the equivalent of spin symmetry, but it does not provide the same magnitude of
reduction as does spin symmetry. This is due to the presence of spin-dependent terms
in the Fock operator. Point-group symmetry is intimately connected with time-reversal
symmetry in Kramers-restricted relativistic theory, as we saw in chapter 10.

Point-group symmetry is implemented in nonrelativistic SCF programs in two ways.
One way is to construct symmetry-adapted basis functions. In this approach, symmetry
is built in to the integrals and hence into the Fock matrix construction (Davidson 1975b,
Helgaker and Taylor 1995). The other way, due to Dacre (1970) and Elder (1973), is to
construct a partial or “skeleton” Fock matrix from the symmetry-unique integrals over
atomic basis functions (the “petite list”, Dupuis and King 1977), and symmetrize the
Fock matrix afterwards. From experience, there are usually more symmetry-adapted
integrals than symmetry-unique atomic integrals. In theory the two should be the same;
in practice the thresholds for integral evaluation eliminate many integrals in the petite
list. Codes that use both techniques are in existence, but the Dacre and Elder method
is probably the more popular.
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When it comes to relativistic SCF methods, there are some subtleties in the sym-
metry reduction. To illustrate this point, we consider first the double group C3. This
group has two fermion irreps that are singly degenerate and are complex conjugates.
The atomic basis 2-spinors that are on the symmetry axis are already symmetry func-
tions and can be divided between these two irreps, but the atomic basis 2-spinors that
are not on the axis are linear combinations of symmetry functions and cannot be clas-
sified into the irreps. If we construct symmetry 2-spinors from the atomic 2-spinors
and work in a symmetry-adapted basis set, the symmetry reduction is straightforward:
matrix elements with an odd number of “barred” functions vanish. As a consequence,
the Fock matrix is block-diagonal, and the number of two-electron integrals that must
be accumulated into the Fock matrix is halved. These two effects yield a factor of
4 reduction in the work required to construct the Fock matrix. The molecular spinor
expansion now only spans one row of the rep for each Kramers partner. The sym-
metry reduction in the matrices is exactly a factor of 2 because all symmetry-adapted
2-spinors come in Kramers pairs.

In the Dacre and Elder method, the reduction in the integral number comes from the
relations between the symmetry-equivalent atoms. Consider two symmetry-equivalent
atoms, A and B, each of which has two s1,2 2-spinor basis functions, x, and ¥, which
we label k4 and kg, and A4 and Apg. The relations between the one-electron potential
energy integrals (for example) that do not follow from Hermitian conjugation are

VKAI(A ZVKBI(37 VKA)‘A ZVKB)»Ba V)\.AA.AZVA.BA.B? VKAA.BZVKBA.A'
(11.62)

Similar relations can be written for the “odd-bar” integrals. Relations like these can be
used to reduce the number of unique integrals by a factor of 2 and the number of density
matrix elements by a factor of 2. However, the odd-bar integrals are not necessarily
zero because they are not integrals between symmetry functions, and all the terms in the
expressions for the Fock matrix elements remain. The reduction in work comes from
the fact that the sums are restricted to sums over symmetry-unique basis functions, and
that only the symmetry-unique parts of the Fock matrix are constructed. For matrix
elements between functions on the symmetry axis, the reductions follow from the fact
that they are symmetry functions, and hence an overall factor of 4 reduction in the
work for the two-electron integrals is obtained.

If we introduce a second twofold axis to generate the point group D7, the symmetry
reductions for the Dacre and Elder method follow exactly the same lines as for C5.
No difference in principle arises from the higher order of the group. This is not the
case for the symmetry-adapted method. In Dj there is only one doubly degenerate
fermion irrep, and the symmetry-adapted 2-spinors divide equally between the rows
of the irrep. The expansion of the molecular spinors in the symmetry-adapted 2-spinor
basis is restricted to a single row of the irrep, and the odd-bar matrix elements are
zero, yielding a factor of 2 reduction in the number of matrix elements, just as for C3.
The order of D; is 8, so there should be an extra factor of 2 reduction. This extra factor
of 2 results from the fact that the matrix elements and integrals are real, rather than
complex. The work is reduced by a factor of 4 relative to C; because the multiplication
of two complex numbers is four times the work of the multiplication of two real
numbers.
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Kramers-Restricted Open-Shell Methods

In nonrelativistic theory, it is possible to write a single-determinant wave function for
closed-shell molecules and for high-spin open-shell molecules. These wave functions
form the basis for the restricted Hartree—Fock (RHF) method and the (spin-)unrestricted
Hartree-Fock (UHF) methods. The general approach to open-shell RHF optimizes the
energy functional as an average over the energies of all the degenerate components
of the open-shell state in question (Roothaan and Bagus 1963, Manne 1972).> Both
restricted and unrestricted Hartree—Fock methods make use of the spin-independence
of the Hamiltonian to factorize the Fock matrix.

Single-configuration wave functions are important because they can be used to
provide a basis for correlation methods that use a single configuration as a refer-
ence function, such as the various open-shell perturbation methods and coupled-cluster
methods. The preceding sections have developed the unrestricted Dirac—Hartree—Fock
(UDHF) method for a single determinant and the Kramers-restricted Dirac—Hartree—
Fock (KRDHF) method for a closed-shell system. The application of time-reversal
symmetry does not necessarily result in a block-diagonalization of the Fock matrix
as does the application of spin symmetry. It is therefore pertinent to ask the question
“Is there an equivalent to the high-spin open-shell Hartree—Fock method in relativistic
Kramers-restricted theory?”

The answer to this question is a qualified “yes”, and depends on the nature of the
wave function. For a single electron outside a closed shell, the Kramers-restricted wave
function is a single determinant, and it is relatively easy to define the Kramers-restricted
Fock matrices for the closed-shell and open-shell electrons. Using the expressions
for the Fock matrix in the molecular basis, (11.34), with indices i and j for doubly
occupied Kramers pairs, ¢ for the singly occupied Kramers pair, and a for the empty
or virtual Kramers pairs, we can define the three nonredundant sections of the Fock
matrix as follows:

fia = hia + Y [2(aljj) = Gjlja) = (jlja)] + 3[2Galir) — Gitla) — (iFlfa)].
J

fu =hi + Y [2Gt17)) = Gjljt) = GF170] + Gtleo), (11.63)
J

fra =hia +Y_ [20taljj) — (tjlja) — (t]]ja)].

J

These expressions are actually derived from the average energy of the two degenerate
states. If we were to use only one of the states we would arrive at different expres-
sions for the barred and unbarred spinors. The same is true in nonrelativistic theory.
The expressions have also been divided by the relevant occupation number, so that

3. Technically, it is possible to define methods in which other restrictions than those on spin are lifted, but
the most common unrestricted method is the spin-unrestricted method, and we follow the common usage of
UHF for the spin-unrestricted Hartree—Fock method.
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the coefficient of the one-electron integral is unity. Similar expressions can easily be
written down for the odd-bar matrix elements.

For molecules with more than a single electron outside a closed shell, the ability to
define a single-configuration wave function depends on the molecular symmetry and
the symmetry of the spinors. The equivalent of the nonrelativistic high-spin open-shell
wave function for two open shells (ignoring the closed shells for the present) can be
represented by the configuration ;. The time-reversed configuration, 7\, has
the same energy, and the matrix element between the two configurations, (tul|ti), is
not in general zero, in contrast to the nonrelativistic case. We can form fixed linear
combinations that are symmetric under time reversal,

Wy = e (Yl + Yrla) | (11.64)

but the matrix element of the many-electron Hamiltonian between them is not nec-
essarily zero—it is in fact the imaginary part of the matrix element between the two
configurations. To make matters more complicated, the other two configurations that
can be formed from the Kramers pairs ¢ and u, {;{r; and 7\, also have nonzero
matrix elements with the first two configurations, in the absence of symmetry.

Nevertheless, let us analyze the Fock matrices for the wave functions based
on the linear combinations. The closed—empty, closed—open and open—empty Fock
matrices are

fia=hia+Y_[26ialj))—Gjlja)—(]l]a)]+} Y [26ialvv) - ivlva) — (iDl5a)],

j v

Fiw=hiw+ Y [26wljj) = Gjljw) = G jl7w)]+ Y [Gwlov) = Gvlow) F ()],
j v

foa=hwa+Y_[2(waljj)—wjlja)—w]lja)]
J

+Z[(wa|vv)—(wv|va)q:(11)v|17a)]. (11.65)

In these expressions we have added canceling terms such as (it|tt) — (it|tt) and (iu|uu)
to make it clear that the Fock matrices for the open-shell electrons are equivalent. The
sum over v covers the two values ¢+ and u, and w can be either ¢t or u. We must
also consider the open—open Fock matrices. The off-diagonal matrix element has no
contribution from interaction between the open-shell electrons,

fou = ho 4y [20u]jj) = tj1ju) = @ j1jw)], (11.66)
J

but the diagonal term (the orbital energy) does,

Fow = huww + Y [2w]jj) = (wjljw) = (w]ljw)]
J

+ Z [(ww]vv) — (wolvw) F (wWolvw)]. (11.67)
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We would expect the open—open Fock matrix elements to correspond to redundant
spinor rotation parameters because the energy should be invariant to rotations of equiv-
alent spinors. However, if we construct the spinor rotation gradient, we see that there
is a term that survives in the diagonal of the gradient:

guw = £1 [(WOvD) — Gwlibv)] = +i In(wd|vid). (11.68)

The imaginary part of the integral is not necessarily zero, so the diagonal spinor rotation
gradient is not zero. To explain this rather peculiar situation, we must turn to the
application of symmetry.

If both components of both open-shell Kramers pairs are in the same nondegenerate
irrep (the quaternion case), as is the case when there is no symmetry, all four open-shell
determinants must be included in the wave function, and we must resort to a genuine
multiconfiguration DHF method.

If the Kramers partners are in different singly degenerate irreps, as for example in
the group C3, the configuration space reduces to the two configurations given above.
Both configurations belong to the same boson irrep. However, the imaginary part of
the integral (wv|vw) is not zero, and for the same reason, the Hamiltonian matrix
elements between the two wave functions is not zero. We must still use a multicon-
figuration DHF method, albeit in a reduced space of two configurations. The orbital
rotation gradient becomes zero only by inclusion of the terms from the configuration
interaction problem.

If the Kramers partners are in different rows of the same, doubly degenerate irrep,
as in the group C7,, then the matrix elements are real and the gradient is zero. Likewise,
the Hamiltonian matrix element between the two wave functions is zero, because the
two configurations span two boson irreps and the 4+ and — linear combinations have
specific boson symmetries. This situation is somewhat similar to the nonrelativistic
case of X1 and X~ states, which are linear combinations of two determinants, or to
the open-shell singlet case.

In groups with rotation axes of higher order, such as Cf{v, the two configurations can
belong to different rows of a degenerate boson irrep and do not need to be combined
to form symmetry-adapted wave functions. In this case, the integral (tu|tu) is zero,
and the Fock matrices reduce to the analogy of the high-spin open-shell nonrelativis-
tic case,

fia =hia +Y_ [2(aljj) = (jlja) = (]|ja)]

J

+3 ) [2Galv) — (ivlva) — (iv]a)],

fow = hiw + Y [26w]j) = (Gjljw) = Gjljw)] + Y [(wlv) = Gvlvw)],
J v
fua =huwa + Y [2(waljj) = (wjlja) — wjlja)] + Y [(walvv) — (wvlva)].

J
(11.69)
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As an example, in the group Cj,, the configuration (le; /2)1(2e1 /2)1 has the symme-
try E1, and the time-reversed configuration (le_; /2)1(26‘_1 /2)1 has the symmetry of
the other component of the E boson irrep, E_;. The configuration (le; /2)1(1e3 /2)1,
however, spans the B; and B; representations along with (le_; /2)1(le_3 /2)1,
and the two configurations must be combined to form symmetry-adapted wave
functions.

In this analysis, we only considered the configurations \;\{, and {7{;. A similar
analysis could be done with the other pair of configurations, ;{5 and V7{r,. How-
ever, if Y, and 1, belong to the same irrep, one of the linear combinations belongs
to the totally symmetric irrep, and a multiconfiguration SCF (MCSCF) treatment is
mandatory.

The analysis can be extended to more open shells. For three open shells, a config-
uration and its Kramers partner can belong to the same fermion irrep (as in the case
of no symmetry) or to different singly degenerate irreps, or to different rows of the
same doubly degenerate irrep. If there are no other configurations that belong to the
same irrep or the same row of the same irrep, the analogy of the high-spin open-shell
method can be used. For example, in C;v the configurations (lej /2)1(26‘1 /2)1 Beq /2)1
and (16_1/2)1(26_1/2)1(361/2)] belong to the same row of the fermion irrep, Ej /7,
along with the two other configurations that have two e_1/; spinors occupied, and there-
fore an MCSCF method must be used. However, in Cf{v the (leg /2)1(26‘1 /2)1(381 /2)1
configuration and its Kramers partner are the only configurations from these three
Kramers pairs that belong to the E3; irrep. The remaining configurations built from
these three Kramers pairs belong to the Ej; irrep. We can therefore use a single con-
figuration method for the (1e1/2)1(2e1/2)1(3el/z)1 configuration, but we must use a
multiconfiguration method for the rest.

The discussion in this section has focused on the behavior of the various open-shell
approaches under the symmetry constraints imposed by the double groups. In addi-
tion, it should be noted that the degeneracies due to symmetry in the fermion irreps
of the double groups are generally lower than those due to spin and boson sym-
metry in a nonrelativistic calculation. Hence, the need for open-shell calculations
to handle real symmetry degeneracies is in general smaller than in the nonrela-
tivistic case.

The conclusion we can draw from the discussion is that many of the systems that
would be handled by open-shell RHF calculations in the nonrelativistic case do not
really lend themselves to this treatment relativistically. An illustration of this point for
the group 14 elements is given in section 12.1. Instead, we must resort to MCSCF
methods, which we describe in section 12.9.

Expansion in Scalar Basis Sets

We have seen that the DHF equations are conveniently analyzed and manipulated in
a 2-spinor form. The practical solution of these equations in a finite basis requires the
calculation and handling of a large number of integrals. Some effort has been invested
in calculating the integrals directly in a 2-spinor basis (Grant and Quiney 2002, Yanai
et al. 2002). For nonrelativistic calculations, a substantial fraction of the developmental



BASIS-SET EXPANSIONS 193

effort has gone into devising efficient algorithms and techniques for integral-related
tasks. If we want to take advantage of these nonrelativistic developments directly, and
adapt existing integral codes to our purposes, that is, relativistic molecular calculations,
there are two possible roads to follow—-calculate integrals in a (real) scalar basis and
transform them to 2-spinor integrals, or reformulate the equations in a scalar basis
expansion where these integrals can be used directly. In the present section, we will
describe the latter approach, leading ultimately to formulation of the DHF equations
in a scalar basis set.

We start by considering the one-particle Dirac equation and proceed in a manner
analogous to the free-particle solutions of chapter 7. The equation to solve is

[ca~p+V—c2(ﬂ—I4)]xp=E¢. (11.70)

The kinetic energy operator may be expanded in the form

0 o0 . I
0 0 I, —II.
p= N N 11.71
CP=UhA A o o (1.71)
+ I, 0 0
where
N d A 0 0
I, =—ih—, My=—-ih|—=xi—]. (11.72)
0z dx dy
We write the 4-spinor {r in the form
La
LB
V= 550[ , (11.73)
yP

with the /XT scalar functions that are complex and unnormalized. These functions are
expanded in a set of real, normalized, scalar, spatial basis functions x l’f ,

Ny

YT =Y "aX (11.74)
u=1

where X is L or S. We use the same basis of spatial functions Xff for both spin com-
ponents, but the large- and small-component functions might be different, and there
might also be different numbers of large- and small-component basis functions. Insert-
ing the finite-basis expansion into the Dirac equation with the above representation of
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the kinetic energy operator, we get the matrix Dirac equation in a scalar basis,

VEL 0 cllts cllts ale
0 A e’ —cllsS alh
chL ISt VS — 2mc28SS 0 ai;
cHiL —chL 0 VS — 2mc?8SS ) \a
SIE 0 0 0 /yla
L E (11.75)
1o o s o [|a)]T '
0o o o s55)\a¥
The matrix elements are defined by
Vst = GGviD. SXX = (X 1x).
(1XY),, = QL) (7)), = el k). (11.76)

The kinetic energy matrices obey the relation IT jLES = (H iL) T, s0, despite appearances,
the Dirac matrix in the scalar basis given above is Hermitian.

In these equations, the ordering of the components is the conventional order—Ilarge
components first, then small components, and within each component, « spin then
B spin. However, we could equally well have ordered by spin—« spin components
first, and then B spin components, and for each spin, large component then small
component. This ordering yields the matrix

VEiL clfs 0 cIlts
c3t VSS —2mc?8SS St 0

O -

0 clts VEL —cl§s (1L.77)
cHiL 0 —cHgL VS — 2mc?8SS

This form of the matrix equation displays the structure of the matrix representation of
an operator that is symmetric under time reversal, given in (10.30)

A B
f:(_B* A*>. (11.78)

Based on this ordering, it is possible to rewrite the equations as a quaternion problem,
which turns out to provide considerable computational advantages, in particular in the
handling of symmetry (Hafner 1980, Saue and Jensen 1999). For the present purposes
we will stay with the usual ordering by component size, which is more convenient for
displaying the structure of the equations, and also has the advantage of familiarity.
The DHF equations in the scalar basis are developed by adding the electron—electron
interaction of the mean field, given for the molecular 4-spinors in (11.34). To derive
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the contributions to the scalar Fock matrix from the Coulomb interaction, we expand
the integrals in the scalar basis,

(palrs)= Y > (aXr)"aXf(al?) afy (W v¥x¥ah), (11.79)

XYtv pvih

and introduce the appropriate scalar density matrices

DRV = (ak) al. (11.80)

i

With these definitions, the component-diagonal blocks of the Fock matrix in the scalar
basis are

fL‘[LT VLL + ZZDXUXU X}\’X ZDL‘[L‘[ L)\L |KLVL )’
kA Xv
(11.81)
XTXU: ZDXUXT X)\X|KXVX), (11.82)

fSrSr:Vlfl;S'_sz2Sl§S +ZZDXUXU SUS|KX)\X) _ZD’?';SI( S)»S|KS S).

nv
kh Xv KA
(11.83)
Likewise, the off-diagonal blocks are

fli(VOtYQ’ — C(H;Y)uv _ ZDY(XXQ X)\’X |KYUY), (1184)
flfvﬁyﬁ = _C(HZXY)W _ ZDY/SX/S wXoX |KYVY)’ (11.85)

XaYp _ Xy _ YﬁXa X X, Y. Y
P =c(my’),, ZD A X [ePol), (11.86)
f;ﬁ)ﬂm — C(Hi(Y)lw _ ZDYaxﬂ XAX |KYUY)_ (11.87)

The interaction with the Coulomb potential of the electrons appears with the nuclear
potential in the blocks that are diagonal in both the spin and the components, and the
exchange contributions are spread between all blocks.

Defining the reduced density matrix as

DXX = pXeXe 4 pXP¥P (11.88)
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and making use of the fact that the integrals are real, and therefore have the full
eightfold permutational symmetry, the large-component diagonal block can be written

ST = VEE 43S DY (v 5X) = 30 DEET(utak [ KEuE), (11.89)
Kk X KA

The analogous expression with the rest mass term can be written down for the small-
component diagonal block.

Including the Breit term for the electron—electron interaction in a scalar basis
requires extensive additions to a Dirac—Hartree—Fock—Coulomb scheme. It is not pos-
sible to achieve the same reductions as for the Coulomb term, and the derivation of
the Fock matrix contributions requires considerable bookkeeping. We will not do this
in detail, but will provide the development for the Gaunt interaction as we did for the
2-spinor case.

We first expand the current density in 2-spinors,

Yoty =0 o wd + 0 oyl (11.90)

then expand the 2-spinors in scalar functions and perform the spin integrations that are
implicit in the formalism to get

Loy T Sa
fToxuff:(f;’Lﬁ) (? (1))(3 ) R N C KT
Lay T Sa
oS = (%) (‘3 0)(3 )—zw”*ws"‘—iw“*wfﬂ, (11.92)

T I/era f 1 0 _&Sa ok o *
AR (W) (O _1>(w5ﬁ> =Y e =y (1193)

The Gaunt integrals can now be expressed in terms of the scalar functions as

(pagq |res)
( Lﬁan aqSﬁ+pSﬁqLa aqL,B|rL,BSSot+rLaSS/3+rS/3SLa+rSaSLﬁ)

— (pMP g% — ptq® + pSPgte —p

+ (pLaqSoz pLﬂqSﬁ+p5a Lo pSﬂqLﬂ|rLotSSoz_rLﬂsSﬂ+rSasLa_rSﬂsLﬂ)

:2(pLﬂqSoz+pS/3qLa|rLoszﬁ+rSasLﬁ)

S8 La SaqLﬂ|rLﬂsSa_rLaSS/S+rSﬁSLa_rSaSL/S)

4 2(pLoqu/3+pSaqLﬁ|rLﬁsSa+rSﬁSLa)
i (chquoz pLBgSP 4 pSagle pSﬂqL/S|rLaSS<x_rLﬂSSﬂ_i_rSasLa_rSﬂsLﬁ)‘
(11.94)
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Expanding the scalar functions in the scalar basis set, we can derive the contributions
to the Fock matrices (with X # Y and t # v),

y)j}er - — Z DYUYU DZ;YI)(MX)LY |KYUX), (11.95)
li(v‘EXU (_ZDYUYI XKY|KYVX)’ (1196)

Ij(err (_2[ le)fSr _ D}fva) (Mxvy |KL)LS)
(DX = DY) (w7 153t
— (DX + DX (XY 10T, (11.97)

li(Ver — ZI:ZD,SL)ST(MXVY|KL)\S)+2DSULT( Y|KS)\L)
KA

+ DXV XAy |KXVY)]. (11.98)

The expressions for the Fock matrix elements can be further reduced if we apply
time-reversal symmetry. We assume a closed-shell wave function for this purpose.
From the expansion of the spinors in the scalar functions, we can derive the following
relations for the coefficients:

apl = (@), a=—(a)" (11.99)

Using these expressions in the density matrices, we get

pPYP — (DYeXey', pXetP — (XY, (11.100)

The same relations hold for the Fock matrix elements,

R Ve I A S (110D

K

We can also show that the direct contribution from the Gaunt interaction vanishes, as
we saw in the 2-spinor formalism, and we are left with

;i(vTYT -—— Z 2D;§)LUYU + Dlg()LTYT) (,U,XKY |KXI)Y), (11.102)

li(;)TYU (_ZDXUYI (X2Y (X0 ). (11.103)
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Basis Set Choice and Design

Up to now the basis sets have appeared mostly as formal entities. However, the success
of any computational scheme is crucially dependent on the size and suitability of the
basis sets used. In this section, we discuss the various considerations that influence the
choice of a good basis set for relativistic four-component calculations. It is obvious
that we want basis sets that are generally applicable, give a good approximation of the
exact functions with a minimum number of terms in the expansion, and provide for
fast and easy calculation of matrix elements.

Today, the overwhelming majority of quantum chemical calculations are done using
basis sets of Gaussian functions, that is, functions of the type

K@) = ), (11.104)

While this is by no means the only possible choice for relativistic four-component
calculations, it is definitely the most efficient and convenient. It permits programmers
to exploit an extensive technology that has been refined and tested through years of
development of nonrelativistic methods. The usual complaint about the poor behavior
of Gaussian functions close to nuclei is less severe for relativistic calculations, where
nuclei of finite size are normally used and not point nuclei. As we discussed in chapter 7,
Gaussians actually are particularly suitable for describing the wave function close to a
nucleus of finite size.

It is tempting to assume that the basis for the large component should be quite
close to the nonrelativistic basis. While this holds for lighter elements, it is normally
not accurate enough for heavy elements. Some of the reasons for this are:

1. High exponents are required for an accurate description of the relativistically
contracted inner shells.

2. The 2pj orbital has considerable density close to the nucleus, requiring more high
exponents than the nonrelativistic 2p.

3. Orbitals with £ > 0 are spin—orbit split into two components, which may have their
maxima quite far apart, for example, 13 pm for the 6p of Rn and 35 pm for the 7p
of element 117.

All this means that nonrelativistic basis sets at least need to be considerably modified for
high-quality four-component calculations involving heavy elements, and, preferably,
basis sets should be developed explicitly for such calculations.

It should also be borne in mind that the large-component basis is not totally inde-
pendent of the small-component basis, and that the size of the total basis set will be
determined by the kinetic balance requirement. If we use the relation derived previously
in (11.19),

Xy & (0 - P)XL, (11.105)

we can easily demonstrate the consequences for a Gaussian basis. We define a spherical
Gaussian 2-spinor for the large component by

Xe = N e (9, @) = (1/P)Rh (e n (9, 9). (11.106)
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Operating with (o - p) changes the sign of « in the angular function, leaving the radial
function, for which kinetic balance requires that

d Kk+1
RELK(I')O( [a-l—

] RL (). (11.107)

Application of this relation to the radial function yields

n—+k

Rik(r) x NM,m[(n + ) — 2§Mr”+1]e_cl”2 = |: — 2{,ﬂi| RﬁK(r).

(11.108)

Normally, a spherical Gaussian basis set is made up of functions with minimum n-value,
that is, ls,2p, 3d, .... We now get two different cases depending on whether « is
positive or negative:

CASE1 k<0

This is the case for 1s1/2, 2p3/2, 3ds52,.... Then, n = £ + 1 = —« and kinetic
balance requires that

RS (r) oc =20, RE (r). (11.109)
This and the fact that (¢ - p) changes the sign of « shows that a 1s1,, function

with exponent ¢, must be kinetically balanced by a 2p; > function with the same
exponent, 2p3,» must be balanced by 3d3,2, 3ds2 by 4 f5,2, and so on.

CASE2 k>0

This is the case for 2py/2, 3d3/2, 4f5/2, . ... Then n = k + 1, and we must have

2k + 1

RS, (r) [ —~ Z;Mr} RL (). (11.110)

With the change in sign of «, we see that a 2pj > function must be balanced by a
linear combination of a 1s1,, function and a 351/, function. As mentioned above,
functions with n > £ 4 1 (such as the 3s) are not normally used in nonrelativistic
basis sets, because linear combinations of n = ¢ + 1 functions cover the same
space. However, we see here that in four-component relativistic calculations the
n = £ + 3 functions are important for kinetic balance and must be included in the



200 FOUR-COMPONENT METHODOLOGY

small-component basis. It is, of course, possible to gamble that the n = £ + 1 func-
tions can do the job also in this case, but it should be remembered that deviation
from kinetic balance affects the bounds on the eigenvalues, and even a small devi-
ation could have serious consequences for the energetics of a molecule. So for
this case a 3d3,, function is balanced by a linear combination of 2p3,, and 4p3/3,
a 4fs, by 3ds;; and 5ds)2, and so on. These n > £ + 1 functions are present
by default in Cartesian basis sets, so any integral evaluation algorithm that uses
Cartesian functions (and most do) can be easily adapted to produce the required
functions.

If the n > ¢ 4 1 functions are included in the basis set, it is tempting to relax the
requirement of a fixed linear combination in (11.110). Instead, the two functions could
be treated as separate, independent small-component basis functions. Thus, while we
would always have

{Rfm(r)} x {rRﬁK(r)}; Kk <0, (11.111)

for negative «, for positive « we have a choice of either restricted kinetic balance
(RKB) where

{Rﬁx(r)} S {[(1 +20r! — 2§Mr]RﬁK(r)}; k>0, (11.112)
or unrestricted kinetic balance (UKB) where
[R5} o frRE Ul RE O} k>0 (11.113)

In reality, the computational work involved in either approach is about the same—the
same number of integrals must be calculated. The difference shows up in solving the
DHF equations, where the UKB Fock matrix is larger than the RKB Fock matrix. This
has two consequences: the computational time for diagonalization of the Fock matrix
is larger in UKB, and the extra functions generate a number of extra solutions. These
solutions arise from small-component pieces that do not really have a matching large-
component partner and consequently have a zero kinetic energy. We would therefore
expect these solutions to cluster around —2mc?, and experience shows that these solu-
tions normally do not interfere much with the electronic solution space. However, for
calculation of properties that depend directly on the small-component space, these extra
solutions should be removed.

When it comes to contracted basis sets, kinetic balance strictly applied to the con-
tracted large component can lead to problems. While it would be possible to apply
the kinetic balance relation to derive a small-component basis from a set of large-
component contracted basis functions, this procedure has been shown to be unsuitable
in practice (Visscher et al. 1991). The best approach for generating contracted basis
sets for relativistic four-component calculations has been to start with an uncontracted
large-component basis, and to construct a small-component basis from this basis using
kinetic balance. This set is then used in an uncontracted DHF calculation for the atom
in question, yielding large- and small-component atomic functions that are kinetically
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balanced by virtue of the DHF equations. These atomic functions may then be used to
select contracted basis functions for large and for small components. This technique
has been termed atomic kinetic balance or atomic balance.

The preceding discussion has been based on a 2-spinor basis expansion of the
wave function. For calculations in a scalar basis, the situation is somewhat more com-
plicated than for 2-spinors. One major advantage in using a scalar basis is that integrals
may be evaluated using real arithmetic, leaving the complex parts for the coefficients.
This choice also allows us to use Cartesian Gaussians, the standard basis sets for
nonrelativistic quantum chemistry. The gradient of a Cartesian Gaussian is of the form

. 2 A 2
Vil yigke ™ = xtyi ke (i fx — 243, )y — 2y kjz — 26,2),  (11.114)

and « is no longer a good quantum number, as could be expected. Also, integrals over
Cartesian Gaussians are usually evaluated over all the (¢ + 1)(£ 4 2)/2 components of
a given function, not just the 2¢ + 1 spherical harmonic components for that £ value.
For example, integrals for 3d orbitals are evaluated over the Cartesian components d, .,
dyy, dyz, dyy, dy;, and d,. This corresponds to evaluating integrals over the spherical
components d_j, d_1, do, d11, d12, plus the combination d,, + dyy + d;, which is a
3s function. Thus with a scalar basis it is natural to use a UKB approach, but again
care should be taken to remove extraneous solutions.

The decision of whether to work with 2-spinors or a scalar spin—orbital basis must
be made at an early stage of computer program construction because it affects all
stages of the SCF process: evaluation of the integrals, construction of the Fock matrix,
and solution of the SCF equations. However, at each stage, the scalar spin—orbital
basis can be transformed to the 2-spinor basis. Transformation of the integrals to
a 2-spinor basis is not particularly difficult: it is similar in principle to the trans-
formation from Cartesians to spherical harmonics. Some efforts have been made to
develop new algorithms in which these transformations are incorporated, and RKB
is implemented from the start in the 2-spinor basis (Quiney et al. 1999, 2002, Yanai
et al. 2002).

The main problem to be addressed in the choice between scalar and 2-spinor basis
sets is that of linear dependence, which can affect the convergence of the SCF proce-
dure. Several issues arise from the basis set choice that have consequences for linear
dependence. The first of these is the choice of RKB or UKB in the representation of the
small component of the j = £ — 1/2 spinors. UKB has more severe linear dependence
problems than RKB, due to the overrepresentation of the small component. However,
RKB requires some manipulation of the integrals, because the n/ and (n + 2)/ integrals
are not generated as part of the same angular momentum shell. This issue affects both
scalar and 2-spinor basis sets.

The second issue is that, in a scalar basis, the set of spin—orbitals formed by
taking the direct product of the scalar basis and the spin functions spans both j val-
ues for a given angular momentum. This is not a particular problem for the large
component—in fact in an uncontracted basis set it is an advantage—but it does present
some problems in the small-component basis. For a large-component s set, the small-
component p set generated by kinetic balance forms spin—orbitals that span both the
p1,2 and the p3,» space. Only the pi/, spinors are needed for the small component
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of the large-component s functions. The p3/2 spinors have no corresponding large
component and produce SCF solutions that gather around —2mc>. These solutions can
be removed, just as for UKB. However, the small component generated from a large-
component d set consists of p and f functions. The p functions span the same space
as the p functions generated from the large-component s set, and the result can be
linear dependence. There are standard techniques for eliminating linearly dependent
functions from the basis set. Another solution to this problem is to make the large-
component d exponents a subset of the s exponents, or, more generally, to constrain
the functions for even £ to have the same exponents and the functions for odd £ to have
the same exponents. These basis sets have been termed dual family basis sets, and they
usually require a few more functions for each angular momentum higher than p than
for fully optimized basis sets. There is a trade-off, because having common functions
in the small component reduces the amount of work needed to evaluate the integrals.
Even more efficiency could be obtained by using the same exponents for all angular
momenta, as is done in the well-tempered basis sets (Huzinaga and Klobukowski 1985).
Then, the integrals could be used for both large and small components. However, not
much attention has been given to efficient integral algorithms for this kind of basis set.

The discussion above applies to uncontracted basis sets. Contracted basis sets
present a few further problems. To properly represent the spin—orbit splitting, the
two spin—orbit components should be contracted separately. The contraction is now
Jj-dependent, rather than ¢-dependent, and can only be represented directly in a 2-spinor
basis. The problem is not now confined to the small component. If the large-component
scalar basis set includes contractions for both spin—orbit components, the product of the
contracted basis functions for each spin—orbit component with the spin functions gen-
erates a representation for both spin—orbit components. Thus there is a duplication of
the basis set that is close to linearly dependent, and some kind of scheme to project out
linearly dependent components, either numerically or by conversion to a 2-spinor basis,
is mandatory. The same applies to the small component. For example, the contracted p
sets for the large-component s and d sets both span the same space, but because of the
contraction the d-generated set cannot be made a subset of the s-generated set, even if
a dual family basis set is used.

One consequence of the choice between 2-spinor and scalar basis sets is that the
results of DHF calculations with the two are not equivalent. The extra functions in the
small-component space affect the spinor eigenvalues and hence the total energy and
the ionization potential. These differences are likely to be minor for most of chemistry.
If contracted basis sets are used, however, the duplication of large-component functions
for the spin—orbit components in the scalar basis set provides extra flexibility that is
not present for a 2-spinor basis set, and the valence properties could be significantly
different.

In addition to these practical considerations, there has been considerable discus-
sion of the formal considerations. The Dirac equation provides wave functions for both
electrons and positrons. In the absence of any field, the solutions are related by charge
conjugation, and there should be equal numbers of electron and positron functions and
consequently equal numbers of large- and small-component basis functions. If we use
a finite Gaussian basis set to represent the solutions, the basis set should also dis-
play charge-conjugation symmetry so that the representation of electron and positron
solutions is equivalent. Kinetically balanced basis sets do not in fact display this
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symmetry: for that, the basis functions would have to satisfy both the relations

Xy oc(@-pxh. xs oo pxS. (11.115)

The first relation is the normal kinetic balance relation; the second is the kinetic balance
relation resulting from elimination of the large component. To satisfy both of these
relations, the basis functions must be solutions of

V2x = Ax, (11.116)

which Gaussian functions are manifestly not. However, the principle that the electron
and positron solutions should be equally represented in the basis set has been strongly
argued for (Grant and Quiney 1988). The extra solutions that appear when this is not
the case are unphysical. This principle is satisfied by 2-spinor RKB basis sets, but not
in general by other basis sets. For properties that directly involve the small component,
such as magnetic properties, basis sets with a 1:1 ratio of large- and small-component
functions are preferred.

There exists a wide selection of exponents for Gaussian basis sets for nonrelativistic
calculations, although most of these are for lighter elements which for most purposes
do not require a relativistic treatment. For four-component relativistic calculations,
nonrelativistic basis sets can be used for lighter atoms, but as the relativistic effects of
orbital contraction and spin—orbit splitting increase in importance, these nonrelativistic
basis sets become inadequate. In some measure the orbital contraction for inner orbitals
is counteracted by the use of a finite nucleus, which tends to “push out” the inner parts
of the spinors. A major concern is the 2p; /> space (Matsuoka and Okada 1989): due
to the s-character of the small component at least two extra functions relative to the
nonrelativistic basis are needed for the 6p block to reduce the error in the energy
to 0.5E},.

The alternative to patching up a nonrelativistic basis set for four-component calcu-
lations is to derive sets of exponents specifically for use in relativistic calculations. This
is usually done by optimizing the exponents directly in relativistic atomic calculations,
for example by minimizing the energy. An alternative is to use an even-tempered basis,
where the exponents form a geometric series such that

o =ap (11.117)

Energy-minimized sets yield lower energies than even-tempered sets for the same num-
ber of functions. However, the energy minimization can result in energies lower than
the exact result because the bound on the energy is not the exact energy but, for
kinetically balanced basis sets, is O(c~*) lower than the exact energy. This is not a
variational collapse because there is a bound, but has been termed a prolapse (Faegri
2001). Systematic sequences of even-tempered basis sets do not generally suffer from
this problem, and converge from above on the exact energy. For properties that are
sensitive to the description of the region near the nucleus, even-tempered basis sets
are preferred over energy-optimized basis sets because of their better coverage of that
region of space.
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The requirements for a proper description of the p1,> space, discussed above, point
to another dilemma in the construction of relativistic basis sets. Nonrelativistic sets
are (-based, that is, exponents are derived for functions of s type, p type, d type, and
so on. However, the tight functions required for py,> spinors are not needed for the p3 />
spinors, which have little amplitude so close to the nucleus. An alternative is to derive
Jj-based basis sets, where all functions of the same j value have the same exponent.
In this scheme, 1512 and 2pj/; sets would be of the same size and have common
exponents, as would 2p3/, and 3d3/2, 3ds;; and 4 f5,2, and so on. The justification
for j-based sets is that for heavy elements, the small components of the j = ¢ — 1/2
spinors penetrate as close to the nucleus as the large component of the j = £ + 1/2
spinors, and therefore the basis set demands are the same. The use of a j-based basis
set in scalar expansions would be somewhat complicated. For 2-spinor expansions, the
use of such j-based sets requires few additional measures. The j-based sets would
also alleviate another problem with ¢-based sets: due to the large spin—orbit splitting
in very heavy atoms, £-based sets have to be rather extensive in the valence space in
order to describe this splitting correctly. To achieve accuracy comparable to a double-
zeta nonrelativistic set for a highly split £-value, for example, might require at least
a triple-zeta description of the valence space. The development of basis sets has been
reviewed by Fegri and Dyall (2002).

Comparison of Nonrelativistic and Relativistic SCF Methods

Compared to the relatively simple matrix elements of the nonrelativistic Fock matrix,
the expressions given in the sections above indicate the degree of increased complexity
involved in a relativistic calculation. The critical issue is of course the logistics of the
two-electron integrals. The following observations on the number of integrals can be
made for a system that has no spatial symmetry using a 2-spinor RKB basis for the
relativistic calculation.

e The spin can be factored out of the nonrelativistic integrals. In the relativistic
integrals, the spin is coupled in. Therefore, there is a factor of 2 increase for
each basis function, that is, a total factor of 2% = 16. However, time-reversal
symmetry reduces the relativistic integral count by a factor of 4. The net increase
from the replacement of spin symmetry with time-reversal symmetry is therefore
a factor of 4.

¢ The integrals and the basis are in general complex for relativistic calculations, so
there is a factor of 2 increase for the loss of one degree of permutational
symmetry relative to the nonrelativistic case.

e If the small-component basis is the same size as the large-component basis in a
relativistic calculation, there is a factor of 2 increase for each basis function, that
is, a factor of 2* = 16. However, integrals with an odd number of large and
small components never appear, reducing this factor by 2. Half of the remaining
integrals are integrals over the Gaunt interaction, and if only the Coulomb
interaction is used, there is another factor of 2 reduction. The net increase due to
the small component is therefore a factor of 4 in a Dirac—Coulomb SCF
calculation.
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Thus, for a Dirac—Coulomb SCF calculation in a 2-spinor basis there are 32 times as
many integrals as in an equivalent nonrelativistic SCF calculation. However, the inte-
grals are complex in the general case so that there are 64 times as many pieces of data.
Given that complex arithmetic involves 4 times as many operations as real arithmetic,
the operation count for such a Dirac—Coulomb SCF calculation is 128 times that of
a nonrelativistic SCF calculation. In modern computers, where a complex multiply can
be initiated each clock cycle, this is not a disadvantage, and the operation count would
reduce to 32 times. We should point out here that this accounting has been done for an
orthodox list-driven SCF process. In integral-driven or direct SCF processes, the basis
set dependence is lower than N*. Also, modern techniques for large molecular systems
employ various integral approximations that can further reduce the power of the basis
set dependence. These techniques can be carried over to relativistic integral evaluation.

If we use a scalar basis instead, the large-component scalar basis can be essentially
the same as the nonrelativistic basis. It is the small-component basis size that must be
determined. Again, we can make the following observations on the relative sizes of the
basis sets and the number of integrals.

® The large-component basis must be slightly larger than for the nonrelativistic
calculation of the same quality. (This applies also to 2-spinor basis sets.)

e The principle of kinetic balance requires that the small component basis contains
roughly 2.5 times as many functions as the large-component basis.

e The number of (LL|SS) and (LS|LS) integrals is then about 13 times the
number of nonrelativistic integrals.

® The number of (S§|SS) integrals is then about 39 times the number of
nonrelativistic integrals.

e The total increase in the number of integrals for a Dirac—Coulomb calculation
over a nonrelativistic calculation is about a factor of 50.

Thus, the scalar basis involves about 20% fewer real quantities than the 2-spinor
basis, and therefore less work in the Fock matrix construction. This applies to an
uncontracted basis set.

In a contracted scalar basis set, the core spin—orbit splitting must be accounted for,
and the calculations become a little more difficult to do directly. The worst case for
basis set size would be a basis set in which all functions are contracted, for example,
a generally contracted basis set or an atomic natural orbital (ANO) basis set. Then,
the large-component basis set would double in size, apart from the s functions. The
small-component basis set, however, would not change, provided the contractions were
properly restricted: for instance, the s component was eliminated from the d functions
for the small component of the p3/> contracted functions.

Allowing for a 40% increase in the large-component basis size, the (LL|LL) set
would increase by a factor of 4 and the (LL|SS) set by a factor of 2, giving 4 425 +
39 = 68 as the overall factor, which is a little more than for the 2-spinor basis. If the
increase is more like 70%, the (LL|LL) set would increase by a factor of 9 and the
(LL|SS) set by a factor of 3, giving 9439 + 39 = 87. The 2-spinor method therefore
has a size advantage in a contracted basis. If the small-component contractions were not
properly restricted, however, the integral count in these two cases increases uniformly
by a factor of 4 or of 9, which is much larger than in the nonrelativistic case.



206 FOUR-COMPONENT METHODOLOGY

By far the largest amount of work is spent on the (SS|SS) integrals. Although
their contribution to the total energy is of order ¢—*, neglecting them does lead to
significant errors in calculated molecular properties. Physical considerations as well as
practical experience indicates that the main contributions to these integrals are strongly
localized in the core regions of the atoms. A very good approximation is to include only
those integrals that involve one-center small-component densities. This approximation
reduces the number of (S5|SS) integrals by a factor that is approximately the square of
the number of atoms. It could also be applied to the (LL|SS) integrals for a reduction
of a factor that is approximately the number of atoms.

A further approximation eliminates the (SS|SS) integrals entirely. Visscher (1997).
has shown that a good approximation is to replace the contribution of the (SS|SS)
integrals with the Coulombic repulsion between the atomic small-component electron
densities. The contribution to the energy is of the form
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The first term is a term that accounts for the neglect of the (SS|SS) integrals on the
separate atoms. This term is constant for all practical purposes, and may be neglected.
The other term provides the Coulomb repulsion between the small component charges
on different atoms, and is essential for a correct description of the electron repulsion.
Care should be exercised when using this approximation in calculations of proper-
ties that are particularly sensitive to small-component densities or the near-nucleus
environment. A less severe approximation would be to fit the spherically averaged
small-component density to a set of s functions and include their effect with the nuclear
potential.

The conclusion is that use of screening methods and soundly based approximations
can reduce the work by a large amount, and so the cost of efficient relativistic calcu-
lations is not so much larger than that of nonrelativistic calculations—perhaps a factor
of 10 or less.
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Correlation Methods

It is well known from nonrelativistic quantum chemistry that mean-field methods,
such as the Hartree—-Fock (HF) model, provide mainly qualitative insights into the
electronic structure and bonding of molecules. To obtain reliable results of “chemical
accuracy” usually requires models that go beyond the mean field and account for
electron correlation. There is no reason to expect that the mean-field approach should
perform significantly better in this respect for the relativistic case, and so we are led to
develop schemes for introducing correlation into our models for relativistic quantum
chemistry.

There is no fundamental change in the concept of correlation between relativistic
and nonrelativistic quantum chemistry: in both cases, correlation describes the
difference between a mean-field description, which forms the reference state for the
correlation method, and the exact description. We can also define dynamical and non-
dynamical correlation in both cases. There is in fact no formal difference between a
nonrelativistic spin—orbital-based formalism and a relativistic spinor-based formalism.
Thus we should be able to transfer most of the schemes for post-Hartree—Fock calcula-
tions to a relativistic post-Dirac—Hartree—Fock model. Several such schemes have been
implemented and applied in a range of calculations. The main technical differences to
consider are those arising from having to deal with integrals that are complex, and the
need to replace algorithms that exploit the nonrelativistic spin symmetry by schemes
that use time-reversal and double-group symmetry.

In addition to these technical differences, however, there are differences of con-
tent between relativistic and nonrelativistic methods. The division between dynamical
and nondynamical correlation is complicated by the presence of the spin—orbit interac-
tion, which creates near-degeneracies that are not present in the nonrelativistic theory.
The existence of the negative-energy states of relativistic theory raise the question of
whether they should be included in the correlation treatment. The first two sections of
this chapter are devoted to a discussion of these issues.

The main challenges in the rest of this chapter are to handle the presence of complex
integrals and to exploit time-reversal symmetry. For this latter purpose we will resort
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to a Kramers-pair basis, as discussed in chapter 9. We will assume that the reader is
familiar with the details of the nonrelativistic versions of the various methods that we
discuss. If not, information about these may be found in several good texts, such as
Jorgensen and Simons (1981), Szabo and Ostlund (1989), Helgaker et al. (2000), and
Jensen (1999). Thus, we will concentrate mainly on features that arise specifically from
the relativistic formulation of these methods. We start by describing two single reference
methods, Mgller—Plesset second-order perturbation theory (MP2) and the coupled-
cluster (CC) model. We then discuss aspects of the CI expansion for four-component
calculations, and we conclude with some remarks about MCSCF schemes.

In nonrelativistic quantum chemistry, there has been an impressive development
in methods and algorithms to make post-HF calculations economically feasible. The
rapid development of computers has greatly increased the scope of these methods.
Still, the cost of doing these calculations rises rapidly with the size of the system.
Relativistic methods in quantum chemistry will have one of its main impact areas
in applications to molecules containing heavy elements. This makes the challenge of
performing relativistic post-DHF calculations formidable. Not only do these molecules
have large numbers of electrons, but valence energy levels are also usually quite closely
spaced, and the outer core often needs to be correlated for quantitative accuracy. This
means that “trivialities” such as operation counts and resource demands become even
more important for relativistic methods than in the nonrelativistic case. We therefore
provide some assessment of the cost of performing relativistic calculations compared
with that of performing nonrelativistic calculations.

The Reference State

In nonrelativistic mean-field calculations, the orbitals are often sufficiently separated in
energy that the reference state in a correlated calculation can be chosen to be a single
determinant. Most closed-shell molecules fall into this category, and a considerable
number of high-spin open-shell species can be well represented by a single determinant.
The validity of the single-determinant reference can be established by measures such as
the weight of the reference in a configuration interaction expansion or the #; diagnostic
in coupled-cluster calculations.

In relativistic calculations, the spinors are not necessarily so well separated, due
to the spin—orbit interaction. As an example of the effect of spin—orbit interaction, we
choose the atoms of group 14—C, Si, Ge, Sn, Pb—which in a nonrelativistic picture
have the valence configuration np?, and the ground state is np>(°P) in LS coupling.
In a relativistic model the np manifold splits into the nondegenerate sets of npy,2 and
np3 2 spinors. If we apply a simple Aufbau principle, we would end up with the state
2 p]2 122 pg 12(J = 0) for the relativistic ground state of C. If we expand the 2py > spinor
into spin—orbitals, we find that this state is 252p>(°P) and 1/32p?(S), which we know
is wrong because the spin—orbit splitting in C is very small and the wave function
should not deviate so much from the LS-coupled state. We are left with no choice but
to include more than one configuration in the wave function. The other possible choice,
the 2p{ ,2p3,(J = 0) configuration, is /32p>(°P) and %32p*('S). Mixing this with
the other configuration allows the correct zeroth-order description of the ground state
of the C atom to be obtained: a state that is mostly 3P but with a small amount of S.
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For the mean-field spinors we have two choices: we can either use some restricted
Hartree—Fock average, and thereby sacrifice the variational treatment of the spin—orbit
splitting, or we can resort to a small multiconfigurational SCF calculation with the
np1,2 and np3;; orbitals as the active space. It may be argued that the spin—orbit
coupling in C is small (2.9 x 10~*Ey,), and that the loss in using averaged 2p spinors
probably would not introduce any serious errors. This has in fact been found to be
a satisfactory approach in many atomic calculations. But the problem would become
more serious as we go to the heavier elements of group 14. By the time we reach Pb, at
atomic number 82, the spin—orbit splitting has increased to 5.5 x 1072 Ey,, or more than
140 kJ/mol, and the ground state is closer to what would be obtained by the simple
Aufbau filling of the p spinors.

Thus, while the ground state of these elements can be represented as a single, high-
spin determinant in nonrelativistic theory, they must be represented by at least two
determinants in relativistic theory. So for the relativistic case we may find ourselves
forced to use methods beyond simple DHF to obtain reference states for cases that
nonrelativistically could be comfortably treated in a mean-field model.

This problem becomes more acute when we lower the symmetry. For the atomic
case, where the spin—orbit splitting is large, a single determinant might well be an
adequate reference, even if it artificially fixes the mixing due to the spin—orbit effect.
But what happens in a molecule?

We can analyze this problem formally by considering a doubly occupied Kramers
pair. For simplicity we drop the small component and work with 2-spinor functions in
a group that has no degenerate irreps. We also represent the wave function as a simple
Hartree product. The extension to a determinantal function, 4-spinor functions, and
groups with degeneracies is straightforward, but it would unnecessarily complicate the
analysis. We write the wave function as

i (1 Fid2 (—d3+ids
Y=w= (¢>3 T i¢>4) ( o1 — it ) (2

where ¢1, ¢2, ¢3, and ¢4 are scalar functions, which consist of a coefficient multiplying
a function that can be considered to be a molecular orbital. Expanding the spinor product
into its components and spin functions, we get the following linear combination of
states:

U= [¢1¢1 + d2¢2 — ¢33 — pagal n(e)n(B)
—ilp1¢2 — g3pal n()n(B) — n(BIn()]
— [¢1¢3 + d24] [n(@)n () + n(BIn(B)]
+ i (194 — p2¢3] [n(@)n(@) — n(B)n(B)].

(12.2)

Using Hartree products, a state now appears as a product of two spatial functions and a
spin function that is an eigenfunction of S$2. Thus the first four states are nonrelativistic
closed-shell singlet states; the next two are open-shell singlet states, and the remaining
eight are triplet states. If this were a nonrelativistic wave function with independent
coefficients for each of these states, the wave function would include elements of non-
dynamical correlation, for both the singlet and the triplet components (and would be
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separable into spin components). In the relativistic SCF procedure we have in fact only
four independent coefficients, but the elements of nonrelativistic nondynamical corre-
lation remain, and the optimum wave function is a balance between the self-consistent
field effects, the nondynamical correlation effects, and the spin—orbit effects, con-
strained by the form of the spinors. The constraints could force the single-determinant
relativistic SCF process to a solution that was not close to the physical solution.
In the general case, to remove the constraints requires an MCSCF calculation. There
are of course many molecules for which the relativistic SCF procedure provides a
quite satisfactory single reference—such as for AuH, where only one of the four com-
ponents in the bonding large-component 2-spinor has significant amplitude. However,
the choice of correlation method in a relativistic calculation must take into account the
possibility of a multiconfigurational reference.

The No-Pair Approximation

When deriving mean-field methods, we had to consider the role of the negative-energy
states in the variation of the wave function. Now that we are considering correlation,
we must examine the role of these functions in the N-particle wave function.

The most general approach to variational calculations is represented by the MCSCF
wave function, with the simultaneous optimization of both the one-particle and the
N-particle functions. The MCSCF wave function may be written (Jorgensen and
Simons 1981)

W=ty Cupy, (12.3)
"

where the @, are single determinants and ek performs rotations between the one-
particle functions (orbitals or spinors).! The variational parameters are the vectors «
and C. The set {®,} contains determinants that may be derived by exciting electrons
from orbitals that are occupied in some reference determinant to virtual orbitals, that
is, orbitals that are not occupied in the reference state.

{Bu} = (®o. &f, DL, .. ) (12.4)

where

o = ag'a; Do, Q)i“jb = aa?a;jaj ai @9, .... (12.5)
Here and in the following, we will use indices i, j, k, ... to denote one-particle functions
occupied in the reference determinant, and «, b, c, ... to denote virtual one-particle
functions. In the nonrelativistic case, these one-particle functions are spin—orbitals, nor-
mally derived as eigenvalues of the Hartree—Fock operator. For the relativistic case, the

1. In this chapter we use the opposite sign convention for & to that used in chapter 8.
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corresponding one-particle basis functions are the spinors derived from the solution of
the Dirac—Hartree—Fock equation, including the spinors that describe negative-energy
solutions, that is, solutions with eigenvalues less than —2mc2.

As discussed in chapter 5, the treatment of the negative-energy states is crucial if
we are to establish a consistent model for relativistic many-electron systems. In this
connection we have to decide what role these negative-energy spinors should have in
our variational space. A moment’s consideration should convince us that we do not want
our variational space of N-particle functions to include determinants where positive-
energy spinors have been replaced by negative-energy spinors. Such a choice would
open the possibility of variational collapse, due to the fact that there would be states
either below the ground state or degenerate with it, as discussed in chapter 5. Likewise,
inclusion of such determinants in a perturbation expansion risks introduction of intruder
states that would cause the perturbation method to fail. So the conclusion must be that
the N-particle space should be made up of determinants containing positive-energy
spinors only. This is frequently referred to as the no-pair approximation.

While this no-pair approximation is chemically reasonable and convenient to work
with, it does have consequences for our use of the one-particle variational space. For
the nonrelativistic case, the orbital rotation space is the electronic spin—orbitals, and
we can indicate this explicitly in the expression for the MCSCF wave function as

U = ¢ Kee Z C, P, (12.6)
n

where e~*ee includes rotations for the entire spin—orbital space. In the limit of a full
CI, that is, the set {®,} includes all possible excitations using the one-particle basis,
the spin—orbital rotations become redundant, and the operator e Kee may be omitted.
The corresponding expression for the relativistic MCSCF function is

W =R Fr N C 0, (12.7)
"

with ¢~%ep accounting for mixing in of negative-energy one-particle functions. This
orbital rotation operator will never become redundant as long as we use the no-pair
approximation. Thus, to be complete, any no-pair CI expansion of a relativistic wave
function should include spinor optimization over the entire one-particle basis.

Keeping the above considerations in mind, and adhering to the no-pair approxima-
tion, we should be able to recast most of the nonrelativistic post-HF schemes into a
relativistic post-DHF form.

Integral Transformations

As long as one stays with “traditional” methods for calculation of correlation energies,
it is necessary to perform a transformation of the one- and two-electron integrals into
the molecular spinor basis. While Mgller-Plesset perturbation expansions can be cast
in a semi-direct form that does not require a complete integral transformation, it is
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not so easy for other correlation methods. The alternatives are to resort to approxi-
mate methods, density functional methods, or methods that incorporate interelectronic
distances, the so-called r1» methods. In this chapter, we concentrate on the traditional
approaches.

The integral transformation itself? is straightforward, but it must be broken into
pieces because of the large and small components. For the Coulomb interaction, the
two-electron integral transformation can be written

(pqlrs) = Z Z afraX al*al (uXvX | AY). (12.8)
XY pvia

Because we have restricted the N-particle space to states composed of positive-energy
spinors, the transformation reduces the number of integrals by a factor of 4. Just as in
the nonrelativistic case, the transformation over the spinor indices can be performed
as a sequence of four matrix multiplications, and as a result the cost of the integral
transformation scales as n°, where n is the number of basis functions.

Mean-field calculations for large systems are generally carried out within a direct
SCF scheme, and therefore the number of integrals that actually need to be calculated is
much smaller, and the scaling with basis set size for these processes has been shown to
be closer to n2% rather than n*. The integral transformation is therefore more expensive
than the SCF step, but apart from second-order perturbation theory, most correlated
methods are at least O(n°).

We can estimate the increased relative cost of relativistic integral transformations
over nonrelativistic integral transformations as follows. For this purpose we assume
that the integral transformation is performed with one triangular pair index and one
square pair index to exploit the efficiency of matrix multiplications. We also assume a
nonrelativistic basis of size n that matches the relativistic 2-spinor Kramers-pair basis.

e The operation count for the nonrelativistic case (multiply and add) is 2n°.

e The relativistic transformation must include integral classes (LL|LL), (LL|SS),
(SS|LL), and (SS]SS). Without any further efficiencies, this results in a factor
of 4 increase in the operation count.

e In the optimal implementation of time-reversal symmetry, there are four classes
of integrals over molecular spinors, (pgq|rs), (pqlrs), (pqlrs), and (pq|rs),
each of which scales the same. Without further efficiencies, this also results in a
factor of 4 increase in the operation count.

e The integrals are complex, introducing another factor of 4, an overall factor of
64, and a total operation count of 128n°.

e However, in the first half-transformation, we can exploit the common indices,
and add the half-transformed integrals to yield (pqg|LL), (pq|SS), (pg|LL), and
(pg|SS) integrals, with an operation count of 24n°. The operation count for the
second half-transformation is also 24n°, yielding a total of 48n°.

The Kramers-restricted integral transformation is therefore 24 times more expensive
than the nonrelativistic integral transformation.

2. Relativistic integral transformations were first discussed by Esser et al. (1981).
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Here we have only considered the transformation of integrals from the 2-spinor
basis. The transformation of integrals from a scalar basis is a little more complicated
because there are sums over spin components, but it is no different in principle.

Kramers-Restricted Moller-Plesset Perturbation Theory

The use of low-order perturbation theory is probably the cheapest and conceptually
simplest method for including correlation effects in a quantum-chemical calculation
while maintaining a minimum of formal rigor. In particular, Mgller—Plesset perturbation
expansions to various orders (commonly denoted MPn) have seen widespread use. For
our purposes it is sufficient to discuss only the MP2 expansion, which is the lowest
order that contributes beyond the mean-field approximation.

The Mgller—Plesset zeroth-order Hamiltonian is just a sum over Fock operators,
which can be expressed in second quantization as

Ho=Y ai'a e. (12.9)
i

This Hamiltonian gives a zeroth-order energy that is a sum of orbital energies, and there-
fore double-counts the electron repulsion. The perturbation is the difference between
the mean-field electron interaction and the full electron—electron interaction operator,
the so-called fluctuation potential. Thus, the first-order contribution to the energy just
corrects for the overcounting of electron repulsion in £ and we recover the energy
from the mean-field calculation

EMF = O 4 g, (12.10)

The general expression for the second-order energy with a single-determinant refer-
ence is

. . 2
oly s i [Galljb) (12.11)

€; — €5 — €
7 ap GiTEi TG~

where the € are eigenvalues of the Fock matrix and (ia||jb) are the antisymmetrized
two-electron integrals

(ialljb) = (ial jb) — (iblja). (12.12)

This expression applies equally to the nonrelativistic case expressed in terms of spin—
orbitals and the relativistic case expressed in terms of spinors. In nonrelativistic MP2,
the sums over 7, j and a, b span the range of occupied and virtual one-electron func-
tions, respectively. In the relativistic formulation the sum over virtual functions can only
include spinors with positive energies if we are to stay within the no-pair approximation.

The usual zeroth-order wave function for an MP2 expansion is a closed-shell single
determinant. For the nonrelativistic case we can exploit this fact and spin symmetry



214 FOUR-COMPONENT METHODOLOGY

in order to reduce the expression for £ to one involving only unique integrals over
real spatial orbitals:

2(ialjb) — (ib|ja)](bjlia
EI(\I%ZZZ [2(ial jb) — (ib] ja)1(bj ) (12.13)
— € +€j—€,—€p

i,j ab
The sums extend over all orbitals. However, use has been made of the symmetry in
the indices i and j to collect the terms.

For the relativistic case, we use time-reversal symmetry instead of nonrelativistic
spin symmetry to effect a reduction, and we introduce a set of spinors that are grouped
as Kramers pairs. If we exploit time reversal on the integrals, we find that

(ial|jb) = (1a||jb)*, (12.14)

and we can use the bar-reversal operator to derive expressions for all the other integrals.
Making use of these relations results in a reduction of a factor of 2 in the number of
terms in the sum for the second-order energy. If we also exploit the equivalence of
the index pairs @ and b, and i and j, we arrive at the following expression for the
Kramers-restricted second-order energy:

1 |Galljb)|* + 2| GalljB)| + |Gall jb)|
E® = _

2;; € +e€j—€q—€p
T (12.15)

LYY (Galljb)|* + | Galljb)|*

ij ab €itej—€—e
This is not quite a reduction of a factor of 4 that would be expected from the integral
equivalences under time reversal.

Comparing this expression with the nonrelativistic expression, we see that there are
five times as many terms. This does not translate into a factor of 5 in the amount of work.
For that, we need to consider the number of floating-point operations. Designating the
number of occupied orbitals O and the number of virtual orbitals N, there are 0?V?
terms in each sum, both relativistic and nonrelativistic.

In the nonrelativistic expression, there are two adds and one multiply to form the
numerator. To form the denominator, the orbital eigenvalues can be added in pairs to
form arrays of order 02 and V2. The work to assemble the final sum of orbital energies
is then one add per denominator. Finally, there is one divide and one add per term to
accumulate the energy. The total operation count for the nonrelativistic MP2 expression
given above is therefore 602 V2,

In the relativistic expression, the work required to form the denominator is the
same as for the nonrelativistic expression, but only needs to be done once for all
sums. The integrals are complex, so each numerator term requires the equivalent of
three adds and two multiplies. The five numerators can be added and then the division
and accumulation performed. The total operation count is 3102V 2. The relativistic to
nonrelativistic ratio is therefore a little more than 5.
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The expressions given above have complete sums over all indices, which can be
exploited to simplify the implementation. However, we can reduce the operation count
by restricting the summation ranges and exploiting the index symmetry. The relativistic
expression reduces to

. N LTy (2 L= (2
P Sl i il e U LI < PP RPS o (1)

€ +€j—€,—€p b € +€j—€—¢€p

i>j a>b i~
\Gall7D)|? \(GalljB)|?
+2 _ 42 _— 12.16
;;Q—i—q—éa—éb ;%6,‘—%6]‘—6“—617 ( )

The operation count for this expression is 12.502V?2. The nonrelativistic expression
given above cannot be reduced in this way, but we can use the above relativistic
expression and treat the unbarred and barred spinors as o and S spin—orbitals. We are
left with the expression

(ialjb)|* (ia) jb)|’
EIS%]%:Z Z Z % + 2(2—51']')2 #

i>j a>b T T i>j a,b Gte—Ca—6
(12.17)

The operation count for this expression is 1.5 0%V?2, and the relativistic to nonrela-
tivistic ratio is now a little more than 8. The index restrictions therefore benefit the
relativistic MP2 method less than the nonrelativistic method, but the ratio is still much
less than that for SCF calculations.

Symmetry reductions for the relativistic MP2 method follow very similar lines
to those for the DHF method. For the complex reps (singly degenerate in pairs)
the integrals with an odd number of bars vanish, while for the real irreps (doubly
degenerate), the integrals become real. Both result in reductions of a factor of
approximately 2.

One great advantage of the MP2 method is that it may be cast in a semi-direct or
integral-driven algorithm where classes of integrals are recalculated rather than stored.
The general experience is that a relativistic MP2 calculation requires roughly the same
computing time as a mean-field calculation.

The Mgller—Plesset perturbation expansion is based on a given set of one-electron
functions, which do not change during the calculation. For the relativistic case, this
means that in the no-pair approximation spinor relaxation through mixing of positive-
and negative-energy solutions is sacrificed, as discussed in the previous section.
While this usually is of little importance for the calculation of correlation energies
and molecular geometries through perturbation theory, care must be exercised in the
calculation of properties from a perturbation expansion.

As mentioned above, the MP2 expansion usually starts from a closed-shell, single-
determinant zeroth-order wave function. For the nonrelativistic case, several schemes
for extending this to open-shell system have been proposed and applied. Most of these
schemes can also be cast in an equivalent relativistic version. There are, however, some
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peculiarities of open-shell Kramers-restricted MP2 when the open shell is spin—orbit
split, particularly if one is aiming at calculating energies including basis-set superpo-
sition error (BSSE). Suppose we are calculating the dissociation energy of a diatomic
molecule such as Cl, by the counterpoise method. The Cl atom calculation with the
other Cl as a ghost does not have the full atomic symmetry. The p1,> and p3/> spinors
with @ = 1/2 mix and the basis set on the ghost atom contributes a greater energy
lowering to the o component than to the 7 component. This affects the calculated
spin—orbit splitting and changes the energetics.

The presence of the ghost basis is not the only problem with open-shell relativis-
tic MP2 calculations. In nonrelativistic calculations there is a symmetry breaking due
to the lack of spherical averaging, but it is small and not very orientation-dependent
for reasonable basis sets. In relativistic calculations the symmetry breaking involves
the spin—orbit interaction, and affects the core spinors indirectly. These may rotate
significantly because the energy differences between the spin—orbit components are
much smaller than the energy differences between the shells. Thus the symmetry
breaking at the SCF level can propagate into the core. In subsequent MP2 calcula-
tions the resulting eigenvalue shifts can cause an increased energy difference between
the two nominally identical states. The only remedy is to use methods that permit
orbital relaxation and in which the core is also allowed to relax.

For more than one open shell, the wave function can consist of two or more deter-
minants. To do MP2 calculations for dynamic correlation on these systems requires a
multiconfiguration perturbation theory. The various theories proposed can be reasonably
straightforwardly extended to the relativistic case.

Kramers-Restricted Coupled-Cluster Expansions
Another correlation method commonly used in nonrelativistic quantum chemistry is

the coupled-cluster (CC) method. In this method the wave function is developed by
applying an exponential wave operator to an N-particle reference function,

v =l @, (12.18)

where the operator T is a sum of products of excitation operators E and amplitudes
(or expansion coefficients) ¢,

T=T1+D+T5+ -

—ZZ; E“+ZZt”bEab+ZZt,‘ﬁ‘E“b‘ S (12.19)
y

ijk abc

Note that these excitation operators differ from those of section 9.1. They are given in
terms of one-particle creation and annihilation operators as

E! = as a;; E?jb = aja;jaj ai; E“k =a, apa. a aj a;,.... (12.20)
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To simplify the appearance of the equations, we invoke the Einstein summation
convention for this section, in which a summation over repeated indices is made. The
expression for 7 reduces to

T=t0Ef + 1P ES + (S BBt . (12.21)

The CCSD method (coupled cluster with single and double excitations) truncates the
expansion of T after the double excitation term, 7>. The 7, amplitudes obey the relations

that is, they are antisymmetric to index interchange in the occupied spinor space and
the virtual spinor space.

If the reference is a closed-shell determinant, it is symmetric under time reversal.
We require that the coupled-cluster wave function is also symmetric under time reversal,
because the wave function is nondegenerate and has an even number of electrons. Then

Rw =LKl @y = eI Ry (12.23)

Thus K commutes with the wave operator and the wave operator is therefore symmetric
under time reversal. Because of the structure of the wave operator, each term 7; must
be symmetric under time reversal. We now introduce a Kramers-pair basis, and apply
the time-reversal operator to the fl term, to obtain

KTy =K [tf Ef + 1 E¢ + 1 Ef + 17 E7]
=K1

ata; +K t asta: +K tia aita; +K t- ag a;

) ) . (12.24)
=t'*az a; —1t! *aa a; — " aq' a; +t,—“*aaTa,-
_ .a%x pa ax pa ax pa ax pa
=" E —t"E; —t;TE; +17 E]
which gives the relations
14 = 4%, 14 = —*. (12.25)

These are the normal relations expected from time reversal of a one-electron operator.
Similarly, for the two-electron amplitudes,

ab __ ,abx. ab abx, ab __ ,abx. ab abx
fy =gy =675 gy =8y =g (12.26)
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If we use these equalities between the various excitation amplitudes of the same rank,
we can simplify the expressions somewhat. For 77 we get

T = 1l ag'ai + t aq'a; — 5 azla; + t ag' ar
= (Ret! +ilmr)a, a; + Retd +ilm*) a, a; (12.27)

— (Rer® —ilmt*)az'a; + (Rer® —ilmt*) az'ar .

We can use the excitation operators defined in (9.14)

A

i + AL + .
Eij =ap'ag+ aj'ag , E;, = aglag F ay ag | (12.28)

to simplify the final expression for 71 to
Ty =Ret! Ef + ilmt! E. + Rer® Ef + ilmt® E,.. (12.29)

Here we have to use the operators E piq and not the X f;q. The reason is that to ensure that
the commutator expansions in coupled-cluster theory truncate, the wave operator must
be expressed in terms of excitation operators between two disjoint one-particle spaces.
This expression and the corresponding one for T, form the basis for the Kramers-
restricted CCSD (KRCCSD) method (Visscher et al. 1995).

As for the SCF method, the main reductions due to double-group symmetry follow
from the nature of the irreps. For quaternion irreps, all amplitudes are in principle
nonzero; for complex and real irreps the odd-bar amplitudes vanish, giving a reduction
of a factor of 2; and for real irreps the imaginary part of the amplitudes is zero, giving
another reduction of a factor of 2.

At this point, we pause to consider the cost of the relativistic KRCCSD method
compared with the nonrelativistic spin-restricted CCSD method.

e The fact that the integrals are complex in the relativistic version gives a factor
of 4 increase in the number of operations.

e The scaling of the CCSD equations is O(n°®), where n is the number of basis
functions. Thus the increase due to lack of spin symmetry in the relativistic case
should be a factor of 2° = 64.

e The reduction due to the optimal implementation of time-reversal symmetry is a
factor of 8.

The KRCCSD method is therefore a factor of 32 times more expensive than the
nonrelativistic CCSD method.

Before proceeding to open-shell theory, it is worth noting that CCSD properly treats
the nondynamical effects that are missing in a single-determinant reference function,
which were discussed in section 12.1. This is because the coupled-cluster wave function
is an infinite-order expansion to the given excitation level: the coefficients of the
determinants that complete the reference expansion and all the excitations from these
are included and optimized in the coupled-cluster wave function. Also, the presence of
single excitations accounts for the orbital relaxation that would correct the distortion
of the reference determinant.
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Open-Shell Kramers-Restricted Coupled-Cluster Expansions

Open-shell coupled-cluster theory can be formulated in terms of the one-particle spinor
or spin—orbital basis. However, spin-restricted or Kramers-restricted open-shell theories
are complicated by the ambiguous role of the open-shell orbital or Kramers pair. We
develop here the basic outline of open-shell Kramers-restricted coupled-cluster theory.

We consider first the case of a single electron outside a closed-shell core, for which
the reference N-particle functions form a Kramers pair of states

Koy = &p. (12.30)

Because the open-shell spinor is different for the two partners, the Kramers-unrestricted
wave operator cannot be the same. At the least it must differ in the terms that involve
the open-shell Kramers pair. Hence we must have two excitation operators, 7 and 7,
such that

v=cl o, = & (12.31)

(where we have omitted the operator “hat” over T for typographical reasons). Since
the correlated wave functions must be related by time reversal, we can derive a relation
for the wave operators:

el =Kel. (12.32)

This relation gives us a connection between the ¢ amplitudes and the 7 amplitudes, but
it does not provide any relation between ¢t amplitudes for the Kramers partners such as
we get for the closed-shell case. This stands to reason, because the amplitudes represent
the configuration mixing due to correlation, and we cannot expect the correlation to
be the same for @ and B spin in an open-shell doublet. The incorporation of spin—
orbit interaction makes no change to this picture, in which the Pauli repulsion between
spin—orbitals of the same spin is transferred to spinors of the same irrep row.

The only way to get a wave operator that is symmetric under time-reversal symmetry
is to impose the restriction from the beginning. While this fixes the relations between the
amplitudes, it also forces the occupied and the unoccupied Kramers components of the
open shell to be treated equivalently. This equivalence is what introduces the ambiguity
in the treatment of the open shell: the open-shell Kramers pair must behave as both a
particle and a hole, and the result is that the truncated commutator expansions in the
coupled-cluster equations are much longer than in closed-shell theory. The alternative
is to use an unrestricted wave operator with the Kramers-restricted spinors. The use
of the latter provides some reduction in the work due to the relations between the
integrals, but not a full reduction (Visscher et al. 1996).

The same considerations also apply to the case of two open shells where the product
of the fermion irreps for the open shells belongs to a doubly degenerate boson irrep.
In this case the reference is a single determinant, related to its partner by the time-
reversal operator. Because there is no symmetry between the open shells, we cannot
derive relations between the amplitudes for Kramers partners.
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However, if the product of the fermion irreps for the open shells belongs to a
singly degenerate boson irrep, the wave function is symmetric under time reversal, and
hence there ought to be a way of devising a Kramers-restricted method. We write the
reference as

Dy = (@ + D)/V2 (12.33)

where @ and @ are the two open-shell determinants related by

Ko = d: K = (12.34)
The correlated wave function is
W=l @, (12.35)

Applying the time-reversal operator, we find that

A

[K,ef]=0 (12.36)

because K¥ = ¥ and K@y = . The relations between the amplitudes follow, just
as for the closed-shell case. However, the same problem exists as for the open-shell
doublet case: the T operator contains excitations into and out of the two open shells.

One way to address this problem is to treat the two configurations as a model space,
and use the approach of Jeziorski and Monkhorst (1981) to determine the correlated
wave function and energy. In this approach, the reference determinants are correlated
independently with the unrestricted wave operator form, except that excitations internal
to the open-shell space are excluded. Thus, the Ty operator is

Ty = 0B + ' EY + 10E¢ (12.37)

where u and v are occupied and unoccupied open-shell spinor indices, but it does not
include the term ¢} E). The two reference determinants are related by time-reversal
symmetry according to (12.34), and give rise to two correlated functions,

v=el o T =e & (12.38)

which are also related by time reversal,

Ky =¥, K¥ = (12.39)

It follows that K7 = 7. We therefore only need to determine a single set of ampli-
tudes in an unrestricted CC calculation with a Kramers-restricted basis. The energy is
obtained from a 2 x 2 diagonalization in the correlated model space. Since the two
correlated reference functions are degenerate, no diagonalization is strictly necessary.
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As a bonus, we get the energy for both of the states that are formed by taking the
sum or difference of the reference functions,

VL = (¥ +0)/V2. (12.40)
Substituting for the correlated references, we have

HeTd + Td)=Es(Td + o D) (12.41)

Projecting on the left with ®e~7, we get
(@ TheT |0) + (Ble THeT |Gy =Ex (1 + (@|e Tl |B)).  (12.42)

Because @ and @ are related by a double excitation in the open-shell space, and because
we left excitations within this space out of the excitation operators, the second part of
the normalization term is zero, and the energy is given by the left side of the equation.
This technique can be used for open-shell Kramers pairs belonging to complex or real
irreps, but not to quaternion irreps. In the last case, there are four determinants that
are composed of the open-shell spinors, and even though they occur in pairs related
by time-reversal symmetry, the Hamiltonian operator connects all four. In the case of
complex irreps, the absolute value of the off-diagonal matrix element must be taken,
because it will in general be complex.

For systems with more than two open shells, it is in general necessary to resort to
multireference methods. This section has dealt only with state-specific coupled-cluster
methods, also known as state-universal methods or Hilbert space methods, for which
a considerable amount of effort has been expended on nonrelativistic multireference
methods.? The alternative, which is much more suited to multireference problems, is
the valence-universal or Fock space method, which has been developed for relativistic
systems by Kaldor and coworkers (Eliav and Kaldor 1996, Eliav et al. 1994, 1998,
Visscher et al. 2001).

Configuration Interaction Expansions

We have already pointed out that the situations in which a single-determinant wave
function can be used as a reference for a correlated method are much fewer in
relativistic theory than in nonrelativistic theory. We must therefore resort to methods
that do not assume a single-determinant reference. Whether we treat dynamical cor-
relation perturbationally or variationally, it is usually the case that we need to obtain
eigenfunctions of some N-particle Hamiltonian, and so we turn to CI methods.

Once a set of transformed integrals is available, there is a large variety of non-
relativistic methods to solve the CI problem. Most of these can also be applied to

3. See for example the book by Hoffmann and Dyall (2002).
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the relativistic case with small modifications. In following sections, we examine in
more detail the relativistic CI and MCSCF methods. Some of the earliest work in this
area was done by Esser and coworkers (Esser et al. 1981, Esser 1984a, 1984b) who
developed multireference CI methods taking time-reversal symmetry into account, and
developing the machinery of the Graphical Unitary Group Approach (GUGA) for the
relativistic case.

We begin in this section with a brief overview of the main principles of modern CI
methods. Here, we assume that we want a single eigenstate, but it is easy to generalize
to a set of eigenstates.

In the early days of CI calculations, the Hamiltonian matrix was constructed and
diagonalized directly to yield all the eigenvectors and eigenvalues. The fact that diag-
onalization scales as M3, where M is the number of determinants in the CI expansion,
soon exposed the limitations of this approach. The limitations are even more severe in
the relativistic case because of the greater number of determinants for the same one-
particle space. Moreover, it is rarely the case that one is interested in all M eigenstates.
Iterative methods were therefore developed for extracting the lowest few eigenstates
by Davidson (1975a), which reduced the scaling from M3 to M?. The method works
as follows.

The CI wave function ¥ is expanded in a set of N-particle functions @;

U = Z C;®; (12.43)
i

giving rise to the matrix eigenvalue problem
HC=EC (12.44)

where H is the Hamiltonian matrix, C is the coefficient (column) vector, and E is the
eigenvalue. The essence of the Davidson method is to expand the coefficient vector in
a set of basis vectors that are developed with some physical motivation, as follows.

The first step is to make a guess, Cy, at the eigenvector of interest. For instance,
for the ground state we may use the reference configuration as a first guess. Using this
guess, we generate the vector* a, given by

a=HCy. (12.45)
We can project this vector onto the original guess Cp

D=Cl-a=ClHC)=E,. (12.46)

4. This vector is normally called o, but to avoid confusion with the Pauli matrices we have chosen a different
notation in the present context. Likewise, the residue vector b commonly appears as r.
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D is in fact the energy of the initial guess vector. We can partition the eigenvector,
the energy, and the Hamiltonian as we would in perturbation theory (but without the
perturbation parameter),

H=Hy+H; E=Ey+8E; C=Cy+5C, (12.47)

where Hy is the diagonal of H. This is usually a good approximation because H is
diagonally dominant. Here, however, we will not be using perturbation theory directly,
but rather deriving a correction vector that we can use to develop a basis for solving
the eigenvalue equation. Substituting into the eigenvalue equation and rearranging, we
can write

(H— Ey) Cyp = (Eg —Hp)6C + SECy + (BE —H')SC. (12.48)
We define the left-hand side as the residue vector b by
b=a— EyCy (12.49)

This vector is orthogonal to Cyp. If we ignore the second term on the right-hand side of
(12.48) because of its orthogonality to b, and ignore the third term because it is small,
we get an expression for the correction vector q = §C,

q = (Eo—Hp)"'b (12.50)
or in terms of its matrix elements
gi = bi/(Hii — D). (12.51)

Note that q is essentially the first-order correction to the wave function in the perturba-
tion problem represented by the partitioning above. We now orthogonalize this vector
to Cp, yielding a new vector C;. This new vector in turn may be used to calculate
a new a vector, and the H matrix is now diagonalized over the space of the vectors
Cp and C; and a new correction vector calculated. The algorithm runs iteratively until
the norm of the residue vector falls below a given threshold. Each iteration can be
considered as adding the next order in perturbation theory.

The efficiency supplied by the Davidson method is that the main work is in the
matrix—vector multiplications, which scales as M 2 rather than the M3 of direct diag-
onalization. The biggest problem is the storage of the Hamiltonian matrix, which can
be written to disk and read in row by row, or in batches of matrix elements if it is
sparse. Thus, we do not need to keep the Hamiltonian matrix in memory to obtain its
eigenvectors.

It was not long before it was realized that even evaluating and storing the
Hamiltonian placed too severe limits on the size of the CI expansion. For a million
determinants, the number of Hamiltonian matrix elements is 10'2—far too large to store
on disk and read in each iteration, even if the matrix was sparse and the sparsity could
be exploited. The Hamiltonian is, however, composed of integrals over the molecular
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orbital basis, of which there are n*, where n is the number of basis functions. This
number is usually a lot smaller than the number of Hamiltonian matrix elements, so a
method in which the integrals were stored and used directly to construct the product of
the Hamiltonian matrix with a vector would be preferable. This is achieved in the so-
called “direct CI” method, developed by Siegbahn (1984) in a CSF basis and extended
to a determinant basis by Knowles and Handy (1984).

The key to the method is to use the second-quantized version of the Hamiltonian,
and express the /th component of the b vector as follows:

b=y [Zq“lémmhm + Z(Hémmuquvs)} Cy

7 LD pars (12.52)

= g (1 Epg1J) Co+ > (palrs) Y (I1épgrs|J) Cy.
pq

pqrs J

The formation of the b vector therefore reduces to a contraction of the one- and two-
electron integrals with the one- and two-particle density matrices,

D{’é:<llél’q|‘]>; P;{qus=<I|épqrs|J> (12.53)

Unfortunately, both of these matrices are much larger than the Hamiltonian matrix
itself—they are of order M?n? and M?n*—so we haven’t gained anything unless
these matrices can be evaluated extremely efficiently, and preferably not stored.

The first step is to expand the two-particle density matrix in terms of the one-particle
density matrix, which we can do by expanding é,,,, and inserting a resolution of the
identity:

P]fj = <I|quérs _Sqréps|1)

qrs

= I Epg | KWK |Erg|J) =850 (I Epg|J
D U Epg | KWK | Erg|J) = 840 (I| Eps | J) (1250

K
_ IK pKJ 1J
_ZDP(I D™ = 8gr D
K

At the expense of an extra summation, which introduces a step of order M 2 we
have reduced the two-particle density matrix to a sum involving one-particle density
matrices. The CI problem therefore reduces to the problem of evaluating the one-
particle density matrices efficiently.

It is at this point that the N-particle basis comes into play. If we choose a deter-
minant basis, or can transform the basis to a set of determinants, we can also factorize
the states, and further reduce the CI problem. Since we want to apply this method to
the relativistic case, we take as our N-particle basis the determinant basis introduced
in chapter 9, given in terms of A and B strings, which we will here consider to take
the role of the o and B strings of nonrelativistic theory. We also have to expand the
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excitation operators into their spin components,
ot F o _ pA £ B
Epg=apaq +ajas =E, +E,, (12.55)

For a given number of o and B electrons, we can write the coefficient vector as a
matrix, indexed by A strings and B strings,

Cc=Cu4 7% (12.56)

where 74 indexes A strings and J? indexes B strings.
We now expand the states I and J in terms of the strings. The one-particle density
matrix becomes

1J __ AyB | A ;B A B
Dy =(I"I°|E}, + E, | J4T7)
=8, B (I"Ep 1 JY) + 84 jal 1P Ep 1 T7) (12.57)

_ 1J,A 1J,B
=068 y8Dpy" + 8,4 jaDyy ™.

If ny = ng, the number of strings is v/M, and the density matrices over the strings
are now only of order n>M, which is easily manageable, especially in a loop over the
orbital indices. Moreover, from Slater’s rules, these density matrices are sparse and
reduce to a sign that comes from the commutation of the creation and annihilation
operators. They are therefore very easy to evaluate and can be calculated as needed.

The transition to the relativistic case is straightforward, but it brings with it extra
considerations and some complications. The structure of the relativistic determinants in
terms of A and B strings is identical to the structure of the nonrelativistic determinants,
so there is no change there. Likewise, the creation and annihilation operators have the
same behavior whether we interpret them as operators for @ and S spin—orbitals or
members of a Kramers pair. We can also replace the E and ¢ operators with the
X and £ operators. What differs is the integrals, the types of excitation operators,
and the structure of the Hamiltonian. The relativistic case has classes of integrals
that are zero in the corresponding nonrelativistic case, which correspond to operators
with odd numbers of bars for a given electron coordinate. The Hamiltonian is block-
pentadiagonal and covers the full range of determinants, whereas in the nonrelativistic
case the off-diagonal blocks are zero and we only need to consider a single block.

The main complication arises when we consider the off-diagonal blocks. The blocks
on the first off-diagonal have contributions from the odd-bar integrals and operators
and the blocks on the second off-diagonal have contributions from integrals with two
bars. The X operators in both cases can be reduced to expressions that contain X3 - and
X ; 4 operators. These operators connect A and B strings, and so we lose the benefit of
the factorization of the determinants into A and B strings.

What we can do about this complication is to factorize the density matrix elements
into matrix elements over a single creation or annihilation operator. For the one-particle
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density matrix over X fq’ the factorization falls out easily:

Dlj,i

i <1|)?jq|1)=<1AIB|aPTaq Fas az |JATE)

(1214, 174017 Lag 1)

F (1% a1 J4) (18 ap |JB>]. (12.58)

We can also reduce the density matrices for the X [ij operators with the introduction of
another resolution of the identity:

1J,+ _ ot _ 7AyB  t R A ¢B
DL = (11X, | T) = (I'1%ay ag &+ aglap |TATP)

=68, Y (1M lap KA (KA a1 9%)
P (12.59)

8,4 4 3 (P10 1KP)(KP apl J5)].
KB

The strings on each side of these matrix elements differ by one electron, and for
each string on one side of the matrix element there is only one string that is connected
to it by the creation or annihilation operator. This matrix is therefore very sparse:
instead of being order nM, it is only of order n~/M. The matrix elements themselves
must have the value 1, determined entirely by the number of permutations required
to move the extra electron to one end of the string. All that is needed to evaluate the
matrix elements is a list of pointers from the parent string to the daughter string for
each annihilation operator and the sign change for the permutation. The number of
quantities stored is therefore only 2n+/M integers. This approach was pioneered in
the nonrelativistic context by Knowles and Werner (1988). In atomic structure theory,
these matrix elements are called “coefficients of fractional parentage.” Here we can
simply call them parentage coefficients, because they describe the connection between
a parent and a daughter state.

We expanded the X operators into the primitive products of creation and annihilation
operators to achieve this factorization. Instead of first expanding the X in terms of X, we
can expand them directly in the primitive products of creation and annihilation opera-
tors, to obtain the sums of products of parentage coefficients. As an example, consider
the second off-diagonal block, for which the two-particle density matrix factorizes
naturally:

(118 a, a, az az |J4TB) = (14 a, a, 1 TA) (18 |as ag | JB). (12.60)

The coefficients in this expression are “grandparentage” coefficients, and could be
stored instead of using the parentage coefficients, at a cost of 2n2+/M. The contribution
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to the b vector is then

b 1%y =" (pglrs) Y (INay'a, 174 (18 as az |T%) C(I*, TP).
pqrs JAJB
(12.61)

Evaluation of these contributions can be done at a cost of the order of n* M operations.

The second complication in relativistic direct CI arises because we have to consider
all possible determinants, from those represented entirely by A strings through products
of A and B strings, to those represented entirely by B strings. The most efficient strategy
may vary from one block of the Hamiltonian to the next. However, each block can be
treated independently, and therefore the work can be performed in pieces that do not
exceed the size of the corresponding nonrelativistic problem.

The Cost of Configuration Interaction Methods

Earlier we compared the cost of nonrelativistic and relativistic methods for perturbation
and coupled-cluster calculations, and also the cost of transforming the integrals. We
now turn to the cost of CI methods, and consider the case of a full CI, which is the
basis of the complete active space (CAS) SCF method, and of a singles and doubles
CI (SDCI) calculation, which is often used for dynamic correlation from a given active
space.

For this purpose we use the determinant basis introduced earlier (chapter 9), given in
terms of A and B strings, and consider all possible determinants that may be constructed
from a given set of Kramers pairs. We group these determinants into subsets with a
given value of N4 and Np, characterized by Mg = %(NA — Np).

In the nonrelativistic case, the CI expansion is limited to a given Mg = Mg value
due to spin factorization. In this case the length of a full CI expansion, in the absence
of symmetry, is ( I\Y’la)( 1\111 ) where n is the number of active orbitals. In the Kramers-
restricted relativistic case, the CI includes all possible M values because of the spin—
orbit interaction. The length of a full CI expansion is therefore (i’,’)

The lengths of the N-particle bases for relativistic and nonrelativistic calculations
for the case of 12 electrons in 12 active orbitals is presented in table 12.1, which clearly
demonstrates the size problems connected with the relativistic full CI expansion. In the
best possible case, for Mg = 0, the relativistic full CI vector is only three times the
length of the nonrelativistic vector.

The immediate consequence of this increased number of determinants is an increase
of the size of the Hamiltonian matrix. For the Mg = 0 case, the relativistic Hamiltonian
matrix has nine times as many elements as in the nonrelativistic Hamiltonian matrix.
We would expect the work in multiplying the Hamiltonian matrix by a vector (the
time-consuming step in modern CI procedures, as discussed in the previous section)
to increase by a factor of 36:9 from the size of the Hamiltonian matrix and 4 from the
complex arithmetic.

In section 10.6, we showed that the relativistic Hamiltonian is block pentadiagonal,
so the scaling of the number of matrix elements is actually less than the square of the



228 FOUR-COMPONENT METHODOLOGY

Table 12.1 Length of N-particle basis for 12 electrons in 12 orbitals

Mg Determinants Ratio R/NR
0 853776 3
1 627264 4
2 245025 11
3 48400 55
4 4356 629
5 144 18778
6 1 2704156

Symmetry is not used. The second column is the number of determinants in the nonrelativistic
(NR) expansion. The number of determinants in the relativistic (R) expansion is the same
for each Mg at 2704156.

R/NR ratio—in this case about 75% of the ratio. The symmetry of the Hamiltonian
about both diagonals is also found in the nonrelativistic case by a suitable ordering of
the determinants, so the gains from Hermiticity and time reversal on the matrix itself
are the same in both cases.

The scaling can be reduced by constructing a real basis according to (9.58). The
Hamiltonian matrix is still block pentadiagonal and symmetric but it lacks the symmetry
about the other diagonal. The reduction in work is therefore only a factor of 2. Taking
into account the 75% due to the block pentadiagonal character of the Hamiltonian, the
overall increase in work is about a factor of 14.

The second example of the cost of CI methods is the case of double excitations
from a closed-shell determinant with no spatial symmetry. In the nonrelativistic case,
there are four excitations for each pair of occupied orbitals 7, and virtual orbitals a,b.
These arise from singlet and triplet coupling of the holes in the occupied orbitals, which
must match the coupling of the virtual orbitals, to give an overall spin singlet. In the
relativistic case, all of the 16 possible excitations from an occupied Kramers pair to a
virtual Kramers pair survive, because in the absence of spatial symmetry all products
of an even number of spinors generate the A representation. The expansion length is
therefore four times longer in the relativistic case. The extra excitations correspond to
products of the singlet and triplet spin functions that yield an overall spin triplet and
spin quintet, and these are connected by the spin—orbit interaction. The Hamiltonian
matrix is 16 times larger, and the work is therefore 64 times the work of a nonrelativistic
CI, calculation, due to the complex arithmetic. Following the same line of reasoning
as for the full CI construction of a real basis reduces the work to a factor of 32. This
is the same factor as for CCSD calculations, which is not surprising.

Relativistic Multiconfiguration Self-Consistent Field Theory

The special importance of multiconfiguration SCF (MCSCF) methods in relativistic
calculations was discussed in the introduction to this chapter. But quite apart from
this, we know that MCSCF methods are very useful in nonrelativistic quantum chem-
istry, where various brands of the method, such as complete active space (CAS) SCEF,



CORRELATION METHODS 229

restricted active space (RAS) SCF, and the general valence bond (GVB) methods,
have had considerable success and impact. It is therefore clearly desirable to develop
a relativistic approach to MCSCEF calculations. It is obvious that the conclusions about
relativistic multireference expansions may be applied directly to the CI part of the
MCSCEF case. In addition to this, we must also give special consideration to the treat-
ment of time-reversal symmetry as well as the possibility of complex expansion and
spinor rotation parameters. Here we will only touch rather briefly on some of the
underlying principles of relativistic MCSCEF calculations. We will not provide exten-
sive technical descriptions in terms of formulas and algorithms for a Kramers-restricted
MCSCEF scheme as these may be found in Jensen et al. (1996).

The general MCSCEF iteration starts with an orthonormal one-particle basis and a
wave function calculated through a number of previous iterations (or from some suitable
initial guess). If we assume that the process has completed iteration number k, the wave
function at this stage may be written as ¥ ), The (optimal) MCSCF function is derived
from this by means of orbital rotations in the one-electron basis and expansion in the
set of N-electron states. In parametrized form we may write this as

W(Cr)=e*|w® 1Py Cpp, | ST (12.62)

2

where k represents the orbital rotations, C the expansion coefficients for the N-particle
basis, and P is a projection operator that maintains the N-particle variational space
orthogonal to the current wave function, that is

P=1—|@g®ygh (12.63)
S is a normalization factor arising from the variation in the N-particle space

S=1+4Y CiCu{®u]®y). (12.64)
Hn,v

In line with what we have said previously, we must in general expect the orbital
mixing coefficients ks to be complex and the k¥ matrices to be anti-Hermitian. In a
Kramers-restricted formalism the operator e~* must be invariant under time reversal,
and we can incorporate this requirement by expressing the elements of k in terms of
the X* operators:

I v — 1 - 1 v—
K = Z (KrSer + EK,«EX’,E + QK,TSX— )
r,s

= (krsXps +Krs X s — K} X — kX5 22 K Xz — K5 X5). (12.65)

r<s

Note that with an orthonormal one-particle basis, and time-reversal symmetry imposed
in this manner on the variational space, it is possible to use unconstrained optimization
techniques for parameter variation. Further simplifications of the ¥ matrix arises for
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the case that we have real or complex groups, as described previously. Redundant rota-
tions are, of course, excluded from the variational space. The nonredundant rotations
include rotations between occupied spinors and negative-energy spinors, as discussed
in chapter 8. However, if a good starting guess is available, such as from a DHF calcu-
lation, neglecting the rotations with the negative-energy spinors is likely to be a good
approximation.

We now collect the variational parameters in a column vector A, that is

r=[C.k,C*e*], (12.66)
where we have also included the complex conjugates of the parameters to account for
the two degrees of variational freedom represented by the real and imaginary parts of a
complex number. In this variational space our current wave function ¥ ®) corresponds
toA = [0,0,0, O]T. The total energy of the MCSCF wave function may now be
written as

EQ) =ER)S™! (12.67)

where, in agreement with standard practice (Jgrgensen and Simons 1981), we can
expand £(A) as

en = (D@ )P+w® e [w® +p(3coo,) )
m y

+P(> ).
%
(12.68)
This formulation requires that the integrals are transformed to the one-electron basis
of the current iteration.
We can expand the total energy in a Taylor series in the variational parameter A as
EM) = EV A EM + IVTERIL 4. (12.69)

Here

EO] — <lp(k)|1f1|qj(k)>

IE
/)i (12.70)

EZ = <—32E> :
A Jazo
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We can write El'l as a column vector explicitly in terms of the variational parameters,

9E OE OE OF
g7 _ (_ 9E , (12.71)

aC’ 9k’ aC*’ BK*)[C,K]:[O,O]

and similarly E[?! expands to a 4 x 4 matrix. The elements of El!l and E?! may be
found by straightforward differentiation of the expression for the total energy. For E!!
we get contributions of the type

IE .
El = —| =(o,|H-—E"|¢®)
aCk
A=0
IE L
1 k - k
ElM = o =—(w® | [Xx,, H]|w®) (12.72)
Krs Ix=0
IE P
(1] k - k
Er§*: it :_(l]/() } [X§r’H] |l[/( ))
rs 1x=0

where C Sk) is the coefficient of CSF @&, in the reference wave function, v ®_ We can
easily identify in this expression the residue vector from (12.49), which is constructed
in a Davidson diagonalization procedure. Likewise the derivatives with respect to the
rotation parameters can be written in terms of generalized Fock matrices

fur=")_[Dihuq+Dhug+ Y [ Pt wqlrs)+ P (uglrs)]

q qu
+3y° [PEt uglFs)+ Pt uglrs)+ P (uglFs) (12.73)
qu
+ P (uglrs)],

where DIZ and P,j;';s are the one- and two-particle Kramers-restricted density matrices,

D = (wR IR Iw W) PO @), (12.74)

It remains to determine the optimum A, that is the best values of the variational

parameters. There are a number of unconstrained optimization procedures that may be

used for this purpose. One possibility is the second-order restricted-step optimization,

which takes the Taylor expansion of E(A) to second order in A as a starting point. Then
the optimal step may be given as

AE) = —(EP —en~'EM (12.75)

where £ is a scaling parameter. If £ is set equal to 0, this expression is just the optimal
step from the Newton—Raphson procedure, but the most important function of & is to
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scale A such that ||[A(§)|| < h, where & is a trust radius for the optimization in the
present iteration.

In nonrelativistic MCSCF schemes applied to ground states of atomic and molecular
systems, the goal of the optimization process is to locate a global minimum on the
energy surface spanned by the variational parameters. However, for the relativistic case
there is a set of negative-energy solutions with energy below the electronic ground state.
Therefore, the energy must be maximized with respect to rotations between positive-
energy and negative-energy spinors and minimized with respect to all other variational
parameters. This means that the MCSCF energy of the electronic ground state really
corresponds to a saddle point in the spinor optimization space. The convergence of
second-order optimization methods is only guaranteed in searches for minima, but in
this case the energy gap between positive- and negative-energy solutions is so large
that convergence of the optimization process should be quite safe also for electronic
ground states. With a good starting guess, the rotations between positive-energy and
negative-energy spinors could safely be neglected, and then the optimization process
reduces to a minimization. This approximation corresponds to a projection onto the
positive-energy states of the starting guess.

With these provisions the optimization process may proceed in analogy with any
of the various schemes developed for nonrelativistic MCSCF. Jensen et al. (1996)
have shown in detail how this may be done for one particular algorithm—the norm-
extended optimization. The only added complication for the relativistic case arises from
the need to use complex arithmetic. The implementation of time-reversal and double-
group symmetry follows from the discussions of the symmetry of Fock matrices and
of the relativistic many-electron Hamiltonian in earlier chapters.



13
Molecular Properties

Strictly speaking, in quantum mechanics a measurable property is defined as an
observable connected to a self-adjoint operator. However, in common usage the term
molecular property is loosely taken to mean any physical attribute of a molecule,
preferably amenable to experimental measurement. Common examples of properties
of interest to chemists are molecular structure, thermodynamic quantities, spectro-
scopic transition energies and intensities, and various electric and magnetic moments.
The amenability to experiment may exist only in principle—one of the strong points
of modern computational chemistry is the possibility of studying phenomena occurring
under conditions that lie beyond the present experimental capabilities. Sometimes, dif-
ferential effects between different theoretical models are also regarded as properties:
thus the correlation energy is generally considered to be the difference between the
Hartree—Fock energy and the energy obtained from a complete many-electron treat-
ment (e.g. full CI or MBPT to all orders). At best only the latter of these is accessible
to experiment. Similarly, certain relativistic effects (e.g. bond contraction) only appear
as the difference between results from a relativistic and a nonrelativistic calculation.
The calculation of molecular properties in a relativistic framework follows the same
principles as for the nonrelativistic case once a wave function or electron density of
adequate quality is available. Our aim here is therefore not to provide explicit expres-
sions and formulas for the calculation of a more or less complete catalog of properties.
However, in relativistic calculations of molecular properties there are some aspects of
the theory that warrant special care and consideration. In particular, we need to know
how to handle features such as Lorentz invariance, gauge invariance, and negative-
energy states. Moreover, the electric and magnetic fields appear as natural parts of
the relativistic Hamiltonian, and we therefore expect that properties involving these
may require a different treatment from the nonrelativistic case where terms involv-
ing external fields are grafted onto the nonrelativistic Hamiltonian, often based on
some reduction or approximation from the relativistic case. For a more comprehensive
introduction to the various approaches to molecular properties, we refer the reader to
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the extensive, mostly nonrelativistic, literature on the subject (Jgrgensen and Simons
1986, Hinchliffe 1987, Swanstrom and Hegelund 1975).

A convenient, if not very rigorous, classification of properties is to divide them
into two groups—intrinsic and response properties. Intrinsic properties are those that
derive directly from a field-free Hamiltonian (except for internal electrostatic interac-
tion) and include thermodynamic properties, molecular structure, electronic excitation
energies, vibrational energy levels, and so on. Response properties, on the other hand,
measure the response of the molecule to an applied electromagnetic field: here we
find the various electric and magnetic moments, polarizabilities, NMR shielding and
coupling, spectral intensities, and so on. Below, we give a brief discussion of intrinsic
properties within a relativistic framework, then we demonstrate how the relativistic
theory applies to external electromagnetic fields. For this chapter we do not use atomic
units but include physical constants such as f, e, m explicitly, as these give a more
direct demonstration of the dimensionality of the properties involved.

Intrinsic Properties

Up to this point in our treatment of four-component methods, the nuclear framework
of the molecule has been of interest mainly as an electrostatic potential determining the
behavior of the electrons. If we are going to interpret the positions of the nuclei as a
molecular structure, then we should pause briefly and reconsider some of the assump-
tions made on the way to make sure that the mathematical and physical quantities we are
using really cover the concepts that we need in our discussion of chemical properties.
Furthermore, we should ensure that our usage and interpretation of these quantities is
consistent with relativity within reasonable, well-controlled approximations. The stan-
dard quantum chemical model with electrons surrounding a rigid network of nuclear
charges, and where the nuclear positions define a potential surface, has been very
successful. Under favorable circumstances, calculations within this model are able to
predict results in reasonable, and sometimes excellent, agreement with experimental
measurements. Unfortunately, the chain of reasoning leading to this model is far from
perfect. Even for the nonrelativistic case there are difficulties, and introducing rela-
tivity further adds to these problems. The theoretical background for these difficulties
extends far beyond what can reasonably be included here.! Here we will therefore take
a qualitative approach, follow the chain of progressive approximations and point out
where the weaknesses and conceptual difficulties are.

In a strict reductionist view there would be no structure. In the standard model
of particle theory there would be a system composed of quarks and electrons, and
we would have to resort to the full machinery of the standard model for a proper
description. Clearly, this would be a case of serious overkill for chemical purposes: at
the energies available in chemical reactions, the nuclear forces are not accessible, and
internal structure of nuclei becomes uninteresting. So from extensive experience we
know that we can consider the nuclei as single, positively charged particles, although
we do need to take their finite size into account, as discussed previously—and possibly

1. Some of this background has been summarized by Primas (1980).
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some details of their shape, spin, or charge distribution for properties that involve
interaction with the nucleus.

An assembly of nuclei and electrons could be described very accurately within
QED. There would still just be a cluster of particles, our molecule, and any structure
would have to arise out of the dynamics of the system. For reasons pointed out earlier,
QED—if viable at all—would be a very expensive path to calculation of the electronic
structure and chemical properties of molecules. For electrons, we circumvented this
problem by going to a many-particle treatment based on the Dirac equation, as discussed
in chapter 5, and we could presumably do the same here for our cluster of electrons and
nuclei. In doing this, we choose a Hamiltonian description of the system, but alternative
approaches based on a Lagrangian formalism are also possible. In this process we draw
a formal distinction between the molecule and the electromagnetic field, which leaves
us with the normal Coulomb interactions between the particles in the molecule and the
radiation field as an entity external to the molecule.

At this stage we also encounter a difficulty arising from the nature of the relativis-
tic equations. For the nonrelativistic case we would have no problems composing a
Schrodinger equation for the cluster of electrons and nuclei. For the relativistic case,
however, only particles of spin % are described by the Dirac equation. So while we

could set up a total Dirac Hamiltonian accounting for all the spin % particles of the clus-
ter, we would have to resort to other types of Hamiltonians for describing any nuclei
of spin other than % (Greiner 1997). The problem must be mainly formal because we
know that as far as electronic structure calculations are concerned nuclei behave the
same regardless of nuclear spin—at least until we consider hyperfine interactions and
NMR parameters. Moreover, the nucleons are spin % particles and, at least formally,
we could regard the nucleus as a collection of Dirac particles. For simplicity, we will
therefore assume that the particles in our cluster are all Dirac particles, and that it is
possible to set up an overall Dirac equation describing the behavior of these particles.
Using the Pauli Hamiltonian, Bethe and Salpeter (1957) have shown that the error in
doing this should be at most ¢ 2.

To make progress towards the solution of this many-particle Dirac equation, we
would like to separate out translational and rotational motion and work in a molecule-
fixed coordinate system. This is a difficult task even in nonrelativistic quantum
mechanics. For the relativistic case it has some extra complications. In the nonrel-
ativistic case, it is mainly the separation of the rotational degrees of freedom that
creates problems (Sutcliffe 1980). These problems are further aggravated in the rel-
ativistic case by the need to maintain Lorentz invariance (Aaberge 1977). For the
relativistic case the transformation to a center-of-mass system also has problems. Due
to the equivalence between mass and energy, the interaction between two relativistic
particles changes their mass, which in turn affects the transformation to a center-of-
mass frame of reference. One of the theories that deal with this effect leads to an extra
term in the nuclear potential between two particles. The effect is small: for Auy it
has been estimated to lead to a slight bond shortening (Grelland 1980). It is not clear
how this theory can be extended to systems of more than two heavy particles. For
now, the best we can do is to assume that the nonrelativistic procedure for separating
out the rotational and translational degrees of freedom also holds for the relativistic
description to a good approximation and provides us with a molecule-fixed coordinate
system.
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Within these approximations, we now have a cluster of particles described in a
mass-centered, nonrotating system. How does molecular structure arise out of this? At
this point the issues we face are common to both relativistic and nonrelativistic quantum
chemistry. To introduce the concept of structure, we have to mathematically divide the
particle cluster into a nuclear and an electronic part. In solving the electronic part of
the equation, the other, nuclear, part is treated as a classical semi-rigid framework
that we can adjust parametrically. The technique most commonly used to achieve this
separation is the Born—Oppenheimer approximation, which may be regarded as the
lowest order of an expansion about a system of infinite nuclear masses. The problems
inherent in the application of this approximation are the same both for relativistic and
nonrelativistic models. Whether the same measures should also be taken when the
approximation starts to break down has not, to our knowledge, been explored.

Within the Born—-Oppenheimer approximation, we still need to know that the
nuclear position parameters really correspond to the distances and angles of a classical
molecular framework. Our choice of the Coulomb gauge ensures this—the nuclear
positions only appear in the electron—nucleus interaction terms, and the derivation of
this potential from relativistic field theory shows us that it is indeed the quantities of
normal 3-space that appear here. Thus, any potential surface that we might calculate
on the basis of the Born—Oppenheimer-separated electronic molecular Dirac equation
is indeed spanned by the variations of molecular structural parameters in the usual
meaning.

Having recovered the potential surface from the solutions of the Born—Oppenheimer
electronic problem, we can now proceed to solve the equation for nuclear motion.
The Dirac-type equation for the nuclei can easily be reduced to the corresponding
nonrelativistic equation by following the same reduction as we did for taking the
nonrelativistic limit of the Dirac equation in section 4.6. Doing this, we abandon all
pretense of Lorentz invariance for this part of the system, but we know from experiment
that the nuclear relative motion in molecules takes place at rather low energies where
relativistic effects may safely be neglected.

Through this somewhat qualitative chain of reasoning, we have recovered the con-
cept of chemical structure closely connected to that arising from the nonrelativistic
treatment. The same reasoning would, of course, apply to both the ground and excited
states, and therefore we would also recover the concept of excitation energies. Due to
spin—orbit splitting and relativistic shifts of total energies, the relativistic spectra would
differ from those calculated in the nonrelativistic approximation, but the underlying
concepts would be the same.

Thus, for intrinsic properties of molecules, the relativistic treatment in a four-
component formalism can be made completely analogous to the nonrelativistic
treatment. This conclusion is based on a series of approximations, some of which
may be hard to justify stringently. We can take some comfort in the fact that the
models introduced along the way are physically simple and intuitive, such as the sepa-
ration of rotational motion, and the Born—Oppenheimer approximation, and that most
of the neglected effects may quite reasonably be expected to remain insignificant, or
at the least, treatable by similar methods to the nonrelativistic case. The success of
the final model in producing results that agree with experiment helps ease any doubts
we might have about the underlying theory, but it should not disguise the approximate
nature of the model we are using. We do expect the treatment to fail for those cases
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where the nonrelativistic model also has problems, such as in the treatment of “floppy
molecules” where the Born—Oppenheimer approximation does not hold. In addition,
we expect that there may be problems arising from the specific relativistic features of
the chain of approximations above. For intrinsic properties this may include terms from
the frame transformation that would affect geometries, as in the case of Auy quoted
above. For response properties we need to be especially wary of any steps that involve
neglect of strict gauge invariance.

In addition to scattering and diffraction methods for structure determination,
important experimental probes for intrinsic properties are vibrational and rotational
spectroscopy. Rotational spectra will be affected by a relativistic reduction of bond
length, which will reduce the moments of inertia. This lowers the rotational constant,
and we should expect a relativistic red-shift of the rotational spectrum. For vibrational
spectroscopy, the situation is less clear—relativistic effects may strengthen as well
as weaken bonds. Thus effects of relativity on vibrational spectroscopy depend very
much on the system under consideration. A further discussion of these effects is there-
fore postponed to chapter 22. For the diffraction and scattering techniques, relativistic
effects are absorbed into atomic scattering parameters and structure factors and are thus
not a primary concern of relativistic quantum chemistry.

Finally, the shapes and topology of potential surfaces are also affected by relativity.
This will influence reaction energies and reaction rates. Here, spin—orbit splitting can
play an important role. While the splitting may be energetically small, it still becomes
significant as two surfaces approach and could affect barriers and rates. This is a large
field in itself, and will only be represented by a few examples in chapter 22.

Electric Properties

Most studies of molecular properties are founded on the response of the molecule
to electromagnetic fields. A relativistic electronic system is described by the time-
independent Dirac equation

ca - (—ihV + eA) U + Bmc* — epp = Es (13.1)

where the electromagnetic field appears directly. We need to examine the theoretical
description of molecular response properties to ensure that this is consistent with special
relativity within the approximations and assumptions discussed in the previous section.
We will start by examining the case of a time-independent electric field assuming the
Coulomb gauge:

V.-A=0. (13.2)

We will mostly stay with the simple form of the Dirac equation above, although this
only strictly applies to one-electron molecules. The extension to many-electron systems
poses no major difficulties.
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The electric properties are deduced from the response of the system to an electric
field E, which is related to the scalar potential ¢ by

E=-V¢. (13.3)

Thus, in terms of this field, we can write the Dirac equation as
H = |:cot (—ihV + eA) + Bmc* Y + e / E- dr} W = EV. (13.4)

The simplest electric property of a neutral molecule is the dipole moment, which may
be defined in terms of the derivative of the energy at E = 0 as

= —— (13.5)

using the standard definition of differentiation by a vector. In this case, the field is a
uniform field, |E| = const.
According to the Hellmann—-Feynman theorem, we have

A

3_5:<2_H> (13.6)

and the dipole moment may therefore be expressed as

u:-(%):(%[efﬂdrbz(er). (13.7)

Thus, the dipole moment expression as derived from the Dirac equation is the same as
for the nonrelativistic case.

The potential ¢ may be expanded in a power series about a point ro. The first terms
of this expansion are

1
¢(r) =@ (ro) + (Vo) - (r —rp) + E(r —10)" - (V (V) (r—10) + - --
(13.8)

1
= ¢ (o) — E(ro) - (r —10) — S (r — r))” - (VE)g- (r —1o) +---

where VE is a tensor, the field gradient tensor. Using tensor notation we may also write
the second term of this expansion as

1 1 1
5= ro)" - (VE) - (r —xo) = 5 =10 ® (r — 1)1 © (VE)g = 7Q© (VE)y.
(13.9)
Here we have introduced Q, the tensor of second electric moments, which is related to

the quadrupole moment of the electron distribution, and the scalar and vector product
operators for two tensors, ® and ®. The expansion may, of course, be carried to
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higher-order terms to produce higher-order electric moments. But we note again that
the expressions we get are analogous to the nonrelativistic case.

We have here considered the molecular system and the field as one unit described
by one Dirac equation. In the usual experimental situation a molecule is somehow
placed in an external field, and it is this field that may be controlled for measurements
of the system response. In this situation it is natural to divide the total field into internal
and external contributions

¢ — ¢int +¢ext (1310)
which corresponds to the fields
_V¢:E:Eint+Eext:v¢int+v¢ext. (1311)

However, for the usual molecular case, the external field will influence the internal
field. Even within the Born—-Oppenheimer approximation, ES*' will distort the electron
distribution, thereby modifying the interactions in E™. We can take this into account
by expressing the energy of the system as a function of the field. We use the Taylor
expansion

—82E ] CESX 4L
aEeXtaEeXt 0

(13.12)

aEext

IE
E(E) = Eo + [ 5

} . Eext + lECXt . [
0

where the subscript zero denotes that the derivatives are evaluated at E**' = (. The
definition of the dipole moment now gives

dE [ dE } [ d’E } ext (13.13)
dE 8 Eext 0 a Eext aEeXt 0

The first term in this series is obviously just the permanent dipole moment of the
molecule. The coefficient of the second term is the polarizability of the molecule,
which measures the change in dipole moment induced by the external field. Higher
terms in the series will yield higher hyperpolarizabilities. Analogous expressions may
be derived for the quadrupole moment.

For a static electric field, the Dirac equation thus provides expressions for various
electric properties that are completely analogous to those obtained from nonrelativistic
theory. The further calculation of these properties can proceed as for the nonrelativistic
case, only using the appropriate relativistic versions of perturbation theory or response
theory.

Gauge Invariance and Finite Basis Sets

Before moving on to magnetic properties, we need to reexamine the role of gauge
invariance for molecular calculations. As shown in chapter 3, the introduction of the
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vector potential A through
B=VxA (13.14)

is arbitrary in the sense that any term with a vanishing curl may be added to A without
changing B. As the energy of the system must depend on the magnetic field, gauge
transformations that leave B invariant cannot affect the total energy. We will show that
this has consequences for the form of the wave function.

The Dirac equation for an electron in a vector potential A may be written

co - (—ihV + eA) U + (Bmc* — E — eg)y = 0. (13.15)

A gauge transformation A — A’ = A 4+ V A would be expected to cause a change in
the wave function, say { — {s’. We assume that this may be written as

V' =1v0(A,1) (13.16)

for some function Q that remains to be determined. The function " must satisfy the
equation

co - (—ihV + eA + eVA) Y + (Bmc? — E — ep)V’ = 0. (13.17)

Because 1V is a solution for the system without the gauge term, (13.15), this expression
reduces to

co - [(=iAV Q) +eQV Ay = 0. (13.18)
This equation is satisfied if
VO = (ie/h)QVA (13.19)
and it is easily seen that this leads to the solution
Q =exp(ieA/h). (13.20)

Thus, the wave function must incorporate the gauge term exponentially in order for the
energy to remain invariant under gauge transformations. We should add that the same
factor must be included also for the nonrelativistic treatment of the magnetic fields.
For a more general derivation for the nonrelativistic case, the reader should consult the
book by Sakurai (1967).

The gauge invariance requirement has profound consequences for finite basis cal-
culations. Quiney (2002) has pointed out that even when there is no magnetic field
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present, a gauge transformation may cause problems. For the simple case of A = z,
the transformation of the Hamiltonian is

H—>H =H+ca.. (13.21)

This new Hamiltonian, 7’ must have the same eigenvalue spectrum as 7 as no addi-
tional fields have been introduced. However, Quiney has performed calculations on
the hydrogen-like Ne?* ion in a finite basis and found that the eigenvalues do indeed
change under this gauge transformation. Using a basis of 30 s and 30 p Gaussian basis
functions he showed that not only did the additional term change the eigenvalues, but
also the fourfold degeneracy of the p3,2 level was reduced to two twofold degeneracies.
(The gauge term did not remove Kramers degeneracies.) The proper spectrum could
only be restored by the addition of a considerable number of higher angular momentum
functions to the basis set. The reason for this can be seen by remembering that with
the invariance factor included we have for this case

U =exp(ieA/R)V. (13.22)
Expanding the exponential as
; 2,2
. iez e’z
exp(iez/h) =1+ T T + - (13.23)

we see that this introduces higher angular momentum character into the wave function,
and this cannot be described using a basis of only s and p functions. In a complete
basis, this problem would disappear. Unfortunately, molecular quantum chemistry cal-
culations are carried out with quite limited basis sets, normally chosen on the basis of
calculations on atoms with no magnetic field present. The use of additional high angular
momentum basis functions would increase the cost of the calculations considerably.

This problem of gauge is not unique to relativistic quantum chemistry: the same
problem arises in nonrelativistic theory. What this points to is that we must take care
to use a consistent gauge in all calculations. Most formulas in quantum chemistry are
derived using the Coulomb gauge, more or less implicitly. This general usage aids in
maintaining consistency of gauge, even though it may not be given much thought. We
will also adopt the Coulomb gauge where it is relevant.

Calculations on molecules also face an additional problem in the choice of gauge
origin. Over molecular dimensions, an applied magnetic field can be considered
uniform and constant. In this case, the vector potential may be written as

1
A= EB X T. (13.24)

The choice of origin for the coordinate system that describes r is arbitrary, and while
the induction B must remain constant, a shift of origin will change A. If the origin is
moved such that the new coordinate r’ = r + Ar, the vector potential changes to

1 1 1
A—>A’:§er’=§er+EBXAr:A—i—AA. (13.25)



242 FOUR-COMPONENT METHODOLOGY

With the new origin, we must still have
B=VxA' =VxA+VxAA (13.26)

showing that AA must be of the form VA. With B and Ar constant, we get
1 1
VA:AA:EBxArzv E(BxAr)m. (13.27)

For atoms the natural choice of gauge origin is the atomic nucleus. For a molecule in
a uniform magnetic field the choice of gauge origin may not be obvious, and can at
most be on one atomic center. To account for this one may use basis functions of the
form

X = X0€xXp [%(B X Ar) -r:| (13.28)

where g is the normal basis function derived from field-free calculations. Such func-
tions are often called London orbitals, after F. London who introduced these in a study
of ring currents in aromatic compounds (London 1973). Ruud et al. (1993) have demon-
strated in a series of calculations on small molecules how the use of London orbitals
drastically improves the convergence of the calculated magnetizability as a function of
basis set size.

Magnetic Properties

Our discussion of electric properties showed that at least for time-independent fields
the operators derived for the relativistic case were just the four-component analogs of
the nonrelativistic operators. For magnetic relativistic property operators we do not
expect the connection to be so simple due to the fact that the field appears in different
forms in the two versions of the Hamiltonian. For the relativistic case, we again write
the Hamiltonian as

A =ca-(p+eA) + pmc? — ed. (13.29)
For the nonrelativistic case we may use the spin Hamiltonian discussed in chapter 4,
HWR = 6. (p+eA)) — e (13.30)

We see that the vector potentials appear to different order in the two Hamiltonians. The
form of any property operator derived as a response to changes in the vector potential
(or the induction) is therefore likely to depend on which Hamiltonian is used as a
starting point.
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We will demonstrate this for the magnetic dipole moment, m, and for simplicity
we assume that we have a uniform field, that is, (13.24) holds. For the relativistic case,
this yields the Hamiltonian

7:l=COC-I:p—l—g(er):I—i—ﬂmcz—e(b:C(x-p—%((xXI‘)-B+,3mCZ—e¢.
(13.31)

We define the magnetic dipole moment m via the first-order response to changes in the
magnetic induction

mz_[d_E] =_<ﬁ) (13.32)
dB g B /B=0

where we again use the Hellmann—Feynman theorem. Differentiating, we get
ce 1 .
m = —{ylexry)=ljxri (13.33)

where j is the current density. If we expand the wave function in 2-spinors, we get
ce
m =2 [ 1o x x5 + Wh o xr v (13.34)

We see that the magnetic dipole operator connects large and small components, but the
prefactor ¢ ensures that the results are of the same magnitude as expectation values
between two large components. We can demonstrate this point by substituting for the
small component using the approximate expression from the nonrelativistic limit

v = ——a  pyt. (13.35)
2mc?
This yields the magnetic moment as
e
m=ﬂ[<a-p¢L|axr|¢L>+<¢L|axr|a-p¢L>]. (13.36)

Evaluation of this expression is straightforward but somewhat lengthy, and we just give
the result

e
m = (| —rxp—ho | Yh) =" —y@+29) ¥ (13.37)

where y is the gyromagnetic ratio of the electron. This is the same result as we get by

substituting for the induction in the nonrelativistic spin Hamiltonian, (4.22),

~NR P, e e? 5, eh
H =—%V +%(er)-p+%(er) +%G-B—e¢ (13.38)

and applying the response definition for m. The gyromagnetic ratio of the electron is
altered in the third decimal place by QED effects.
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Atoms and molecules may also have internal sources of magnetic fields. Many iso-
topes of atomic nuclei have magnetic moments, and these give rise to local fields. The
energy shifts caused by these local fields are the most important of the effects leading
to hyperfine structure of the energy spectrum, the spin—orbit splittings accounting for
the fine structure. A nucleus K with spin Ix has a magnetic moment given by

mg = yghlg (13.39)

where yx is the gyromagnetic ratio for that isotope. For simplicity, we will assume a
point nucleus throughout this part of the derivation, but we return to the effects of finite
nuclear size in a later section. If we regard the nucleus as a magnetic point dipole, the
corresponding vector potential may be written as (Jackson 1975)

A
Ar(r) = Ho(mg X rg) _ KoYk (Ix xrg) (13.40)

3 3
471rK 41'rrK

where rg is the radial coordinate in a coordinate system centered on nucleus K. For
measurements in which there is an applied external magnetic field in addition to the
nuclear field, the Hamiltonian is

. e movk hIg xrg) 2
H=ca- |:p+§(er)+eZ —3:| +Bmc”—ed

dmr
K K (13.41)
h Ig-
=ca-p— gB.(a XTr)— oo Z vlg (@ xrk) +,8mc2—e¢.
2 4 r3
K K
We can now define a hyperfine coupling tensor gx for nucleus K by
dE
8K = |- (13.42)
dlg B=0,Ig =0
and immediately find that
h r
gy = _ cepohyk ( (o X3 K) > (13.43)
4

Tk

For neutral closed shell molecules this term vanishes, but for radicals and ions it
becomes important and is exploited in electron spin resonance (ESR) spectroscopy.
For hyperfine interactions that might be observed in closed shell, neutral molecules,
we must turn to higher-order effects. This in turn requires that we elaborate somewhat
on our approach to properties in terms of response theory, which we do in the next
section.
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Second-Order Properties

For a first-order property and a fully variational wave function, we have used the
Hellmann—-Feynman theorem

dE | oH
i < o > (13.44)
dx X

to obtain the first derivatives of the energy with respect to the response parameters X.
For second-order properties we have to obtain the necessary derivatives in a slightly
more roundabout manner. Let us assume that our Hamiltonian can be written in terms
of the parameters X in the form

H=Ho+H -X+X" - Hr-X+---. (13.45)
We note that
H _dr, 27 _eA (13.46)
T 2T axr '

Here and for the remainder of the section we assume that the derivatives are evaluated
at X = 0.
The total energy of the system may be expanded in a Taylor series around X = 0,

E =E +dE X+1XT ¢*E X+ (13.47)
0T X 27 Tax2 '

We know from time-independent nondegenerate perturbation theory that the energy
may also be written as

X [k) (k| H; - X|0
k) (k| H 1 |>+

7 ) 0|H
E:Eo+(0|’H1.X|0)~|—(0|XT.H2.X|O>_|_Z< [H Sub

k0
(13.48)

where {|k)} is a set of intermediate states. Comparing the perturbation expansion term
by term with the Taylor series, we can easily identify the first derivative as

dE

dA
X = (01#,10) = <|&|0> (13.49)

which is nothing but the Hellmann-Feynman theorem. The second derivative is
obtained from

1d%E (071 k) (k|H110)
- = (0|#]0) 7 13.50
2dx2 [#al0) + ;}) Eo — Ex ( )
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or

d2
axz = {0l X2|O +ZZ 0|—|k k|—|0 /(Eo — Ej). (13.51)

k#£0

This derivation provides us with an expression for the second derivative of the
energy with respect to the response parameter X. However, the seemingly innocent per-
turbation expression above hides some subtleties that turn out to be of great importance.
The question arises, “How do we choose the intermediate states |k)?” As pointed out
in chapter 5, in the Dirac picture the vacuum is filled with electrons in negative-energy
states, and the definition of the vacuum is therefore dependent on the Hamiltonian.
If we change the Hamiltonian, we will in general change the negative-energy states,
and thereby the vacuum. Thus, the vacuum for the unperturbed Hamiltonian with X = 0
is different from the vacuum for the Hamiltonian that incorporates a perturbation. In
doing a quantum chemical calculation, we are interested only in the electrons with
positive energies, and we somewhat arbitrarily set the energy contribution from the
vacuum to zero.

Another way of looking at this is to say that we do a calculation on the entire system
with M electrons in positive-energy states and N electrons in negative-energy states,
and then we subtract the energy of a system of N electrons in negative-energy states
to obtain the energy of the M-electron system. If our starting point is a calculation of
this type for the unperturbed Hamiltonian, then we must account for the changes to the
vacuum when we include the perturbation. We write |v) for positive-energy unoccupied
states and |n) for (filled) negative-energy states, and find the total energy change for
the N + M-particle system due to the perturbation as

£® _Z<n|7%1-X|v><v|7%-X|n> +Z<0|7%1-X|v><v|7€u-X|0>_ (13.52)

E, - E, Ey - E,

n,v v

The energy correction to the vacuum is similar, but now |0) is an unoccupied state,
accessible as a virtual state for the negative-energy electrons:

@ nlH - Xy [Hy - Xn) (n|H1 - X|0)(0[H; - X]n)
Ey _Z E, — E, +Z E,—Ey .

n,v n

(13.53)

Finally, we can calculate the energy of the M-electron system as the difference of the
two energies above

@ 01 X]v) (o[ -X(0) (011 -X|n) (n|H; -X|0)
Ev'=2 Eo—Ey > Eo—E, '

v n

@ _ @
EM - EN+M

(13.54)

The conclusion of this is that we must include the negative-energy states in the per-
turbation sum over intermediate states. In a simple spinor picture this means that the



MOLECULAR PROPERTIES 247

perturbation sums also include those spinors with energies below —2mc? (using an
energy-shifted Hamiltonian). This conclusion is exactly the same as if we had regarded
the negative-energy states simply as virtual spinors to be included in the perturbation
sum. One might naively think that contributions from these terms would be unimportant
because of the large energy differences in the denominators. However, the magnitude
of the contribution depends on the nature of the perturbation, whether this is from an
electric or magnetic field.

For electric properties the operators have the same form as in nonrelativistic theory,
and appear on the diagonal of the Dirac matrix. The perturbation matrix elements
therefore involve one-electron matrix elements of the form

(WG VW) + (g V). (13.55)

If p is a positive-energy spinor, this matrix element is O(c”), and the contribution from
the sum over positive-energy states is also O(c?). If p is a negative-energy spinor, this
matrix element is O(c~!), and the contribution from the sum over negative-energy
states is O(c™*). The lowest-order relativistic corrections to second-order electric
properties, of O(c~2), therefore arise solely from the sum over positive-energy states.

The situation is different for magnetic properties. Here, the perturbation matrix
elements involve one-electron matrix elements of the form

(WG leo - Ay) + (g [eo - Ay) (13.56)

If p is a positive-energy spinor, this matrix element is O(c"), because the small compo-
nent is O(c™!). The contribution from the sum over positive-energy states is therefore
also O(c). However, if p is a negative-energy spinor, this matrix element is O(c!),
because the small component for a negative-energy spinor is O(c”). The contribution
from the sum over negative-energy states is therefore also O(c?).

Due to the sign of the denominator, the sum over negative-energy states is positive,
whereas the sum over positive-energy states is negative. The difference in sign between
these two terms means that they must cancel to some extent. Consequently, the large and
small components and the positive- and negative-energy states must be well represented
to avoid introducing significant error into the result. One approach that addresses this
problem is given in a later section.

The necessity for summing over the negative-energy states raises the question
of whether we should include QED renormalization effects. The answer is, in gen-
eral, “yes”: a rigorous treatment would involve virtual pairs and renormalization with
counter-terms to remove the divergences in the perturbation sums, which is beyond the
scope of relativistic quantum chemistry at present. For electric perturbations, the effect
of renormalization is small, because the contribution is already O(c™). Tt is therefore
reasonable to adopt the “no-pair” approximation for electric perturbations. The same
is true for second-order perturbation treatments of the correlation energy, where sums
over the negative-energy states are omitted. For magnetic perturbations, the sums over
negative-energy states contribute at O(c®), and it is pertinent to ask whether QED renor-
malization is required. In the alternative treatment of magnetic effects in section 13.7,
the magnetic perturbations appear in the same way as the electric perturbations,
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and the effect of renormalization is therefore likely to be small. However, it should
be noted that QED effects change the electron gyromagnetic ratio in the third decimal
place, from the integer value of 2 derived from the Dirac equation. QED effects are
also important for magnetic hyperfine interactions in atoms.

Second-order properties are often evaluated using coupled-perturbed Hartree—Fock
(CPHF) theory. The CPHF wave function is essentially the first-order perturbed wave
function, which, as we saw above, must include the negative-energy states. Thus, in the
relativistic case, the CPHF method must include both the positive- and negative-energy
states.

NMR Parameters

Nuclear magnetic resonance (NMR) spectroscopy is based on the measurement of the
magnetic moments of atomic nuclei. The nuclei are subjected to a strong external field,
and this splits the normally degenerate nuclear spin states. For the simplest case of a
spin % nucleus, we would get a low-energy state with the spin aligned in the direction
of the field, and a high-energy state with the spin in the opposite direction. By applying
electromagnetic radiation, we can induce transitions between the two states and measure
the transition energy.
NMR spectra can be described using an effective Hamiltonian of the form

H=-> yxhB-(1—0x) Ix + > yyrh’lx - g, + Kgz) -1, (13.57)
K K<L

which operates in the space of nuclear spin functions. Here ok is the shielding tensor
for nucleus K.2 Dg; is the direct spin—spin coupling tensor, which accounts for the
direct interaction of nuclear magnetic dipoles, and Kg; is the reduced indirect spin—
spin coupling tensor, which accounts for the coupling of nuclear spins mediated by
the interaction with the surrounding electrons. It turns out that the contribution from
the Dgz term vanishes in the rotational averaging necessary to account for the rapid
tumbling of molecules in NMR experiments, and so Kk; is the quantity of immediate
interest. This is related to the indirect spin—spin coupling tensor Jx; normally derived
from NMR experiments by

Jkr = ey W Kke. (13.58)

2. The use of o for the shielding tensor is conventional but unfortunate in this connection due to the
notational similarity to the Pauli ¢ matrices. Here, the shielding tensor will always have a capital letter
subscript, and it only appears in this section, so the chances of confusion should be minimal.
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To obtain the quantities g and Kk from electronic structure calculations, we turn
again to response theory. From the form of the effective Hamiltonian it is evident that

1+ I (13.59)
O = e .
K hyx dBdIg
and
1 d’E
Dxr + Kk = (13.60)

yryrh? dlg dlp

Again, all derivatives are evaluated at B = 0,1 =0,1; = 0.

If we use the Hamiltonian (13.41), we have no terms that are quadratic in
the response parameters B and Ig, and the only contribution to the second-order
perturbation energy comes from the sum over states

E(2>:Z[(O|%B.(aercefthVKIK~(;x><rK) %)
T % Tk

3

ce cepoh ~— yxlg - (@ xrg)
x (k| ZB-(@xr)+— ZK: ) |O)/(E0—Ek)} (13.61)

where as we have seen in the previous section, the sum over k must also include the
negative-energy states. If we now carry out the required differentiations, we get the
shielding tensor as

20
ox =1 +MZ[(O|(axr)|k)(k}M|O>

4 k0 r?(
+<0!w!k>(k|<axr>\0)}/<Eo—Ek) (13.62)
K

and the spin—spin coupling tensors as

2,2 2h2
DKL+KKL=)/KVL;T[€2M0 Z[(O’(a;(3rl()‘k><k|(u;<3rl‘)|0)
k#0 K L
(o0 xrL) (@ X k)
+{0] —— |k)<k|—3|0>:|/(E0—Ek). (13.63)
rL rk
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The first term in the sum for the shielding constants may be split into the contribution
from the negative-energy states and the positive unoccupied states

Z[(O|(o¢xr)|k)(k|(u;(—3rK)|0>i|/(Eo—Ek)

k0 K
:Z[(O|(axr)|n>(n|(a;(—;K)|O):|/(Eo—En) (13.64)
n K
s [0l @xn o) (o] “552 o) |- B2
v K

in the notation of the previous section. As pointed out there, the two types of con-
tributions to the sum would be expected to be of equal magnitude, and thus the
negative-energy states turn out to play a crucial role in the calculation of NMR param-
eters within a four-component formalism. The sum over positive-energy states may
be interpreted as corresponding to the paramagnetic contribution in the nonrelativistic
formulation, whereas the other sum corresponds to the diamagnetic contribution.

An advantage of the relativistic formulation is that the expressions are considerably
simpler than those arising in the nonrelativistic treatment of NMR parameters. For
spin—spin coupling, the nonrelativistic Hamiltonian involves the perturbation (Ramsey
1953)

N 242 2CIL 3¢d-r rg)—I- 8C
H’zezm + =+ ( K)(Z K-l 3n1~08(r1<) (13.65)
rk FK

where C is a constant. Of course, the machinery involved in generating the
four-component wave functions is computationally considerably heavier than the
nonrelativistic calculations.

In actual practice, the perturbation expressions given above are better suited for
displaying the structural features of the theory than for use in large-scale calculations.
For nonrelativistic calculations, the most efficient approach to the ab initio calculation
of NMR parameters has been variational perturbation theory (Helgaker et al. 1999).
This, or equivalent approaches such as second-order propagator theory, will probably
also turn out to be the optimal choice for the relativistic case.

Finally, we note that the term

d’E

e (13.66)

may also be calculated. This represents a higher-order contribution to the magnetiz-
ability, but is of little interest for NMR spectroscopy.

Alternative Treatment of Magnetic Interactions

The nonrelativistic Hamiltonian can—as we have shown—be derived by elimination
of the small component from the relativistic Hamiltonian, including magnetic terms.
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However, the nonrelativistic term in A2 arises from the relativistic second-order pertur-
bation expressions given above: like the correspondence between the nonrelativistic and
relativistic kinetic energy discussed in section 11.2, there is a projection operator involv-
ing the small component (or in this case, a resolvent). If the small component is poorly
represented, the cancellation between the sums over positive- and negative-energy
states could show considerable error.

Kutzelnigg (2003) has shown how the sum over negative-energy states can be
largely avoided. This sum arises because o connects large and small components. If
we could make the perturbation operator block diagonal, but not the unperturbed Dirac
operator, the sum over negative-energy states might be eliminated, or at worst reduced
to contributions that were O(c~%).

To perform the diagonalization, we use the unitary transformation

U=e" (13.67)
with

t=—— Ba-A, (13.68)
2mc

and apply this transformation to the perturbed Dirac Hamiltonian,

H=U" Ho+H)U (13.69)
where
Ho =ca-p+B-DP+V; = eco - A. (13.70)
There is of course a corresponding transformation to the wave function,
v =U". (13.71)
The parameter A has been introduced so that an expansion can be made, but it can also
be considered as a field strength parameter.

We now use the expansion of the exponential operators in a commutator series (see
section 8.1), and collect terms of various orders to define perturbed operators:

I
>

H; 0
~ A ~ e ¢
Hy=Hi+ [Ho.t| = 5-pla-p.a-Al = -BCA-P+IZ B) (137

62

2
N N N e
Hy =P o] +4|[Fo. o] o] = 5 pA2 - A-p. oAl
: : 2L 2m p 4m20[ P I
Already we see that we have obtained expressions that are much more like the non-
relativistic expressions for the magnetic perturbations, except that they are multiplied

by a factor of 8. The second-order perturbation contains the diamagnetic term A% and
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a relativistic correction term, whose expectation is O(c™2) because of the a matrices.
The diamagnetic term is now simply

(WE 1A W) — (U5 A2 [5)) /2m. (13.73)

Formally, we have made an expansion in A. To arrive at the properties, both first- and
second-order, we differentiated with respect to the field strength. We can consider A as
a field strength parameter, taking the scale factor out of A. However, the transformation
is also an expansion in powers of 1/c, which appears in the perturbation operator.

This transformation thus provides a simple and robust expression for the diamag-
netic shielding term, but it has some drawbacks. It makes gauge transformations more
complicated: we now have

1
exp |:—iA — —fBa - VA:| (13.74)
2mc

as the gauge transformation. A further complication is that, while the transforma-
tion commutes with the Coulomb interaction, it does not commute with the magnetic
interactions. Taking the Gaunt interaction as an example, the transformation yields two-
particle operators that must be added to the perturbed Hamiltonian at various orders

in A. The contributions to operators of order ¢~2 are

3
HiG, j) < " Imegme (Biotj - Ai + Bjati - Aj) /rij

. (13.75)
N .
7'[2(1»]) < —Wﬂiﬁin 'Aj/”ij~

The two-electron terms of 7—?’1 contribute to first-order properties (that is, linear in A)
at O(c™2), but contribute to second-order properties (that is, quadratic in A) only at
O(c"‘) and can be safely neglected there. The two-electron terms of . , however,
contribute at O(c~?) to second-order properties. Thus, while the primary contributions
to the magnetic interactions will come from terms that are O(cY), the evaluation of the
terms of O(c™2), which are the relativistic corrections to the property operators, will
be complicated by these two-electron contributions.

Finite Nucleus Effects on Properties

Thus far in our discussion of relativistic expressions for properties we have assumed that
the nuclei are represented by point charges. However, schemes for actual calculation
of relativistic wave functions normally use nuclei with finite size in order to avoid
problems with the weak singularity of the Dirac equation at the nucleus—and also
because the nucleus really does have a finite size. The use of a point nucleus to calculate
properties therefore appears somewhat inconsistent. At the very least we should know
what errors we incur by using a point nucleus, and we will therefore discuss the
low-order effects of finite nuclear size for electric and magnetic fields.
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The source of the electric field can be an externally applied field, or it can originate
in the components of the nuclear potential that are not included in the internal com-
ponent of the field (that is, the nuclear potential V). Such components arise from the
nonspherical nature of the nucleus, the lowest-order term of which is the quadrupole
moment. The implementation of a finite-nuclear model is quite straightforward: we
simply expand the nuclear charge distribution in a series:

Pruc(®) = po eXpl—Enuer 1 + Quue © P2 (r) + - -- (13.76)

where the first term is the spherical component of the nuclear charge distribution intro-
duced in chapter 7. The tensor function p, (r) can be factorized in spherical coordinates.
For this purpose we introduce the modified spherical harmonic?

4
Crg@, ¢) =,/ Zk—ilqu(z?, ). (13.77)

The collection of all the Cy, for a given value of k then yields a vector C with 2k + 1
components. For the tensor function above we get

p2(r) = pa(r)Ca (D, @). (13.78)

The form of the radial function depends on the nuclear structure giving rise to the
nonspherical nuclear shape, but given the very simple models of the nucleus that are
currently used in relativistic quantum chemistry, it is probably very little restriction*
to set pr r2p0 exp[—;nucrz]. The integrals over p, can be readily evaluated with
standard two-electron integral code as (d|ab) integrals, just as the spherical part of
the finite nuclear potential can be evaluated as (s|ab) integrals. Here, d and s refer to
the angular momentum of the charge distribution, and a and b to basis functions. This
approach can be applied to both relativistic and nonrelativistic calculations with a finite
nucleus. For the relativistic case, symmetry considerations show that spinors must have
J = 3/2 to contribute to these integrals. These spinors have small amplitudes in the
nuclear region, and thus the correction to the nuclear quadrupole moment due to a
finite nuclear model is likely to be small.

We next consider the effect of finite nuclear size on the nuclear spin Hamiltonian.
The electric moments were derived by considering the Coulomb interaction of the
nuclear charge density, expanded in a multipole series, with the electrons. By analogy,
the magnetic moments are derived by considering the Gaunt interaction of the nucleus
with the electrons. It is at this point that we must consider, at least as a formal entity,
the nuclear wave function, and from it obtain a nuclear spin density that interacts with
the electron spin density.

3. Also known as a spherical tensor.

4. The power of r is necessary to give the correct form for reduction to the point nucleus expression, and can
be justified from a consideration of the part of the nuclear wave function that gives rise to the nonspherical
terms.
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We write the nuclear wave function (actually, the wave function for the protons
because the interaction is electromagnetic) as a single determinant, and the wave func-
tion for the nucleus and the electrons as a product of determinants. This means that
there are no exchange contributions to the interaction, only direct contributions. From
our consideration of time-reversal symmetry applied to the Gaunt interaction, the inter-
action must come from the unpaired protons and the unpaired electrons. For the purpose
of developing the theory, we assume that there is only a single unpaired proton in the
nucleus. The general case can be derived by summing over unpaired nucleons.

The contribution from the electron—proton Gaunt interaction will be proportional
to the expectation value of the operator (e, - ocn)re_nl, where indices ¢ and n refer to
electron and proton, respectively. The nuclear part of this expectation value should
appear as a vector potential A™ in the manner that any vector potential appears in the
Hamiltonian:

co - (p+ eA™) = ca - p + cea - A™C. (13.79)

Thus, to find A™¢ we must develop the nuclear Gaunt contribution to the Hamiltonian
and identify the factor forming a scalar product with «. Below we sketch how to
proceed.

We first introduce the wave function for the proton. The angular part can be repre-
sented as a 2-spinor angular momentum eigenfunction and the radial part as a simple
Gaussian,

2 NErE Yoem (82,) )
nuc _ nriy n Kie,m8én ’ 13.80
V= Qﬁﬁﬂxﬂm&w (13.80)

where a = sgn k. The contribution from the electron—proton Gaunt interaction to the
Hamiltonian will be a term proportional to

<anuc|(¥g«an|wnuc>=ae’<wnuc|&|¢nuc>' (]3.81)

Ten Ten

From this we deduce that the corresponding magnetic field may be written as

1 2 §
A™C o NLNS / P2t i () oK em + X om0 Xiem)dTa.  (13.82)

Yen

The re_n1 term may be expanded in terms of spherical harmonics. Using the vectors Cy
introduced for the electric field, this expansion may be written as

L S U (20 - (20 (13.83)

r
en k
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where Uy (r., rp) is a function of the two variables r, and r, only, eliminating .
Using this expression, we may recast the integral above in the form

2
A™ o ZNLNS/drnr,ff—“Uk(re,rn)e—zﬂfn[<x,m|ack(9n)| — ke, m)
k

+ (—k,m|oCr(£2,) |k, m)] - Cir(82,). (13.84)

Evaluation of this integral is straightforward. The radial integrations reduce to a
combination of functions Fm(nrz), where F,(x) = fol 2m exp(—xtz)dt. These are
the standard integrals that appear in any two-electron integral expression. We can
extract from these functions a term r—¥~! and write the radial integral in the form
r~%=1 £i.(r, n). The angular integrals follow from standard angular momentum algebra.
Collecting these into the vector @y, we may write the contribution to the Hamiltonian as

N Cr(£2
H™Mae O<0L~Zwk®%fk(r, n). (13.85)
k

This expression is starting to resemble the point nucleus expression. For any proton j
value, there is a term with £k = 1, which we can write as

@]

Xr
Si(r, ). (13.86)

o- 3
In the limit n — oo, fi(r, ), with the associated normalization factors, becomes a
constant and the k = 1 component reduces to the point nucleus expression in (13.40).
However it should be noted that for proton j values greater than 1/2, there are com-
ponents higher than the magnetic dipole term and that involve higher negative powers
of r. For most purposes it is safe to neglect these higher moments and retain only the
lowest, dipole term.

Unlike the electric quadrupole moment, contributions to the magnetic interactions
with the nucleus can come from (electron) spinors with j = 1/2, and thus the magnitude
of the finite nucleus effect is likely to be larger than for the electric quadrupole moment.

Parity-Violating Interactions

We conclude this chapter with a look at some more exotic properties, at least from the
point of view of mainstream chemistry. In a 1949 article celebrating Einstein’s 70th
birthday, Dirac (1949) suggested that the laws of nature might not be invariant with
respect to space inversion or time reversal. Special relativity only requires that physical
laws be invariant with respect to the position and velocity of the observer, and any
change in these can be effected though a series of (infinitesimal) transformations that
do not involve reflections of time or space. Experimental evidence for processes that do
not conserve parity under space inversion, P-odd processes, was eventually observed
in nuclear B decay, contributing in turn to the development of the standard model for
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electroweak interactions. According to this, the P-odd interactions are mediated by the
weak nuclear force.

Spatial inversion has an important position in chemistry as the operation that con-
nects two different enantiomers of a chiral molecule. Biochemically it is observed that
for living organisms only L-amino acids are present in proteins, and that DNA and RNA
are built up from D-sugars. In the wake of the discovery of P-odd processes, sugges-
tions have been made that there may be a connection between this type of interaction
and the natural selection of only one enantiomeric form for biochemical processes. It is
possible to envision some interaction between molecular structure and the weak force
that would favor one of the enantiomers energetically.

To see how this might occur, we look at the operator that would be responsible for
breaking the energy degeneracy between two enantiomers. This has the form

H = IZQWN% p(r;) (13.87)

where the sum is over nuclei, N, and electrons, i. G is the Fermi electroweak
coupling constant, Qw y is the weak charge of the nucleus, p(r) is the normalized
nucleon density, and 7 is the chirality operator, which in the representation used by
us corresponds to the 4 x 4 matrix

s (0 I

The chirality operator is odd under spatial inversion, exhibiting what is called pseu-
doscalar behavior, that is, it is a scalar with the transformation properties of a vector.
For a molecule with two enantiomeric forms, A and B, with respective wave functions
W, and Wp, we expect space inversion, represented by the operator I, to connect the
two forms such that

[V, = Vp. (13.89)
For a matrix element of a many-electron chirality operator we have
FwalY v 1Wa) = —(Wp| Y %) | Wg). (13.90)
i i
Thus the two enantiomers should differ in energy by

SE =2 ‘(kIJAlﬁp | qm’ . (13.91)

The energy difference between the two enantiomeric forms of alanine has been
calculated to be of order 10™!7 kJ/mol (Lzrdahl et al. 2000) and this is most proba-
bly too small to be a decisive factor in the natural predominance of one enantiomer
over another, unless coupled to some (unknown) amplification mechanism. Still, it is of
interest to be able to demonstrate these P-odd interactions for a chiral molecule, and the
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calculations can help here in establishing the sensitivity required for their experimental
detection. Calculations have been made for halogen-substituted methanes such as
CHFCIBr and CHFCII (Schwerdtfeger et al. 2002), and the energy shifts found are
again of the order of 10~!7 kJ/mol. The magnitude of this effect is, however, strongly
dependent on the nuclear charge, and can be shown to scale as Z> or higher. Therefore,
the experimental work is more likely to succeed with studies of systems with heavy
elements. From the calculated values it is evident that present experimental sensitivity
probably is not sufficient to discern these P-odd effects.

There is only one known example of processes that are not invariant under time-
reversal, T-odd processes. This is the decay of the neutral K meson. This type of
interaction is not encompassed by the standard model, but several possible mechanisms
have been suggested. Some of these also predict PT-odd processes. From symmetry
considerations it may be shown that a PT-odd interaction would result in an experi-
mental signature characteristic of an effective electric dipole moment. While there are
a number of ways such an effective electric dipole moment might arise, the simplest
would be if the electron or a nucleon possessed a nonvanishing electric dipole moment.
These processes definitely belong more to the realm of particle physics than to chem-
istry, but it has been recognized (Sandars 1967) that polar molecules containing heavy
elements would be favorable for experiments looking for PT-odd interactions. Thus
there is also a challenge to relativistic molecular quantum mechanical calculations in
predicting these interactions.

If the electron is assumed to have an electric dipole moment of d,, then the
interaction with an electric field E is given as

HYR = —d,o - E. (13.92)

In nonrelativistic quantum theory it may be shown that this interaction would give a
null result because the charge distribution of the system would react to the presence of
an applied field by adjusting such that the net force on the system vanishes (Schiff’s
theorem). In relativistic theory this restriction is lifted and the interaction now takes
the form

Hy = —d.pX -E (13.93)

where B is the usual 8 matrix from the Dirac equation and X' is the usual 4 x 4 spin
matrix. We can exploit the fact that the system must still adjust to the field such that
no net force is experienced, and thus

(—d, X -E) = 0. (13.94)

If we subtract the term giving this null contribution from the relativistic operator,
we get

Hy=—d.(8—1)X -E (13.95)
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where the matrix (8 — I4) takes the form

B—1y) = (gi _02212>. (13.96)

Thus the evaluation of this interaction involves only the small component densities.
This places quite heavy demands on the accuracy of the calculations. Because the
small components normally do not contribute greatly to the energy, variationally based
calculations will be less sensitive to the quality of this part of the wave function. This
must be taken into account, and the calculations designed accordingly.

As demonstrated by the presence of the X term, only paramagnetic molecules
would be sensitive to this type of interaction involving the electron electric dipole
moment. One of the most favorable molecules for experiments is thought to be YbF.
Several calculations have been performed on YbF, and the agreement is reasonable. The
calculations show that the value of this interaction, if it exists, is such that experiments
with a sensitivity corresponding to an electron electric dipole moment of 10™%%¢ cm
should be able to detect it. Such a sensitivity is reportedly within reach of present
experimental techniques.

TIF is considered one of the most favorable molecules for discovering a possible
dipole moment of the proton. For a nucleon with an electric dipole moment the effective
interaction in a polar molecule would be

A = —axy -2 (13.97)

where X'y is the nucleon spin operator and A is a vector along the molecular axis.
There are several possible contributions to such an effective dipole moment d. The
most important is expected to be the volume effect, which arises from the interaction
between the electric dipole moment of the (heavy) nucleus and the electric field of
the electrons assuming that the charge and dipole distributions of the nucleons in the
system differ. Through a fairly straightforward derivation (Quiney et al. 1998), this
contribution d” may be shown to be

d’ =d,XR (13.98)

where d), is the electric dipole moment of the proton, R is a nuclear structure factor
and X is the electronic contribution

1 cos b;
X = lim (¥ — ¥ 13.99
Jim, ¢ |Z ekl (13.99)

where W, is the electronic wave function, the sum is over electrons, and the subscript
rp indicates that the radial integration covers the interval [0, r,,]. If we assume a DHF
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wave function with spinors \j, we can write X as

X=>X;
J

. (13.100)

= lim —/ / / 11; (r)yj(r) sin6 cos Odr do d¢.

rn—0 r

As r, — 0 this only involves the numerical values of the 4-spinor amplitudes at r = 0.

For a system with one heavy and one light nucleus (such as TIF), the contributions
will be dominated by the heavy atom, and we may analyze the X; in terms of the
contributions from a one-center expansion of the spinor. We can write

\lfj=2|/<,m)=|—l,m)+|1,m}+|—2,m)+~~ (13.101)

(m being a good quantum number in a diatomic molecule). The most critical contribu-
tions to X; turn out to be those involving the | — 1, 1/2) and the |1, 1/2) components
of this expansion. Using the atomic expansion for small r discussed in section 7.5, we
can show that this contribution is proportional to a simple product of the lowest-order
expansion coefficients

Xj_l’l < py Py 40 dg (13.102)
where the superscript signs refer to coefficients arising from the expansion of the
| —1,1/2) or the |1, 1/2) components respectively. From the ratios of the py and qo,
it follows that

ol O(po_par_ v+ E

-+
j 2 Po Po

v + E+2¢
v +E ]Nzc2 -

(13.103)
=ppt|l—- ——
popo[ v+ E + 22 Po Po

V]

where the last approximation follows from the fact that vy is very large—for TI it is
close to 10°—and thus v >> 2.

The main point to note here is the extremely delicate cancellation involved between
the py paL and g, q(;r terms. In reality the matrix elements X ; are calculated not from
the atomic expansion, but from DHF spinors. If we are to succeed, our analysis above
has clearly indicated that the ratio between the small and large component for small r is
crucial. Again this puts high demands on the quality of the calculations, and also on the
basis sets used. Thus, in the TIF calculation of Quiney et al. (1998), energy-optimized
basis sets proved to be unsuitable and had to be replaced by large even-tempered basis
sets, even if the total molecular energy obtained using the energy-optimized set was
lower. This provides another example of how the variational process may not adequately
describe regions that are of crucial importance for the calculation of properties. As the
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ratio of the lowest-order expansion coefficients is known for the atoms, one can monitor
the quality of the basis set by comparing the results from calculations on the heavy
atom only with the theoretical values of these expansion coefficients ratios.

For each of the three properties discussed in this section, there are also other inter-
actions that may contribute, but the ones presented here are believed to be dominant.
We have chosen these because each one illustrates a particular point: the P-odd inter-
action connects to the important chemical concept of chirality, the electron electric
dipole moment illustrates a property that depends solely on the small-component den-
sity, placing heavy demands on the quality of the small-component wave function, and
the proton electric dipole moment demonstrates a case where the ratios of the large
and small components in the nuclear region is crucial.

There is an almost unlimited number of properties that might have been discussed
further, including QED effects, nuclear multipole moments, and various polarizabil-
ities. The aim of this chapter has not been to give a complete review, but rather to
provide an introduction to some of the features present and issues that arise in the
calculation of properties within a fully relativistic model. The treatment of properties
within more approximate models will be discussed to some extent in connection with
the presentation of these models in the following chapters.
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Density Functional Approaches to
Relativistic Quantum Mechanics

The wave function is an elusive and somewhat mysterious object. Nobody has ever
observed the wave function directly: rather, its existence is inferred from the various
experiments whose outcome is most rationally explained using a wave function inter-
pretation of quantum mechanics!. Further, the N-particle wave function is a rather
complicated construction, depending on 3N spatial coordinates as well as N spin coor-
dinates, correlated in a manner that almost defies description. By contrast, the electron
density of an N-electron system is a much simpler quantity, described by three spa-
tial coordinates and even accessible to experiment. In terms of the wave function, the
electron density is expressed as

p(r) = N/ U*(ry, 1o, ..., rN)¥(r), 12, ..., ry)dradrs...dry (14.1)

where the sum over spin coordinates is implicit. It might be much more convenient
to have a theory based on the electron density rather than the wave function. The
description would be much simpler, and with a greatly reduced (and constant) number
of variables, the calculation of the electron density would hopefully be faster and less
demanding. We also note that given the correct ground state density, we should be
able to calculate any observable quantity of a stationary system. The answer to these
hopes is density functional theory, or DFT. Over the past decade, DFT has become
one of the most widely used tools of the computational chemist, and in particular
for systems of some size. This success has come despite complaints about arbitrary
parametrization of potentials, and laments about the absence of a universal principle
(other than comparison with experiment) that can guide improvements in the way the
variational principle has led the development of wave-function-based methods. We do
not intend to pursue that particular discussion, but we note as a historical fact that

1. In the strict quantum mechanical sense, this nonobservation is only natural because the wave function is
not a quantum mechanical observable.

261
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many important early contributions to relativistic quantum chemistry were made using
DFT-like methods. Furthermore, there is every reason to try to extend the success of
nonrelativistic DFT methods to the relativistic domain. We suspect that their potential
for conquering a sizable part of this field is at least as large as it has been in the
nonrelativistic domain.

One requirement for a successful extension of DFT to the relativistic domain is
a reformulation of the basic theorems of DFT within a relativistic framework. We
therefore start this chapter with a brief review of basic nonrelativistic DFT, before we
show how these ideas appear in a relativistic setting.

A Brief Review of Nonrelativistic Density Functional Theory

Modern DFT is founded on the Hohenberg—Kohn theorems and the Kohn—Sham equa-
tions. These are presented in detail in textbooks as well as in the review literature on
the subject (Parr and Yang 1989, Koch and Holthausen 2001, Eschrig 1996, Gross and
Kurth 1994, Salahub et al. 1994). However, to set the stage for a discussion of the rela-
tivistic case, a brief summary of the nonrelativistic foundations serves as a convenient
starting point.

We write the time-independent Hamiltonian for the N-electron system as

H=T+U+V (14.2)

where T is the contribution from the kinetic energy, U is the potential of the interaction
between the N electrons, and V is the potential due to external fields. In the simple
Born—-Oppenheimer molecule, V is the potential from the fixed framework of nuclear
charges. For a given N, it is the term V that gives the system its “identity.” As an
example, in a 10-electron system, it is the V term that determines whether the system
is a Ne atom or an HF or H,O molecule. The two other terms are universal for all
10-electron systems. This observation sets the stage for the first Hohenberg—Kohn
theorem. Writing

N
V=> ), (14.3)

i=1

this theorem states that: The potential v(r) is completely determined by the electron
density p(r) to within an additive constant.

To prove this theorem we must now show a one-to-one correspondence between
v(r) and p(r), and we do this using the wave function as an intermediary. Assuming
a nondegenerate ground state with energy E, the Schrddinger equation

HY = Eqgw (14.4)

defines a mapping from each v(r) to the ground state wave function ¥. From this wave
function, we can find the ground state density p(r) according to (14.1). To establish
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the reverse mapping from p(r) to v(r), we note that a mapping from the wave function
to the potential is provided (formally) by solving the Schrodinger equation for the
potential, given a wave function. It remains to show that there is a unique mapping
from p(r) to ¥, which is equivalent to showing that two different ground states ¥ and
¥’ arising from different potentials v(r) and v’(r) always give different ground state
densities. Calling the corresponding Hamiltonians H and H', Eq is given by

Eo= (WIHIW) < (W' HIV) = (WH -V + V¥
=E,+ / o' (r) [v’(r) - v(r)] dr. (14.5)
Likewise, we can show that

E) < Eo— f p() [v'() — v(r)]dr. (14.6)

Adding these two inequalities we get
Eo+ E) < E)+ Eo+ / [p/(r) - ,o(r)] [v/(r) — v(r)] dr. 14.7)

By hypothesis, v'(r) and v(r) are different. If we assume that p’(r) = p(r) we get the
self-contradiction

Eo+ Ey < E| + Ey. (14.8)

Thus, we conclude that two different densities must correspond to two different
potentials, and a nondegenerate ground state can correspond to one and only one
potential.

The second Hohenberg—Kohn theorem establishes a variational principle for the
energy as a functional of the density: If p(r) is the density arising from the solution of
the N-electron Schrodinger equation

HW = E[p|¥ (14.9)

then for any density p'(r) # p(r) that satisfies
/,o’(r)dr =N (14.10)

we must have E[p'] > E[p].
This theorem follows readily from the 1:1 correspondence between ¥ and p and the
Rayleigh—Ritz variational principle. By incorporating the N-electron constraint on the
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density using a Lagrangian multiplier ©, we can formulate the stationarity condition at
the minimum as

S{E[p]—u[/p(r)dr—N“ =0. (14.11)
Substituting for the energy functional in this expression
Elpl= (WHW) =W IT+U0+ VW)= w|T+0w) + / o (r)v(r)dr
= F[p]—i—/p(r)v(r)dr (14.12)

the stationarity condition may be recast in the Euler—Lagrange form

SElp] SFlp)
=m0

(14.13)

where F[p] is the universal functional for all systems of N particles with Coulomb
interactions.

While this equation is quite simple in form, it hides the fact that the universal
functional F[p] is not available in explicit form. Numerous schemes have been formu-
lated for a direct optimization of the density based on these stationarity conditions, but
these methods have not really been competitive. The most efficient approach has been
to invoke a quasi-independent-particle approximation, formulated in the Kohn—Sham
equations.

To arrive at the Kohn—Sham equations, we assume the existence of a set of orbitals
{¢i (r)} such that the density may be expressed in terms of these orbitals as

N
p(r) = ¢i(r)*;i(r). (14.14)

i=1
For a set of noninteracting particles, the term U vanishes and the Hamiltonian is

N
N . 1
=T 4y = Z <—§v2 + v(ri)> ) (14.15)

i=1

The ground state of this system is described by the determinantal wave function

A R Y MR (] (14.16)
where {¢?i(r,-); i =1,2,..., N} are the solutions of the equation
1 . o
(—EVZ + U(ri)) o1 (r;) = €" ;" () (14.17)

corresponding to the lowest N eigenvalues.
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In a system of interacting electrons, the term U must be included in the Hamiltonian.
A large part of this is the Coulomb interaction, and we also expect this to contain some
sort of exchange interaction as well as more obscure contributions due to correlation.
We define an effective single-particle potential by

/ eff‘(r)p(r)dr—/v(r)p(r)dr+ // CLILO dr’ + E¥i[p]  (14.18)

Ir — 1|

where the superscript i indicates that these are for the interacting system. Here we
have indicated explicitly the two “simple” terms—the external potential and the direct
Coulomb interaction between the charge densities. The third term takes care of other
exchange and correlation contributions to the interaction potential.

However, the introduction of particle interactions in the system may also influence
the functional form of the kinetic energy term. It is tempting to assume that it remains
the same as in the noninteracting case, f”“i, but we really have no assurance that this
is so. Thus we write the exact kinetic energy functional for the interacting system as

A

Tlp]l = T"[p] + AT[p] (14.19)

where the last term incorporates any changes in the exact kinetic energy functional due
to the electron—electron interaction. Collecting all terms, we can express the energy
functional for the interacting system as

p(r )p( ’)

. P Jdrdry + EX[p]  (14.20)

Elp] = T“‘[p]+/v(r)p(r)dr+ //

where the correction to the kinetic energy functional has been included in the exchange-
correlation energy functional

E*[p] = EX[p] + AT [p]. (14.21)

The Euler-Lagrange equation now becomes

_ SElp] _ ani[p] o) -, xc
~ @) Sp(r) +“(r)+/ o TU® (14.22)

where the exchange-correlation potential is defined by

xem _ OE¥IP]
v(r) = 550 (14.23)

We note that the last three terms of the Euler-Lagrange equation above are similar to
the effective potential v*i(r) introduced above, except that now we have included
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the correction to the kinetic energy functional. We can write the Euler—Lagrange
equation as

_ 3T"p]

eff
5p(r) + 0" (r)p(r). (14.24)

But the Euler—Lagrange equation for the noninteracting particles was

= T71p] + v(r)p(r) (14.25)
Sp(r)

and this was equivalent to the set of single-particle Schrodinger equations (14.17). By
analogy we conclude that for the interacting particles we can find the orbitals from the
equations

(—lvz + veff(r-)> &i (r;) = € (r}) (14.26)
2 1 1 1 - 1 1 1) .

These are the Kohn-Sham equations, and we note that the density derived from (14.14)
automatically fulfills the N-particle constraint, because the orbitals are the normalized,
orthogonal solutions of an eigenvalue equation.

The Local Density and Local Exchange Approximations

In the derivation of the Kohn—Sham equations we have hidden a number of difficulties
in the exchange-correlation potential, v*(r). Indeed, the success of DFT depends on
finding an accurate and convenient form of this potential. There is an extensive literature
discussing the merits of various potentials, and good accounts of these may be found
elsewhere (Koch and Holthausen 2001). Here, we restrict the discussion to the local
density approximation (LDA), because it provides a link to another approximation that
has been used extensively in relativistic atomic and molecular calculations and which
predates the Kohn—Sham equations.

In this approximation, we assume that the exchange-correlation energy is a local
function of the density. Following Parr and Yang (1989) we write the exchange-
correlation energy per electron as €*°(p), and the entire energy contribution from this
term may be written as

Exc,LDA[p] =/p(r)exc(,o)dl' (14.27)

with the corresponding potential

3 (p)
sp(r)

ch,LDA(r) = (p) + p(r) (14.28)
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We also assume separability of exchange and correlation such that

€°(p) = €*(p) + €(p). (14.29)

There is one N-electron system where it is possible to derive a closed, local form
of the exchange energy as a function of the density. This is the uniform electron gas.
For this model system, Dirac has derived an expression for the exchange energy using
statistical considerations. The result is

1/3
*(p) = —3 (3—'0) (14.30)
4\«

and if we insert this expression into (14.28), the exchange contribution to the potential
becomes

1/3
OIPA(p) = — <3—p> ) (14.31)

T

For the correlation contribution no analytic form has been found, but extensive
Monte Carlo calculations have provided values of €°(p) over a wide range of den-
sities. These values have been fitted analytically, giving a very good approximation
of the correlation energy of the uniform electron gas. The Kohn—Sham equations now
take the form

1/3
(-%V2+ (I'z)+/ p() dr’ (i_p) +Uc(ri))¢i(ri):€i¢i(ri)- (14.32)

Local density approximations have been used in quantum chemistry and atomic
physics also for other purposes. If we write the Hartree—Fock equations in the form

—%v2+u(ri)+2(fj —12,») b =ep (14.33)

J

the only nonlocal operator is the exchange operator K j- In the early days of com-
putational efforts, the evaluation of this term was a major obstacle. Slater therefore
proposed that the exchange interaction should be approximated by a local exchange
potential of the form

1/3
VX% (r) = _éa (3—'0) (14.34)
2 T

where o is a parameter introduced to provide some flexibility. This forms the
basis of the Xo model, where the resulting Hartree—Fock—Slater equations for
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the orbitals are written

/ 1/3
(—1v2 () +/ ICORPIEN (3—p) ) b= e (14.35)
2 Ir — 1’| 2 b4

which for the value o = % is identical to the LDA Kohn—Sham equations without
the correlation potential. In actual calculations using Slater exchange, o was fre-
quently given the value 0.7, a number arrived at from experience by comparison with
experimental results.

The Hohenberg-Kohn Theorem for Relativistic
N-Particle Systems

The extension of the Hohenberg—Kohn theorem to the case of a relativistic N-particle
system was first made by Rajagopal and Callaway (Rajagopal 1978, Rajagopal and
Callaway 1973) for the inhomogeneous electron gas. More recently, a thorough dis-
cussion of this extension has been presented by Engel and coworkers (Engel 2002,
Engel and Dreizler 1996, Engel et al. 1995). A rigorous treatment requires the use of
quantum field theory beyond the level we want to pursue in this text. We therefore
adopt a more pragmatic view and use a simplified approach that demonstrates the most
important features. We then briefly describe the additional considerations required for
a rigorous treatment.

Let us start with the usual N-electron Dirac Hamiltonian including the external
fields. The energy contribution from the external field is given by

ESX = \P|Zeca(r,) Ar) | W) — \P|Ze¢(r,)|\ll (14.36)

With our previous expressions for the current density and charge density in (4.41)
and (4.42) we may write this energy contribution as

e(j-A) —e(pp) =e(j-A) (14.37)

with j and A as the four-vector representation of the current and the field. The
expectation value of the Dirac Hamiltonian may now be written as

(WH|W) = TP + UR +e(j-A) (14.38)

where TP derives from the expectation value of the Dirac free-particle operators, and
UR from the relativistic electron—electron interaction term (in the approximation of our
choice). This expression demonstrates that in the relativistic model, the four-current j
plays the same role as the density does in the nonrelativistic case.

Starting from these considerations, we can repeat the reasoning of the nonrelativis-
tic Hohenberg—Kohn theorem in a relativistic setting. We thus need to show the 1:1
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correspondence between j and A. We assume the existence of two different fields A
and A’ yielding the Hamiltonians H and H’, respectively, such that

AV =EV ; AV =E'WV. (14.39)
If we follow the lines of the nonrelativistic proof, we need to establish the inequality
E = (W|H|¥) < (V|H|T). (14.40)

However, even with the assumption of a nondegenerate ground state, this is problem-
atic. The nonrelativistic argument is based on the Ritz variational principle, but Engel
and Dreizler (1996) point out that there is no rigorous minimum principle for the renor-
malized energies of field theoretical systems. To proceed, they argue the existence of a
similar minimum principle for the relativistic case by noting first that the renormalized
energies must approach values that satisfy the Ritz principle in the nonrelativistic limit,
and second that real systems are stable and most accurately described by QED. This
at least would appear to make the existence of a minimum principle probable also for
the relativistic case. If we believe this, we may proceed as before and write

E < (V| |V) +e(j Ay —e(j - AYy=E+e(j-A)—e(j-A). (1441)
Correspondingly, we get

E' <E+e(j-A)—e(j-A). (14.42)

We add the two inequalities and get
E+E <E +E+e(i—j (A=A, (14.43)
and making the assumption j’ = j we again get a contradiction. The problem with
this derivation is that while we have used the assumption of a nondegenerate ground
state, we have not considered possible gauge transformations of the external field. The
Hamiltonian must be assumed gauge invariant, and thus if A and A’ only differ by a

gauge transformation, a similar development leads not to the inequality above but to
the equality

2E =2E+¢((j —j) - (A—A")), (14.44)
indicating that for this case indeed j = j. We must therefore conclude that there is
a 1:1 correspondence between the four-current and a class of external potentials that

only differ by a gauge transformation. The ground-state energy becomes a functional
of the four-current j

E[j1= ($[jIHI%] ) (14.45)
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and with the minimum principle introduced above, we get the variational equation for
the optimal value of j

50 {E[j] - ,u,/,o(x)dx} =0. (14.46)

This outlines the main steps in developing a relativistic Hohenberg—Kohn theorem.
The requirements for a stringent derivation go considerably beyond this. A complete
derivation would involve:

e Additional terms in the Hamiltonian to describe the free radiation as well as
interaction with the transverse photons (giving rise to the Breit interaction).

e Renormalization or introduction of counter terms to avoid the divergences
arising from the infinite Dirac sea in the vacuum and from ultraviolet (UV)
divergences of QED.

® A more rigorous treatment of gauge invariance.

For a further exploration of these points, the reader should consult the article by Engel
(2002).

From the minimum principle we may go on to obtain the relativistic Kohn—Sham
equations

{ca p+mc (B — 1) + v ] P(x) = eP(x) (14.47)

where the effective potential may be written in the form

VT, p] = <e¢<r>+e/ p() ar' + 2 )
r 50(0)

—ca - <eA(I‘) +e f (J/) dr’ + S.EXC> (14.48)
r 5i(r)

which explicitly shows the contributions from the charge density and current density
parts of the four-current. These equations are also known as the Dirac—Kohn—Sham
equations.

Density Functional Theory and the Dirac-Coulomb
Hamiltonian

As described previously, in practical computational schemes of relativistic quantum
chemistry the Dirac—Coulomb Hamiltonian is frequently preferred. The use of this
Hamiltonian, which retains only the Coulomb interaction between the electrons, omit-
ting the Breit term and higher-order corrections, is justified by the argument that these
terms are small and the effect on most properties of chemical interest is insignifi-
cant. The validity of this argument appears to be supported by actual applications.
Saue and Helgaker (2002) have shown that when this Hamiltonian is used in the
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absence of magnetic fields, it is consistent to reduce the relativistic DFT to a the-
ory based on functionals of the charge density only, avoiding reference to the current
density.

To show this, we note that in the absence of external magnetic fields, the external
potential reduces to the scalar term

Ve [p] = / p(r)v(r)dr. (14.49)

Thus, the only way the current density j can contribute to the energy would be through
the electron—electron interaction. From (5.49) the operator for this interaction is

ve,r;) = 1 ai-o + (e; X 135) - (e X 1)
sty ) — . - - 3
rl] rz] 2rij (1450)

= gC(r;, r)) 4+ g1, r)) + g8 (x;, 1)),

Disregarding for the moment the gauge term, we consider the contribution to the
functional U from the two other terms. This may be written as

. 1 1 1 o - o
ULl =5 ) (WI—1¥) = 2 3 (V=)
v, Tij I, Tij
I ’ (14.51)
1 r;,r 1 jo(ry, r
5/ p2(ry 2)dr1dr2— J2(ry, r2)

— dridr;
ri2 262 r12

where we have introduced the two-particle charge density

p2(ri,r) = N(N — 1) / W(ry, 12,13, ..., t8) Wy, 12,13, ..., TN)dT3 . .. dry

(14.52)
and an analogous two-particle current density
Jo(ry,r2) = N(N — 1) / WU(ry, 1o, 13, ..., 1Y) Py
-opW(ry, rp, r3, ..., ry)dry...dry. (14.53)

The two-particle density may be rewritten in the form

02(r1, 12) = p(r)p(r2) + p(r)A*(ry; ra) (14.54)
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using the (formal) operator h*¢, which gives rise to the exchange-correlation hole. With
this expression, the contribution from the charge density to the electron—electron inter-
action functional UCC[j] becomes

: ’ 1 1 jxe ,
_/ PALED) _/ p(r1)p(rz)drldr2+_/Mdrldrz.
2 2 2 2 2 12

(14.55)

The first term on the right-hand side may be recognized as the Hartree term (or direct
interaction term) J and the other is a nonclassical term containing the effects of
exchange and correlation. The same formal rewriting may, of course, be done for
the current density term

j2(r1, 12) = j(rDj(r2) + jrDh*(ry; ra) (14.56)

where 7% is the exchange-correlation hole operator for the current density. The
contributions to UC[j] are analogous to those from the charge density.

If we stop to reflect on this situation, it becomes clear that in the absence of
external vector potentials the current density only contributes to the energy functional
through the Gaunt term (or in the general case, the Breit term). Thus, if we use the
Dirac—Coulomb Hamiltonian, it is reasonable and consistent to regard the exchange-
correlation potential as a function of the charge density alone, omitting all references to
the current density. The neglect of the current density is in any case likely to cause only
small errors in practice, because for closed shells only the exchange part is nonzero.
However, the spin or current density is required for the proper description of excitations,
time-dependent properties and static magnetic properties.

Even with this approximation, we cannot assume that the relativistic exchange-
correlation functional is the same as the nonrelativistic functional, though we might
reasonably suppose that an expansion of the relativistic functional will yield the nonrel-
ativistic functional with correction terms. This proves to be the case for the exchange
energy of a relativistic uniform electron gas, for which we can write the exchange
energy per electron as

2

where the parameter § is given by

(3712,0) 1/3

mc

S = (14.58)

and eNRLDA i the nonrelativistic local exchange energy given in (14.30). Part of

this correction comes from a two-electron Darwin correction and part is due to the
transverse (Breit) interaction. If we are neglecting the corrections to the Coulomb
interaction as small, we can also safely neglect this correction and use nonrelativistic
exchange-correlation functionals.
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Starting from the Dirac—Coulomb approximation, a set of Dirac-Kohn—Sham equa-
tions may again be derived. In chapter 8, a spinor-rotation procedure was used to derive
the relativistic Fock operator. A similar procedure applied to the present case shows
that the gradient of the energy has elements the form

i = ~hia = Y tialii) = [ 11 v (1459)
J

For the optimal set of Dirac—Kohn—Sham spinors the gradient must disappear, and this
can be achieved by rotating to the spinor set that diagonalizes the Dirac-Kohn—Sham
matrix fPXS with elements

fia® = ~8ai- (14.60)
The Dirac—Kohn—Sham equation can be expressed in terms of the large and small
components as

ynue 4 g 4 yXe C((T-p) llfL _ 1];L
< c(o-p) Ve 4 J 4 ¢ — 2mc2> <¢S> = E<¢s> (14.61)

where the external potential v(r) has been replaced by V™€ for the purpose of
connection with the developments in other parts of this book.

For the majority of quantum chemical problems suitable for a DFT treatment,
the accuracy ambitions are compatible with use of the Dirac—Coulomb Hamiltonian.
The development above shows that in those cases one can with good conscience
borrow freely from the exchange-correlation functionals of ordinary nonrelativistic
DFT. This includes the use of gradient-corrected and hybrid functionals, which are
easily implemented within the formalism above. There exist also explicitly relativistic
exchange-correlation functionals, which may be used if a more consistently relativis-
tic approach is desirable. For quantum chemical applications it is not clear that such
functionals offer any real advantages over the standard nonrelativistic functionals. In
open-shell systems, spin polarization is important, and nonrelativistic calculations rely
on spin-density functionals. The application of these functionals in a relativistic context
is not straightforward. The discussion of the merits of the various exchange-correlation
functionals and spin-density functionals is beyond the scope of this book, and the
reader is referred to the DFT specialist literature for a more extensive treatment of
these subjects (Koch and Holthausen 2001, Eschrig 1996, Engel 2002). For heavy-
element calculations it should be remembered that the nonrelativistic functionals are
parametrized for light elements and might therefore be less accurate for heavy elements.

The implementation of relativistic DFT methods for molecular calculations follows
by straightforward extension of nonrelativistic implementations. The major features
of the implementation are the tabulation of the exchange-correlation potential on a
grid, and subsequent numerical integration to obtain the Fock matrix elements. With
modern computing technology, the time taken to evaluate the exchange-correlation
potential, even with gradient corrections, is relatively minor. The evaluation of the
Coulomb potential is often aided by an expansion of the density in an auxiliary basis
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set, which reduces the formal scaling of the method with the number of basis functions
to n3.

Due to these techniques, nonrelativistic DFT has established itself as a very conve-
nient and economical method for performing calculations that account for essential parts
of the correlation energy. As such it has become the method of choice for a sizable com-
munity of users, in particular those who require moderately accurate results for large
molecular systems. The ease of implementation has meant that several existing four-
component relativistic programs (DIRAC 2004, BERTHA 2002, BDF 1997, UTChem:
Yanai et al. 2001a, 2001b) and a number of two-component or one-component rela-
tivistic programs (ADF 2005, MAGIC 2000, Rosch et al. 2002) now include density
functional methods. A brief description of some of the earlier approaches to relativistic
DFT is given in appendix J.
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Approximations to the Dirac
Equation
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Spin Separation and the Modified
Dirac Equation

In the preceding chapters, the theory for calculations based on the Dirac equation has
been laid out in some detail. The discussion of the methods included a comparison
with equivalent nonrelativistic methods, from which it is apparent that four-component
calculations will be considerably more expensive than the corresponding nonrelativistic
calculations—perhaps two orders of magnitude more expensive. For this reason, there
have been many methods developed that make approximations to the Dirac equation,
and it is to these that we turn in this part of the book.!

There are two elements of the Dirac equation that contribute to the large amount
of work: the presence of the small component of the wave function and the spin
dependence of the Hamiltonian. The small component is primarily responsible for
the large number of two-electron integrals which, as will be seen later, contain all
the lowest-order relativistic corrections to the electron—electron interaction. The spin
dependence is incorporated through the kinetic energy operator and the correction to
the electronic Coulomb interaction, and also through the coupling of the spin and
orbital angular momenta in the atomic 2-spinors, which form a natural basis set for the
solution of the Dirac equation.

Spin separation has obvious advantages from a computational perspective. As we
will show for several spin-free approaches below, a spin-free Hamiltonian is gener-
ally real, and therefore real spin—orbitals may be employed for the large and small
components. The spin can then be factorized out and spin-restricted Hartree—Fock
methods used to generate the one-electron functions. In the post-SCF stage, where
the no-pair approximation is invoked, the transformation of the integrals from the
atomic to the molecular basis produces a set of real molecular integrals that are
indistinguishable from a set of nonrelativistic MO integrals, and therefore all the

1. It should be pointed out at the outset that the Dirac—Coulomb(—Breit) Hamiltonian already con-
tains approximations to the full QED Hamiltonian (if one exists!): therefore, we are considering further
approximations, with this Hamiltonian as the most rigorous reference point.

277
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nonrelativistic correlation methods may be employed without modification to obtain
relativistic spin-free correlated wave functions.

In most cases, spin—free relativistic effects dominate the relativistic corrections
to electronic structure. We will show later that in a perturbation expansion based on
the nonrelativistic wave function, the spin-free effects for a closed-shell system enter
in first order, whereas the spin-dependent effects make their first contribution in sec-
ond order.? Thus a reasonable approach to the treatment of relativistic effects is to
include the spin-free effects fully and treat the spin-dependent effects as a perturbation.
We discuss the latter task in chapter 21. In this chapter, we will examine a modification
to the Dirac equation that permits the spin-free and spin-dependent terms to be sepa-
rated (Kutzelnigg 1984, Dyall 1994). This separation is exact, in that no approximations
have been made to obtain the separation, and therefore results obtained with the modi-
fied Dirac equation are identical to those obtained with the unmodified Dirac equation.
The advantage of the separation is the identification of the “genuine” spin-dependent
terms and the possibility of their omission in approximate calculations. This develop-
ment also provides a basis for discussion and analysis of spin-free and spin-dependent
operators in other approximations.

The Modified Dirac Equation

We will work with the Dirac equation in 2-spinor form,

(V-—EWr+co-pvs=0 (15.1a)
c(o -t + (V= E =2mcHyS =0, (15.1b)

where we still use Hartree atomic units but have chosen to make the m-dependence
explicit. The problem of separating out the spin-dependent terms in these equations is
that the spin appears in the kinetic energy operator, here represented in terms of (o - p).
The tool we will use is the Dirac relation (4.14), which was introduced in chapter 4
and is repeated here:

(0-u)(o-v)=u-v+io-uxyv. (15.2)

The second term on the right-hand side vanishes if u = v, and hence the spin depen-
dence of the product is eliminated. To make use of this relation, we need to introduce
another scalar product involving ¢ into (15.1). This is achieved as follows.

The operator (o -p) appears in the relation between the small and large components,

VS =@2me®> =V +E) co-put. (15.3)

2. For open shell systems, the z component of the spin—orbit interaction can contribute at first order since
it preserves mg.
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It is this operator that determines the symmetry characteristics of the small compo-
nent relative to the large component: the premultiplying factor belongs to the totally
symmetric irrep. We will therefore introduce a pseudo-large component, $*, defined by

2me S = (o - p) L. (15.4)

This is a valid definition, as it only requires that the small component be integrable,
which is certainly the case since {5 must be square integrable in order to normalize the
Dirac wave function. The pseudo-large component now has the same symmetry prop-
erties as the large component. The nonrelativistic limit of the pseudo-large component
is the large component, since

Jim 2me YS = (o -p)ut. (15.5)

At any finite value of ¢, however, the pseudo-large component differs from the large
component.

Substituting the definition of the pseudo-large component into (15.1), and multi-
plying (15.1b) by (o - p) /2mc, we get the equations

1
(V= EW' + (@ p)o-po- =0

" (15.6)
(0-p)(V —E —2mc?) (o -p)ot =0.

1 L
et G DNCED Dl ey
We now make use of the Dirac relation (4.14) to eliminate the spin dependence where
possible. The kinetic energy term is

1 PP
—(@-p)o-pp=—=T, (15.7)
2m 2m

which is the nonrelativistic kinetic energy operator. The energy and rest mass terms in

the second equation are constants, so the same operation may be performed on these

terms. The result is the modified Dirac equation

(V-—EWt + 7oL =0 (15.8a)
AL (0-p)V(oc-p) A E - L _
Tyt + [—4’"202 7 _ZmCZTi|¢ = 0. (15.8b)

The only term remaining that has any spin dependence is the term involving the
potential in the second equation, and this can also be separated out using the Dirac
relation,

(c-pV(o-p)=pV-p+ioc-pV xp. (15.9)

It is now plain that the “real” spin dependence in the Dirac equation is not in the kinetic
energy but in the potential energy for the small component—a fact that is hidden in
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the standard form of the Dirac equation but that becomes plain in the modified form.
In an atomic system the potential is spherically symmetric, and we may write the
spin-dependent term as

: 19V 20V
ioc-pVxp=—-—ho-rxp=-—s-4. (15.10)
r dr r dar
By performing the spin separation, we have obtained a term that involves the interaction
of the spin and the orbital angular momentum—a spin—orbit interaction.
From (15.8) we can extract a modified Dirac Hamiltonian that consists of a spin-free
and a spin-dependent term,

#P — 14 T n 0, 0, 451
A7 [(pV -p) — f"] /4m2c2 0, ioc-pV x p/4m2c2 , .

a modified wave function,

N L
U= (j;L) , (15.12)

and a modified metric that now differs from unity,

= (Db 0,
G= (02 f/chz)’ (15.13)

due to the definition of the pseudo-large component in (15.4). (See appendix E for
details on metric changes.) If we use both the spin-free and the spin-dependent
parts, this modified Hamiltonian will yield the same results as the unmodified
Hamiltonian. The separation of the spin dependence is therefore exact: we have made
no approximations to get to this point.

The spin-free modified Dirac Hamiltonian is obtained by simply omitting the second
term on the right-hand side of (15.11):

-, 1% T
Ho=\4 [(pv.p)_f]/ztmzcz’ (15.14)

This spin-free Hamiltonian is not exact in the sense that it returns the results of the
original Dirac Hamiltonian. What we have achieved is the separation of the spin-free
and spin-dependent terms in the Dirac equation without further approximation: there
is no truncation of either the spin-free or the spin-dependent part.

It should be noted that the choice of the pseudo-large component is not the only
choice that could be made to effect the spin separation (Sadlej and Snijders 1994,
Visscher and Saue 2000). We could have multiplied (¢ - p) by any function of the
coordinates to obtain a separation. What makes this choice unique (up to a scaling
factor) is that the metric is spin free. Any other choice results in a metric that has a
spin-free part and a spin-dependent part.
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In the next section, we will examine some properties of the solutions of the spin-free
modified Dirac equation, and we then proceed to a closer inspection of the one-electron
operators in the modified formalism before treating the two-electron terms.

Solutions of the Spin-Free Modified Dirac Equation

Two critical questions about the removal of the spin dependence from the Dirac equation
are, “What effect does this have on the eigenvalue spectrum?” and “How is the wave
function modified?” These questions may be answered by a similar process to that used
for the atomic Dirac equation in chapter 7. The second question has as an auxiliary
question, “How does the wave function behave in the nonrelativistic limit?”

The eigenvalue spectrum of (15.14) may be deduced from the behavior of the
equations in the region far from the nuclei, where V' — 0 and consequently all terms
involving V are negligible. The spin-free modified Dirac equation in this region may
be written (in Hartree atomic units)

V2ol = —2mEr
(15.15)

vyl = [1 + } V2oL

2mc?

Substituting for V2¢L from the first of these equations into the second gives the
equation

V2l = —2mE [1 + E 2} vl (15.16)

2mc

whose solutions are oscillatory for E > 0 and E < —2mc? and exponentially decaying
(bound) for 0 > E > —2mc?, just as they are for the original Dirac equation. This
is no surprise: the spin-dependent terms arise from the potential, which is zero at
large distances from the nuclei. The spin-free modified Dirac equation and the original
Dirac equation are equivalent in this region, and therefore the long-range behavior of
the wave function is the same. It also follows that the same reinterpretation of the
negative-energy states is required for the spin-free modified Dirac equation as for the
original Dirac equation.

In the region close to one of the nuclei the wave function behaves like the atomic
solution for that particular nucleus. The boundary conditions are important here because
there is a term involving the gradient of the potential, which for a point nucleus gives
an operator Zr/r> whose behavior could be problematic. To investigate the behav-
ior near the nuclei we follow the approach adopted in chapter 7 and write the wave

function as
L 71P
($L) _ <:‘1QEZ;2> (15.17)
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where £ contains angular and spin variables.> Here we use Q for the pseudo-large
component: the tilde is added to distinguish it from the small component in chapter 7.
We can now derive a radial spin-free equation for an atom:

d*0 L +1) -
d’P  t(+1) 1 d*Q  t+1) «
w2 T [1 "t V>] [ﬁ — T2 2| asy
L dvido 0| _,
2me? dr | dr r|

We expand P and 0 in power series

P =por” + pir’ 4 por? P4
i (15.19)
0 = gor” +q1r"+l + qzr’7+2 +--

and making use of the expansion of the nuclear potential in (7.53) we substitute into
(15.18) to obtain for the lowest terms

[n(n—1)—£(€+1D)]gor"2+2mvopor” ~ +2m[(E +v1) po+vop11r? +--- = 0,

) 1 -3
[y (y =D —€+D]por” +3 voln(n—1)—£(¢+D]lgor”

mc?

1
_[1—2 2(E+v1)}[n(n—1)_g(g+1)]qorn2
mc

+ [”o(n— Dgor™> +vong17"> 4+ [va(n—1)go+vo(n+1)galr" ' 4-- ] =0

(15.20)

2mc?

The exponents y and 7 are obtained by equating the lowest terms in these expressions.
Here also the point nucleus and the finite nucleus cases must be considered separately
because they have different expansions of the potential.

For a point nucleus, V = —Z/r, that is, vg9 = Z, we equate the lowest terms in
the first equation, which are of order r7~2 from the expansion of 0 and r”~! from
the expansion of P, yielding n = y 4+ 1. The same result is obtained from the second
equation. Thus ¢~ ~ rL near the origin, and the potentially problematic term that
behaves as r~2d Q /dr is reduced to a term that behaves as r~2 P, which is the same
as for the angular momentum term. The exponent y is non-integral as it is in the

3. Note that it is the same angular and spin function for both large and pseudo-large components.
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solutions of the original Dirac equation, but it has a different value for £ > 0, given
by the equation

2 — 22— @+ DA - 2222 — et + D] = 0. (15.21)

For a finite nucleus, where vg = 0, the lowest term in the first equation yields
n = £ + 1, and on substitution into the second equation we find that y = £ 4 1, and
thus both large and pseudo-large components have the same behavior at the origin.
There is no difficulty with the terms involving the derivative of the potential because
the nuclear charge distribution is no longer singular, and in fact the differentiation
produces a higher power of r rather than a lower power because the first term in the
series expansion of the potential, which is independent of r, vanishes.

In the nonrelativistic limit, (15.8) reduces to

(V- EYWr + Tk =0
(15.22)
Tyl —Tor =o0.

Substituting the second equation into the first gives the Schrodinger equation, with |~
the nonrelativistic wave function. The second of these equations implies that ¢ also
becomes the nonrelativistic wave function. For a finite nucleus this is indeed the case,
but for a point nucleus it is necessary to take care with the nonrelativistic limit, as
we did for the Dirac equation. Naively setting ¢ — 00 in the series expansions above
would still yield the result ¢& ~ r* near the nucleus, not ¢* ~ L, which is
what we would expect from the equation above. To illustrate, consider the ground
state of a hydrogenic atom, for which the radial part of {5 goes as r¥~le=%", with
y? =«?—Z?/c* and k = —1. (In the following, the normalization will be neglected

for simplicity.) The radial part of ¢p* is given by
oF ~ /rV—le—Z’dr. (15.23)
Integrating by parts to obtain the series expansion

Zr
Loyre Zr 14+ —— 4. 15.24
oE ~rve <+y+l+ ) ( )

gives a leading term of r” whose nonrelativistic limit leads to the same result as
obtained from the power series expansion above, ¢* ~ rL. Instead, it is necessary
to obtain the asymptotic expansion from (15.23),

—1
(I),I: ~ ry—le—Zr (1 + VZ + .. ) , r > 0. (1525)
r

Taking the limit ¢ — oo gives the correct nonrelativistic wave function, but the limit
is valid only for r > 0, that is, the nonrelativistic limit is obtained only asymptotically.
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It is apparently this discontinuity that causes the problems in defining the nonrela-
tivistic limit. This point has been raised by Kutzelnigg (1989) in his discussion of
perturbation theories based on the Dirac equation, where he shows that the limits
¢ — oo and r — 0 do not necessarily commute, and for certain kinds of relativistic
Hamiltonians there is no well-defined nonrelativistic limit. No such problem occurs for
the finite nucleus.

Modified One-Electron Operators

One way of viewing the modification of the Dirac Hamiltonian is to consider that the
wave function has been written as the product of a transformation operator 7 and a
new wave function:

_as_ (VE _ (I 0, Wk
w=T¥= (¢S> = (02 @ p)/zmc> (¢L>' (1520

This transformation has to be applied to the left and the right of the Dirac Hamiltonian
to obtain the modified Hamiltonian. The same applies to operators for various molecular
properties, which must also be modified: the unmodified form is simply multiplied on
the left and the right by the transformation operator T to obtain the modified form. We
consider here both an operator defined by a scalar potential and an operator defined by
a vector potential.

For a scalar potential W the modified form is exactly analogous to the nuclear
potential V', and separates into a spin-free and a spin-dependent term,

W= (W 0,
“\02 (0-p)W(o-p)/4m>c?
(15.27)

(W 0, i 0, 0,
“\0, (W -p)/dm3c? 0, (ioc-pW x p)/4m3c*)

For a vector potential A the unmodified operator is Y = eca - A, and the modified
operator is

?_i< 0, (a-A)(a-p))
~ 2m \(o-p)(0o-A) 0,

_ ¢ (0 A-p +i 0, ic-AXxp
Tom\p-A 0 o2m \io -px A 0, ’

If we are working in the Coulomb gauge, then V - A = 0. We also have V x A = B,
and the operator may be rewritten as

~ e (00 Db ie (0, I e 0, 0,
Y=— A — Y- A — . (15.29
2m (Iz 02) Pt o <—Iz 02) Pt (0 -B 02> ( )

(15.28)
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This operator looks a little unsymmetrical due to the term involving the magnetic field.
The lack of symmetry is apparent rather than real, because the unmodified operator
had no such asymmetry. The spin-free term in W is also unsymmetrical in form, if we
apply the momentum operator to the potential:

pW . p = —12 [(VW) Vot sz] . (15.30)

In practice, it is not the bare operators that we are dealing with, but the integrals,
which can be written as
z L L n L L 5 L 2\ 4L
Wap = (Vg I W [y) — W(q)a [(VW)-V]dy) — W(% WV~ b, )

h L L
t 22 Galo - (VW) X pléy)

(15.31)
for the scalar potential, and
~ h
Fup = - S LU IA-V10]) + (0 1AV )]
%[wﬁw-AxV|¢é>—<¢§|a-Axv|¢,§>
+ (oL 1o -BlYL)] (15.32)

for the vector potential. The basis functions here are in general 2-spinors. The reason the
unsymmetrical form appears is because we are making all of the momentum operators
operate to the right. It is a simple exercise in integration by parts to show that, despite
the asymmetry in the operators, the integral matrices are Hermitian. For computational
purposes, the most useful way of evaluating the integrals is to make the gradient
(or momentum) operator always operate on the basis functions rather than the operator,
for then the “normal” form of the operators may be used. With this approach, the scalar
potential integrals are

. L L h? L in?
Wap = (WG I W15 + s (VO IW - 1V05) = 2 (Vo[ | - Wa x | Vo)
(15.33)
and the integrals over the vector potential are

f/ab _ leh[

(WEIA - |VOE) + (Vok| - Aluf)]
+ S lo A Vo) — (VokI x Ao b)) (534)

These are manifestly symmetric integrals.
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While for practical purposes these last expressions are of more use, the unsymmet-
rical form (15.32) gives more insight into the contributions to the integral. In (15.34)
the interaction of the spin with the magnetic field is obscured. If we insert into (15.32)
the nonrelativistic limit of the wave function, ¢ — 1, the first and second terms
become identical and the third and fourth terms cancel, to give an integral

~ e eh
Y;‘F=Z<¢§R|A-pw2"‘>+%wERwa,’fR» (15.35)

For the case of a uniform magnetic field, A = %B x r, the scalar operator can be
rewritten as A - p = %B - £, and with ho = 2s the integral becomes

PR = S (AR (€ +29) - BIWAR). (15.36)

Here we see that the spin-dependent term of the modified vector potential is in fact
describing the interaction of the spin with the magnetic field, and the scalar term is
describing the interaction of the orbital angular momentum with the magnetic field.
These terms are the spin and orbital Zeeman terms respectively. In (15.32) there are
also relativistic corrections that arise from the difference between ¢ and .

One further step is usually taken in the evaluation of the integrals (Vahtras et al.
1992). The basis functions are functions of the relative coordinates of the atomic center,
r — R4, and the differentiation can therefore be transferred from the electronic to the
nuclear coordinate, because

09 _ _ 3
ox XA

(15.37)

The differentiation can be taken outside the integral, converting it into a derivative
integral with respect to nuclear displacements. The scalar potential integrals are then

2

- h
Wap = (g IWIU5) + 5 Va - Ve (07 W10y )
m<c
ih?
4m?2c?

Vax Vg (oF | Wa|dy) (15.38)

and the integrals over the vector potential are

Yoo = — —[Va - (WEIAIGF) + Va - (05 A IUE)]

h
[Vs - (Vhlo x Alof) +Va-(dF o x Alyy)].  (15.39)

ieh
2m
e

T o

It is also possible to use the transformed magnetic perturbation operator of
section 13.7. The use of this operator is discussed in section 19.5.
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Modified Two-Electron Operators

So far we have only considered the modification of the one-electron terms. The modified
two-electron terms are derived in a straightforward manner from a consideration of the
two-electron integrals, in much the same way as the one-electron property operators
were derived. To proceed we define the projection operators onto the large (positive
sign) and small (negative sign) components,

~ 1 A | 0 N 0, 0
Pizﬂhiﬂzp+=cé09,73=<é é) (15.40)

These operators are idempotent, as all projection operators should be: PEPE = PE
In addition, they commute with the four-component spin operator ¥—a property
that is important in the developments below. Using these projection operators, the
transformation operator for electron i can be written as

A 1 .
T =P+ —(Z -p7P;. (15.41)
2mc

With this definition, we can write the modified two-electron operators as
2ij="T T gij T; Ti. (15.42)
The three cases of interest for g;; are the Coulomb interaction, the Gaunt interaction,

and the Breit interaction.

The unmodified Coulomb interaction has no spin-dependent terms, and we can

straightforwardly apply the transformation operator and use the idempotency of the
projection operators to obtain the modified Coulomb operator,

=PIPr @)+ .- ﬁP@%+ P PG
A—PD— (522
+eaali P @) (15.43)

Here, we have defined four operators with superscripts that describe the dependence
on X and p of the densities involving electrons i and j. These four operators are

1
glojo _ (15.44a)
rij
i

R 1
&7 = (Zi-p)(Z;-p)) — (Zj-p)(Zi-po). (15.44d)
)
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The first of the four operators is the normal Coulomb operator. The second and third
are related by index interchange, and have their analogies in the one-electron terms:

N 1 1
8 =pi— pi+hZi- (vl-—> X pi. (15.45)
rij rij

The gradient term can be written

1 rij
Vi—=-—— (15.46)
r,~j rij

to show that the spin-dependent term is a spin—orbit interaction,

1 1 2
hEi . (Vlr—> X Ppi = ——3h2i ‘Tij X Ppi = —TSi 'eij~ (1547)
i ij ij

We can compare this expression with the one-electron spin—orbit term from the nuclear
potential, which for a point nucleus is

ho; - (Vir_-Z) X pi = +2—§Si 4. (15.48)

: i
The two-electron term is the interaction of the spin of electron i with its orbital angular
momentum around electron j, sometimes called the spin-own-orbit interaction. It is of
the opposite sign to the nuclear term and therefore acts as a screening term. The fourth
operator in (15.43) contains four terms, which are rather difficult to represent cleanly.
Instead, it is simpler to consider the integrals of these operators in terms of derivatives
with respect to nuclear coordinates, as we did in the previous section. Then, we have
the four integrals

g% 4 = (ablcd)

8apea = (Va - Vp)(@bled) +i(Va x Vi) (@oblcd)

8924 = (Ve - Vp)(abléd) +i(Ve x Vp-)(abléad)

8abea = (Va - VB)(Vc - Vp)(@bled) +i(Va - Vp) (Ve x Vp-)(ableod)
+i(Ve - Vp)(Va x Vg-)(aob|éd)

— (V4 x V) (Ve x Vp-)(aob|éad) (15.49)
where the scalar products in the last integral are taken to apply to the appropriate spin
density in the integral, and the tildes distinguish the pseudo-large component from
the large component. The appearance of o rather than ¥ in these integrals is due to the

fact that the projection operators have been applied. We have also omitted 7% in these
expressions.
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The modified operators for the Gaunt and Breit interactions can be derived in an
analogous manner. The derivation is somewhat more involved than for the Coulomb
interaction due to the presence of the o matrices. Here we derive the Gaunt terms,
but the gauge term for the Breit interaction is considerably more complicated (and
the derivation may be found in appendix F).

We start the derivation of the modified Gaunt interaction by examining the effect
of sandwiching o between two projection operators:

0 L
#(6; w)

0,
L 0

=]
(NS )
N
N—
Il

(15.50)

>
\
153
>
+
Il
S L/~ — ©
N4
=
[\S)
—
I
I\
Py
=
[\S)

This result makes sense because the o matrices connect large and small components.
The two new matrices introduced in the second and third equations are similar to
the projection operators, but they also perform an interchange of the large and small
components. We define the “raising” and the “lowering” operators in the component

Space,
s (00 L Av (UEY (V5.
o= ) o (i)=(%):

(15.51)
o — 0, 0, O~ YE\ (0
L 0)’ v\t )
We can therefore write
PtaP~ =0tx, P aPt=0"3. (15.52)

Note that Qi commutes with X.
Inserting g;; = —o; - o /r;; into (15.42) and making use of the above definitions,
we get the modified Gaunt interaction,

1 AL A AL A A A A A
G _ +A+ (ot +AH= (ot— -AF (o—+ -H= (o=
(15.53)
where the superscripts on the g operators have been chosen to match the product of

projection operators. Each of these operators contains four X matrices, two for electron
i and two for electron j, in three scalar products. The reduction to spin-free and
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spin-dependent parts using the Dirac relation (4.14) follows a similar pattern for each
of these operators:

1
glf;+=:(Zi-zj)(zi'pi)(zj'pj)
L

: (15.54a)
:;j[pi'pj_i(zi_zj)'(l)i xpj)—(Zixp)-(X;jxpj)],

_ 1
g;;_ :(Zj-pj)F(Ei-E,/)(ErPt)
u

1 . 1 1
=[p;— Pi+i(Zi+Z) -(pj—xp)+(Zjxp;—)-(Zixp)], (15.54b)
V,'j V,'j r,‘j

1
gif:(zi'pi)(zi'Zj)f(zj'l’j)

}"l]
1 . 1 !
=[pi—p; +i(Zi+ ) (0 xp))+(Zixpi)-(F;xpp)].  (15540)
rij ij ij
- 1
g = (Zi-p)(Z;-P)(Zi-Zj)—
ij
. 1
= [Pi Pi+i(Xi—2)-(pi xpj)— (X xp;)- (¥ ij)]}T' (15.54d)

1

Each operator thus reduces to a spin-free part involving a scalar product of momentum
operators, a spin—orbit term involving the spin of both electrons, and a spin—spin
interaction term. Because of the projection operators, no further simplifications can be
made in general in these expressions apart from rearrangement of the scalar and vector
products into other forms.

We may collect the integrals over the operators according to the three kinds of term.
The spin-free integrals are

gost = —V4 - Ve(abléd) + Va - Vp(abled) + Vg - Ve (abléd) — Vi - Vp(abled),
(15.55)

the spin—orbit integrals are

8orso = —iVa x Vel(@ob|ed) — (abléod)] + iV x Vpl(@obled) + (ablcod)]

+iVg x Vel[(aobh|éd) + (ab|éod)] — iV x Vpl(aoh|cd) — (ab|cod)],
(15.56)

and the spin—spin integrals are

8o = (Vax) - (Vex)(aobléad) — (Vax) - (Vpx)(aoblcad)

— (Vgx) - (Vex)(aobléad)] + (Vg x) - (Vpx)[(aob|cad)], (15.57)
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where the vector products apply to the appropriate spin density and the scalar product is
taken between the resultant two vector products. These integrals are in reality integrals
over 4-spinors.

In terms of the large and pseudo-large components, the integrals can be classified
into three basic integral types,

Va - Vc(ablcd),
Va x Ve(aob|éd), (15.58)
(Vax) - (Vex)(aob|cod).

The scalar quadruple product in the spin—spin operator can be rewritten as
(0; xp;j)-(0; xpj)=(0;-0;)P;-p;)—(0;-p;)0o; P;) (15.59)

to remove the vector product. The integrals from the first term on the right-hand side
are then identical in form to the spin-free integrals, except that they are taken over
spin densities instead of charge densities. The second term is not related to any of the
previous terms. Ultimately, the integrals involve combinations of all nine Cartesian
second-derivative integrals.

The gauge term, which is the difference between the Gaunt interaction and the
Breit interaction, produces a spin-free operator that can be interpreted as an orbit—orbit
interaction. Thus, both the Gaunt interaction and the gauge term of the Breit interaction
give rise to spin-free contributions to the modified Dirac operator. We will use the
developments of this section in chapter 17 to derive the Breit—Pauli Hamiltonian.

Practical Implications of Spin Separation

One important advantage of the modified Dirac equation is that, since the large com-
ponent and the pseudo-large component have the same symmetry, we can use the same
primitive basis set for both. However, if we want to use a contracted basis set, the
contraction coefficients for these functions will differ. We will therefore distinguish the
basis sets for the components when we expand them, which we do now:

yl = Zaka,f; oF = Za,fx,f (15.60)
k k

We use the superscript P for the pseudo-large component, which represents both the
initial letter, and also the fact that it is related to the small component through the
momentum operator p. The one-electron modified Dirac equation in this basis set is

then
VLL TLP aL SLL 0 aL
(TPL VPP/4m2c2—TPP> <aP>=< 0 TPP/zmc2> (aP)E (15.61)
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There are three kinetic energy matrices, all of which can be calculated with the
same primitive integrals, contracted appropriately. V” is the matrix of (o - p)V (c - p),
or of pV - p if we are choosing the spin-free version. The integrals over the potential
can be evaluated as derivatives of regular integrals, just as was done for the electric
properties in section 15.3. Likewise, the two-electron integrals can be evaluated as
derivative integrals, and their form follows from (15.49).

At the beginning of this chapter it was asserted that a considerable amount of work
could be saved by performing a spin separation in the Dirac equation, using the spin-
free part variationally, then treating the spin-dependent terms as a perturbation. We are
now in a position to assess the reduction of work that would actually be obtained by
performing a spin-free calculation.

We also want to compare the amount of work in a spin-free modified Dirac cal-
culation with that in a nonrelativistic calculation. One of the reasons given for the
development of relativistic effective core potentials (RECPs) was the expense of four-
component Dirac—Fock calculations. RECPs are often used in spin-free form, but the
comparison is made with the spin-dependent unmodified Dirac approach. The compar-
ison of the cost of a spin-free all-electron calculation with a nonrelativistic calculation
will give a more realistic indication of the relative cost of the incorporation of spin-free
relativistic effects.

We will evaluate the numbers of integrals required for a calculation with the unmod-
ified Dirac Hamiltonian, and compare them with the number of integrals required for
a calculation with the spin-free modified Dirac Hamiltonian, and with the number
required for a nonrelativistic calculation. The spin-free Hamiltonian is formed by sum-
ming all the spin-free terms defined above, but we will consider the Coulomb term and
the Gaunt and Breit terms separately. For the purpose of this evaluation, we make the
following assumptions and definitions:

e The system has no spatial symmetry.

e There is a 1:1 ratio of large- and small-component functions, that is, the
restricted kinetic balance relation applies between the primitive large- and
small-component 2-spinor basis sets.

The number of orbitals in the basis set is n, that is, there are n Kramers pairs in
the unmodified approach, and n real orbitals in the spin-free modified approach.

In the analysis of the numbers of integrals, there are several distinctions that need
to be made. First, the integrals over the unmodified Dirac Hamiltonian are given in
a 2-spinor basis, whereas the spin-free modified Dirac integrals are given in a scalar
basis. Second, the large and small components will have different basis sets in the
unmodified Dirac method, regardless of whether the basis is contracted or not, whereas
in the spin-free modified Dirac method, the primitive basis sets are the same for the
large and pseudo-large components, so that only in a contracted basis are the large and
pseudo-large basis sets different.

We start by comparing the one-electron matrices, of which there are three types to
consider:

e Overlap matrices: S“Z and $55 in the unmodified Dirac method, SY* and T?” in
the modified Dirac method, S in the nonrelativistic method.
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e Potential energy matrices: VAL and V55 in the unmodified Dirac method, VE£
and VP? in the modified Dirac method, V in the nonrelativistic method.

e Kinetic energy matrices: IT™S in the unmodified Dirac method, TZ? in the
modified Dirac method, T in the nonrelativistic method.

The overlap and potential energy matrices are matrices of dimension n? for each com-
ponent, both in the modified and unmodified Dirac method, and both are Hermitian.
The unmodified Dirac matrices are quaternion matrices, and there are n(2n — 1) unique
quantities (real numbers) in each matrix. The modified spin-free Dirac matrices are real,
with n(n + 1)/2 unique quantities. The reduction in the number of unique quantities is
a factor of approximately 4.

The kinetic energy matrix is a full matrix of dimension 12 in both cases. As for the
other two, the unmodified Dirac kinetic energy matrix is a quaternion matrix, with 4n>
unique quantities, whereas the spin-free modified Dirac kinetic energy matrix is a real
matrix with n” unique quantities, and the resultant reduction is a factor of 4. However,
if an uncontracted basis is used, the spin-free modified Dirac kinetic energy matrix is
symmetric, and is the same as the pseudo-large-component overlap matrix.

Overall, there are approximately 12> unique quantities in the unmodified Dirac
one-electron matrices. There are 3n% unique quantities in the modified spin-free Dirac
one-electron matrices if the basis is contracted, and 2n? quantities if the basis is uncon-
tracted. In a nonrelativistic calculation, where there is no small component, the number
of unique quantities is approximately 3/2n2. Thus, the spin-free modified Dirac method
has twice as many one-electron integrals in a contracted calculation and only 33% more
integrals in an uncontracted calculation than a nonrelativistic calculation.

Similar considerations apply to the two-electron Coulomb integrals. The densities
scale in exactly the same way as the one-electron integrals, and therefore the reduction
from the unmodified Dirac integral set to the spin-free modified Dirac integral set is a
factor of 16. Similarly, the increase from the nonrelativistic integral set is a factor of 4.
In other words, where the full Dirac—Coulomb integral set is 64 times the nonrelativistic
set, and therefore the SCF calculation is 64 times the cost, a spin-free modified Dirac-
Coulomb SCF calculation is only four times the cost of a nonrelativistic calculation.
It is no surprise that the same scaling factors apply to the integrals from the Gaunt
and the Breit interactions, which can be combined into a single integral set since the
two have the same permutational symmetry. A spin-free modified Dirac—Breit SCF
calculation is then eight times the cost of a nonrelativistic SCF calculation. These
factors apply regardless of whether the basis functions are contracted or uncontracted,
so that as far as the integral count is concerned, contraction is a minor issue.

The costs evaluated so far relate only to the number of integrals. The expense of
evaluating the integrals is also a consideration. Because the integrals over the pseudo-
large component involve gradients, the cost is essentially the same as that of the small-
component integrals. Thus, the integral cost does not change on going from the original
Dirac equation to the modified Dirac equation.

Another important issue in performing the spin separation is whether this would
give any advantage in a calculation that included all the spin-dependent terms.
We might then choose to work in the modified representation of the Dirac equation
rather than the unmodified representation.
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The spin-free one-electron integrals comprise a quarter of the number of integrals
from the unmodified Dirac operators. The remaining integrals are the spin—orbit inte-
grals, which would be generated and stored as the spatial integrals V4 x Vp(a|V | 5).
For each index pair ab there are three integrals, and these are antisymmetric to inter-
change of the indices, making a total of 3n(n — 1)/2 integrals. When added to the
spin-free pseudo-large-component potential energy integrals, this gives n(2n — 1)
unique integrals, which is exactly the same as for the unmodified small-component
potential energy integrals. The number of large-component potential energy integrals,
kinetic energy and overlap integrals is the same as before. If an uncontracted basis set
is used, the count of modified integrals is approximately 7/2n>.

Before drawing any conclusions about the one-electron matrices, we make the
following observation. If a contracted basis set is to be used in a spin-dependent
calculation, the spin-orbit components of the atomic functions with £ > 0 should be
contracted separately, rather than using a single function determined, for example, in
a spin-free atomic calculation. Otherwise, there is a risk of a large contraction error
in the calculations, particularly for heavy elements where the spin—orbit components
can have significantly different radial functions, even in the valence shell. Under these
circumstances the number of modified integrals for functions with £ > 0 is quadrupled
in the modified approach, and the advantage of the representation in terms of scalar
functions is to a large extent lost. We could of course transform the modified integrals
to a 2-spinor basis, but then there would be the same number as in the unmodified
approach, and any advantages gained by the modified approach would again be lost.

Turning to the two-electron terms, we find a similar situation. We consider only the
Coulomb interaction, where the spin-free integrals constituted 1/16th of the full unmod-
ified set, or four times the nonrelativistic set. The spin—orbit integrals are antisymmetric
to the interchange of the two indices involved in the vector product, and symmetric to
the interchange of the other two indices. We therefore have n(n — 1)/2 xn(n + 1)/2
integrals for each spin—orbit component, which amounts to six times the nonrelativistic
set. The integrals from four pseudo-large-component functions amount to six times the
nonrelativistic set for those involving a single spin operator, and nine times for those
involving two spin operators. The overall factor for the spin-dependent integrals is 21.
Summing all the contributions gives a factor of 25 relative to the nonrelativistic set.
This is a factor of about 2.5 reduction from the full relativistic set, which has 64 times
as many independent quantities as in the nonrelativistic integral set.

In a contracted basis set, the advantage is again lost when the spin—orbit components
are contracted separately. The doubling of the number of basis functions for £ > 0
means that there will be sixteen times as many integrals for these basis functions.
In a typical basis set there would therefore be no advantage from the point of view
of integral storage in keeping the integrals in modified Dirac form over scalar basis
functions.
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Unitary Transformations of the
Dirac Hamiltonian

The separation of the spin-dependent terms in the Dirac Hamiltonian enables us to make
an approximation in which the spin-free terms are included in the orbital optimization
and the spin-dependent terms may be treated later as a perturbation. In this process,
the parameter space required to treat the large and small components has not changed.
Even with the extraction of (¢ - p) from the small component, we still have to calculate
integrals involving po’, which essentially regenerates the original small component
space and so the integral work has not really changed. What has been achieved is the
ability to use the machinery of spin algebra from nonrelativistic theory, but we are left
with a large and a small component.

The obvious next step is to separate the large and small components, or the positive-
and negative-energy states. The small component can be eliminated from the Dirac
equation by algebraic manipulation, but this leaves the energy in the denominator.
It would be preferable to obtain an energy-independent Hamiltonian that acted only
on positive-energy states and that could therefore be represented as two-component
spinors. If, following this separation, it were possible to separate out the spin-free and
spin-dependent terms, we would have a spin-free Hamiltonian that would operate on a
one-component wave function, and we would then be able to use all the machinery of
nonrelativistic quantum chemistry but with modified one- and two-electron integrals.

The matrix form of the Dirac Hamiltonian suggests that we should seek a unitary
transformation that will make it diagonal with respect to the large- and small-component
spinor spaces. Such a transformation is called a Foldy—Wouthuysen transformation
(Foldy and Wouthuysen 1950). Although in their original paper only the free-particle
transformation was derived, together with an iterative decoupling procedure that will be
described later in this chapter, the term Foldy—Wouthuysen transformation has come to
mean any unitary transformation that decouples the large and small components, either
exactly or approximately, and we will use it in this sense.

295
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The Foldy-Wouthuysen Transformation

We start from the time-independent Dirac equation in two-component form,

D _ 14 c(o-p)
Ho = <c(a p) V- 2mc2>' (16.1)

Here we are not considering the time dependence, which was done in the original paper

by Foldy and Wouthuysen (1950). It turns out that the results of the transformation are
essentially the same. We are looking for a transformation 2 that transforms a 4-spinor

to a 2-spinor, such that
R L FW
%) @S) - ("’0 ) (16.2)

This means that the lower row elements of 2 must fulfill the relation
" + 20V =0, (16.3)
To achieve this, we introduce the operator X , which connects IIIL and 1]15
U = Xyt (16.4)

This relation indicates that a suitable form of §2 might be

5 20 L2
2= - . 16.5
(e 4o (165)

For an orthogonal transformation we must have

A AT
2= . . 16.6
(_ o1 ) (16.6)
To make this transformation unitary, we determine the norm from
A _xt vt vt ¥
STH 1A X lA X _ 1+ % OA ) 16.7)
x o1 -X 1 0 1+ XX

We thus find that a formal decoupling of the large and small components may be
effected by the unitary Foldy—Wouthuysen transformation (see Kutzelnigg 1989),

1 1 o
Vit xix  Ji+xax

NG
I

(16.8)

1 . 1
_ X
V14 xxt V14 xxt
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Applying this transformation to the Dirac Hamiltonian (16.1) we get the formal
decoupling

~ DA . 0
_ N 16.9
UH"U (0 7—[_) (16.9)

where the Hamiltonian for the positive-energy states is

. 1 1
HY = —— V4o -pX+cATo-p) + 2TV —2mcHX | ——.
\/1+XTX[ ]\/l—i—XU(
(16.10)

This operator operates on 2-spinors. The wave function for the positive-energy states is

Y = %(ﬂf’“-l-/{ﬁllf‘g). (16.11)
1+ xtx

Substituting for {5 using (16.4) we get an expression for the 2-component transformed
wave function in terms of the large component,

UV =1+ T8 gl (16.12)

We may derive an expression for X from the off-diagonal element of the transformed
Hamiltonian, which must be zero. With some rearrangement, this expression is

2mc*X =c(o-p) + [V, X] - Xe(o-p) X. (16.13)

The solution of this equation is not known in analytic form for a general potential
because it is clear that X' must at least involve the operator c(o - p) and therefore does
not commute with V. It should also be noted that X’ does not commute with X', This
may be verified by considering the relationship between the large and small component
for any given eigenstate of the Dirac Hamiltonian with energy E, for which we may
write

X=0CmP+E-V) e p); X =c@-pem?+E-Vv)™'. (16.14)

The order of the operators X and Xt must therefore be maintained in any manipulations.

Even though we have an equation for X', we are no better off for it, because of the
complicated nature of the equation. If we make the approximation X = (o0 -p)/2mec,
which is essentially the nonrelativistic limit of X, and commence an iterative process
using (16.13), the first cycle will generate derivatives of the potential from the second
term and third derivative operators from the third term. The next cycle will generate
third derivatives of the potential and fifth derivative operators. This process therefore
generates highly singular operators, and it is difficult to see how it could be otherwise.
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There appears to be no alternative: we may have to be content with some sort of
approximation. A

There is one situation in which the solution for X is known, and that is for a
constant potential, such as for a free particle. The second term in (16.13) disappears
and it may be assumed that X is a function of (o - p) only and therefore commutes
with (o - p). The quadratic equation for X is now

clo-p[X?=1]+2m*x =0. (16.15)
Substituting X = clo-p)/ Y we get a simple equation
Y2 —2mc*Y - p? =0 (16.16)
that has the solution ¥ = mc? + /m2c* + ¢2p2, and thus

c(o-p) _ clo-p)

mc? + /m2c* + 2p2  mc?+ E,

where the square root is recognized as the classical energy of a relativistic free particle
and defines the free-particle Dirac energy operator:

Ep = \/m2c* + 2p2. (16.18)

We recall that it was the desire to find an expansion of this square root operator that led
to the development of the Dirac equation (see chapter 4). We see also that the assump-
tion that X commutes with (o - p) was justified. The free-particle Foldy—Wouthuysen
transformation can now be written

X = (16.17)

U 1 <EAp—i—mc2 Ac(0~p)2>: 4 AC,B“'I) i|
26, (B, +me?) N €@ P Eptme Ep +mc?
(16.19)
The transformed free-particle Hamiltonian is
. - E, 0
HPWY = gE, = ("7 ). 16.20
BEp 0 -£, ( )

The operators in the transformation now involve square roots of the square root operator,
and it is much easier to use these in momentum space than in position space, where
their interpretation is problematic.

It is clear from this section that in eliminating the small component by a
Foldy—Wouthuysen transformation we have arrived at operators that are much more
difficult to handle than those of either the original Dirac equation or the modified
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Dirac equation. This method of eliminating the small component is not a procedure
that leads to a simplification. It does, however, have some motivation, both physical
and practical. First, it projects out the negative-energy states, and leaves a Hamiltonian
that may have a variational lower bound, avoiding the potential problem of variational
collapse. Second, it removes from explicit consideration the small component, and
with the use of the Dirac relation (4.14) it yields a one-component operator that can
be used in nonrelativistic computer programs.

One final note is necessary before proceeding to some approximations. The defini-
tion of X, and consequently of the transformed Hamiltonian, depends on the potential.
We have considered here only a scalar potential, but it is straightforward to include a
vector potential as well. This dependence on the potential means that any other oper-
ator to which we apply the transformation—such as a property operator—will not in
general be diagonal. Calculation of properties in the transformed representation using
the two-component wave function defined in (16.12) will therefore be approximate,
even if the energy and wave function are exact. This issue will be considered further
in the sections on properties.

Approximate Foldy-Wouthuysen Transformations

If it is not possible to obtain the Foldy—Wouthuysen transformation in closed form, the
best that we might be able to do is to find a transformation that decouples the large
and small components, or the positive- and negative-energy states, to some order in a
suitable coupling parameter. This means that our approximations will all be based on
perturbation theory in a general sense. Before examining some specific transformations,
we need to develop the formal theory of transformations so that we can have some
information about the order to which the components are decoupled.

To do this, we first note that the operators in the Dirac equation can be divided into
even and odd operators, & and O. Even operators connect components of the same
type—Ilarge with large, small with small—and so only have elements on the diagonal
blocks of the 4 x4 matrices. They are sometimes called diagonal operators. An operator
that is composed entirely of even operators therefore has no coupling between large
and small components. Odd operators connect the large and small components, and are
sometimes called nondiagonal or off-diagonal operators. It is the odd operators that
we wish to remove from the Dirac Hamiltonian in order to bring it into a diagonal,
and hence decoupled, form. In the Dirac Hamiltonian, the potential and ,3mc2 are even
operators and & - p is an odd operator. The Hamiltonian can be written symbolically as

H=PBmP+0O+& (16.21)

where the rest mass term has been retained explicitly for later convenience. The
commutation properties of the even and odd operators are

[£.8]=0.  [0.8],=0. (16.22)

that is, even operators commute with 8, odd operators anticommute.
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We now make a unitary transformation of the wave function using an exponential
ansatz,

U = ey (16.23)
where & is Hermitian. The transformed Hamiltonian is
Hy = i SHeiS (16.24)

and we may use the exponential expansion to write the new Hamiltonian in terms of
the commutator series,

~

Hy

;e>
R
s
|

[S.[S.#H]] - =[S [S. [S #]] + ... (16.25)

involving powers of the operator S, which can therefore be used to define an expansion
parameter. The operator S is chosen to make some commutator or commutators cancel
with the terms from the Dirac Hamiltonian, thereby reducing the contribution of odd
operators to the transformed Hamiltonian by some power of the expansion parameter.

The obvious expansion parameter is 1/c, which should generate the nonrelativistic
Hamiltonian and operators for relativistic corrections to various orders. In terms of this
parameter, the three operators in the Dirac Hamiltonian, Smc?, O = ca- p, and E=v,
are of orders —2, —1, and 0, respectively. It is for this reason that the rest mass term
was not included in the even operator. If we choose

S = —ipO/2mc* = —ifa - p/2mc (16.26)

we have an operator that has 1/c as the expansion parameter. Considering the first
commutator, we find

i[S, 0] = BO*/mc?, (16.27)

where we have left the even operator—the potential—unspecified for the present. These
three terms are of order —1, 0, and +1 in the expansion parameter, respectively. The
first of them cancels the odd operator in the Dirac Hamiltonian. The second term is
an even term, but the third term is an odd term. Before we draw any conclusions, we
must consider the next commutator, which will reduce the order of the Dirac operators
by 2, contributing terms of orders 0, 1, and 2 in the expansion parameter:

[S.[S, pmc?]] = O?/mc?,
(S, O]] = &3/m2c, (16.28)
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In fact, we also need to consider the next commutator to obtain the full term of order 1,
which is the highest-order odd operator in the transformed Hamiltonian—and if we
wish to go further and obtain all the terms of order 2 to determine the lowest-order
relativistic correction to the Hamiltonian we need to consider the next two commutators.
Iterating the previous results, we find that

= —BO*/m> O, (16.29)

= O%/m*ct, (16.30)
= [@7 [@, [@, [@, f]]]]/16m408.

With these expressions, the transformed Hamiltonian correct to order 2 in 1/c is

A 1, [
2 O’ — ——BO* +

T = pme g2 -
1= pme 2mc2'8 3m2ct 8m3c

(16.31)
——[0.[0.£]] +

~ 1 ~
+5+2mczﬁ[0’] 8m2c

The odd operator of order —1 in 1/c¢ has now been removed, and the lowest-order even
operators are of order —2 and 0. Substituting for O and & the term of order 0 is just

2
50) _ p_ _ T+V 0
7 —,32m+V_< o v ) (16.32)

The portion that operates on the electron solutions is just the nonrelativistic
Hamiltonian. This should be no surprise, because we are applying a decoupling
procedure in powers of 1/c.

The highest-order odd operator is now of order 1. To remove it, we repeat the
process of defining odd and even operators and selecting S to eliminate the lowest
term in the new odd operator. The new odd and even operators are

A 1 4 1 A
3m-c 2mc (16.33)
a 5 5 2 4
& - W[O’ [0.£€]] BO o cBO
and we take S = 31 from the lowest terms of @1,
S 0P - —_[0,€]. (16.34)

= 6m3ch 4m?2c
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S} is now of order 3. The commutator relations derived above hold for the new operators
as well. The commutator with Smc? produces a term that cancels the odd operator of
order 1. The next commutator, with @1, generates a term of order 4, whichAwe neglect
since we are concerned with an expansion to order 2. The commutator with £ produces
terms of which the highest order is 3, which again we neglect. The Hamiltonian correct
to order 2 is therefore given by the lowest terms of &,

N A 1 A 1 N 1
— O? -
c? p 8m3ct

2 4
1y 1y 1

po*
(16.35)

Here we see a relativistic correction to the kinetic energy, which is commonly called
the mass—velocity operator, and a relativistic correction to the potential. The latter term
reduces using the equivalent of (4.14) to

[¢-p,[a-p V]] = —F2(V?V) + 2k - p x (VV) (16.36)

where as before

[0 0
2_<02 0). (16.37)

The scalar operator is called the Darwin operator and the spin-dependent operator the
spin—orbit operator. We will meet these again in the chapter on perturbation theory
(chapter 17). The Hamiltonian correct to order 2 in 1/c can then be written as

2 4 R2(VZV) hX - (VV
PP )+ + PVTV) VV)XP - 1638)

5@ _ 2, P
p\me +2m 8m3c2? 8m2c? 4m?2c2?

This is the four-component form of the Pauli Hamiltonian.

It is clear that this approach of successive transformations in the expansion param-
eter 1/c yields operators that involve higher and higher powers of p: the commutator
series is in fact a series in p/mc. Powers of the momentum operator higher than 2 are
not bounded, and when operating on the potential V produce highly singular operators.
This makes it problematic to use any but the lowest-order terms in a calculation, and
since the mass—velocity operator is unbounded from below, this form of the relativistic
corrections must be used in perturbation theory only.

The Douglas-Kroll Transformation

If the expansion in powers of p/mc produces operators that can only be used in per-
turbation theory, is there an expansion that will produce operators that can be used
variationally? Such a transformation would have to provide an expansion in powers
of the potential energy rather than the momentum. The Douglas—Kroll transformation
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(Douglas and Kroll 1974) is one such transformation, and its application has been
developed by Hess and coworkers (Hess 1985, 1986, Hess et al. 1986).

The first step is the application of the free-particle Foldy—Wouthuysen transforma-
tion to the Dirac operator. As in the previous section, we use the Dirac Hamiltonian
without subtracting the rest mass,

HP =co-p+pmc + V. (16.39)
Defining the operators

E I ) 1/2
A mc
A=[L—- = 0,
2E,

1
E + mc?

(16.40)

D =0(c™?)
R = Dca - p= O™
we may write the free-particle Foldy—Wouthuysen transformation of (16.19) as

UV = A0+ BR). (16.41)

Applying this to the Dirac Hamiltonian, and comparing to the free-particle transformed
Hamiltonian of (16.20) above, we see that the only additional terms are those involving
the potential

iy = UPPYVHC @GPV = BB, + A (V + B[R, V] + 7%\/7%) A
B (E,, 0 > S RaVR:  [Ra, V] g (16.42)
“\o -E, [V,R2] V+RVRy

where we have used the fact that 8 anticommutes with 7A2 and the operator 7@2 is the
2-spinor version of R

Ry = Dco - p. (16.43)

We can split the 7%2 V7€2 term into scalar and spin—orbit operators, which makes it pos-
sible to define a spin-free one-electron Hamiltonian. The two-component Hamiltonian
for the positive-energy states can then be written

T =E,+ A(V 4+ 2DpV - pD + EDho - (VV) x p A)A
(16.44)

A ~ ~

1 N
=E,+AVA+ Q(pV p+ho-(VV)xp)O
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where we have introduced the dimensionless kinematic factor Q,

mc2

_ 0
DEE, e o). (16.45)

Q — mc*DA =

The Hamiltonian 7—2?’ is bounded from below, and can therefore be used variationally.
The spin-free Hamiltonian is

1
2

' = E, + AVA+ ——0pV - pQ. (16.46)

m=c

Provided we can find some way of evaluating the effect of the operators Aand Qon
the wave function, the matrix elements of this Hamiltonian would not be too difficult
to calculate. This question is addressed later on in this chapter. But is this a useful
place to stop the transformation process, and how accurate are the results we get from
this Hamiltonian?

For purposes of further analysis we partition #, into the Kinetic term ,BE »» Which
only involves the momentum, and an even and an odd operator, both of which depend
on the potential,

&1 =AWV +RVR)A,

R R o (16.47)

O, = BA[V. R]A.
Comparing the transformed Hamiltonian with the original Dirac Hamiltonian, we note
that the new even operator including the kinetic energy has terms of Oc?), OY,
and O(c™?), whereas the original even operator has terms of O(c?) and O(c°). The
new odd operator is O(c™!), whereas the original is O(c'). The coupling between
the large and small components has therefore been reduced by O(c?). It is still larger
than the relativistic correction to the potential, which is essentially the term of O(c™?),
ARVR.A. However, the influence of the off-diagonal term is only O(c™*), as may be
seen by the following perturbation analysis.

If we use this partitioning of the transformed Hamiltonian to define a perturbation

theory, with a zeroth-order Hamiltonian 7:10 = ﬂE »t él and a perturbation H = @1,
the energy expressions for the first few terms are

E® = (0|BE, +£10),
ED =(0]010),
E@):Z<0|01|k7><k7|01|0>+Z<0|Ol|k+><k+|ol|0>

P Eo — Ex_ o Eo— Ex,

(16.48)

)

where we have split the sum in the second-order energy into sums over the positive-
and negative-energy states. The zeroth-order wave function has a nonzero large com-
ponent but a zero small component. Since the perturbation connects large and small
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components, the first-order energy must be zero and the first-order wave function must
involve a sum over the negative-energy states only, which have zero large components
and nonzero small components. The sum over positive-energy states in the second-order
energy is therefore zero. The denominator in the negative-energy sum is O(c~2) and
must be positive. The perturbation operator is O(c~!), making the second-order energy
O(c™*) and positive. The zeroth-order Hamiltonian therefore contains the lowest-order
relativistic corrections, those of @(¢~2), and produces energies that are too low.

It is instructive to compare the 2-component Hamiltonian ”H+ with the Pauli
Hamiltonian, which was derived in the previous section. The term ,3 E contains the
relativistic free-particle energy, which is well-behaved for all values of the momentum.
E p» which is the kinetic energy operator for the positive-energy states, is a positive
definite operator. In the Pauli Hamiltonian we see that this operator is expanded in
powers of p/mc, which does not converge if p/mc > 1—a situation that will occur in
any potential if the electron is sufficiently close to the nucleus. As mentioned above,
the mass—velocity term is not bounded from below and so cannot be used variationally.

To compare the operator &, with the terms from the Pauli Hamiltonian, we need
to expand the various kinematic factors in powers of 1/c up to second order, as
follows:

P2

. A1
A=1- Py + 0™ Q= +O(c7?). (16.49)

Substituting these expressions into HT, we get

. 1 1
Et =V - = ——[p*. V], +W(pv-p+ia-(pmxp)+0(c*4). (16.50)

Expanding and collecting terms, we get the Darwin and spin—orbit operators from the
Pauli Hamiltonian. The transformed Hamiltonian therefore contains all the terms of the
Pauli Hamiltonian—as might be expected since it is correct to O(c™2).

The variational problems with the Pauli Hamiltonian stem not only from the mass—
velocity operator, which is negative, but also from the spin—orbit operator, which
behaves as 1/73 and can be negative. In the Hamiltonian HT, as p becomes larger
the kinematic factors A and D become progressively smaller, with the result that the
potential energy terms are reduced as the momentum increases. In the large momentum
limit, when the electron is close to the nucleus, Ep — cp, A— 1/2, and R — o-p/p.
The relativistic correction to the potential is no more singular than the potential itself
in this limit and therefore will support bound states. In the small momentum limit,
when the electron is far from the nucleus, the potential goes as 1/r3 and is therefore
a short-range potential. It can be seen that the kinematic factors provide a cutoff to
the potential that is absent in the Pauli approximation and that permits variational
calculations with the free-particle Foldy—Wouthuysen transformed Hamiltonian.

The Hamiltonian 7—2? has been used by Almlof et al. (1985), and also by Buenker
et al. (1984). As we showed in the perturbation analysis above, the energies in this
approximation are too low at O(c™#). To remedy this deficiency, we may apply a
transformation derived by Douglas and Kroll (1974) to further reduce the magnitude
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of the odd operator. Instead of using an exponential ansatz for a unitary operator, the
unitary operator is written as

U =1 +WHY2 W, (16.51)

where Wl is anti-Hermitian. A power series in Wl is used to expand LA{1,
y A Loag 1oy

Note that the expansion is the same as the exponential ansatz up to the second-order
term, so that for a low-order approximation it makes no difference which we use.
We now apply this transformation to H; from (16.42),

e a . P T
7—[2:Z/[17-l1[/[]_1='H1+[W1,'H1]+§[W17[WI’HI]]+--'
=BE,+E+01+ DM, BE, |+ W1, &1+ W1, O] (16.53)

1,4~ « N
+§[W1,[W1,ﬂEp]]+-..,

and choose the highest-order term to cancel @1,
O1+ 1. BE,] = 0. (16.54)

Since ,BE p 1s an even operator, Wl must be odd and therefore must anticommute
with 8. Multiplying through by B and extracting 8 from the commutator, we may
write the equation for W) as

WIE, + E;W = BO. (16.55)

The solution to this equation is most easily expressed in momentum space, where Wi
is an integral operator with the kernel

ARV (p, pH A — AV (p, p)R' A

ASLA (16.56)
(Ep+E,)

Wi(p,p) =

The potential V in momentum space also becomes an integral operator. The kernel of
this operator for an atom is

20\'? 1
V(p,p’):—Ze2<;> T (16.57)
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The factor in parentheses depends on the definition of the Fourier transform; here we
have adopted the convention (Messiah 1961)

f(p) = @ri)¥/? / d3re PR f(p), (16.58)

Wi is a linear function of the potential energy, so the expansion of the transformation
operator is an expansion in powers of the potential: in fact, since E b~ mc? and
O ~ pV/2mc, Wy ~ pV/4m?*c3. Both O and &, are of first order in the potential.

Having eliminated the first-order odd term, the remaining terms must be of order 2
or higher in the potential. There are three terms of order 2, [W], é]], [W], @1],
and %[VA\/l, [W] ,BE p]] The first of these is odd, and may be removed by a further
transformation. To obtain the Hamiltonian correct to second order it is not necessary
to do this because another transformation cannot generate any more terms of second
order. The remaining two terms give the second-order correction to the Hamiltonian.
From (16.54), the first of these is

DA, O1] = =W, D, BE, 11 (16.59)

The Hamiltonian correct to second order is then
~ ~ ~ 1, 4 ~ 