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Preface

The emergence of relativistic quantum chemistry has been one of the more remarkable
developments within computational chemistry over the past decades. Since the early
work of Dirac, relativity has always been a part of the overall quantum chemical picture,
but it has mostly been neglected on the grounds that the effects were considered small
and the methods to treat them were poorly developed and expensive to use. However,
as nonrelativistic quantum chemistry became more powerful and accurate, the lower
rows of the periodic system came within reach of computational studies, and it became
clear that relativistic effects had a significant influence on a number of physical and
chemical properties. The start of the “modern” era of relativistic quantum chemistry
may be traced back to a review article by Pyykkö (1978) and to articles by Pitzer
(1979) and by Pyykkö and Desclaux (1979).

The developments in the field have been well documented through articles in sci-
entific journals, conferences and symposia, and review volumes. Unfortunately, this
specialist literature is not easily accessible to newcomers to the field. For many years
the book by Moss, Advanced Molecular Quantum Mechanics (1973), served as an
introduction to the field, but today this book suffers from two major drawbacks—it
is out of print and it does not cover the developments of the past three decades. We
therefore decided that there was a need for a book to fill the gap between the standard
texts on quantum mechanics, which have little if anything on relativity, the advanced
texts, which treat relativity in detail but have little connection with quantum chemistry,
and the literature, where there is a large amount of both theory and applications.

Our ambition is to provide a modern introduction to the field of relativistic quantum
chemistry, aimed at the advanced student and the practicing nonspecialist researcher.
The material has been divided into five parts. Parts I and II provide the necessary
background from classical physics, relativistic quantum mechanics, and group theory.
Part III covers the application of these principles to fully relativistic methods for
quantum chemistry within a four-component framework. Part IV deals with the main
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approximate methods that have been developed, and Part V treats the consequences of
relativity for chemical bonding.

The book is introductory in the sense that it introduces many of the concepts needed
for a firm background in relativistic theory and quantum chemistry but without going
into all the details. References are given to fuller treatments of the introductory material.
Our intention is not to give all the details of proofs that can be found in other standard
works on relativistic quantum mechanics, but rather to present the relevant parts for
the purpose of constructing a relativistic quantum chemistry. It is also introductory in
the sense that the details of many of the methods that are found in the literature are
reproduced or elaborated in this book, so that the educated quantum chemist does not
have to search through the literature for them. Finally, it is introductory in the sense
that it contains descriptive material to do with relativistic effects on bonding, structure,
and energetics of molecules. We have no ambitions of providing an extensive review
of what has become a large and quite heterogeneous field, nor of providing a historical
overview of the development of relativistic methods. The specialist will probably have
no difficulty identifying one or more “pet subjects” or “key references” that are missing.
We do provide a guide to the review literature in the field, and also in this respect the
work is introductory.

The book started out as a set of lecture notes by KGD for a 1995 graduate course
given at (then) Odense University. These notes developed through further presentations,
and the process of turning them into a book was begun in 1996 during a research
visit by KGD to the University of Oslo. Since then the writing has been a gradual
process, hampered by the academic work uncertainties of one of us and by the extensive
administrative load carried by the other. The work would not have been possible had
it not been for the support of our employers through this period, for KGD: Eloret
and Schrödinger; for KF: the University of Oslo. Support by the Research Council of
Norway, NASA, and DOE is gratefully acknowledged, as is the hospitality both of us
enjoyed during research visits to the IRSAMC of Université Paul Sabatier in Toulouse.

Most of all, this book could never have been written without support and criticism
from and frequent discussions with our friends in the field. These include in particular
Harry M. Quiney, Luuk Visscher, Trond Saue, Hans Jørgen Aa. Jensen, and Trygve
Helgaker, as well as most of the people involved in the DIRAC and MOLFDIR col-
laborations. Peter Schwerdfeger did a wonderful job of commenting on a late version
of the manuscript. Trond Saue and Luuk Visscher also provided useful comments on
substantial parts of a final draft. Others who have very kindly read and commented on
parts of the manuscript in various stages of completion are Joost v. Stralen, Raimo v.
Handel, Leif Veseth, Werner Kutzelnigg, Timo Fleig, and Hans Jørgen Aa. Jensen. In
addition to the direct contributions to the book, there are many who have in one way
or another influenced our thinking or contributed to the work on which this book was
based. Among those not already mentioned we would like to acknowledge Peter Taylor,
Jeppe Olsen, Wim Nieuwpoort, and Gustavo Aucar. Finally, we would like to express
our gratitude to Pekka Pyykkö and Ian Grant, both pioneers and leaders in this field,
and to Bernd A. Hess, Jaap Snijders, Jan Almlöf, and Odd Gropen, who are no longer
with us, but who all four in various ways have helped us in our efforts in this field.

In our families the book has taken on almost mythical stature. It is with some relief
that we are now able to present a final product. We do this in grateful acknowledgement
of their almost infinite tolerance and support.



Notation Conventions

We have adopted a number of conventions in this book in order to maintain a consistent,
clear, and identifiable notation. As far as possible we have kept to common conventions
for symbols and quantities in quantum chemistry. We have also tried to avoid the
duplication of symbols where possible. These goals conflict to some extent, so some
quantities are given unconventional symbols. The following list identifies symbols and
typography used throughout the book.

r, ϑ, ϕ for spherical coordinates
Ψ for a general one-particle or multideterminant many-particle wave function
Φ for a one-determinant or CSF many-particle wave function
Ψ for time-dependent 4-spinors
θ(t) for the time part of a spinor or a general time-dependent function
ψ for time-independent 4-spinors, that is Ψ = ψθ

ΨX for time-dependent 2-spinors, with X = L, S

ψX for time-independent 2-spinors, with X = L, S

ξ(ϑ, ϕ, τ ) for 2-spinor angular-momentum functions (including spin)
φ,φX for 2-spinors in a modified representation
χXµ for 2-spinor basis functions
ψ,ψXτ for scalar functions
η, α, β for spin functions
τ, α, β for spin labels; α and β also denote the spin functions, and β one of the

Dirac matrices;
φ, φXτ for scalar space functions; the superscripts X and τ are for component

and spin.
χXµ , χ

X̄
µ for scalar basis function

A,Ω boldface for matrices
a, σ boldface for vectors
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a Roman type for four-vectors
F̂ , Ω̂ hats for operators
hpq for one-electron Hamiltonian matrix elements
HPQ for N -electron Hamiltonian matrix elements

In addition to these font conventions, we have adopted some conventions for the
indices of functions. In general, Roman letters are used for Fock space functions (i.e.
orbitals or spinors), while Greek letters are used for basis functions. Specific ranges of
letters are used as follows:

p, q, r, s, . . . general orbital or spinor indices
i, j, k, l, . . . occupied or inactive orbital or spinor indices
a, b, c, d, . . . virtual orbital or spinor indices
t, u, v,w, . . . active orbital or spinor indices
κ, λ, µ, ν, ... basis function indices

In this book we have used two systems of units. The first is the SI system, which we
use in the early chapters of the book and in particular for electromagnetic quantities.
Factors of c therefore always represent the speed of light and never a conversion
factor for magnetic units. The second is the Hartree atomic units system, defined by
� = e = me = 1. In these units, c ∼ 137. Many physics texts use the system
� = e = c = 1, since they are dealing with particles of different masses. Our concern
is principally with the electron and chemistry, and the size of relativistic effects, which
are measured by c, so Hartree atomic units are more appropriate. However, to keep the
connection with SI units and to track quantities that involve the charge, the mass, or
spin, the symbols �, e, and m ≡ me are retained in much of the development, whereas
1/4πε0 is usually omitted for clarity.

There are some situations where, in the interests of clarity, we have allowed some
inconsistency or sacrificed some rigor of expression. We do not usually multiply scalars
by the unit matrix in expressions where the context would demand it—such as where
an operator is a combination of scalar and spin-dependent operators or in a matrix
expression—and we do not always indicate the rank of the unit matrix or the zero
matrix by a subscript. In some places the notation would be overloaded if I2 were used
instead of 1, but the matrix notation is to be inferred from the context.

We have also used both Ĥ and ĥ for the one-electron Hamiltonian operator. The
latter is used for the free-particle Dirac Hamiltonian where a distinction between it
and the full one-electron Hamiltonian is necessary, and is also used in a sum over
one-electron Hamiltonians for a single electron. The former is usually used in formal
developments, and to represent the total Hamiltonian. In many of the formal devel-
opments, the total Hamiltonian is simply the one-electron Hamiltonian, so Ĥ is used.
However, for the one-electron Hamiltonian matrix elements, lower case is always used,
and for the N-electron Hamiltonian matrix elements, upper case is always used.
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1

Introduction

The general theory of quantum mechanics is now almost complete, the imperfections
that still remain being in connection with the exact fitting of the theory with relativity
ideas. These give rise to difficulties only when high-speed particles are involved, and
are therefore of no importance in the consideration of atomic and molecular structure
and ordinary chemical reactions, in which it is indeed usually sufficiently accurate if
one neglects relativity variation of mass with velocity and assumes only Coulomb forces
between the various electrons and atomic nuclei. The underlying physical laws necessary
for the mathematical theory of a large part of physics and the whole of chemistry are
thus completely known, and the difficulty is only that the exact application of these
laws leads to equations that are too complicated to be soluble. It therefore becomes
desirable that approximate practical methods of applying quantum mechanics should be
developed, which can lead to an explanation of the main features of complex atomic
systems without too much computation.

The quote above from Paul Adrian Maurice Dirac (1929) has been somewhat of an
article of faith for modern quantum chemistry. Intensive efforts on the development of
theory, algorithms, and techniques have made computational quantum chemistry a very
successful representative of the “third way” in modern science—computer modeling has
come into its own alongside experiment and theory. Fifty years ago this was a branch
of science where predictions were at best qualitative, founded on rather approximate
models. Many of these models were quite sophisticated, and much of the insight gained
is still valid and valuable, but the developments in both methods and computer hardware
up to the present have very much transformed this field. Today standard quantum
chemical methods are capable of predicting results with chemical accuracy: reaction
energies may be determined within a few kilojoules per mole, and spectral data within a
few reciprocal centimeters. At least, this sort of reliability can be expected for “normal”
areas of application.

Dirac’s main contribution to science was a merging of the two great developments
of 20th century physics—quantum mechanics and the (special) theory of relativity.

3
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Most of the successful development in quantum chemistry has been based on nonrela-
tivistic quantum mechanics. This may be justified by considering that special relativity
is needed primarily to describe objects moving at velocities approaching the speed of
light, and that this is mostly not the case for chemical systems. After all, most chemical
reactions and phenomena occur at energies below the relativistic domain.

Or could relativistic effects nevertheless be important? Even without the recent
advances in computational chemistry, it became clear fairly early that nonrelativistic
theory was unable to explain certain trends in observed properties. A few examples
will suffice to illustrate the anomalies.

Experimental determination of the metal–carbon bond length in the group 12
dimethyl compounds showed an increase in bond length from Zn to Cd, but a decrease
in bond length from Cd to Hg (Rao et al. 1960). The expected trend was an increase
from Zn to Cd and again from Cd to Hg. The conclusion was “this anomalous
magnitude of bond lengths for the Cd and Hg compounds is not understood.” The
decrease in bond length is due to relativistic effects. One very well studied series
is the coinage metal hydrides, CuH, AgH, and AuH, which show the same trend in
the bond lengths. Nonrelativistic Hartree–Fock (NRHF) calculations on AuH predict
a bond length of 183 pm, which is longer than that of AgH, whereas fully rela-
tivistic Dirac–Hartree–Fock (DHF) calculations give 157 pm, which is shorter than
that of AgH and in line with the observed trend. The experimental bond length for
AuH is 152 pm, and the error in the DHF result is largely due to neglect of electron
correlation.

A second anomaly is evident in the trends in the ionization potentials of the p-block
elements. From nonrelativistic theory we would expect an increase in ionization poten-
tial as the occupation of the valence p shell goes from p1 to p3. This is due to an
increase in nuclear charge that is only partly compensated by the screening from the
other valence electrons. From p3 to p4 we expect a decrease in ionization potential
due to the loss of exchange energy with electron pairing. Finally, from p4 to p6 we
expect a similar increase as from p1 to p3 for the same reason.

This pattern is indeed followed quite faithfully when the principal quantum number
n is 2, 3, and 4. For n = 5 there is a marked reduction in the increase from p2 to
p3 compared to the previous series, but the pattern still holds. For n = 6, however,
we observe a decrease of ionization potential from p2 to p3 and an increase from
p3 to p4. These trends are depicted in figure 1.1, where the experimental values are
shown with predictions from nonrelativistic Hartree–Fock calculations. It is clear that
the nonrelativistic calculations do not produce the correct trend. The explanation lies
in the spin–orbit splitting of the p shell.

There are a number of other effects, in particular for systems containing heavy
elements, which nonrelativistic theory fails to predict or adequately explain, but which
are explained by relativistic theory. Among these are the stabilization of lower valence
states for the 6p block (the “inert pair” effect) and the stabilization of the higher valence
states for the 5d block.

This book is devoted to developing the necessary tools for extending the realm of
reliable quantum chemical calculations to cover cases like those listed above. In order
to do that we will have to review some basic subjects in physics. Most of these are the
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Figure 1.1 Ionization potentials in eV of the p block elements as a function of occupation
number for each principal quantum number from n = 2 (left) to n = 6 (right) : (a) nonrelativistic
Koopman’s theorem; (b) experiment.

subject of entire textbooks by themselves, and we will only briefly recapitulate those
themes that are of interest in developing a relativistic quantum chemistry. With the
necessary tools from physics in place, we will show how to establish a fully relativistic
quantum chemistry, discuss the development of various approximations to this model,
and end with a qualitative overview of the effects of relativity on bonding.
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Basic Special Relativity

Special relativity is a fascinating and challenging branch of physics. It describes the
physics of the high velocity/high energy regime, frequently turning up phenomena that
appear paradoxical in view of our everyday experience. In this book we will be quite
selective in our presentation of the theory of special relativity: we will concentrate
on those features that we consider necessary for the later applications to relativistic
quantum chemistry. We do this in good conscience, knowing that there is a vast litera-
ture on the subject, catering to a wide range of audiences—from the quite elementary
to the very sophisticated. A few examples are listed in the reference list, but a visit
to any nearby physics library will provide an ample selection of reading material for
those wishing to delve deeper into the matter.

In the present chapter we adopt a minimalist approach. We develop some of the
basic concepts and formulas of special relativity, building on a rather elementary level
of basic physics. The aim is to provide a sufficient foundation for those who want to
proceed as quickly as possible to the more quantum chemical parts of the text. In later
chapters we will introduce more advanced tools of physics and revisit some of the
subjects treated here.

2.1 Inertial Frames and Newtonian Mechanics

The theory of special relativity deals with the description of physical phenomena in
frames that move at constant velocity relative to each other. The classroom is one such
frame, the car passing at constant speed outside the classroom is another. The trajectory
of a ball being thrown up vertically in the car will look quite different whether we
describe it relative to the interior of the car or relative to the interior of the classroom.
In particular we will be concerned with inertial frames. We define an inertial frame as
a frame where spatial relations are Euclidean and where there is a universal time such
that free particles move with constant velocities.

6
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In classical Newtonian mechanics, relations between the spatial parameters and time
in two inertial frames S and S′ are expressed in terms of the Galilean transformations.
Assume that S′ is moving with constant speed v in the direction of the positive x axis
of S. If the coordinate axes of S′ are parallel to those of S, the Galilean coordinate
transformations are

x′ = x − vt; x = x′ + vt;
y′ = y;
z′ = z;
t ′ = t.

(2.1)

A basic tenet of classical physics is that a physical law should have the same
form in all inertial frames. This certainly holds for ordinary classical mechanics at
“normal” speeds and energies using the Galilean transformations. However, when the
same transformations are applied to the fundamental equations of the electromagnetic
theory of radiation, the Maxwell equations, they change form. This, together with
several other clues, indicated that the Galilean transformations might be inadequate, at
least for electromagnetic phenomena.

We will not follow the historical development, but proceed straight to the resolution
of these difficulties. The solution was provided by Albert Einstein in 1905, and may
be cast in the form of the two postulates of special relativity:

Postulate 1. The laws of physics are identical in all inertial frames.
Postulate 2. In empty space light signals propagate in straight lines with speed c
in all inertial frames.1

Postulate 1 is basically a reassertion of the old principle of transferability of phys-
ical laws between inertial frames. The consequence of these postulates was that the
transformation equations, and in some cases the laws themselves, had to be modified.
The following sections will be devoted to these modified laws and transformations.

2.2 Relativistic Coordinate Transformations

If the Galilean transformations fail, what should they be replaced by? Let us start
from the postulates and consider transformations between the two simplest possible
inertial frames: two one-dimensional frames S and S′, where S′ is moving along the
only dimension (x axis) with constant speed v. (The approach adopted in this section
follows that of French (1968).) The relations

x′ = x − vt; x = x′ + vt; t ′ = t (2.2)

1. This postulate is usually presented as an independent postulate in most texts, but in fact postulate 2
follows from postulate 1, as shown by Frank and Rothe (1911).
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must be replaced by something different, but something that should reduce to the
expressions above for situations where we know the Galilean transformations give the
correct results. It appears reasonable to try a set of linear transformations of the form

x′ = ax − bt; x = ax′ + bt ′. (2.3)

The negative sign of b in the first relation is motivated by the need for correspondence
with (2.1). We note that we no longer assume time to be the same in both frames.

We calibrate time for the two frames by setting t = t ′ = 0 for the moment when
the origins of the two frames coincide. If a light signal is emitted from the common
origin at this moment, it will travel a distance

x = ct and x′ = ct ′ (2.4)

in the frames S and S′ respectively, according to postulate 2. From our assumed form
of the transformations we get by substitution

ct = act ′ + bt ′; ct ′ = act − bt. (2.5)

Isolating the ratio of t and t ′ we get

t

t ′
= a + b

c
; t ′

t
= a − b

c
(2.6)

and eliminating the time ratios we find that

1 = a2 − b2

c2
. (2.7)

The origin of S′ has the coordinate x′ = 0, and at time t we can write

0 = ax − bt ⇒ b

a
= x

t
(2.8)

But x/t is just the speed of the origin of S′ in S, that is, the relative speed of the
frames, or v. Thus

b

a
= v ⇒ b = va (2.9)

and substituting this expression into the relation between a and b in (2.7), we get

1 = a2 − a2v2

c2
⇒ a = 1√

1 − v2/c2
≡ γ, (2.10)

where we have introduced the Lorentz factor γ , a factor that appears frequently in the
relativistic transformation equations. We may now easily derive the transformations
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between our two inertial frames, and get

x = γ(x′ + vt ′); x′ = γ(x − vt);

t = γ

(
t ′ + vx′

c2

)
; t ′ = γ

(
t − vx

c2

)
.

(2.11)

2.3 Transformation of Lengths and Relativistic Invariants

Let us examine what effect this transformation has on the measurement of distances
in one frame from the other. As before we assume a one-dimensional case where an
inertial frame S′ is moving with velocity v relative to a stationary frame S. The distance
between two points x′

1 and x′
2 in S′ is

�′ = x′
2 − x′

1. (2.12)

The same two points are moving with speed v relative to S, where we measure their
distance as

� = x2 − x1. (2.13)

The two measurements are related by the transformation

�′ = x′
2 − x′

1 = γ(x2 − vt)− γ(x1 − vt) = γ(x2 − x1) = γ �. (2.14)

Thus, a rod of length �′ in the moving frame would be measured as only �′/γ from
the stationary frame. Because γ > 1, we have the apparent paradox that moving
objects contract along the direction of motion (the Lorentz–Fitzgerald contraction).
For “normal” speeds this effect would be small and unobservable for all practical
purposes. However, for speeds close to that of light, c, the effect would be noticeable.
Thus for a rod of length �′ moving at speed v = c

√
3/2, the observer in the stationary

frame would measure a rod of length only �′/2.
If lengths are not conserved between frames, we might want to look for other

quantities that are invariant under the transformations in (2.11). We have seen that
these transformations mix time and position, and so we would expect that any invariant
quantity should involve both variables. We can take a clue from the constancy of the
speed of light. From the expression for the distance traveled by a light signal in (2.4),
we may write

x2 − c2t2 = 0; x′2 − c2t ′2 = 0. (2.15)

By postulate 2 this quantity is conserved in a transformation between frames for a light
signal, or equivalently a photon. What about a particle traveling at a slower speed?
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For this we have

x′2 − c2t ′2 = γ 2(x − vt)2 − γ 2c2
(
t − vx

c2

)2

= γ 2(x2 − c2t2)

(
1 − v2

c2

)

= (x2 − c2t2).

(2.16)

Thus, for the one-dimensional frames considered by us, the quantity x2 − c2t2 is
certainly conserved under the transformations of (2.11). The reader can easily verify
by insertion that this is not the case if the Galilean transformations of (2.1) are used
instead.

At this point we may easily generalize to the full three-dimensional spatial coor-
dinate space. The complete set of transformation equations, known as the Lorentz
transformation, is

x = γ (x′ + vt ′); x′ = γ (x − vt)

y = y′

z = z′

t = γ

(
t ′ + vx′

c2

)
; t ′ = γ

(
t − vx

c2

)
.

(2.17)

It is easily seen that the inclusion of the two spatial dimensions perpendicular to the
direction of relative motion produces no great changes in the invariant above. We may
define an interval s by

s2 = x′2 + y′2 + z′2 − c2t ′2 = x2 + y2 + z2 − c2t2 (2.18)

where s is clearly invariant under the Lorentz transformations. This is quite similar in
appearance to a scalar product, and we may indeed introduce a four-vector

w = (x, y, z, ict) (2.19)

with length w · w = s2. In the future we will encounter other four-vectors where the
components transform as x, y, z and ict under these transformations. A list of common
four-vectors is given in Appendix A. It may be shown that the scalar product of two
four-vectors a = (a1, a2, a3, a4) and b = (b1, b2, b3, b4),

a · b = a1b1 + a2b2 + a3b3 − a4b4, (2.20)

is invariant under Lorentz transformations.2

2. Many texts use a more complicated notation involving a metric and covariant and contravariant vectors,
and the sign of the scalar product is the opposite of the one given here. The more complicated notation is
not necessary for the developments in this book.
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For arbitrary relative motion of the two particles, we will later need a more general
form of the Lorentz transformation for the position vector r. According to this form
the position vector r′ in the moving frame is expressed as

r′ = γ(r − vt)+ (γ − 1)
v × (v × r)

v2
(2.21)

where v is the relative velocity of the two frames. The first term is immediately recog-
nizable from the expressions for the Lorentz transformation in (2.17) and describes the
translational motion. The second term arises from nontranslational motion, as indicated
by the fact that any component of v along r vanishes in the cross product v × r.

2.4 Transformation of Velocities

In the previous section we have shown that the Lorentz transformations also affect
time. We will therefore have to abandon our simple one-dimensional model when we
turn to velocity transformations. Even velocities perpendicular to the relative motion
of the two frames are affected by the time transformation. This is in contrast to the
Galilean transformations for velocities, which take the simple form

u′
x = dx′

dt
= ux − v; ux = u′

x + v;
u′
y = uy;
u′
z = uz.

(2.22)

If we retain the x axis as the direction of relative motion of the frames S and S′, the
velocity components in this direction are

ux = dx

dt
; u′

x = dx′

dt ′
. (2.23)

We use the Lorentz transformations to find the differentials:

x′ = γ(x − vt); dx′ = γ(dx − vdt),

t ′ = γ
(
t − vx

c2

)
; dt ′ = γ

(
dt − vdx

c2

)
.

(2.24)

Substituting these into the velocity expressions, we get

u′
x = γ(dx − vdt)

γ(dt − vdx/c2)
= ux − v

1 − vux/c2
. (2.25)
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Likewise for frame S, we get

ux = u′
x + v

1 + vu′
x/c

2
(2.26)

For the transverse velocities

uy = dy

dt
; u′

y = dy′

dt ′
(2.27)

and from the Lorentz transformations we find

u′
y = uy

γ(1 − vux/c2)
(2.28)

and

uy = u′
y

γ(1 + vu′
x/c

2)
(2.29)

These velocity transformations have a number of interesting implications. One of
these is that the usual rules for the addition of velocities do not hold. From the Galilean
transformations it is easy to verify that

ux = u′
x + v (2.30)

If we express velocities as fractions of c, that is,

ux = pc, v = qc; p, q < 1, (2.31)

then the Galilean transformations would yield

ux = (p + q)c, (2.32)

which would lead to objects or signals moving faster than the speed of light if
p + q > 1. Setting p = 0.8 and q = 0.5, S′ would move with speed 0.5c relative to S,
and a particle with speed 0.8c in frame S′ would then according to the Galilean trans-
formations move with speed 1.3c relative to S. The Lorentz transformations, however,
yield

ux = u′
x + v

(1 + vu′
x/c

2)
= (p + q)c

1 + pq
< c. (2.33)

Thus objects moving slower than the speed of light in one inertial frame also move
slower than c in all other inertial frames.
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2.5 Transformation of Mass

We have now discussed how the description of coordinates and velocities is affected
by the postulates of special relativity. To develop a relativistic dynamics, we also need
to account for any relativistic effects on the mass of the particles involved. We imagine
a simple collision experiment in the frame S′: A particle with mass m′ moves along the
y′ direction, that is, perpendicular to the direction of motion of S′ relative to S. The
particle undergoes a totally elastic collision with a wall in the x′z′ plane and rebounds
in the −y′ direction. If the speed along the y′ axis before the collision was u′

y , the total
change of momentum is

∆p′ = 2m′u′
y. (2.34)

We assume that the speed uy can be made arbitrarily small, such that ordinary nonrela-
tivistic mechanics applies to the collision. (This assumption may appear questionable,
but more refined arguments produce the same result.)

Now, consider the process viewed from S. Before the collision, the y-component
of the particle velocity is

uy = u′
y

γ (1 + vu′
x/c

2)
= u′

y

γ
(2.35)

because the only nonzero component of velocity in S′ is along the y′ axis, and therefore
u′
x = 0. Observed from the S frame the total change in momentum is therefore

∆p = 2mu′
y

γ
. (2.36)

For the change of momentum to be the same in the two frames, we must have

∆p = ∆p′ ⇒ 2m′u′
y = 2mu′

y

γ
(2.37)

and therefore

m = γm′. (2.38)

Here m′ is the mass of the particle measured in the S′ frame where conditions are
nonrelativistic. Thus, normal Newtonian mechanics apply, and the mass m′ would be
the same as we would measure for the particle at rest. We call this the rest mass, and
write it conventionally as m0. In order to describe the same process from the frame S,
we must use a mass

m = γm0 = m0√
1 − v2/c2

(2.39)

indicating that mass increases with velocity and in fact would become infinite as the
particle approaches the speed of light.
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The alert reader will have noticed that we based this derivation on the assumption
that the change of momentum should be the same in the two systems. We have made no
justification of this, and indeed with lengths, velocities, and masses all being affected
by special relativity there is every reason to question this assumption. However, the
same result could have been derived from a similar, but slightly more complicated
experiment which ensures symmetry between the situations in S and S′, including the
equality of change in momentum in the two systems. We will not do this in detail here,
but descriptions of such experiments may be found in various textbooks (e.g., French
1968).

2.6 Relativistic Energy

One of the main pillars of classical Newtonian dynamics is the relation between force
and acceleration in Newton’s second law:

F = d

dt
(mu) = ma. (2.40)

We know that mass and velocities, and therefore also acceleration, are affected by
special relativity, and may suspect that this law also must be modified. Nevertheless,
the work done on a system by a constant force acting over a small distance may still
be expressed as

Fdx = d

dt
(mu)dx. (2.41)

Assume that this force is applied to a particle at rest with rest mass m0. If this work
leads to acceleration of the particle to a final speed of uf , the work done on the system
should be

T =
∫ uf

0
Fdx. (2.42)

The appropriate indefinite integral is

∫
Fdx =

∫
d

dt
(mu)dx =

∫
dx

dt
d(mu) =

∫
mudu+ u2dm. (2.43)

The mass and the velocity of the particle are related as shown in the previous section

m = m0√
1 − u2/c2

. (2.44)

Squaring this expression and applying it to the particle moving at speed u, we find

m2 − m2u2

c2
= m2

0 (2.45)
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and therefore

u2 = c2

(
1 − m2

0

m2

)
. (2.46)

From this expression we can derive the required differentials for the integration above:

2udu = c2

(
2
m2

0

m3
dm

)
⇒ udu = c2m2

0

m3
dm. (2.47)

This enables us to eliminate u from the indefinite integral:

∫
mudu+ u2dm =

∫
c2m2

0

m2
dm+ c2dm− c2m2

0

m2
dm =

∫
c2dm. (2.48)

Initially, the particle is at rest with mass m0, and it is accelerated to a velocity uf with
a corresponding mass mf . The work done on the particle is therefore

T =
∫ mf

m0

c2dm = mf c
2 −m0c

2. (2.49)

If we assume that energy conservation is valid, then this work must appear as increased
energy of the system. And if the work results in frictionless motion of an undeformable
particle, this work must appear as kinetic energy. If we interpret m0c

2 as a rest energy,
that is, an energy that the particle possesses due to its rest mass, then the total energy
of the particle is

E = mc2 = T +m0c
2 (2.50)

with mf ≡ m.

2.7 Relativistic Momentum

The usual linear momentum may be written

p = mu. (2.51)

Squaring this and using the expression for u2 from (2.46) we get

p2 = m2u2 = m2c2 −m2
0c

2. (2.52)

If we multiply both sides of the equation by c2, we get the following relation between
momentum and energy:

p2c2 = m2c4 −m2
0c

4 = E2 −m2
0c

4. (2.53)
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For the particular case of particles with no rest mass, such as photons, we get

E2 = p2c2. (2.54)

From our experience this far with vector lengths and velocities, we do not expect the
magnitude of ordinary linear momentum to be invariant under the Lorentz transforma-
tions. By analogy with our previous derivation of the four-vector, we can take a cue
from the relations for light signals. For photons we know that the relation

p2 − E2

c2
= 0 (2.55)

must hold for all frames. For a particle of nonzero mass this quantity is

p2 − E2

c2
= p2 −m2c2 = −m2

0c
2 (2.56)

which also must be invariant regardless of which frame it is referred to. We can therefore
define a momentum four-vector of the form

p =
(
px, py, pz,

iE

c

)
= (px, py, pz, imc). (2.57)

The length of this vector, defined by the scalar product

p · p = −m2
0c

2, (2.58)

is invariant under the Lorentz transformations, as the reader can easily verify—for
example, by inserting (2.39), (2.46), and (2.51) into (2.57) . A similar exercise using
the Galilean velocity transformations of (2.22) and a constant mass of m0 yields a
quantity that is dependent on the velocity of the moving frame, and is therefore not
invariant.

We may use the definition of the momentum to derive an expression for the energy,
which we will use later. With the help of (2.46) we can write the scalar product of u
and p as

u · p = mu2 = mc2 −m0c
2
(m0

m

)
. (2.59)

With E = mc2 and (2.39) we can rearrange this expression into an equation for the
energy,

E = u · p +m0c
2/γ. (2.60)
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Relativistic Electromagnetic
Interactions

Chemical concepts are conveniently formulated in terms of molecules—aggregates
of atoms linked by electromagnetic interactions. The proper relativistic description
of these interactions is a prerequisite for the development of a theory of relativistic
quantum chemistry. As a simple starting point we will consider classical systems made
up of point charges, postponing the transition to a quantum mechanical description until
later. From the previous chapter we know something about how an electron’s particle
properties might be affected by relativity. In this chapter we describe the effects of
relativity on the interaction with the electromagnetic field.

Again, we adopt a minimalist approach. Electromagnetism and electrodynamics
are subjects covered in numerous textbooks for a wide variety of target audiences.
To develop the necessary theory from first principles is far beyond the scope of this
book. We will only highlight those parts necessary for the later development and
understanding of a theory of relativistic quantum chemistry. This means that some
of the fundamental equations must be presented without derivation, requiring that the
reader either knows these from before or that they must be taken on faith. In particular,
in this chapter we make use of the Maxwell equations, the Lorentz force equation, and
the generalized potential. The reader will be able to find descriptions or derivations of
these in Jackson (1975), for example. We will also need to use a number of relations
from vector calculus, and these will normally be introduced in the general form when
required.

In dealing with fields that vary over time and space, we will need various differential
operators. In the nonrelativistic theory of electrodynamics the gradient operator, ∇, and
the time derivative, d/dt , are used. From our experience in the previous chapter with
mixing of space and time coordinates under Lorentz transformations, we might expect
these to combine in a four-space differential operator also. Indeed, in our notation,

17
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the appropriate gradient operator to use for four-vectors is , defined by

=
(
∂

∂x
,
∂

∂y
,
∂

∂z
,
−i
c

∂

∂t

)
=
(

∇, −i
c

∂

∂t

)
(3.1)

and termed quabla, in analogy to nabla.1 This equation is rather straightfor-
wardly derived by requiring Lorentz invariance and applying the transformation
equations (2.17). The interested reader may make things simpler by working out the
case of one spatial dimension as done in section 2.3.

The four-vector analogue of the Laplacian ∇2 is the d’Alembertian 2 and is
correspondingly defined as

2 =
(

∇2 − 1

c2

∂2

∂t2

)
. (3.2)

This operator is the square of a Lorentz-invariant four-vector, and is therefore itself
Lorentz invariant.

3.1 The Maxwell Equations

The basic equations of electrodynamics are the Maxwell equations. For point charges
in a vacuum, which is what we are mainly interested in, these equations take the form
(in SI units):

∇ · B = 0

∇ × E = −
(
∂B
∂t

)

∇ · E = ρ/ε0

∇ × B = 1

c2

[
j
ε0

+ ∂E
∂t

]
.

(3.3)

Here, B is the magnetic field, E is the electric field, ρ is the charge density, j is the
current density, and ε0 is the permittivity of the vacuum. The Maxwell equations are
invariant under Lorentz transformations. In fact, it was the search for a transformation
that would leave the Maxwell equations formally invariant that originally led to the
Lorentz transformations.

Current and charge densities are related through the continuity equation

∇ · j + ∂ρ

∂t
= 0 (3.4)

1. This is not the conventional definition; is often used for the d’Alembertian. The current definition is
appropriate for our purposes, in which we need a notation for both the four-vector and its square.
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which follows from the Maxwell equations (3.3) by taking the time derivative of the
third and the divergence of the fourth and combining them in a suitable manner. The
magnetic field disappears during this operation thanks to the relation

∇ · (∇ × B) = 0 (3.5)

which holds for any vector,2 not just B.
A closer examination of the continuity equation reveals that this is just the scalar

product of the gradient for the four-vector space from (3.1) and a vector

j = ( j, icρ) = (jx, jy, jz, icρ) (3.6)

and the continuity equation can be recast in the form

· j = 0. (3.7)

This equation must be Lorentz invariant because it was derived from the invariant
Maxwell equations. Thus the product of the four-vector gradient and the j-vector is
invariant, and therefore j is another Lorentz-invariant four-vector, the four-current.

3.2 Potentials and Gauge Transformations

For a number of purposes it is more convenient to work in terms of field-related
potentials rather than the fields B and E themselves. To find these potentials, we
start with the two homogeneous Maxwell equations. The simplest of these is the
equation in B:

∇ · B = 0. (3.8)

Using the relation in (3.5), we see that the magnetic field may be expressed as the curl
of another vector A:

B = ∇ × A. (3.9)

With this choice for B, (3.8) is automatically satisfied, and the corresponding properties
of the field are built into any further theoretical developments.

We now turn to the homogeneous equation in E:

∇ × E +
(
∂B
∂t

)
= 0. (3.10)

2. A list of vector relations can be found in appendix B.
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If we substitute (3.9) into this equation, we get

∇ × E + ∂

∂t
(∇ × A) = 0 (3.11)

or

∇ ×
(

E + ∂A
∂t

)
= 0. (3.12)

This time we can use another orthogonality relation involving differential operators.
For any scalar s we have

∇ × (∇s) = 0. (3.13)

Using this relation, we can introduce a scalar −φ defined by

E + ∂A
∂t

= −∇φ ⇒ E = −∂A
∂t

− ∇φ, (3.14)

so that the homogeneous equation in E, (3.12), is satisfied. The choice of a negative
scalar −φ turns out to be convenient in later work.

The quantities A and φ are referred to as the vector potential and scalar potential,
respectively. The definition of these quantities contains some ambiguity. Making use
of (3.13), we see that we can always add any gradient of a scalar quantity to A without
changing B . Thus, if Λ is any scalar,

A′ = A + ∇Λ ⇒ ∇ × A′ = ∇ × A + ∇ × ∇Λ = ∇ × A = B. (3.15)

If we modify A we will, of course, also have to change φ. The new scalar potential φ′
is given by

−∇φ′ = E + ∂A′

∂t
= E + ∂A

∂t
+ ∂∇Λ

∂t
= −∇φ + ∇ ∂Λ

∂t
(3.16)

and therefore

φ′ = φ − ∂Λ

∂t
. (3.17)

The particular choice of A is referred to as a gauge, and this freedom in choice of
gauge can be exploited in transforming expressions to forms that are convenient for
further manipulations, as we will see below. It should be emphasized that the choice
of gauge only influences the form of the mathematical expressions. The physics must
remain the same, regardless of gauge.

We can also add a constant to φ without changing the electric field E. This choice
of scalar defines an electric gauge, and is used to fix the zero of energy at infinite
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charge separation, for example. The choice of Λ could be said to constitute a magnetic
gauge. In both cases, the physics must be independent of the gauge.

We can now use the two remaining (inhomogeneous) Maxwell equations to derive
equations for A and φ. We start with the equation for E:

∇ · E = ρ/ε0. (3.18)

If we insert the expression for E derived above, we get

∇ ·
(

−∂A
∂t

− ∇φ
)

= ρ/ε0

⇒ ∇2φ + ∂

∂t
(∇ · A) = −ρ/ε0.

(3.19)

The equation in B is

∇ × B − 1

c2

∂E
∂t

= 1

c2

j
ε0
. (3.20)

To manipulate this equation, we need the vector operator expression

∇ × (∇ × a) = ∇ (∇ · a)− ∇2a (3.21)

where a is any vector. Substituting for B and E in (3.20), we get

∇ × (∇ × A)+ 1

c2

∂

∂t

(
∂A
∂t

+ ∇φ
)

= 1

c2

j
ε0

⇒ ∇2A − 1

c2

∂2A
∂t2

− ∇
(

∇ · A + 1

c2

∂φ

∂t

)
= − 1

c2

j
ε0
.

(3.22)

This equation together with (3.19) provides us with two equations for A and φ. Unfor-
tunately, the equations are coupled; that is, both equations contain both variables. It
would be simpler if we could have just one variable for each equation. This is where
the freedom of gauge comes in handy. We can use this freedom to choose a gauge that
decouples the equations. We can eliminate φ from (3.22) by setting the last parenthesis
on the left side to 0,

∇ · A + 1

c2

∂φ

∂t
= 0. (3.23)

This condition is called the Lorentz condition and defines the Lorentz gauge. Using
this condition in (3.19) provides us finally with a set of decoupled equations:

∇2φ − 1

c2

∂2φ

∂t2
= −ρ/ε0,

∇2A − 1

c2

∂2A
∂t2

= − 1

c2

j
ε0
.

(3.24)
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A closer examination of these equations reveals that they may be given a particularly
simple form using the d’Alembertian 2:

2φ = −ρ/ε0,

2A = − 1

c2

j
ε0
.

(3.25)

In this form, we see that if we multiply the top equation by i/c and add the two
equations, we recover the four-vector current density j from (3.6) on the right-hand
side. If we define a four-vector potential A accordingly, we get

2A = 2
(

A,
iφ

c

)
= − 1

c2ε0
j. (3.26)

Because 2 and j are invariant, it follows that the four-vector potential A is also Lorentz
invariant. Note that this is really implied in the Lorentz condition (3.23), which is a
product of the Lorentz-invariant four-gradient and the four-vector A and can be
written

· A = 0. (3.27)

The theory of gauge transformations is quite extensive, and we will return to some
of it later. However, we close this section with a few remarks about another frequently
used gauge. Using the first of the coupled equations for A and φ, (3.19), we can define
another gauge that yields an equation for φ only, by setting

∇ · A = 0. (3.28)

This is called the Coulomb gauge, and the resulting equation (Poisson’s equation),

∇2φ = −ρ/ε0, (3.29)

has the ordinary Coulomb potential from a charge distribution ρ as its solution. For most
of our purposes, we will use the Coulomb gauge, and we note that for time-independent
scalar potentials φ we have

∂φ

∂t
= 0, (3.30)

and the Lorentz gauge becomes identical to the Coulomb gauge for such potentials.

3.3 The Relativistic Potential from a Moving Charge

In developing a relativistic quantum chemistry we will need to describe a system of
interacting particles, all of which have charge, and most of which are assumed to
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be pointlike. In order to set up a Hamiltonian, we need to know the potential energy of
the system or any relativistic equivalent of this. In particular, we will need expressions
for the interaction of two moving pointlike particles 1 and 2 with charges q1 and q2,
respectively. To arrive at this interaction we proceed in three steps: first we derive
the potential set up by a moving charge; then we find the expression for the potential
experienced by a moving charge in an electromagnetic field; and finally we build on
these results to obtain the potential for the relativistic interaction of two moving charged
particles.

We start with the potential set up by a moving charge. Having established that
A = (

A, i
c
φ
)

is a four-vector, we expect it to transform in analogy with the position
four-vector, and the Lorentz transformation of (2.17) should apply if we replace r with
A and t with φ/c2. More specifically—if S is the stationary frame and S′ is moving
along the x axis with velocity v relative to S—we have the transformation equations

Ax = γ

(
A′
x + vφ′

c2

)
; A′

x = γ

(
Ax − vφ

c2

)

Ay = A′
y; Az = A′

z

φ = γ (φ′ + vA′
x); φ′ = γ (φ − vAx).

(3.31)

From this we can deduce the relativistic potential set up by a charge q moving at
velocity u. We let S be the observer frame, and place the x axis in the direction of u.
In a charge-centered frame S′, the potential is the same as from a stationary charge,
that is, the ordinary Coulomb potential

φ′ = q

4πε0r ′
, (3.32)

and in the absence of external magnetic fields the vector potential vanishes,

A′ = 0. (3.33)

From the Lorentz transformations we get the potential in the stationary frame S:

Ax = γ uφ′

c2
; φ = γφ′

Ay = 0; Az = 0.

(3.34)

The problem here is that while we now have expressions for the potential in a stationary
frame, these are given in terms of variables referring to the moving frame. In addition
we know that the “signal” mediating the interaction from the charge to the observer
travels with a definite speed c, and this has to be taken into account. Let us fix the time
scales such that the two frames coincide at t = t ′ = 0 and assume that at this time
we measure the potential a distance r ′ away from the charge in the moving frame.
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This signal has traveled some distance before reaching our measuring apparatus, and
was therefore emitted at

t ′ = −r ′/c. (3.35)

Expressed in terms of the variables of the stationary frame, we must have

t ′ = γ
(
t − u · r/c2

)
. (3.36)

Here we use a slightly more general form of the transformation with u · r to allow for
arbitrary r directions, not only on the x axis. We can now calculate r ′:

r ′ = −ct ′ = −γ (tc − u · r/c). (3.37)

In the stationary frame the signal traveled a distance r and was therefore emitted at

t = −r/c. (3.38)

Thus

r ′ = γ (r + u · r/c), (3.39)

and the potentials in the stationary frame are

A = uφ/c2; φ = q

4πε0
(r + u · r/c)−1 . (3.40)

This potential is called the Lienard–Weichart potential, and refers to a signal emitted
at a time previous to t = t ′ = 0. Thus, to evaluate it we must use quantities u and
r determined at the time of emission. Both the velocity and the position may have
changed by the time the observation is made, and we characterize the quantities to
be used in (3.40) as retarded values, that is, relating to a time preceding the time of
observation. The finite speed of propagation of the potential, or equivalently the signal
from the charge, is a fundamental feature of relativistic electrodynamics. We cannot
transmit information faster than the speed of light.

3.4 The Potential Experienced by a Moving Charge

We now move on to the potential experienced by a moving charge in an electromagnetic
field. Potentials are related to the force exerted on a particle. For a particle of charge q
and velocity u in an electromagnetic field with electric field strength E and magnetic
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field B, the force acting on the particle (in SI units) is given by the Lorentz force
equation as

F = q (E + u × B). (3.41)

For a conservative force we have

F = −∇V (3.42)

where V is the potential energy giving rise to the force. However, the presence of the
velocity-dependent term u × B in the Lorentz force equation necessitates the use of
generalized potentials fulfilling the equation

F = −∇V +
∑
i

d

dt

∂V

∂ui
ei; i = x, y, z (3.43)

where ei is a unit vector.
It is possible to derive the potential corresponding to F directly from (3.41) (see

Goldstein 1950). Here we take a somewhat simpler approach and start with a suggested
form of the potential and show that the application of (3.43) to this satisfies the Lorentz
force equation. We choose the potential

V = qφ − qu · A. (3.44)

The expression for the generalized potential, (3.43), has two parts. We first evaluate
the part involving the gradient:

1

q
∇V = ∇φ − ∇ (u · A). (3.45)

The gradient of a scalar product of two vectors a and b has the general form

∇ (a · b) = (a · ∇)b + (b · ∇) a + a × (∇ × b)+ b × (∇ × a). (3.46)

We also note that xi and ui are independent canonical variables, and therefore

∂

∂xi
uj = 0 (3.47)

for any i and j . Using these expressions, we get the gradient of the scalar product
between u and A

∇ (u · A) = (u · ∇)A + u × (∇ × A). (3.48)
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The curl in the last term above is easily recognized from (3.9) as the magnetic field B,
and the gradient part of the general potential, (3.43), thus yields

1

q
∇V = ∇φ − (u · ∇)A − u × B. (3.49)

To evaluate the time derivative part of the generalized potential, we note that the
scalar potential φ has no explicit velocity dependence, and that the vector potential
A cannot depend explicitly on particle velocity. Thus, the only contributions from the
suggested potential, (3.44), will be terms of the form

d

dt

(
∂A · u
∂ui

)
ei = dAi

dt
=
(

dA
dt

)
i

. (3.50)

With this, the force due to the generalized potential, (3.44), becomes

1

q
F = −∇φ + (u · ∇) A + u × B − dA

dt
. (3.51)

But in general, the time derivative of any vector a may be written

da
dt

= ∂a
∂t

+ (u · ∇) a. (3.52)

Using this in the expression for the force above, we get

1

q
F = −∇φ − ∂A

∂t
+ u × B. (3.53)

The first two terms here may be expressed in terms of the electric field E using (3.14),
and we then finally obtain the force as

F = q(E + u × B), (3.54)

which is indeed the Lorentz force equation. We therefore conclude that (3.44) describes
the potential experienced by a particle of charge q and velocity u in an electromagnetic
field given by E and B.

3.5 The Interaction of Two Charged Particles

According to the preceding section the potential energy of a particle with charge q1
and velocity u1 in an electromagnetic field is

V = q1φ − q1u1 · A = q1(φ − u1 · A). (3.55)



RELATIVISTIC ELECTROMAGNETIC INTERACTIONS 27

We now consider the situation where the field is due to another particle with charge q2
and velocity u2. According to section 3.3, the potential set up by this particle is

A2 = u2φ2/c
2; φ2 = q2

4πε0
(r + u2 · r/c)−1 (3.56)

where r is r1 −r2 (remember that the potential from section 3.3 was expressed in terms
of distance from the moving charge). This gives an interaction energy of

V12 = q1φ2

(
1 − u1 · u2

c2

)
= q1q2

4πε0
(r + u2 · r/c)−1

(
1 − u1 · u2

c2

)
. (3.57)

The obvious problem with this expression is that the variables relating to particle 2 are
retarded quantities, and we really need to know something about the motion of particle
2 before we can use it. Another less obvious problem appears if we carry out the
same exercise starting with particle 2 instead of particle 1. Then we get the interaction
energy

V21 = q1q2

4πε0
(r − u1 · r/c)−1

(
1 − u1 · u2

c2

)
. (3.58)

The first parenthesis in this expression, arising from the use of the retarded potential
from particle 1, is clearly not in general equal to the corresponding term in the expres-
sion for V12. In fact, the forces on the particles will in general be neither opposite
in direction nor equal in magnitude in a complete relativistic treatment. However, we
foresee possible difficulties in constructing a Hamiltonian from interaction energies
that are not unambiguously defined. In particular, we should expect the expressions to
be symmetric to the relabeling of particles.

To escape this dilemma we seek refuge in the fact that although we are developing
a relativistic theory, the electrons in molecules mostly belong to the low-energy regime,
moving at speeds considerably lower than the speed of light. In this time scale, the
signal transmitting the interaction between two particles will be instantaneous to a very
good approximation. Thus, we do not have to use retarded quantities, and the trans-
formation of potentials from one particle frame to another may be done by using the
Lorentz transformation directly at the time of observation. While we are mainly con-
cerned with the potentials acting on particle 1 from particle 2, the following derivation
is quite general. We will therefore suppress the indices until we return to the interaction
term, which we derive by inserting the new expressions for the potentials into (3.55).

For the case at hand the relative motion of the two particles may be arbitrary, and
we need the general form of the Lorentz transformation for the position vector r given
in the previous chapter:

r′ = γ (r − ut)+ (γ − 1)
u × (u × r)

u2
. (3.59)
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We may cast this in a more convenient form by expanding the triple cross product. For
that purpose we use the general expression

a × (b × c) = b (a · c)− c (a · b) (3.60)

(also known as the back cab rule), where a, b, and c are any vectors. Applying this to
the transformation expression above, we get

u × (u × r) = u (u · r)− r (u · u). (3.61)

Inserting this expression in the general Lorentz transformation, (3.59), yields

r′ = r + u
[
(γ − 1)

u · r
u2

− γ t
]
. (3.62)

If we decide to disregard retardation effects, we are free to fix the time scale, and in
particular we can decide that we observe the interaction between the particles at the
time t ′ = t = 0. Then, the expression for r′ further simplifies to

r′ = r + u (γ − 1)
u · r
u2

. (3.63)

To derive an expression for the potential in the observer frame, we start from
(3.34) and

φ = γφ′ = γ q

4πε0r ′
. (3.64)

Here r ′ is the length of r′. We have

(r′)2 = r′ · r′ = r2
[

1 +
(γu · r

cr

)2
]
. (3.65)

The scalar potential takes the form

φ = γ q

4πε0r

[
1 +

(γu · r
cr

)2
]−1/2

. (3.66)

We have already made the assumption that our particles move at speeds well below
that of light, that is

u/c � 1. (3.67)
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We can use this assumption to develop the expression for the potential as a power series
in u/c, retaining only terms of order u2/c2. In particular

γ

[
1 +

(γu · r
cr

)2
]−1/2

=
(

1 − u2

c2

)−1/2 [
1 +

(γu · r
cr

)2
]−1/2

= 1 + 1

2

u2

c2
− 1

2

(u · r
cr

)2 + O
(
u4

c4

)
.

(3.68)

Inserting this in (3.66), we get the scalar potential to the desired order as

φ = q

4πε0r

[
1 + 1

2

u2

c2
− 1

2

(u · r
cr

)2 + O
(
u4

c4

)]
(3.69)

and the vector potential to the same order is

A = uφ/c2 = q

4πε0rc

[
u
c

+ O
(
u3

c3

)]
. (3.70)

If we use these potentials in the expression for the interaction energy, we get

V12 = q1φ2 − q1u1 · A2

= q1q2

4πε0r

[
1 + 1

2

u2
2

c2
− 1

2

(u2 · r
cr

)2 + O
(
u4

2

c4

)]
− q1q2u1 · u2

4πε0rc2

(3.71)

where we have temporarily restored the particle indices. As we see, this is still not
symmetric in the particle labels. However, these potentials are expressed in the Lorentz
gauge, (3.23), which may be verified by showing that the potentials satisfy the gauge
condition. From nonrelativistic theory we know that the Coulomb interaction provides
us with an interaction energy that is symmetric in the particle labels. If we transform
to the Coulomb gauge, the scalar potential will just give us the symmetric Coulomb
term, which should be dominant, and the vector potential may in the end turn out to
either be symmetric or require further manipulation.

To transform the Lorentz gauge scalar potential φL to a Coulomb potential φC, we
must add a gauge function Λ as indicated in (3.15) such that

φC = φL − ∂Λ

∂t
. (3.72)

We could find the gauge transformation by applying the Coulomb condition (3.28).
But in this case we know that we want to retain just the Coulomb part of the
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potential, that is

φC = q

4πε0r
. (3.73)

For simplicity, we set

Λ = q

4πε0
λ. (3.74)

Then, λ must satisfy the equation

q

4πε0r
= q

4πε0r

[
1 + 1

2

u2

c2
− 1

2

(u · r
cr

)2 + O
(
u4

c4

)]
− q

4πε0

∂λ

∂t
, (3.75)

which (dropping higher order terms in c−1) readily reduces to

∂λ

∂t
= 1

2c2

[
u2

r
− (u · r)2

r3

]
. (3.76)

To solve this equation, we make the assumption that changes in u with t are small, in
other words u is approximately constant. This may appear somewhat unmotivated, but
we should recall that our theories will be applied to time-independent stationary states
of systems, which moreover are reasonably well described in a mean field model, and
so this may after all not be a very drastic assumption. Anyway, it allows us to find a
simple solution for λ:

λ = − u · r
2c2r

= −u · n
2c2

(3.77)

where n is r/r , the unit vector along r. The minus sign appears because r = r1 − r2
and we are dealing with the potential from particle 2, therefore dr/dt = −u2 ≡ −u.
The reader may verify that this solution satisfies (3.76), assuming du/dt = 0, with
d(1/r)/dt = u · r/r3. The vector potential is transformed according to

AC = AL + ∇Λ = AL + q

4πε0
∇λ. (3.78)

To evaluate the gradient term above, we use the general vector relation, (3.46), applied
to u · n,

∇ (u · n) = (u · ∇) n + (n · ∇) u + u × (∇ × n)+ n × (∇ × u). (3.79)

Any gradient operating on u gives a null result according to (3.47). Also, for the vector
n we have in general

∇ × n = 0; (a · ∇) n = 1

r
[a − n (a · n)] (3.80)
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for any vector a. Thus

∇(u · n) = u
r

− r(u · r)
r3

. (3.81)

This we can insert into the expression for AC to obtain

AC = q

8πε0cr

[
u
c

+ r(u · r)
cr2

+ O
(
u3

c3

)]
. (3.82)

We have included one c in the outside denominator here in anticipation of the u that
multiplies the vector potential in the expression for the interaction energy.

We can now omit the superscript C, and restore the particle labels. The potentials
from particle 2 are

φ2 = q2

4πε0r

A2 = q2

8πε0r

[
u2

c2
+ r (u2 · r)

c2r2
+ O

(
u3

2

c3

)]
.

(3.83)

Finally, we get the interaction energy by substituting these potentials into (3.55):

V12 = q1q2

4πε0r

[
1 − 1

2

u1 · u2

c2
− 1

2

(u1 · r) (u2 · r)
c2r2

]
+ O

(
u4

c4

)
. (3.84)

The only remaining possible cause for particle asymmetry lies in the definition of r as
r1 − r2, but from the expression above it is clear that this is of no consequence. In
addition to the Coulomb term, the expression for the interaction between two charged
particles contains two relativistic terms. These will be discussed in greater detail when
we later introduce similar expressions in the relativistic Hamiltonian.

While the expression above for the potential between two charged particles is indeed
symmetric in the particle labels, it is not Lorentz invariant. This can be demonstrated
by carrying out the appropriate transformation. To make things simple, we consider
only the case of two one-dimensional inertial frames, where S′ moves with velocity v
relative to S. In the moving (one-dimensional) system, u′ and r′ are parallel, and if we
discard terms of order 4 and higher in c, the interaction takes the form

V ′
12 = q1q2

4πε0r ′

[
1 − u′

1u
′
2

c2

]
. (3.85)

Applying the Lorentz transformation to r ′ and u′, we get

V ′
12 = q1q2

4πε0γ r

[
1 − 1

c2

(u1 − v)

(1 − u1v/c2)

(u2 − v)

(1 − u2v/c2)

]
, (3.86)
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which expanded to order c2 yields

V ′
12 = q1q2

4πε0r

[
1 − u1u2

c2
+ (u1 + u2)v

c2
− 3v2

2c2

]
. (3.87)

This is clearly different from the expression

V12 = q1q2

4πε0r

[
1 − u1u2

c2

]
(3.88)

obtained by applying (3.84) in the inertial frame S.
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4

The Dirac Equation

The purpose of this chapter is to introduce the Dirac equation, which will provide us
with a basis for developing the relativistic quantum mechanics of electronic systems.
Thus far we have reviewed some basic features of the classical relativistic theory,
which is the foundation of relativistic quantum theory. As in the nonrelativistic case,
quantum mechanical equations may be obtained from the classical relativistic particle
equations by use of the correspondence principle, where we replace classical variables
by operators. Of particular interest are the substitutions

H → i�
∂

∂t
; p → −i�∇. (4.1)

In terms of the momentum four-vector introduced earlier, this yields

p =
(
px, py, pz,

i

c
H
)

→ −i�
(
∂

∂x
,
∂

∂y
,
∂

∂z
, − i

c

∂

∂t

)
= −i� . (4.2)

In going from a classical relativistic description to relativistic quantum mechanics, we
require that the equations obtained are invariant under Lorentz transformations. Other
basic requirements, such as gauge invariance, must also apply to the equations of
relativistic quantum mechanics.

We start this chapter by reexamining the quantization of the nonrelativistic
Hamiltonian and draw out some features that will be useful in the quantization of
the relativistic Hamiltonian. We then turn to the Dirac equation and sketch its deriva-
tion. We discuss some properties of the equation and its solutions, and show how going
to the nonrelativistic limit reduces it to a Schrödinger-type equation containing spin.

35
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4.1 Quantization of the Nonrelativistic Hamiltonian

The nonrelativistic classical Hamiltonian for a free particle is

H = T = p2/2m. (4.3)

Using the correspondence principle, (4.1), we get the time-dependent Schrödinger
equation:

− �
2

2m

[
∂2ψ(r, t)
∂x2

+ ∂2ψ(r, t)
∂y2

+ ∂2ψ(r, t)
∂z2

]
= i�

∂ψ(r, t)
∂t

. (4.4)

This equation is obviously not Lorentz invariant—it has x, y, and z appearing quadrat-
ically but t appearing linearly, which violates the relativistic principle of equivalence
of spatial and temporal variables. Since we know that the nonrelativistic classical
Hamiltonian is not Lorentz invariant, it is no surprise that neither is the nonrelativistic
Schrödinger equation.

In most quantum chemical applications the electrons are not free, but are subject
to electrostatic potentials in the form of Coulomb interactions with nuclei and other
electrons. These are accounted for in the Hamiltonian by adding a term involving the
scalar potential and the charge of the electron (−e):

H = T + V = p2/2m− eφ. (4.5)

However, if we are concerned about Lorentz invariance, we should at this point remem-
ber that the scalar potential is only one component of a four-vector A = (A, iφ/c).
If the scalar potential modifies H, or equivalently E, then we would expect the vector
potential to modify the momentum, which accounts for the remaining components of
the four-vector.

From classical mechanics (e.g., Goldstein 1950), we can show that the presence
of a vector potential requires that the Hamiltonian function must be constructed using
the kinetic momentum (or mechanical momentum), which is the momentum that is
given in nonrelativistic theory by mv. We must express this momentum in terms of the
canonical momentum of Lagrangian mechanics, because it is the canonical momentum
to which the quantization rule p → −i�∇ applies. Here (and hereafter) we will use
p for the canonical momentum and π for the kinetic momentum. The relation between
the two is

π = p − qA (4.6)

for a particle of charge q in a vector potential A, and for the electron1 we must therefore
use π = p + eA. This relation is known as minimal coupling.

1. Some texts use e for the charge rather than q. However, we will always use e for the elementary charge
and develop equations for the electron, whose charge is −e.
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With this prescription for including potentials, the nonrelativistic classical
Hamiltonian becomes

H + eφ = π2/2m = (p + eA)2/2m. (4.7)

If we apply the normal quantization procedure to this Hamiltonian, we get (expanding
the square)

[
− �

2

2m
∇2 − ie�

2m

[∇ · A + A · ∇]+ e2

2m
A2 − eφ

]
ψ(r, t) = i�

∂ψ(r, t)
∂t

. (4.8)

The term ∇ · A tells us that here we have a choice of gauge, and we usually choose
the Coulomb gauge, ∇ · A = 0, giving

[
− �

2

2m
∇2 − ie�

m
A · ∇ + e2

2m
A2 − eφ

]
ψ(r, t) = i�

∂ψ(r, t)
∂t

. (4.9)

For molecules and atoms the scalar potential φ includes the nuclear and electronic
Coulomb potentials and is normally incorporated into the variational procedure. In
many applications, the terms involving the vector potential are treated as a perturbation,
for example to obtain radiative transition probabilities. In this case the term involving
A ·∇ gives the usual one-photon transition probability, and the term involving A2 gives
two-photon probabilities.

4.2 Spin in the Nonrelativistic Hamiltonian

One of the missing features in the usual form of the Schrödinger equation is spin, and
it is often stated that this is because it is a relativistic phenomenon. This is at best a
tenuous statement, and we will show that there is a method for introducing spin into the
nonrelativistic equation.2 This demonstration also serves to introduce some quantities
that will turn up later in a fully relativistic equation that accounts for spin. Among
these are the 2 × 2 Pauli spin matrices:

σx =
(

0 1
1 0

)
, σy =

(
0 −i
i 0

)
, σz =

(
1 0
0 −1

)
. (4.10)

often simply called the Pauli matrices, which we can collect into a vector, σ . These
matrices are unitary, Hermitian matrices that do not commute:

σxσy = iσz; σyσx = −iσz. (4.11)

2. This demonstration was first made by Lévy-Leblond (1967, 1970).
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The commutator of σx and σy is therefore

[
σx , σy

] = 2iσz. (4.12)

Similar relations for the other products of Pauli matrices may be derived by cyclic
permutation of the indices. In fact, the Pauli matrices anticommute:

σiσj + σjσi = 2δij I2 (4.13)

where I2 is the 2 × 2 unit matrix.3

We will often be dealing with the scalar product of σ with various vectors u; that
is, with (σ · u). Using the commutation properties of the Pauli matrices, (4.13), it may
be shown that

(σ · u)(σ · v) = (u · v)I2 + iσ · u × v, (4.14)

where we have assumed that u commutes with σ . This relation is called the Dirac
relation or the Dirac identity, and will be applied numerous times in this book. If
u = v, the vector product vanishes, so that

(σ · u)(σ · u) = u2I2. (4.15)

These 2 × 2 matrices can be regarded as operators on a space of two-component
vector functions,

ψP =
(
ψ1
ψ2

)
. (4.16)

The two-component wave function ψP is called a Pauli spinor. We will show in a later
chapter that for this basis the Pauli matrices form a representation of the spin operators
such that �σ = 2s. With the conventional choice of basis, that is, the eigenfunctions of
σz, the upper component represents the part of the wave function with spin projection
ms = 1

2 , or α spin, and the lower component the part with ms = − 1
2 , or β spin. The

primitive α and β spin functions are represented by the vectors

η
( 1

2

) = η(α) =
(

1
0

)
; η(− 1

2 ) = η(β) =
(

0
1

)
. (4.17)

To incorporate spin into the nonrelativistic Hamiltonian we now replace π by σ ·π
in (4.7). First, we consider the square of σ · π , expanded in terms of the momentum

3. We will indicate the rank of the unit matrix I and the zero matrix 0 by a subscript where we feel it is
necessary or useful. However, we will omit it when the context makes it clear what the rank is, or the rank
is unspecified.
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and the vector potential,

(σ · π)2 = (σ · p)2 + e(σ · p)(σ · A)+ e(σ · A)(σ · p)+ e2(σ · A)2. (4.18)

Making use of the relations (4.14), (4.15), and the correspondence principle gives

(σ · π)2 = −�
2∇2 − ie�

[∇ · A + A · ∇]+ e2A2 + e�σ · [∇ × A + A × ∇]. (4.19)

The term in the first square bracket is the same as in the equation without spin. The
effect of the first term in the second square bracket can be demonstrated by letting it
operate on a function φ. For the case of an arbitrary vector a, we have the general
vector relation

∇ × (φa) = (∇φ)× a + φ(∇ × a) = −a × (∇φ)+ φ(∇ × a). (4.20)

If we apply this and insert the definition of the vector potential, (∇ × A) = B, we get

∇ × A + A × ∇ = (∇ × A)− A × ∇ + A × ∇ = B. (4.21)

Thus we end up with an extra term in the nonrelativistic Schrödinger equation that
accounts for the interaction of the spin of the electron with a magnetic field:

[
− �

2

2m
∇2 − ie�

m
A · ∇ + e2

2m
A2 + e�

2m
σ · B − eφ

]
ψP = i�

∂ψP

∂t
. (4.22)

The fourth term is the spin Zeeman term and represents the interaction of the electron
spin with the external magnetic field, and under the substitution �σ = 2s it takes the
form (e/m)s · B.

We have demonstrated that by replacing π with σ ·π we can indeed introduce spin
into the nonrelativistic Schrödinger equation. In this form, spin appears explicitly in
the wave function through the Pauli spinors (or products of these for many-electron
systems), and its interaction with magnetic fields appears naturally in the Hamiltonian
and need not be grafted on ad hoc when required. However, apart from the fact that
it yields a convenient form of the Schrödinger equation, it is not immediately evident
why the operator σ · π should be used. And we still have the problem that the free-
electron part of the Hamiltonian is not Lorentz invariant. So we must look for an
alternative route to a relativistic quantum theory for the electron, one which preferably
also accounts for spin. Our experiences from the derivations in this section show us
that this route may lead to multicomponent wave functions.

4.3 The Dirac Equation

We now turn to the quantization of the classical relativistic Hamiltonian, and in
particular to its representation in the Dirac equation. Quantization of the classical
relativistic Hamiltonian has been treated in detail in many texts, such as Rose (1961),
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Bjorken and Drell (1964), Moss (1973), and Sakurai (1967), to which the reader is
referred for greater detail than is presented here.

In the previous section, we noted that the nonrelativistic Schrödinger equation for
the free particle contains second derivatives with respect to the space variables, but
only the first derivative with respect to the time, and therefore it does not treat time
and space on an equal footing, precluding Lorentz invariance. The second derivatives
come from the form of the nonrelativistic Hamiltonian, but the first derivative of the
time is fundamental. We therefore seek an equation that is homogeneous and first order
in space and time.

For a classical expression of this kind, we turn to the relation between energy
and momentum derived in section 2.7. Omitting the subscript for the rest mass of the
electron4 and introducing the mechanical momentum, we may write this relation as

(E + eφ)2 = m2c4 + π2c2. (4.23)

We could go ahead and quantize this expression according to our usual prescription,
but this results in four-electron operators, which would be impractical for relativistic
quantum chemistry. The squared form does have its place in physics, but it can be
shown that it does not describe the electron.

We can reduce the rank of the operators by taking the square root of the expression
above, to obtain the Hamiltonian

H = c
√
m2c2 + π2 − eφ. (4.24)

There are some obvious difficulties to be encountered in an attempt to quantize this
Hamiltonian. If we simply use the correspondence principle, we have the problem
of interpreting the square root of the Laplacian operator. We could circumvent this
problem by extracting a factor of mc from the square root and then expanding the
square root expression as a series in powers of (π/mc)2. This yields

H + eφ = mc2
√

1 + (π/mc)2 = mc2 + π2

2m
− π4

8m3c2
+ O

(
π6

m5c4

)
(4.25)

where the first term is the rest mass energy and the second term is related to the kinetic
energy. Unfortunately, this approach fails for several reasons. First, the series is infinite
and would have to be truncated. Second, the expansion is only valid if π < mc, but
π can take values up to ∞. Third, the operators become more and more pathological
the higher one goes in the series. Finally, the Lorentz invariance is not obvious, and
would certainly be lost if the series were truncated, as would be necessary in any
practical method.

Dirac’s approach to quantization of the Hamiltonian above was to assume that the
argument of the square root operator could be written as a perfect square,

π2 +m2c2 = (α · π + βmc)2 (4.26)

4. The mass m appearing hereafter is the rest mass, the subscript of m0 being omitted.
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where α and β remain to be specified. Thus, the relativistic Hamiltonian for an electron
can be written

H + eφ = cα · (p + eA)+ βmc2. (4.27)

Using the correspondence principle to quantize this Hamiltonian, we get the Dirac
equation for an electron in an electromagnetic field:

(
i�
∂

∂t
+ eφ

)
Ψ = cα · (−i�∇ + eA)Ψ + βmc2Ψ. (4.28)

Transferring the term involving α to the left-hand side, this equation may be written
in four-vector form as

cα · (i� − eA)Ψ = βmc2Ψ (4.29)

where we have introduced the four-vector α

α = (α, i). (4.30)

We know that the four-vector momentum and the four-vector potential are conserved
quantities under a Lorentz transformation, so we expect that α is also conserved, as
may be shown with the conditions below.

It remains to determine the quantities α and β. In order for the perfect square to
be obtained, α and β must obey the following conditions:

α2
i = β2 = 1, (4.31a)

αiαj = −αjαi, i 
= j, (4.31b)

αiβ = −βαi, (4.31c)

or, with β ≡ α0

αiαj + αjαi = 2δij . (4.32)

(Note that α0 is not part of the four-vector α.) The second and third conditions of
equation (4.31) mean that the algebra of the αi is noncommutative—in fact, it is
anticommutative. Scalars cannot satisfy these relations, and therefore an appropriate
noncommutative algebra must be found to satisfy these conditions. The most obvious
choice is matrix algebra.

The first condition, (4.31a), means that the matrices must be unitary. For matrices
of rank 2, any unitary matrix can be expressed as a linear combination of the 2 × 2
unit matrix and the Pauli matrices. These four will not do, because even though the
Pauli matrices anticommute, the unit matrix commutes with the Pauli matrices, and
therefore the anticommutation requirement cannot be met. Thus, the rank of the α and
β matrices must be greater than 2. Through some elementary matrix algebra, it may
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also be shown that the rank of the α and β matrices must be even. From this we
conclude that the minimum matrix rank required is 4, and we can indeed find a rank 4
matrix representation of α and β that satisfies the requirements of (4.31). One such
representation is

αk =
(

02 σk
σk 02

)
, k = 1, 2, 3; β =

(
I2 02
02 −I2

)
, (4.33)

where I2 and 02 are the 2×2 unit and null matrices, and σk are the Pauli matrices defined
above. This representation of the α matrices is called the standard representation, and
is defined only up to a similarity transformation,

α′
µ = Q−1αµQ, (4.34)

which for invariance requires that

Ψ′ = Q−1Ψ. (4.35)

As can be expected, the αk matrices do not commute. Introducing the vector Σ

Σ =
[(
σx 02
02 σx

)
,

(
σy 02
02 σy

)
,

(
σz 02
02 σz

)]
(4.36)

we can write

αxαy = iΣz; αyαx = −iΣz. (4.37)

The commutation relations for the α matrices can be summed up as

α × α = 2iΣ . (4.38)

While this provides us with an equation for the relativistic electron, the α and β

matrices arose from the mathematical treatment, and only indirectly from the physics.
It would be nice if we could also give these quantities a physical interpretation. In order
to find some classical operator or quantity corresponding to α and β, we compare the
Dirac Hamiltonian with the classical relativistic Hamiltonian. For this purpose we use
the classical relativistic expression for the energy from (2.60) for a field-free system,

E = u · p +mc2/γ. (4.39)

Comparing with (4.27), we see that we may identify cα with the velocity operator u.
With this identification, we see that the velocity four-vector α can be identified with
the classical velocity four-vector, which is the time derivative of the position four-
vector w. We can also identify β with the inverse of the γ factor arising in the Lorentz
transformations.
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We will not prove the Lorentz invariance of the Dirac equation. However, we will
point to a few features that at least suggest Lorentz invariance. The first thing to note
is that the rest mass is obviously a relativistic invariant. If we multiply (4.29) by β and
define γ = βα, we have

cγ · (� − eA)Ψ = mc2Ψ. (4.40)

It is fairly obvious that if the operator on the left has as its eigenvalue a Lorentz
invariant quantity, the operator itself must be Lorentz invariant. This, of course, does
not constitute a proof. Such proofs may be found in most standard textbooks in physics
that cover the Dirac equation.

What is of further concern is whether the probability density Ψ†Ψ is time-
independent, which we expect for a bound state, and whether it is conserved under
a Lorentz transformation, since this has implications for the normalization of the wave
function. If cα is the velocity operator, we may write the current density for the Dirac
wave function as

j = Ψ†cαΨ; (4.41)

with the charge density defined by

ρ = Ψ†Ψ. (4.42)

Charge is invariant under a Lorentz transformation, and the law of conservation is
expressed in the continuity equation

∇ · j + ∂ρ

∂t
= 0. (4.43)

Inserting j and ρ from the above definitions into the charge conservation equation,
we get

c∇ · (Ψ†αΨ)+ ∂

∂t
Ψ†Ψ =

[
cα · ∇Ψ + ∂Ψ

∂t

]
†Ψ + Ψ†

[
cα · ∇Ψ + ∂Ψ

∂t

]
. (4.44)

From the free-particle Dirac equation,

cα · ∇Ψ + ∂Ψ

∂t
= mc2

i�
βΨ. (4.45)

On substitution of this and its conjugate into (4.44) it is clear that the continuity equation
is satisfied:

∇ · j + ∂ρ

∂t
= −mc2

i�
Ψ†βΨ + mc2

i�
Ψ†βΨ = 0. (4.46)
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In order to show that the probability density is time independent, we now take its space
integral and find by Gauss’s theorem that

∂

∂t

∫
ρdr = −

∫
∇ · jdr = −

∫
jndS (4.47)

where jn is the component of the current along the outward normal to the surface S.
The surface is of course at infinity, so that if the current density vanishes sufficiently
strongly at infinity—which we expect to be the case for a bound, normalizable state—
the time derivative of the integral of the probability density is zero, and the integral
has a constant value. That this integral is invariant under a Lorentz transformation is
shown, for example, in Rose (1961).

4.4 The Time-Independent Dirac Equation

Now that we have a valid equation, we need to manipulate it to obtain a workable
form. It is almost invariably the case that we are looking for stationary states, and
most considerations of time-dependent phenomena proceed from a set of states that are
time-independent.

A stationary state is the eigenfunction of a Hamiltonian that is independent of the
time variable and has the energy as its eigenvalue. If we have such a Hamiltonian, we
can write the wave function as a product of a spatial and a temporal part,

Ψ(r, t) = ψ(r)θ(t), (4.48)

which on substitution into the time-dependent Dirac equation

ĤΨ = i�
∂Ψ

∂t
(4.49)

yields

Ĥψ(r)/ψ(r) = i�
∂θ

∂t

/
θ. (4.50)

If Ĥ is time-independent, the left side is a function of r only and the right side a
function of t only. For the two to be equal, they must both be equal to a constant,
which is the total energy E. The solution of the temporal part is easily obtained as a
simple exponential:

θ(t) = eEt/i�. (4.51)

The spatial part is the time-independent Dirac equation

Ĥψ = cα · (−i�∇ + eA)ψ + βmc2ψ − eφψ = Eψ, (4.52)

which we may now proceed to solve.
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In the light of the chapter on special relativity (chapter 2), it is apparent that there is a
possible problem in performing this separation of the space and time variables, because
the Lorentz transformation mixes them. The separation would have to be performed
in a particular frame of reference, and only be valid in this frame of reference. If we
want results in another frame of reference, we must perform a Lorentz transformation
to that frame, and there is no guarantee that we will still have a stationary state.
However, if our Hamiltonian is Lorentz invariant, the choice of the frame of reference
is arbitrary, and, as we saw above, the probability density is independent of time and of
the frame of reference. We may therefore choose the frame that is most convenient. In
molecules (and in atoms) the Born–Oppenheimer frame is the most convenient frame
of reference for electronic structure calculations because the nuclear potential is then
simply the static Coulomb potential. Regardless of whether the Hamiltonian is Lorentz
invariant or not, it is this frame that we work in from here on.

4.5 The Dirac Wave Function

Because of the appearance of 4 × 4 matrices in the Dirac equation, the wave function
must be a four-component vector:

Ψ(r, t) =



ψ1(r, t)
ψ2(r, t)
ψ3(r, t)
ψ4(r, t)


. (4.53)

We have therefore moved from a scalar function in the nonrelativistic regime to a
four-component vector function in the relativistic regime, and we might expect that the
work to describe this wave function would increase in proportion.

What is the significance of the four components? We noted above that in nonrel-
ativistic quantum mechanics we can introduce the spin by replacing the mechanical
momentum π by σ · π and making the wave function a two-component vector, or
2-spinor, where the upper component corresponds to spin 1

2 and the lower component
corresponds to spin − 1

2 . The same concept applies to the Dirac wave function—
components 1 and 3 correspond to spin 1

2 and components 2 and 4 correspond to
spin − 1

2 , and the wave function is called a 4-spinor.
It is useful to classify the upper two and lower two components of the Dirac wave

function as two-component spinors. From the discussion of spin in the nonrelativistic
equation, it might be guessed that these would be Pauli spinors. We write

Ψ(r, t) =
(

ΨL(r, t)
ΨS(r, t)

)
; (4.54)

ΨL and ΨS are termed the large and small components of the wave function. The
reason for this nomenclature will become clear later. For the time-independent case,
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we have correspondingly:5

ψ(r) =
(

ψL(r)
ψS(r)

)
. (4.55)

For various applications and derivations it is easier to work with the two-component
form in (4.54) rather than with the full four-component form of (4.53), and in later
chapters we will use either form according to what is convenient for the case at hand.

To obtain further information on the nature of the Dirac wave function, we can solve
the equation for a simple model system. The simplest case is the time-independent
equation for a free particle. In the nonrelativistic case the Schrödinger equation for a
free particle moving along the x axis is

− �
2

2m

d2ψ

dx2
= Eψ. (4.56)

This has the solution

ψ = aeikxx; kx =
√

2mE

�2
(4.57)

where a is a normalization constant. kx can be interpreted by noting that ψ is also an
eigenfunction of the momentum operator

p̂xψ = −i�dψ

dx
= −i�daeikxx

dx
= �kxψ. (4.58)

This type of exponential wave function is known as a plane wave, and for the general
case of a particle moving along the direction k it has the form

ψ = aeik·r. (4.59)

The time-independent Dirac equation for a free particle follows easily from (4.52) as

i�cα · ∇ψ +mc2βψ = Eψ. (4.60)

We now draw on our experience from the nonrelativistic case and assume that the
4-spinor ψ has the form

ψ = eik·r



a1
a2
a3
a4


 . (4.61)

5. The notation convention is that upper case is used for the time-dependent spinors; lower case for the
time-independent spinors.
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We insert this expression into the Dirac equation, expand the 4 × 4 matrices, and carry
out the differentiations. The result is the following set of equations:

(E −mc2)a1 −Kza3 −K−a4 = 0,

(E −mc2)a2 −K+a3 +Kza4 = 0,

−Kza1 −K−a2 + (E +mc2)a3 = 0,

−K+a1 +Kza2 + (E +mc2)a4 = 0,

(4.62)

where we have set

K = c�k and K± = Kx ± iKy. (4.63)

This set of four equations for four variables has solutions only if there is linear
dependence; that is, the determinant of coefficients must equal zero:

∣∣∣∣∣∣∣∣
(E −mc2) 0 −Kz −K−

0 (E −mc2) −K+ Kz

−Kz −K− (E +mc2) 0
−K+ Kz 0 (E +mc2)

∣∣∣∣∣∣∣∣
= 0. (4.64)

This reduces to a fourth degree equation for E,

(E2 −m2c4 +K2)2 = 0, (4.65)

which has the doubly degenerate solutions

E+ = +
√
m2c4 +K2, E− = −

√
m2c4 +K2. (4.66)

The equations for the coefficients turn out to be pairwise linearly dependent for
these values of E. For E+ we choose the equations

−Kza1 −K−a2 + (E+ +mc2)a3 = 0,

−K+a1 +Kza2 + (E+ +mc2)a4 = 0. (4.67)

With four variables and only two equations, we can choose two of the variables freely,
but one of these will be determined by the normalization conditions (which we do not
consider in this example). If we set a2 = 0, we get

a3 = a1Kz

E+ +mc2
; a4 = a1K+

E+ +mc2
. (4.68)
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The choice a1 = 0 gives

a3 = a2K−
E+ +mc2

; a4 = − a2Kz

E+ +mc2
. (4.69)

Correspondingly, for E− we get the solutions

a1 = a3Kz

E− −mc2
; a2 = a3K+

E− −mc2
; a4 = 0 (4.70)

and

a1 = a4K−
E− −mc2

; a2 = − a4Kz

E− −mc2
; a3 = 0. (4.71)

To sum up, for the free-particle Dirac equation we get the solutions:

E1 = +
√
m2c4 +K2; ψ1 = aeik·r




1
0

Kz/(E +mc2)

K+/(E +mc2)


,

E2 = +
√
m2c4 +K2; ψ2 = aeik·r




0
1

K−/(E +mc2)

−Kz/(E +mc2)


,

E3 = −
√
m2c4 +K2; ψ3 = aeik·r



Kz/(E −mc2)

K+/(E −mc2)

1
0


,

E4 = −
√
m2c4 +K2; ψ4 = aeik·r



K−/(E −mc2)

−Kz/(E −mc2)

0
1


.

(4.72)

Comparing coefficients from the lower two components with those of the upper two,
we see that there is a ratio of the order K/(E +mc2). Remembering that K = cp, this
may be expanded as

K

E +mc2
= cp

mc2 +√
m2c4 + p2c2

<
p

2mc
. (4.73)

For nonrelativistic velocities p � mc, and when the upper two components are large,
the lower two are small, and vice versa. While we normally do not have situations
where the upper or lower components are pure Pauli spinors, as in our present example,
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the magnitude difference between upper and lower components always holds one way
or the other.

Which way the difference goes depends, as we have seen, on the sign ofE. We have
not commented on the negative-energy solutions, which would appear to be unphysical.
Admittedly, we regard the bound states of the hydrogen atom as negative, for example,
but that is relative to the ionization limit and not on an apparently absolute scale. We
will postpone the discussion of these negative-energy states until the next chapter. For
now we merely register the fact that solutions with positive energies have large values
for the upper components of the 4-spinor, while solutions with negative energies have
large values for the lower components.

The free-particle Dirac equation provides a nice demonstration of some of the
properties of the 4-spinor solutions, but quantum chemistry is mainly concerned with
electrons bound in molecules by electromagnetic forces. In a static potential V , such as
that provided by the nuclei in the Born–Oppenheimer frame, where the vector potential
A is zero, the time-independent electronic Dirac equation is

c(α · p)ψ + (βmc2 + V )ψ = Eψ. (4.74)

Writing ψ in terms of large and small components, we have


V − E +mc2 c(σ · p)

c(σ · p) V − E −mc2




ψL

ψS


 = 0 (4.75)

or as a pair of coupled equations,

(V − E +mc2)ψL + c(σ · p)ψS = 0

c(σ · p)ψL + (V − E −mc2)ψS = 0. (4.76)

Solution of these equations for various forms of V is the subject of most of the
following chapters. But we see from comparing these equations with the corresponding
free-particle equations that the overall structure is similar, and that we would expect
the solutions to have much the same form; that is, two large components and two small
components.

4.6 Nonrelativistic Limit of the Dirac Equation

While we cannot provide general solutions to the Dirac equation of an electron in a
molecular field, we can gain further insight by investigating what happens when we
go to the nonrelativistic limit; that is, when we let the speed of light go to infinity. Just
as in classical mechanics we get the Newtonian nonrelativistic limit of the relativistic
Hamiltonian function by subtracting the rest energy and taking the c → ∞ limit, so
we expect that in quantum mechanics the limit of the Dirac equation as we allow c

to go to infinity after the rest energy has been subtracted should be the nonrelativistic
Schrödinger equation.
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If we partition the energy into the rest term plus a remainder,

E = mc2 + E′ (4.77)

we may define a new Hamiltonian

Ĥ′ = Ĥ − I4mc
2 (4.78)

which amounts to defining

β ′ = β − I4. (4.79)

Using this Hamiltonian and E′ as the separation variable in (4.50) to obtain a time-
independent equation, the only difference is that the new temporal wave function is
related to the old by a phase factor,

θ ′(t) = e−(mc2/i�)t θ(t). (4.80)

Henceforth, we will feel free to make use of this new definition of the Hamiltonian
and of the energy when convenient, and drop the primes everywhere. We will make it
clear when the rest mass term is included.

The time-independent Dirac equation in two-component form with the rest mass
subtracted becomes

(V − E)ψL + c(σ · p)ψS = 0 (4.81a)

c(σ · p)ψL + (V − E − 2mc2)ψS = 0. (4.81b)

Before taking the limit c → ∞, this equation must be rearranged for two rea-
sons: first, because we need to change it to a form where c occurs in some form of
denominator—this will provide us with terms that vanish and hopefully other terms that
remain finite—and, second, because the nonrelativistic wave function is a scalar func-
tion, whereas the Dirac wave function is a four-component vector function. If we use
the two-component nonrelativistic Schrödinger equation that we derived in section 4.2,
we can write the nonrelativistic wave function in terms of spin–orbitals, which can be
transformed to two-component spinors. Then it is only necessary to reduce the Dirac
equation from four-component to two-component form.

If we set c → ∞ in (4.81b) after dividing it by c2, we find that ψS → 0, which
implies that we must eliminate the small component before allowing c to go to infinity
in order to obtain the nonrelativistic limit. Examining (4.81b), we see that it can be
rearranged to make ψS the subject, provided that V −E− 2mc2 is nonzero. Now V is
always zero or negative for the nuclear potential, so we must have E > −2mc2 in order
that V − E − 2mc2 is never zero. (Compared with the free-particle case discussed in
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the previous section, this corresponds to choosing the positive energy solution.) With
this condition,

ψS = [
2mc2 + E − V

]−1
c(σ · p)ψL (4.82)

which on substitution into (4.81a) gives

(V − E)ψL + c2(σ · p)
[
2mc2 + E − V

]−1
(σ · p)ψL = 0. (4.83)

The last term can be rearranged by noting that

(A+ B)−1 = A−1 − A−1B(A+ B)−1 (4.84)

for any quantities A and B for which (A + B)−1 and A−1 exist. Letting A = 2mc2

and B = (E − V ), the result is

(V − E)ψL + 1

2m
(σ · p)(σ · p)ψL − 1

2m
(σ · p)

E − V

2mc2 + E − V
(σ · p)ψL = 0.

(4.85)

Using (4.15) to reduce the second term, we find that it is the nonrelativistic kinetic
energy operator T̂ . The above equation is therefore

(T̂ + V − E)ψL + 1

2m
(σ · p)

V − E

2mc2 + E − V
(σ · p)ψL = 0 (4.86)

which is the nonrelativistic Schrödinger equation with a relativistic correction. Since
c is in the denominator of the last term, if we allow c to go to infinity we get the
nonrelativistic Schrödinger equation with ψL the nonrelativistic wave function.

We may also partition the second term using (4.14) to arrive at

1

2m
(σ · p)

V − E

2mc2 + E − V
(σ · p) = V − E

2mc2 + E − V
T − c2

(2mc2 + E − V )2

× [(pV ) · p + iσ · (pV )× p] .

(4.87)

Here we see that the relativistic correction includes a correction to the kinetic energy, a
scalar potential term, and a term involving the spin that can be classified as a spin–orbit
interaction.

In the previous section, we showed that the ratio of the large component to the
small component was approximately p/2mc for a free-electron state. Given that the
large component becomes the nonrelativistic wave function in two-component form in
the limit c → ∞, we may use the nonrelativistic wave function as an approximation
to the large component to gain some idea of how the small component behaves for a
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bound state. Taking, for example, the nonrelativistic hydrogenic atom 1s wave function
as an approximation to ψL, we find that

ψL = N1se
−Zr ⇒

ψS ≈ (σ · p)
2mc

ψL = N1s
(σ · p)
2mc

e−Zr ≈ Z

2mc
ψL. (4.88)

The magnitude of c is approximately 137 in Hartree atomic units, which we have used
here. We will obtain a more accurate value for this ratio in chapter 7.

For light elements, the small component will be one to two orders of magnitude
smaller than the large component for the 1s orbital, and any expectation value involving
it will be two to four orders of magnitude smaller than the expectation value of the
same operator over the large component. The names large and small components are
in common usage, but, as we have seen previously, the large component is large only
for the positive energy solutions. More appropriate names might be upper and lower
components, and indeed some textbooks use this nomenclature. Unfortunately, this
may also lead to problems, because for some purposes it is convenient to interchange
the order of the components of the 4-spinor (for example, in some computational
applications). In this case the upper components may not both be upper anymore,
but as long as we are dealing with positive energies, the large components will at
least always be large. For this book, we will adhere to the conventional large/small
terminology.

One slightly subtle note of caution needs to be added in connection with the limiting
process carried out above. If the potential V is a Coulomb potential, V = −Z/r , the
last term in (4.86) does not vanish for infinite c at r = 0. Employing the correspondence
principle for p, the operator in the last term is

1

2m
(σ · p)

V − E

2mc2 + E − V
(σ · p)

= i�c2

(2mc2 + E + Z/r)2

Z

r2 (σ · er ) (σ · p) − Z/r + E

2mc2 + E + Z/r
T (4.89)

= i�Z

(2mcr + Er/c + Z/c)2
(σ · er ) (σ · p) − Z/c + Er/c

2mcr + Er/c + Z/c
T

where er is a unit radial vector. Taking both limits, but keeping terms in the product
of r and c, we find

lim
r→0,c→∞

1

2m
(σ · p)

V − E

2mc2 + E − V
(σ · p) = i�Z

(2mcr)2
(σ · er ) (σ · p) (4.90)

In order for the limit to vanish, cr must approach infinity. We have no reason to suppose
that c would approach infinity faster than r approaches zero, so we cannot assume that
this limit vanishes. Thus, for a point nuclear model, the nonrelativistic limit (c → ∞)
is only obtained for r > 0. This points to the need for a more realistic model of the
nuclear charge distribution, which we consider in chapter 7.
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In later chapters we will consider the nonrelativistic limit of other relativistic oper-
ators. Here we will only look at one, the velocity operator, to show that it has the
correct nonrelativistic limit. Extracting 2mc2 from the square bracket in (4.82) we get

ψS = 1

2mc

[
1 + (E − V )/2mc2]−1

(σ · p)ψL. (4.91)

In the nonrelativistic limit the term in square brackets may be replaced with unity,
again provided that V is finite. Using this and the definition of α, (4.33), we write the
current density as

lim
c→∞ ψ†cαψ = 1

2m
ψL†[σ (σ · p) + (σ · p)σ

]
ψL

= 1

m
ψL†pψL,

(4.92)

from the anticommuting properties of the Pauli matrices. Classically, p = mv, so the
velocity operator does indeed have the correct nonrelativistic form.

Finally, at the interface between relativistic and nonrelativistic representations, we
should consider the nuclear potential, which we have introduced only by way of an
unspecified potential V above. So far we have only discussed the Dirac equation for
an electron, but in quantum chemistry we are often concerned with the nuclear motion
as well. From the discussion of the potentials due to a static and a moving charge
in chapter 3, it is obvious that the nuclear motion creates a magnetic field, which
should affect the electronic motion. The same arguments as are used for separating
nuclear and electronic motion in nonrelativistic quantum chemistry may be applied
here also: the mass of the nuclei is at least three orders of magnitude larger than the
electron mass, and the velocities of the nuclei are correspondingly smaller. Thus we
conclude that as far as electromagnetic electron–nucleus interactions go, we may well
regard the nuclei as stationary. Relativity also affects the nucleus–nucleus interaction
in a molecule, but again the effect is small. We therefore conclude that relativity is
a very small perturbation on the nuclear motion, and for most chemical purposes it
can be neglected entirely. Thus we will treat the electronic motion relativistically but
the nuclear motion nonrelativistically. We will, however, return to these questions in
chapter 13 when we discuss the calculation of molecular properties.



5

Negative-Energy States and Quantum
Electrodynamics

We now return to the problem of the negative-energy solutions that appeared when we
solved the free particle Dirac equation in the previous chapter. The energy eigenvalues
obtained there were either E+ = +√m2c4 + p2c2 or E− = −√m2c4 + p2c2. The
minimum absolute values we can have are therefore |E| = mc2 for p = 0 (that is, the
particle at rest). As the momentum of the particle increases, we generate a continuum of
solutions, either below −mc2 or above +mc2. This is a general feature of all solutions
we will obtain from the Dirac equation—we will have continuum solutions on both
sides of an energy gap stretching from −mc2 to +mc2, in addition to any discrete
solutions.

Classically and nonrelativistically we would expect a free particle to have a positive
energy. The addition of a rest mass term mc2, which is definitely also positive, should
not change this. However, the fact that we now have negative-energy states means
that a single particle in a positive-energy state could spontaneously fall to a negative-
energy state with the emission of a photon. The interaction with the radiation field
occurs via the operator α · A. The radiative transition moment therefore connects
the large component of the positive-energy solution with the small component of the
negative-energy solution. As we have seen, both of these should be large in magnitude,
giving a large transition moment. Calculations (Bjorken and Drell 1964) show that the
transition rate into the highest mc2 section of the negative continuum is approximately
108 s−1, and the rate of decay into the whole continuum is infinite. Any bound state
would therefore immediately dissolve into the negative continuum with the emission
of photons. This is clearly an unphysical situation.

To resolve this dilemma, Dirac postulated in 1930 that the negative-energy states
are fully occupied. The implications of this postulate are significant and wide-ranging.
First and foremost, it prevents the collapse of bound states. Second, if we excite a
particle out of a filled negative-energy state, it must leave behind a “hole” in this
state that behaves as a particle with complementary properties to the one we excite.
This means that, for example, total charge must be conserved. Thus, if the negative-
energy states arose from the solution of the Dirac equation for a free electron, a hole

54
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in the negative-energy continuum must behave as a particle with the same mass as the
electron but with opposite charge. The negative-energy states are therefore connected
with positrons. This explains the phenomenon of pair creation and the energy required
to create an electron–positron pair with zero kinetic energy is 2mc2, as expected if
this involves exciting a particle across the gap between negative- and positive-energy
states. The discovery of the positron in 1933 was seen as a triumph for the Dirac theory
and its reinterpretation.

There is, however, a problem with this approach. The filling of the negative con-
tinuum implies that the “vacuum” state is infinitely charged, and as a consequence we
would expect an infinite interaction between any state and the vacuum. We therefore
need to take the reinterpretation one step further. What we actually measure is not the
absolute properties of a state but the differences in properties between a state and the
vacuum. The Dirac equation is therefore only the starting point for a theory that is an
infinitely-many-body theory, even for a system with only one electron—or indeed for
the vacuum itself!

Before we go any further, we should reflect on how we arrived at this position. We
solved the Dirac equation for a free particle and found that the spectrum contained two
disjoint continua. If the particle is an electron, we interpret the positive-energy states
as describing the electron with an infinite rate of decay into the negative continuum.
But we could equally well have solved the Dirac equation for a particle of positive
charge—a positron—in the same field, and found exactly the same situation, with two
continua, and an infinite rate of decay of the positive-energy states, which now describe
positrons. So if the negative continuum for the electron should be filled, so should the
negative continuum for a positron (even if we have no particles), and the vacuum,
which should be a reference point for all particles, would then have no charge.

In fact, there is a more direct connection between the charge of the particle and the
mass-energy, so that we only need to solve one Dirac equation to obtain solutions for
both signs of the charge. We write the Dirac equation for an electron of charge −e in
four-vector form as

cα · (i� − eA) Ψ = βmc2Ψ. (5.1)

We can take the complex conjugate of this equation, but we have to exercise some care
with regard to the four-vector quantities, which represent a mixture of real and complex
entities. Showing the space and the time components of the four-vectors explicitly, the
equation above takes the form

c(α, i) ·
[
i�

(
∇, −i

c

∂

∂t

)
− e

(
A,

iφ

c

)]
Ψ = βmc2Ψ. (5.2)

Complex conjugation yields

c(α∗,−i) ·
[
−i�

(
∇, i

c

∂

∂t

)
− e

(
A,

−iφ
c

)]
Ψ ∗ = βmc2Ψ ∗. (5.3)

Due to the presence of a scalar product between the vectors, we can recover the
four-vector quantities and A by changing the sign of the last component in each
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four-vector and writing this expression as

c(α∗, i) · [−i� − eA]Ψ ∗ = βmc2Ψ ∗. (5.4)

This looks very similar to the Dirac equation, but although α is Hermitian, the complex
conjugate is not the same as the original because α∗

y = −αy . In order to recover the
four-vector α, we introduce the operator

Ĉ′ = iβαy. (5.5)

Operating on the Dirac matrices we find that

Ĉ′β = −βĈ′; Ĉ′(α)∗ = αĈ′. (5.6)

We apply this operator to the conjugated Dirac equation and arrive at the result

cα · (i� + eAµ

)
Ĉ′Ψ ∗ = βmc2Ĉ′Ψ ∗. (5.7)

which, by comparison with (5.1), is the Dirac equation for a particle of the same mass
but opposite charge. Thus, if Ψ is the wave function for the electron, Ĉ′Ψ ∗ must be
the wave function for a positron. Introducing the complex conjugation operator, K̂0,
the positron wave function can be written Ĉ′K̂0Ψ . Ĉ = Ĉ′K̂0 is called the charge
conjugation operator, which in matrix form is

Ĉ =




0 0 0 1
0 0 −1 0
0 −1 0 0
1 0 0 0


K̂0. (5.8)

Applying Ĉ to the fourth of the wave functions defined in (4.72), which is for a negative-
energy electron, we find

Ĉψ4 = Ĉaeik·r



K−/(E− −mc2)

−Kz/(E− −mc2)

0
1


 = a∗e−ik·r




1
0

Kz/(E− −mc2)

K+/(E− −mc2)


 (5.9)

Noting that E− = −E+, we may write this as

Ĉψ4 = a∗e−ik·r




1
0

−Kz/(E+ +mc2)

−K+/(E+ +mc2)


 . (5.10)

This is equal to ψ1 if a is real and we change the sign of the momentum. Thus, we
have the wave function for a positive-energy particle of opposite momentum. If we had
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included the time factor we would have seen a change in sign there too. So we may
interpret the negative-energy electrons as positive-energy positrons moving backwards
in time. We will examine the issue of time reversal in more detail later when we address
the symmetry of the Dirac equation. We note also that there has been a change in spin,
which we would also expect from time reversal.

The same Dirac equation therefore provides solutions that describe electrons and
positrons. Whether they appear as negative-energy states or positive-energy states will
depend on which sign we choose for the charge. The physics of the particles ought to
be independent of this choice, and we therefore need to have a mathematical model
that permits the description of both positrons and electrons on the same footing. The
necessity for an alternative model is further obvious if we follow the line of reason-
ing about the filling of the negative-energy states a little further. We argued that the
negative-energy states for both the electron and positron Dirac equations must be filled,
producing a “vacuum” with no net charge but an infinite number of particles. However,
we now have an infinite density of particle-antiparticle pairs, which must spontaneously
annihilate each other at an infinite rate, leaving the vacuum empty again! This absurdity
is only resolved if we do not insist that the Dirac equation on its own is a complete
description of the physics. When we developed the Dirac equation, we chose the pos-
itive sign for the square root, implying that only the solutions with positive (classical)
mass were meaningful. We must therefore view the Dirac equation with its negative-
energy solutions as a mathematical means to obtain solutions for particles of both signs
of the charge at the same time; that is, we do not need to solve the Dirac equation for
both signs separately. The existence of negative-energy states is the mathematical but
not the physical embodiment of the existence of particles and antiparticles.

For an alternative model we must turn to quantum field theory and quantum electro-
dynamics. This is suggested by one final point from the heuristic model of the filling of
the negative-energy states: the annihilation of the particles produces a radiation field.
We therefore require a theory that treats particles, antiparticles and their interaction
with the electromagnetic field in a consistent way. Quantum electrodynamics (QED)
has been hailed as the most accurate theory ever devised, and it is indeed remarkable
both in its predictive power and its logically coherent treatment of the entire range of
electromagnetic interactions within the relativistic quantum regime. We do not expect
most practicing chemists to have a background in QED, and a complete introduction
to the subject certainly falls outside the scope of this text. We will therefore follow
our usual approach—beg, borrow, or steal what we need from the advanced physics
theories and adapt it to our immediate needs. It is, however, possible to develop much
of the theory presented here within the context of QED. The interested reader should
consult the articles by Quiney and coworkers (Quiney 2002, Quiney et al. 2001). For
more detailed derivations, see Berestetskii et al. (1982) or Bjorken and Drell (1964).

5.1 Second Quantization

It is convenient to use the language of second quantization when treating a general
many-body problem. Most quantum chemists are familiar with this formalism, and
here we will only provide some brief reminders of the basic features. More thorough
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discussions may be found in standard texts such as Merzbacher (1970), Schiff (1968),
or Jørgensen and Simons (1981).

In second quantization we assume that a complete set of one-particle operators with
corresponding eigenvalues generates a complete set of one-particle states for the system
under consideration. The general N-particle state is then labeled by the eigenvalues of
each of the N particles in this representation. The entire space of such many-particle
states is called a Fock space. The basis for this space is a distribution of particles
with the specified eigenvalues. If the eigenvalues of the one-particle operators are
(collectively) ω1, ω2, . . . , and ni is the number of particles with eigenvalue ωi , then
the general basis vector in Fock space is

|n1, n2, . . .〉. (5.11)

The simplest state is the state with no particles, the vacuum state, which we denote
|vac〉. This state is assumed to be normalized:

|0, 0, . . .〉 ≡ |vac〉; 〈vac|vac〉 = 1. (5.12)

We can generate the other states in the Fock space by use of creation operators. The
creation operator ai† increases the number of particles in state i by 1:

ai
†|n1, . . . , ni−1, ni, ni+1, . . .〉 = Ci |n1, . . . , ni−1, ni + 1, ni+1, . . .〉 (5.13)

where Ci is a normalization constant. Correspondingly, the Hermitian conjugate of the
creation operator, ai , removes a particle from state i, and is called an annihilation
operator:

ai |n1, . . . , ni−1, ni, ni+1, . . .〉 = Ci
′|n1, . . . , ni−1, ni − 1, ni+1, . . .〉. (5.14)

The general state in Fock space may be constructed by applying a succession of creation
operators to the vacuum state:

(a1
†)n1(a2

†)n2 . . . |vac〉 = Cx |n1, n2, . . .〉. (5.15)

Application of an annihilation operator to the vacuum state yields 0, and by Hermitian
conjugation we must have

ai |vac〉 = 0 ⇒ 〈vac|ai† = 0. (5.16)

For electrons and positrons, which will be our main concern, the creation and
annihilation operators fulfill the anticommutation relations:

aq
†ap

† + ap
†aq

† = 0

aqap + apaq = 0

aq
†ap + apaq

† = δpq.

(5.17)
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From these relations it is straightforward to show that the number operator

N̂ ≡
∑
p

ap
†ap (5.18)

yields the number of particles in the system. Here and in the following, the sum is over
the complete set of one-particle states unless otherwise indicated. We can also show
from the commutation rules that trying to create two electrons in the same state yields
a null result:

2
(
ai

†ai
†
)

|vac〉 =
(
ai

†ai
† + ai

†ai
†
)

|vac〉 = 0. (5.19)

This means that there can only be one electron or positron (or in general, fermion) in
any state.

The second-quantized representation of a one-particle operator Ω̂ is given as

Ω̂ =
∑
p,q

Ωpqap
†aq. (5.20)

Here Ωpq is the usual first-quantized matrix element between the one-particle states
with eigenvalues ωp and ωq

Ωpq = 〈ψp|Ω|ψq〉. (5.21)

5.2 Relativistic Second-Quantized Hamiltonians

In the second-quantized representation of the Dirac Hamiltonian for the electron, the
complete set of states must be used to obtain a proper representation of the first-
quantized Dirac Hamiltonian. We partition this set into two sets, containing the positive-
energy and negative-energy states. We will use the index p+ for the positive-energy
states and p− for the negative-energy states. A positive-energy state is generated by

ap+†|vac〉, (5.22)

while the corresponding negative-energy state is

ap−†|vac〉, (5.23)
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and the Dirac Hamiltonian may be written1

Ĥ =
∑
pq

[
hp+q+ ap+†aq+ + hp+q− ap+†aq− + hp−q+ ap−†aq+

+ hp−q− ap−†aq−
]
. (5.24)

There is a possible inconsistency in the expression for the negative-energy state:
while (5.23) follows from the second quantization formalism, the existence of a filled
vacuum as postulated by Dirac would prevent the use of a creation operator. We can
get around this difficulty by using our previous interpretation of negative-energy states
as related to positrons. The excitation of an electron from a (filled) negative-energy
state corresponds to the creation of a positron hole. Thus, if we create an electron in
one of these states, it is equivalent to annihilating a positron. So we can write

ap−†|vac〉 ≡ ãp |vac〉 (5.25)

where we use the tilde to refer to the positron quantities. Note that we have placed the
tilde over the operator rather than over the index (and we also drop the + superscript
on the electron indices). This is to emphasize that positron and electron solutions really
form two distinct spaces. However, in matrix elements we have no choice but to place
the tilde over the index.

With this formalism, the Hamiltonian operator is

Ĥ =
∑
pq

[
hpq ap

†aq + hpq̃ ap
†ãq

† + hp̃q ãp aq + hp̃q̃ ãp ãq
†]. (5.26)

There are several points to be noted about this operator. First, the second term creates
an electron–positron pair, and the third term annihilates an electron–positron pair.
This means that the Hamiltonian connects states with different particle numbers, that
is, particle number is not conserved, though charge is. The existence of these terms
embodies the idea of an infinitely-many-body problem that arose from the filling of the
negative-energy states in Dirac’s interpretation. Second, the order of the operators in
the fourth term means that the vacuum expectation value of this operator is not zero, but

〈vac|Ĥ|vac〉 =
∑
pq

hp̃q̃〈vac|ãp ãq†|vac〉 =
∑
pq

hp̃q̃δpq =
∑
p

hp̃p̃. (5.27)

Thus the vacuum has an energy that is equal to the sum of the energies of the negative
solutions of the Dirac equation, as is expected from Dirac’s interpretation. Note that
the matrix elements are the same as in the Dirac equation, so the sum is negative
and infinite. This Hamiltonian operator therefore represents the first stage of the Dirac
reinterpretation with the negative-energy states all filled.

1. We write the matrix elements of the one-particle Hamiltonian with a lower case h, regardless of the case
of the operator. Upper case H is reversed for many-particle Hamiltonian matrix elements.
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To avoid the negative infinite vacuum energy, the vacuum expectation value is
subtracted from the Hamiltonian to define a new, QED Hamiltonian2:

ĤQED =
∑
pq

[
hpq ap

†aq + hpq̃ ap
†ãq

† + hp̃q ãp aq

+ hp̃q̃ (ãp ãq
† − 〈vac|ãp ãq†|vac〉)]. (5.28)

The last term can be rewritten using the anticommutation relations as

ãp ãq
† − 〈vac|ãp ãq†|vac〉 = ãp ãq

† − δp̃q̃ = −ãq†ãp (5.29)

and thus the Hamiltonian is

ĤQED =
∑
pq

[
hpq ap

†aq + hpq̃ ap
†ãq

† + hp̃q ãp aq − hp̃q̃ ãq
†ãp

]
. (5.30)

The subtraction of the vacuum expectation value is therefore equivalent to permuting
all annihilation operators to the right as if all anticommutators had vanished. This is
called normal ordering, and operators that are normal-ordered are enclosed in colons:

ĤQED = :Ĥ: . (5.31)

The QED Hamiltonian has the features we were looking for above. Its vacuum
expectation value is zero (by construction), that is, the vacuum has zero energy. The
positronic term now has a negative sign, and the energy of a positron state |p̃〉 =
ãp

†|vac〉 is

〈p̃| :Ĥ: |p̃〉 = −hp̃p̃ > 0. (5.32)

Thus, the negative-energy electron solutions have now become positive-energy positron
solutions, and because of this there is no more danger of radiative decay of bound
electrons into the negative continuum.

To gain some more insight into the transition to the QED picture, we calculate the
total charge Qvac of the vacuum. We do this by using the number operator N̂ of the
previous section and multiply the number of electrons found by the electronic charge:

Qvac = −e〈vac|N̂ |vac〉 = −e
∑
p

〈vac|ap†ap + ãp ãp
†|vac〉. (5.33)

Only the last term contributes, but this yields an infinite charge, consistent with
all negative-energy states being filled. However, if we use the normal-ordered

2. We use the term “QED Hamiltonian” rather loosely to mean a Hamiltonian that is more or less consistent
with the ideas of QED, recognizing that, strictly speaking, it is difficult if not impossible to define a QED
Hamiltonian.
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operator :N̂ : we get

Qvac = −e〈vac| :N̂ : |vac〉 = −e
∑
p

〈vac|ap†ap − ãp
†ãp |vac〉 = 0, (5.34)

an uncharged vacuum. The normal-ordered number operator also gives the correct
charge of a state with a given number of electrons or positrons.

5.3 Definition of the Vacuum

The subtraction of the vacuum expectation value from the Hamiltonian makes the
operator vacuum-dependent. The argument for this proposition may be developed as
follows.

If we have chosen a basis where the Hamiltonian matrix is diagonal, the terms that
create and annihilate pairs vanish, because the matrix elements for these terms contain
one electron and one positron index. We are left with an operator that conserves particle
number. It is in this basis that the interpretation of particles is made. A basis change
in Fock space may be effected by the unitary exponential operator (see for example
Helgaker et al. 2000)

Û = eiλ̂ (5.35)

where λ̂ is a Hermitian operator,

λ̂ =
∑
rs

λrsar
†as = λ̂†. (5.36)

It is easy to show that Û is indeed Hermitian:

Û†Û = e−iλ̂†eiλ̂ = e−iλ̂+iλ̂ = 1. (5.37)

The reinterpreted form of λ̂ is

λ̂ =
∑
pq

[
λpq ap

†aq + λpq̃ ap
†ãq

† + λp̃q ãp aq + λp̃q̃ ãq ãp
†] (5.38)

which contains pair creation and destruction terms. Exponentiating this operator gives
an operator containing terms that create one, two, . . . pairs, and normal-ordering does
not affect these terms. The vacuum state in the new basis, |vac′〉, is derived by operating
on the vacuum in the old basis with this exponential operator,

|vac′〉 = Û |vac〉. (5.39)
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Therefore, the new vacuum contains a whole series of pair states from the old basis.
The structure of the vacuum has changed. This may be seen by evaluating the number
of “old” electrons in the new vacuum,

〈vac′|N̂e|vac′〉 = 〈vac|Û†
∑
p

ap
†ap Û |vac〉. (5.40)

By expanding Û to first order, for example, it is fairly simple to verify that there will
be terms that have a nonzero vacuum expectation value, such as

〈vac|
∑
rs

λ∗
r̃s ãr as

∑
p

ap
†ap

∑
vw

λvw̃av
†ãw

†|vac〉

=
∑
p

∑
rs

∑
vw

λ∗
r̃sλvw̃δpsδpvδrw

=
∑
pr

λ∗
r̃pλpr̃ . (5.41)

The number of electrons is, however, equal to the number of positrons, so that charge
is conserved.

With respect to the old vacuum, the new vacuum is called a dressed vacuum and
the states in it are called dressed states. The new particles are called quasiparticles
because they are a composite of an “old” particle and a series of “old” pairs: they are
dressed with a series of pairs rather than being bare particles. The new vacuum is also
called a polarized vacuum because with respect to the old vacuum there is a charge
polarization expressed by the presence of undressed pairs. The concept of vacuum
polarization will be discussed more later. Finally, another way of looking at the change
in the vacuum is that because the transformation mixes positron creation and electron
annihilation operators, a normal-ordered operator in the new basis will definitely not
be normal-ordered in the old basis.

So far, no prescription has been given for choosing a representation of the vacuum.
If the structure of the vacuum changes between representations, the energy of the vac-
uum may also change. It is of course zero in the chosen representation, but the energy
of the new vacuum with respect to the old Hamiltonian operator will not necessarily
be zero. For example, the vacuum in the presence of two nuclei will depend on the
distance between the nuclei.

In the calculations of relativistic atomic physics, the bare or free-particle vacuum is
chosen as a reference. The energy of any other vacuum with respect to this vacuum can
be evaluated in the chosen basis set, removing the potential problems of a “floating”
vacuum. This brings with it some complications, because a simple-minded evaluation
of the energy of a new, polarized vacuum state is actually infinite, and it is necessary
to introduce the concept of renormalization in order to remove the singular terms.
Such considerations are beyond the scope of this book. Instead, we will work with the
“floating” vacuum, in which the vacuum is defined by the current set of one-particle
states (Mittleman 1981).



64 THE DIRAC EQUATION: SOLUTIONS AND PROPERTIES

5.4 The Electron–Electron Interaction

From the discussion of classical relativistic electromagnetic interactions in chapter 3,
we know that the Coulomb interaction between charged particles is not Lorentz invari-
ant, and that we need to take into account the finite transmission speed of the signal
between particles (the retardation). If we make the replacement u = cα in (3.84),
we get an interaction for low velocities that might well be suitable for relativistic
quantum chemistry:

V12 = q1q2

4πε0

[
1

r12
− α1 · α2

2r12
− 1

2

(α1 · r12) (α2 · r12)

r3
12

]
+ O(c−4). (5.42)

However, this interaction is not retarded and is definitely not Lorentz invariant. It might
be suitable, but we must at least start with an interaction that is Lorentz invariant.

As foreshadowed earlier, the interaction of charged particles in a proper relativistic
theory must propagate at the speed of light. In QED, the procedure by which this occurs
is the emission and absorption of “virtual” photons. The derivation of the Hamiltonian
for the interaction is obtained from perturbation theory. This is usually expressed in
terms of Feynman diagrams, which are a pictorial way of representing the interaction
as a function of time. Here we will use these diagrams mainly for illustrating the
processes, but they are also a powerful tool in their own right for the development of
many-body theories.

Feynman diagrams (figure 5.1) are written with time on the vertical axis. Straight
lines represent electrons. The direction of propagation is given by an arrow: an elec-
tron that is propagating backwards in time is interpreted as a positron. Squiggly lines
represent photons. The number of particles at any given time can be found by drawing
a horizontal line across the diagram. In some cases it is useful to distinguish between
bare particles (i.e., free particles) and dressed particles. The dressed particles appear
with a double line. Similar diagrams may be familiar to our readers from their use in
many-body perturbation theory, where they are applied to the calculation and analysis
of correlation energy between electrons (see for example Jørgensen and Simons 1981).

There are three possible diagrams for the exchange of one photon, as shown in
figure 5.1(a)–(c). The first is the “normal” interaction, where a particle interacts with
another particle by exchange of a photon. The second incorporates the creation of an
electron–positron pair (the closed loop). This represents the interaction of the electron
with the vacuum, and is known as vacuum polarization. In the third diagram, the
electron is interacting with itself by emitting a photon and then reabsorbing it at a later
time. This is called the self-energy term.

The diagrams for two-photon exchange are more numerous and complicated. A few
of these are also given in figure 5.1(d)–(f). The first is a “ladder” diagram: two electrons
exchange a photon at one time, and then exchange another a bit later. These ladder
diagrams can be summed to infinite order by incorporating the one-photon interaction
into a variational procedure. Diagrams of this type are called reducible, because they
can be split into two lower-order diagrams by drawing a horizontal line across the
graph between the two parts. The second is a diagram in which a pair is created and
annihilated. One electron emits a photon, which creates a pair. The positron from this
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Figure 5.1 Feynman diagrams for (a)–(c) one-photon and (d)–(f) some two-photon exchanges

pair annihilates the second electron, creating a photon that is reabsorbed by the first
electron. In the third diagram, two electrons simultaneously emit a photon each, and
later each absorbs the photon from the other electron. Both of these are irreducible.

The development of a Lorentz-invariant interaction is a lengthy procedure, involv-
ing time-dependent perturbation theory. It is given, for example, in Berestetskii et al.
(1982). Here we cite results that correspond to the first diagram, that of a single photon
exchange.

The potential for the interaction between electron i and electron j is derived in the
Feynman (or Lorentz) gauge. It is given in Hartree atomic units by

V F(ω, rij ) = 1 − αi · αj

rij
e
i|ω|rij /c (5.43)

where ω is the frequency of the exchanged photon. Although the results should be
independent of the gauge, the Coulomb gauge is usually preferred in calculations. The
Coulomb gauge form of the interaction is

V C(ω, rij ) = V F(ω, rij )+ αi · {∇iαj · [∇j f (|ω|/c, rij )
]}

(5.44)
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where the function f (η, r) is

f (η, r) = 1 + iηr − eiηr

η2r
. (5.45)

The additional term in the Coulomb-gauge interaction is properly called the gauge
term because it arises from the gauge transformation of the four-potential from the
Feynman gauge to the Coulomb gauge. The interaction in either gauge has a real and
an imaginary part. The imaginary part gives the energy levels a width, and is often
neglected to leave a real interaction operator.

The Lorentz-invariant electron–electron interaction operator just presented contains
a photon frequency, which is given by the conservation of energy for each of the
particles in the interaction. For an interaction given by the integral

∫
dri

∫
drjψp

†(ri )ψq(ri )V (ω, rij )ψr
†(rj )ψs(rj ) (5.46)

we have

ω = εs − εr = εq − εp (5.47)

where the ε are the one-particle eigenvalues. This expression is of course only appro-
priate for contributions to the diagonal of the Hamiltonian matrix where there is
energy conservation, but it is sufficient for the present purpose. In general, each
matrix element will have different photon frequencies. The one-particle functions
here are the molecular functions, so each molecular integral will have a different
photon frequency, requiring N4 integrals over basis functions to be evaluated. The
calculation of integrals becomes an enormous task, scaling as N8. For molecules
this would be impractical, and we would therefore like to have some justifiable
approximation that did not require so much work. We must therefore abandon strict
Lorentz invariance, but with care the lack of invariance will not significantly affect our
calculations.

The oscillatory factor in (5.43), which arises from the retardation of the interaction
due to its finite speed of transmission, contributes only if ωrij /c is large. That is, the
factor will only be significantly different from one when the eigenvalue differences
are large or the distances are large, or both. For the direct interactions, that is, p = q

and r = s, the frequency is zero, and therefore the retardation is exclusively an
exchange/correlation effect. The eigenvalue differences are large only for core–valence
(and core–core) interactions. The densities only have an appreciable magnitude for one-
center terms, for which the distance between the electrons is small, and therefore the
retardation correction will be small. In the valence shell, where most of the significant
molecular effects originate, eigenvalue differences rarely exceed a few hartrees, so
that ω/c will be of order 10−2. The average distance between the electrons must then
be 10a0 for a 0.5% reduction in the magnitude of the interaction, and 100a0 for a
50% reduction. For these distances, the magnitude of the interaction will be small
because of the inverse power of the distance, and the retardation correction will again
be small.
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There is one circumstance in which the retardation could be significant, and that is
in dispersion interactions, which are generally fairly weak. Here it is possible to have
one-center densities in the exchange integrals, and the distances can be large. For the
He dimer, for example, the dependence of the dispersion energy on the internuclear
separation R changes from 1/R6 to 1/R7 due to retardation (Jamieson et al. 1995).

Given the small magnitude of the retardation correction in situations of chemical
interest, it is a reasonable approximation to let ω/c → 0 in (5.43) and (5.44), to give

V F(0, rij ) = 1 − αi · αj

rij
(5.48)

V C(0, rij ) = 1 − αi · αj

rij
+ (αi × rij ) · (αj × rij )

2r3
ij

. (5.49)

The last term in V C is the gauge term. The addition to the Coulomb interaction in the
Feynman gauge is called the Gaunt interaction, and in the Coulomb gauge it is the
Breit interaction.

Note that if one is interested in pair-creation effects, such as in the second of the
two-photon diagrams, the frequency will always be of order 2c2, and therefore the use
of the full frequency-dependent interaction is mandatory. In quantum chemistry we are
not concerned with such effects.

An alternative form of the Breit interaction is obtained by using relations for the
scalar product of two vector products,

V C(0, rij ) = 1

rij
− 1

2rij

[
αi · αj + (αi · rij )(αj · rij )

r2
ij

]
. (5.50)

This is precisely the interaction we obtained in (5.42) by substitution of cα for u in the
classical interaction expanded in powers of 1/c. In some places, the last term in square
brackets is referred to as the retardation correction, but this is not correct because the
whole term in square brackets can be derived from an unretarded classical interaction.
Moreover, the retardation is expressed here by the finite photon frequency, which does
not contribute to this interaction. It is better to describe the Coulomb gauge interaction
as a sum of the Coulomb interaction, a current–current interaction, and a gauge term.

One further point should be made about the Feynman and Coulomb gauge interac-
tions. It has been shown that the Coulomb–Breit interaction is correct to O(c−2). The
Coulomb–Gaunt interaction is not correct to this order, and does not become correct
by summing ladder diagrams. The missing term comes from the crossed two-photon
exchange diagram shown in figure 5.1. Thus, in a situation where one is interested in an
accurate calculation of low-order effects, the Coulomb gauge interaction is preferable.

The operator presented above is essentially the first-quantized operator. The second-
quantized form is

ĝ =
∑
pqrs

ap
†ar

†as aq (pq|rs) (5.51)
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where the integral is defined as

(pq|rs) =
∫

d3ri

∫
d3rjψp

†(i)ψr
†(j)V (i, j)ψs(j)ψq(i). (5.52)

Finally, it should be emphasized that we must use the QED reinterpretation of the
Dirac one-particle states when we introduce the electron–electron interaction, or we will
again be running the risk of having a bound state decay into the negative continuum.
Consider two noninteracting bound one-particle states, each containing one electron.
These states are degenerate with an infinity of states in which one particle is excited into
the positive continuum while the other de-excites into the negative continuum. Turn
on the interaction, and the system dissolves into the two continua. This problem is
called continuum dissolution, or the Brown–Ravenhall disease (Brown and Ravenhall
1951). The possibility of continuum dissolution has been cited as a reason that the Breit
interaction should only be used in perturbation theory. This argument is inconsistent, for
several reasons. First, we only need the Coulomb interaction for continuum dissolution
to occur: to single out the Breit term as the cause of the trouble is erroneous. Second,
the Coulomb and the Breit terms both arise from the same fully retarded interaction
in the zero frequency limit, and should therefore be treated on the same footing. Third,
the interaction between the particles is mediated by the emission and absorption of
photons, and, as we have seen already, this causes problems even for one particle.
In order to avoid problems of collapse, it is necessary to employ the reinterpretation
of QED, even for a single particle.

5.5 The Lamb Shift

The retarded electron–electron interaction presented above arises from the first of the
one-photon Feynman diagrams in figure 5.1. In terms of an expansion of the rela-
tivistic interactions in powers of 1/c, this interaction contains the lowest-order terms.
As pointed out above, the Breit interaction contains all terms of order c−2. After the
Breit interaction, the lowest-order interactions come from the other two one-photon dia-
grams, the vacuum polarization and self-energy terms, which are O(c−3). The energy
contribution from these two terms is called the Lamb shift, after its discoverer W. E.
Lamb Jr. (1952), and its calculation has been an important testing ground for QED
theories.

Since the classical self-energy of an electron is infinite, and the vacuum is infinitely
charged in the Dirac picture, it is not surprising that these terms are difficult to handle.
The operators derived for the self-energy and the vacuum polarization have diver-
gences in the photon frequency, either at large or at small momenta. The divergences
are removed by redefining the mass and charge of the electron, a process called renor-
malization. As the mass and charge measured experimentally incorporate these terms,
but in the Dirac equation they do not, there is an extra term to be included in the
Hamiltonian that arises from the difference between the measured and the bare charge
and mass.

The evaluation of the vacuum polarization term is the most straightforward, and
can be put in the form of a series of potentials. The lowest-order potential is the
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Uehling potential, which provides the contribution of O(c−3). For a point nucleus,
the Uehling potential consists of a multiplicative correction to the nuclear Coulomb
potential that is independent of the nuclear charge. The evaluation of the self-energy
is a complicated procedure and involves summations over partial wave expansions for
atoms; only recently has it become possible to obtain values for one-electron functions
of general form. Extensive tabulations now exist for one-electron atoms for a range of
principal and angular quantum numbers. In quantum chemistry we will generally not
need to be concerned with the Lamb shift, unless we are looking for high accuracy
in the energies. Then, we may be able to get an estimate that is accurate enough for
chemical purposes, for example by a perturbative treatment of the total Lamb shift to
lowest order (Pyykkö et al. 2001).



6

Relativistic Symmetry

Symmetry is one of the great unifying principles of physics and chemistry. Symmetry
governs the geometry of molecules, as well as their spectra and the shapes of their
crystals. The symmetry of a system provides fingerprints that show up under various
probes of the system. Knowledge of the symmetry of a system provides us with valuable
information about its properties and behavior, and symmetry may also be used to
simplify quantum chemical calculations on the system. All this—provided we have the
theory and tools to extract this information. The purpose of this chapter is to provide
some of the tools to deal with the symmetries of relativistic quantum chemistry and
examine the symmetries of the Dirac equation.

Most chemists have a good working knowledge of the finite point group symmetry
of molecules. Crystallographers and solid state chemists are also familiar with the
symmetries of extended and infinite systems. This is usually accompanied by some
knowledge of the mathematical discipline of group theory, which provides a powerful
tool for the theoretical treatment of symmetry. Group theory in itself is a vast subject,
and only a small fraction of it is actively used in physics, and even less in chemistry.
For this presentation our selection will be aimed at those aspects of group theory
immediately connected to relativistic quantum chemistry either as a foundation for the
theory or in its application and interpretation. We will assume that the reader has a solid
background in the finite point group symmetry of nonrelativistic quantum chemistry, as
well as a familiarity with group theory at the level of a good advanced undergraduate
course (e.g., Atkins and Friedman 1997). For completeness and ease of reference, some
of the basic features of group theory commonly encountered by chemists are reviewed
in appendix C. Group theoretical concepts beyond this level will be introduced in the
text as they are needed.

In this chapter, we start with a qualitative introduction of double groups and
relativistic molecular symmetries, connecting to the more or less phenomenological
introduction this subject is frequently accorded in quantum chemistry. The aim is to
provide the necessary insight for those who only need an operational familiarity with
double groups. We then turn to a more formal discussion of the symmetry invariance of

70
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the Dirac equation, and in particular the role of the two infinite continuous Lie groups
SU(2) and SO(3)—the groups that describe rotations of spin and spatial coordinates.
While our aim is to introduce the central features of this theory in a coherent, consistent,
and comprehensive manner, our target audience is still the practicing quantum chemist,
and thus a completely rigorous mathematical treatment would carry us far beyond the
scope of this book. Fortunately, there exists a large number of books dealing with group
and representation theory at any desired level of rigor, and those readers who need to
go beyond our treatment are referred to this extensive literature. The references at the
end of the book represent only a small fraction of this material, consisting primarily of
texts that we ourselves have found useful.

6.1 The Symmetry of the Relativistic One-Electron Atom

The area where chemists normally first meet relativistic effects is in the discussion
of the spectra of atoms and molecules. This is an example of how knowledge of the
symmetry of a system enables us to make a priori predictions about its properties. The
simplest case here is atomic spectra, in particular for one-electron atoms, so let us use
that as a starting point.

We will discuss the Dirac equation for the one-electron atom in more detail in
chapter 7. Here we are only interested in the symmetry properties of the Hamiltonian
for such systems. We know that for the corresponding nonrelativistic case, angular
momentum and spin are normal constants of motion, represented by operators that
commute with the Hamiltonian. In particular

[ĤNR, �] = 0; [ĤNR, s] = 0 (6.1)

and we know that the angular momentum is a normal constant of motion due to the
spherical potential. The Dirac Hamiltonian for a one-electron atom has the form

Ĥ = cα · p + βmc2 − eφ (6.2)

where −eφ is the same spherical potential as in the nonrelativistic case. Any change in
normal constants of motion must therefore be due to the change in the kinetic energy
part of the operator. For two-component quantities it is easy to show that

[σ · p, �z] = −i�(σxpy − σypx); [σ · p, σz] = 2i(σxpy − σypx) (6.3)

and while neither of these commutators vanish, we see that a new operator ̇ defined as

̇ = � + �

2
σ = � + s (6.4)

has the desired commutation property

[σ · p, ̇ z] = 0. (6.5)
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The extension to the case of the four-component Dirac Hamiltonian above follows
readily by noting that the spin operator and the orbital angular momentum operator for
this case are

Σ =
(

σ 02
02 σ

)
, L = �I4, (6.6)

which may be shown to commute with the β matrix.
The operator ̇ may already be familiar from the treatment of spin–orbit coupling

in nonrelativistic systems. For the one-electron atom with nuclear charge Z we would
write the Hamiltonian as

Ĥ = − �
2

2m
∇2 + Z

r
+ ξ(r)s · �

= ĤNR
0 + Ĥso

(6.7)

where Ĥso is a phenomenological effective spin–orbit interaction Hamiltonian. Again
it may be shown that while neither s nor � are normal constants of motion for this
Hamiltonian, ̇ is. In the many-electron case, this leads to the jj-coupling scheme,
which is important for describing cases where spin–orbit coupling dominates over
electron–electron interactions.

We can show that ̇ has all the properties of angular momentum operators. For
orbital angular momentum, �, the effect of a rotation by an angle φ about the z axis is
(Brink and Satchler 1993)

R̂z(φ)|�,m�〉 = eim�φ |�,m�〉 (6.8)

where |�,m�〉 is an eigenfunction of �2 and �z. Similarly, we expect the effect of a
rotation on an eigenfunction |j,mj 〉 of ̇ to be

R̂z(φ)|j,mj 〉 = e
imj φ |j,mj 〉. (6.9)

In particular, if we rotate through an angle of 2π , we get

R̂z(2π)|j,mj 〉 = e
imj 2π |j,mj 〉 = (−1)2mj |j,mj 〉. (6.10)

For orbital angular momentum, this result presents no problems because m� is always
an integer, and thus a rotation by 2π amounts to an identity operation. However, mj
may assume half-integer values and a rotation by 2π changes the sign of the function.
For example, applying this operation to the simplest half-integer function | 1

2 ,
1
2 〉 yields

R̂z(2π)| 1
2 ,

1
2 〉 = −| 1

2 ,
1
2 〉. (6.11)

This is what we would get for the rotation of a 1sα hydrogenic function, for instance.
This function has a symmetric spatial part, and so the antisymmetry must be associated
with the spin part.
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In general, for functions describing systems with half-integer spin, the function
must change sign under a rotation by 2π . In particular this will be the case for one-
particle functions of particles with half-integer spin, fermions. This operation is given
a special symbol, Ē, and is interpreted as rotation by an angle 2π around an arbitrary
axis.

6.2 Double Groups

In order to find a normal constant of motion for a one-electron atom we have combined
the spin and orbital angular momentum of an electron into a total angular momentum ̂ .
This has profound consequences for the description of the symmetry of atomic systems.

For molecules described in a nonrelativistic formulation, the symmetry is described
by finite point groups, none of which contain the Ē operation. Any symmetry operation
of a molecular point group may be composed of rotations and inversion. Thus, we
would also expect these groups to require the addition of Ē in order to describe the
relativistic symmetry of molecules. To be precise, the relativistic group must be the
direct product of the nonrelativistic group and the group {E, Ē}. This has the effect
that the nonrelativistic group of order n, {gi; i = 1, n} is expanded to order 2n by
adding the operations {gn+i = giĒ; i = 1, n}, and the new group is called the double
group.

The great orthogonality theorem must still hold for the double group, as must
the various orthogonalities between rows and columns of the character table. Also,
the sum of squares of the dimensions of the irreducible representations (irreps) must
equal the order of the group. If the nonrelativistic group has k1 irreps with dimensions
di, i = 1, . . . , k1, then we must have

k1∑
i=1

d2
i = n. (6.12)

The double group retains these irreps to describe basis functions that do not change
sign under Ē, and these will appear as the first k1 irreps of the double group. Thus,
expansion of the group just adds k2 new irreps such that

k2∑
i=1

d2
k1+i = n. (6.13)

We will consider three examples of double groups and their character tables. The
simplest of these is for the molecule with no spatial symmetry, which belongs to the
point group C1. Including spin symmetry and the Ē operation1, we get the C∗

1 double

1. We consistently try to use “hats”, for example ω̂, for operators throughout the text. However, hats are
conventionally not used with symmetry operations in the context of character tables.
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group, which has the character table

C*
1 character table

Symbol E Ē

A 1 1
B1/2 1 −1

While it is conventional to use E to denote a rotation of 0 or 2π around an arbitrary
axis, and this use is appropriate for the single groups, here we must restrict it to rotations
of 0 or 4π , and 2π rotations are covered by Ē. This usage applies to all subsequent
discussion of symmetry operations.

Our second example is for a system that has an axis of twofold rotation, denoted
C2, as its only spatial symmetry. This system belongs to the point group C2, which has
the elements E and C2. The character table for C2 is:

C2 character table

Symbol E C2

A 1 1
B 1 −1

The double group C∗
2 has the additional elements Ē and C2Ē = C̄2. The character

table for the double group is easily found to be2

C*
2 character table

Symbol E C2 Ē C̄2

A 1 1 1 1
B 1 −1 1 −1
E1/2 1 i −1 −i
E−1/2 1 −i −1 i

The C∗
2 group only has one-dimensional irreps. Given that there are already two

one-dimensional irreps in the group C2, the extra irreps added in C∗
2 must also be

one-dimensional in order to have the sum of the squares of the irrep dimensions equal
the order of the group. In this case the number of classes equals the order of the group,
and the group is Abelian. The imaginary characters for C2 in the additional irreps follow
from the fact that C2C2 = Ē, which has the character −1 in these representations.

As our final example of the expansion of a regular finite point group to a double
group, we consider D2, which has the elements E, C2x , C2y , and C2z, which are

2. The notation from Altmann and Herzig (1994) is 1E1/2 and 2E1/2 for the fermion irreps. However,
we prefer the labels E1/2 and E−1/2, which display the connection with the mj quantum number (see
appendix D).
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the identity and twofold rotations about the x, y, and z axes. D2 has the character
table

D2 character table

Symbol E C2z C2y C2x

A1 1 1 1 1
B1 1 1 −1 −1
B2 1 −1 1 −1
B3 1 −1 −1 1

The double group has the additional operations Ē, C̄2x = C2xĒ, C̄2y = C2yĒ,
C̄2z = C2zĒ, and has order 8. Construction of the character table can be done from
general group theoretical considerations. The additional irreps must be either four irreps
of dimension 1 or one irrep of dimension 2. In the first case the total number of irreps
is 8, there must be 8 classes, every element is in a class by itself, the group is Abelian,
and the elements must commute. For any of these twofold rotations we can show that

C2C2 = Ē, C2C̄2 = E. (6.14)

The product of two rotations about different axes must be one of the rotations about
the third axis. In particular

C2xC2y = C̃2z (6.15)

where C̃2z may be C2z or C̄2z. We must also have

C2yC2x = C̃′
2z (6.16)

where C̃′
2z may or may not be equal to C̃2z. If the group is Abelian, we must have

equality, because elements commute in Abelian groups. Multiplication of C̃2z by C̃′
2z

yields

C̃2zC̃
′
2z = C2xC2yC2yC2x = C2xĒC2x = C̄2xC2x = E. (6.17)

But the square of any rotation is Ē, and

C2zC2z = C̄2zC̄2z = Ē. (6.18)

Therefore, we conclude that C̃′
2z is not equal to C̃2z, C2x and C2y do not commute, the

double group is not Abelian, and the expansion of the group adds one two-dimensional
irrep. From the orthogonality relations, the character table is easily deduced as
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D*
2 character table

Symbol E C2z C2y C2x Ē C̄2z C̄2y C̄2x

A1 1 1 1 1 1 1 1 1
B1 1 1 −1 −1 1 1 −1 −1
B2 1 −1 1 −1 1 −1 1 −1
B3 1 −1 −1 1 1 −1 −1 1
E1/2 2 0 0 0 −2 0 0 0

This table does not reflect the theorem that the number of irreps must equal the
number of classes. Indeed, inspection of the table shows that except for E and Ē, the
barred and unbarred operations are in the same class. A more appropriate character
table is therefore

D*
2 character table

Symbol E 2C2z 2C2y 2C2x Ē

A1 1 1 1 1 1
B1 1 1 −1 −1 1
B2 1 −1 1 −1 1
B3 1 −1 −1 1 1
E1/2 2 0 0 0 −2

We see here the structure of a table containing the “old” irreps from D2, that is,
those that have a positive character for the Ē operation, and one new irrep, E1/2, with
a negative character for Ē. The first group of irreps is spanned by functions having
integer j values, and the irreps are termed boson irreps, whereas irreps with a negative
sign for Ē are spanned by functions with half-integer j values and are called fermion
irreps. We justify this by noting that only the spin can take half-integer values and thus
a half-integer j value really reflects the fermion character of the basis functions. In
standard tabulations sometimes only the left half of the character table is listed (that
is, for the usual nonrelativistic operations), and the other half is then given by the
symmetry properties of the boson and fermion irreps. A comprehensive collection of
character tables for point groups has been provided by Altmann and Herzig (1994).

The construction of these character tables illustrates how symmetries that are hidden
when only the nonrelativistic case is considered become apparent when the spin space
is also considered, providing new degrees of freedom. It is similar to a “flatlander”
living on one side of a cube discovering the additional symmetries provided by a third
dimension, expanding the world from a D4h object to one of Oh symmetry. We will
follow convention and adhere to standard usage of the term “double groups”, meaning
groups of order 2n, where n is the order of the nonrelativistic or “single” group. We
may, however, argue that the name “double group” is really a misnomer. Rather, the
“ordinary” point groups might be called “half groups” as they only tell half the story.
On the other hand, there is the possibility of further hidden symmetries that might give
rise to further doublings of the group. While these are not likely to affect quantum
chemistry, such further symmetries play a major role in high-energy physics.
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The purpose of these two sections has been to provide an easy introduction to the
subject of double groups. We now turn to a more formal treatment of the symmetry of
the Dirac Hamiltonian. However, the material covered above should provide sufficient
background to follow our subsequent discussion of the use of symmetry in applications
and implementations of the methods, and the reader mainly oriented toward these
aspects may get by with skimming the remainder of this chapter at a first reading.

6.3 Spin and the SU(2) Group

The most obvious new feature of the Dirac equation as compared with the standard
nonrelativistic Schrödinger equation is the explicit appearance of spin through the term
α · p. Any spin operator trivially commutes with a spin-free Hamiltonian, but the
introduction of spin-dependent terms may change this property, as demonstrated in the
case of jj-coupling. A further scrutiny of spin symmetry is therefore a natural first step
in discussing the symmetry of the Dirac Hamiltonian. This requires a basis of spin
functions on which to carry out the various operations, and a convenient choice is the
familiar eigenfunctions of the sz operator, | 1

2 ,
1
2 〉 and | 1

2 ,− 1
2 〉, also called the α and β

spin functions.
With this choice any spin function can be expressed as a linear combination of the

two basis functions. Representing these as column vectors, we have

| 1
2 ,

1
2 〉 =

(
1

0

)
; | 1

2 ,− 1
2 〉 =

(
0

1

)
. (6.19)

An arbitrary spin function may then be written:

η = a| 1
2 ,

1
2 〉 + b| 1

2 ,− 1
2 〉 =

(
a

b

)
. (6.20)

From our choice of eigenfunctions of sz as a basis, it follows that

sz

(
1

0

)
= 1

2

(
1

0

)
; sz

(
0

1

)
= − 1

2

(
0

1

)
(6.21)

from which we deduce that the operator sz in this basis corresponds to the transforma-
tion matrix

sz = 1
2

(
1 0
0 −1

)
= 1

2σz (6.22)

which is recognized as the σz Pauli matrix multiplied by 1
2 .
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The familiar relations involving step operators s+ and s− take the form

s+
(

1

0

)
=
(

0

0

)
; s+

(
0

1

)
=
(

1

0

)

s−
(

1

0

)
=
(

0

1

)
; s−

(
0

1

)
=
(

0

0

) (6.23)

which yields the following matrix representations for the operators.

s+ =
(

0 1
0 0

)
; s− =

(
0 0
1 0

)
. (6.24)

We may now use the relations

sx = s+ + s−
2

; sy = −i s+ + s−
2

(6.25)

to find the matrix representations for sx and sy

sx = 1
2

(
0 1
1 0

)
= 1

2σx; sy = 1
2

(
0 −i
i 0

)
= 1

2σy. (6.26)

Thus, with this standard basis, the spin operations are represented by the Pauli matrices.
Any other choice of basis might have led to a different representation. We note that
the basis is irreducible, a manifestation of the impossibility of determining several
components of the spin simultaneously. A general spin operation ω̂(s)may be written as

ω̂(s) = σxax + σyay + σzaz = σ · a (6.27)

or products of such linear combinations.
For the systems we are concerned with, any physically acceptable transformation

in spin space must preserve scalar products and expectation values. For an operation
Ω̂ on the scalar product of two spin functions η and ξ we must have

Ω̂〈η|ξ〉 = 〈Ω̂η|Ω̂ξ〉 = 〈η|Ω̂†Ω̂|ξ〉 = 〈η|ξ〉. (6.28)

This is satisfied if Ω̂†Ω̂ = 1, that is, Ω̂ is unitary. A general unitary operation in spin
space may be written

û = e−iω̂(s) (6.29)

where the Hermiticity of the spin operators ensures the unitarity,

û†û = eiω̂(s)
†
e−iω̂(s) = 1. (6.30)
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In our standard basis a general unitary transformation will take the form

U = e
− i

2 σ ·a (6.31)

where a is a real coefficient vector.
The use of matrices in an exponential may require some explanation. Basically, the

matrix exponential is defined through the series expansion

eA =
∞∑
k=0

1

k!Ak (6.32)

and for most purposes behaves analogously to ordinary exponentials. Note however
that the familiar multiplication rule

eAeB = eA+B (6.33)

only holds if A and B commute, [A,B] = 0. Also, the determinant of an exponential
of this type is given by

|eA| = eT r(A) (6.34)

where Tr(A) is the trace of the matrix A. To show this, we note that if B is a unitary
matrix, we have

|eA| = |BeAB−1|. (6.35)

By expansion of the exponential and insertion of BB−1 it is easy to show that

BeAB−1 = eBAB−1
. (6.36)

We can choose B such that it diagonalizes A, and (6.36) certainly holds when A is
diagonal. But the trace of a product of matrices is invariant to cyclic permutation of
the matrices, and thus (6.36) also holds for general A.

The product of two unitary transformations is a new unitary transformation, and
it is easy to show that the set of unitary transformations on the spin space defined
above forms a group. Because the transformations all have determinant 1, due to the
Pauli matrices being traceless, this is called the special unitary group of dimension 2,
or SU(2).

A general rotation by an angle φ around an axis along the unit vector n takes
the form

Un(φ) = e
− i

2 σ ·nφ
. (6.37)
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This may be expressed in trigonometric functions in a manner similar to the
corresponding nonmatrix exponential. Using (4.15) we can show that

(σ · n)2 = I2 (6.38)

(remember n is a real unit vector), and therefore a term by term expansion of the
exponential yields

e
− i

2 σ ·nφ = I2 cos
φ

2
− i(σ · n) sin

φ

2
. (6.39)

This is possible only due to the properties of the Pauli matrices, and will not hold for
arbitrary exponents.

A major goal of the present chapter is to demonstrate how the Dirac equation
transforms under operations affecting spin and spatial coordinates. Assuming that the
two types of coordinates do not mix, such operations must appear as products of
separate operations in the two spaces. In this section, we have built on our knowledge
of spin from nonrelativistic quantum mechanics, and derived some of the characteristics
of the operations in spin space. We have shown that the only physically acceptable
operations on spin are carried by unitary transformations that belong to the group
SU(2). We have also shown that our standard basis, the α and β spin functions, spans
a representation of matrix exponentials that effect the acceptable transformations in
spin space. We note that we could equally well have started our discussion from the σ

matrices of the Dirac equation and their domain and arrived at the same result, avoiding
the use of the nonrelativistic ad hoc concept of spin. Nothing much would be gained
by this, as we eventually would have to provide some interpretation of the domain of
the σ matrices, leading us back to a spin concept.

6.4 Spatial Rotations and the SO(3) Group

We now turn from transformations and operations in spin space to the more familiar
three-dimensional real Euclidean space, which describes the structure of atoms and
molecules. This space is usually referred to as R3. Molecules and atoms are finite sys-
tems, unlike solids and surfaces. Their Hamiltonians are most conveniently expressed
in a body-fixed coordinate system where translational motion has been separated out,
and so we will not consider translations in this treatment. We will also restrict our atten-
tion to operations that do not deform the molecule, and we will therefore be dealing
with transformations that preserve length.

For a position vector r, length is given by the scalar product 〈r|r〉. The operation
ω̂ represented by the linear transformation Ω must satisfy

〈Ωr|Ωr〉 = 〈r|r〉. (6.40)

Using the identity

4〈r|r′〉 = 〈r + r′|r + r′〉 − 〈r − r′|r − r′〉 (6.41)
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we can show, by applying Ω to each coordinate in this expression and using (6.40) on
the right-hand side, that these transformations preserve scalar products in general

〈Ωr|Ωr′〉 = 〈r|r′〉 (6.42)

and therefore also preserve angles.
The operations are performed on objects in R3, and therefore the transformation Ω

must be a real 3 × 3 matrix. The requirement of length preservation leads to

〈Ωr|Ωr〉 = 〈r|ΩTΩ|r〉 = 〈r|r〉. (6.43)

This is satisfied if Ω is an orthogonal matrix, that is

ΩTΩ = I3. (6.44)

Thus, the transformations we consider here are all carried out by real, orthogonal
3 × 3 matrices. It is easy to show that these matrices form a group, as does the set
of length-preserving operations on R3. The two groups are isomorphic, and are both
called O(3)—the real orthogonal group of dimension 3.

The operations used for describing molecular symmetry are: E, the identity oper-
ation; Cn, rotation of angle 2π/n about some axis; I , inversion; σ , reflection; and
Sn, rotation–reflection. The σ and Sn operations may be expressed as products of rota-
tions and the inversion, and they need not be treated separately in detail. Inversion
turns out to require special consideration in connection with the Dirac equation, so
for the next few sections we will only consider spatial rotations, and we will return to
inversion as a separate theme later.

Rotation of a system by an angle φ around the z axis, which we denote R̂z(φ),
is effected by the transformation matrix Rz(φ). We know that the position vector r is
transformed to r′ according to

r′ = (x′, y′, z′) = R̂z(φ)r = (x cosφ − y sin φ, x sin φ + y cosφ, z). (6.45)

If this corresponds to matrix multiplication of the column vector by Rz(φ)

Rz(φ)r = (x cosφ − y sin φ, x sin φ + y cosφ, z) (6.46)

then Rz(φ) must have the form

Rz(φ) =

cosφ − sin φ 0

sin φ cosφ 0
0 0 1


 . (6.47)

The matrices Rx(φ) and Ry(φ) for rotations about the other axes are found by cyclic
permutation. An infinitesimal rotation of this type may be written as

Rz(φ) = I3 − iφXz + O
(
φ2
)

(6.48)
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with the Xz matrix given by

−iXz = dRz(φ)

dφ

∣∣∣∣
φ=0

=

0 −1 0

1 0 0
0 0 0


 . (6.49)

Any finite rotation can in principle be seen as the limit of an infinite sequence of
infinitesimal rotations. We may write this rotation as

Rz(φ) = lim
n→∞ Rz

(
φ

n

)n
= lim

n→∞

(
1 − iXz

φ

n

)n
= e−iXzφ. (6.50)

Rotations about the x and y axes may similarly be generated by the matrices

−iXx =

0 0 0

0 0 −1
0 1 0


; −iXy =


 0 0 1

0 0 0
−1 0 0


 . (6.51)

The Xq matrices satisfy the usual cyclic commutation relations, for example

[
Xx,Xy

] = iXz. (6.52)

Rotation by an angle φ about an axis in the direction of unit vector n is given by

Rn(φ) = e−iX·nφ. (6.53)

The transformation matrices are orthogonal

Rn(φ)
TRn(φ) = I3 (6.54)

and because the Xq matrices are traceless, the transformation matrices have unit
determinants,

|Rn(φ)| = 1. (6.55)

These transformations form a subgroup of O(3) called the special orthogonal group in
three dimensions, SO(3).

There is a connection between the groups SU(2) and SO(3). Recall that the
operations of SU(2) were represented by the unitary matrices

Un(φ) = e
− i

2σ ·nφ
. (6.56)

Comparing this with the rotations in R3

Rn(φ) = e−iX·nφ (6.57)
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where

X =

Xx

Xy

Xz


 (6.58)

we see that we can map SU(2) onto SO(3) by making the connection

Un(φ) → Rn(φ). (6.59)

This mapping preserves the group properties, that is

Un3(φ3) = Un1(φ1)Un2(φ2) → Rn3(φ3) = Rn1(φ1)Rn2(φ2) (6.60)

and is therefore a homomorphism. However, the mapping is 2 to 1. We see this by
considering the spin transformations Un(0) and Un(2π), which map according to

Un(0) → Rn(0)

Un(2π) → Rn(2π).
(6.61)

The rotation matrices for 2π and 0 are identical

Rn(2π) = Rn(0) (6.62)

but the trigonometric expression in (6.39)

Un(φ) = I2 cos
φ

2
− i(σ · n) sin

φ

2
(6.63)

gives different values for Un(0) and Un(2π),

Un(0) = I2; Un(2π) = −I2. (6.64)

Thus, both these two distinct elements of SU(2) map onto the same element of SO(3).
Finally, we list the trigonometric expression for Rn(φ), analogous to (6.39)

e−iX·nφ = nnT + i(X · n) sin φ + (X · n)2 cosφ (6.65)

where n is a column vector and the 3 × 3 matrix nnT has elements

(
nnT

)
ij

= ninj . (6.66)
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6.5 Transformation of Operators

We have thus far only discussed the effect of spin and space operations as carried out
on the basis of a particular representation. Our aim is to discover the transformation
properties of the Dirac Hamiltonian under these operations, and we must therefore
examine the effect of the operations on operators. We first apply some operation ω̂ to
a function ψ . If the transformed function is ψ ′, then we have

ω̂ψ = ψ ′. (6.67)

Applying the same operation ω̂ to the product of an operator Q̂ and ψ we get

ω̂(Q̂ψ) = Q̂′ψ ′ = Q̂′ω̂ψ

ω̂−1Q̂′ω̂ψ = Q̂ψ
(6.68)

and thus we conclude that the transformed operator Q̂′ is

Q̂′ = ω̂Q̂ω̂−1. (6.69)

For the case that both the operator and the function are vector quantities expressed
in our standard basis, the operator ω̂ may be replaced by the corresponding matrix, Ω .
For spin operations, the function is always expressed in our standard basis, the α and
β spin functions. If the operator is also a simple vector function of spin, Q̂(s), then we
have

Q′ = ΩQΩ−1 (6.70)

where Q is the matrix representation of Q̂.
Let us consider in particular the transformation of the σ vector in the role of spin

operator. For a rotation by an angle φ around the z axis, we have

σ ′ = Uz(φ)σUz(φ)
−1

= e
− i

2σzφσe
i
2σzφ.

(6.71)

We can carry out this transformation component by component and use the trigono-
metric form of the transformation matrices from (6.39)

e
− i

2σzφ = I2 cos
φ

2
− iσz sin

φ

2
. (6.72)
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For the σx component we get

σ ′
x = e

− i
2σzφσxe

i
2σzφ

=
(

I2 cos
φ

2
− iσz sin

φ

2

)
σx

(
I2 cos

φ

2
+ iσz sin

φ

2

)

= σx cos2 φ

2
− iσzσx cos

φ

2
sin

φ

2
+ iσxσz cos

φ

2
sin

φ

2
+ σzσxσz sin2 φ

2
.

(6.73)

But σzσxσz = −σx , and

σ ′
x = σx

(
cos2 φ

2
− sin2 φ

2

)
− i (σzσx − σxσz) cos

φ

2
sin

φ

2

= σx cosφ + σy sin φ

(6.74)

where we have used the commutation relations for the Pauli matrices and the usual
trigonometric expressions for the sine and cosine of the double angle.

Similarly

σ ′
y = −σx sin φ + σy cosφ (6.75)

while σz is unchanged. Thus

σ ′ = (σx cosφ + σy sin φ,−σx sin φ + σy cosφ, σz) (6.76)

which is the same as the matrix transformation

σ ′ = σ


cosφ − sin φ 0

sin φ cosφ 0
0 0 1


 = σRz(φ). (6.77)

In fact, with considerably more algebra we can show that for the general operator ûn(φ)

effecting a rotation by an angle φ around an axis n we have

ûn(φ)σ = σRn(φ). (6.78)

We have regarded σ as a row vector throughout this derivation. This is purely for
convenience in later application of the results.

The spin functions are expressed explicitly in terms of our standard basis in spin
space. The standard basis in R3—the coordinates x, y, z—is usually implicit in the
functions and operators in some functional form. Thus we cannot insert the transforma-
tion matrices directly as we did above for the σ vector in spin space. There is, however,
one class of operators for which we can readily derive the transformation properties.
These are operators that behave like the position vector, in the sense that the compo-
nents transform like the x, y, z components of the position vector r. These operators are
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called vector operators (Tinkham 1964). We demonstrate this on the position column
vector using a rotation about the n axis,

r′ψ(r) = R̂n(φ) r R̂n(φ)
−1ψ(r). (6.79)

Using the “passive” interpretation, where a symmetry operation on a function is defined
by carrying out the inverse operation on the coordinate system, the effect of R̂ on a
function f (r) is given by

R̂f (r) = f (R−1r) (6.80)

where R is the matrix representation of R̂. Using this in (6.79), we get

R̂n(φ) r R̂n(φ)
−1ψ(r) = R̂n(φ) r ψ(Rn(φ)r)

= Rn(φ)
−1r ψ(Rn(φ)

−1Rn(φ)r) = Rn(φ)
−1r ψ(r)

(6.81)

and we conclude that for a vector operator

R̂n(φ) r R̂n(φ)
−1 = Rn(φ)

−1r. (6.82)

We have here chosen to treat the vectors as column vectors, which allows us to pre-
multiply by the transformation matrices, making a visually easier connection to the
operator expressions. Corresponding expressions are, of course, obtained if we use
row vectors instead.

6.6 Transformation of the Dirac Equation under SU(2) and SO(3)

We now have the necessary tools to discuss the transformation of the Dirac Hamiltonian.
We consider the time-independent equation with a static scalar potential, (4.74)

(ĥD + V )ψ = c(α · p)ψ + (βmc2 + V )ψ = Eψ, (6.83)

where ĥD = c(α · p)+ βmc2 is the free-particle Dirac Hamiltonian. As a further ini-
tial restriction we assume that the potential V is spherically symmetric. The general
symmetry operation composed of spin rotations in SU(2) and space rotations in SO(3)
takes the form ûn1(φ1)R̂n2(φ2) and the transformed operator is

(ĥD + V )′ = ûn1(φ1)R̂n2(φ2)(ĥ
D + V )R̂n2(φ2)

−1ûn1(φ1)
−1. (6.84)

The potential is spin-independent, and with the assumption of spherical symmetry this
part of the operator obviously must be invariant under the transformation above.
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The term involving β is independent of spatial coordinates. The effect of the spin
transformation on β is

ûn1(φ1)βûn1(φ1)
−1 =

(
ûn1(φ1)(I2)ûn1(φ1)

−1 02

02 ûn1(φ1)(−I2)ûn1(φ1)
−1

)
= β

(6.85)

and therefore this term is also invariant under SU(2)⊗ SO(3) transformations.
It remains to consider the term α · p. We have

α′ · p′ = ûn1(φ1)R̂n2(φ2) α · p R̂n2(φ2)
−1ûn1(φ1)

−1

=
[
ûn1(φ1) α ûn1(φ1)

−1
]

·
[
R̂n2(φ2) p R̂n2(φ2)

−1
]
.

(6.86)

The spin transformation here is the same as in the case considered in the previous section
with the operator working on the four-component spinor expressed in our standard basis.
Expanding α in terms of σ yields

ûn1(φ1)αkûn1(φ1)
−1 =

(
02 ûn1(φ1)σkûn1(φ1)

−1

ûn1(φ1)σkûn1(φ1)
−1 02

)
(6.87)

and we find that

ûn1(φ1)αûn1(φ1)
−1 = αRn1(φ1). (6.88)

The momentum operator p has the form

p = −i�∇. (6.89)

This is a vector operator of the type considered in the previous section, that is, an
operator that transforms as

v′ = R̂n(φ)vR̂n(φ)
−1 = R−1

n (φ)v. (6.90)

To demonstrate this, we assume that the transformation of the gradient may be written as

∇′ = R̂n(φ)∇R̂n(φ)
−1 = W∇ (6.91)

where W is some matrix to be determined. We now recall the divergence of the position
vector r, which is

∇ · r = ∂

∂x
x + ∂

∂y
y + ∂

∂z
z = 3. (6.92)
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This transforms as

R̂n(φ)∇ · r R̂n(φ)
−1 =

(
R̂n(φ)∇R̂n(φ)

−1
)T (

R̂n(φ)rR̂n(φ)
−1
)

= (W∇)TRn(φ)
−1r = ∇TWTRn(φ)

−1r.
(6.93)

But the divergence here is just a real number that must be invariant under the
transformations, thus

R̂n(φ)∇ · rR̂n(φ)
−1 = ∇ · r ⇒ WTRn(φ)

−1 = I3 (6.94)

which is satisfied if WT = Rn(φ), or W = Rn(φ)
−1. Then

R̂n(φ)∇R̂n(φ)
−1 = Rn(φ)

−1∇ (6.95)

and p transforms as a vector operator.
Putting all this together in the expression for the transformed α · p term, (6.86),

we get

α′ · p′ =
[
αRn1(φ1)

] [
Rn2(φ2)

−1p
]
. (6.96)

This expression leaves the α ·p term invariant if n1 = n2 and φ1 = φ2, and we conclude
that spin and space transformations of the type

ω̂n(φ) = ûn(φ)R̂n(φ) (6.97)

leave ĥD + V invariant.
The extension of this result to the usual molecular Dirac Hamiltonian is easily

made. In the Born–Oppenheimer approximation the Hamiltonian takes the form

Ĥ =
∑
i

ĥD
i +

∑
i,N

ViN +
∑
i,j

Vij (6.98)

in obvious notation. Vij is the electron–electron interaction potential, which is spher-
ically symmetric. The pure Coulomb potential is spin independent. The Breit terms
contain α, but these appear either in the form α ·α or α · r, both of which are invariant
under SU(2) ⊗ SO(3) transformations. The nuclear potential restricts the R̂n(φ) to
those n and φ that leave ViN invariant. These form a subgroup, say G of SO(3), and
within these restrictions the molecular Dirac Hamiltonian is invariant under SU(2)⊗G

operations, with the restriction that the operations in SU(2) and G are “the same”, for
example a rotation φ about some axis n in both Euclidean space and spin space.
However, SO(3) does not cover inversion and neither therefore can G, which is a sub-
group of SO(3). So in order to have a complete discussion of all molecular symmetry
operations we must now examine the effects of inversion.



RELATIVISTIC SYMMETRY 89

6.7 Space Inversion

The effect of space inversion Î is to change the sign of all spatial coordinates

Î f (x, y, z) = f (−x,−y,−z). (6.99)

This corresponds to multiplication of the position vector by the matrix −I3

Îr = −I3r =

−1 0 0

0 −1 0
0 0 −1


 r = −r. (6.100)

−I3 is a linear 3×3 transformation with (−I3)
T(−I3) = I3, and it belongs to the group

O(3). But the determinant | − I3| is −1, and −I3 cannot therefore be a member of
SO(3). The inversion is also different from the rotations of SO(3) in another respect:
all the rotations may be conceived as derived by a continuous series of transformations
starting from the identity. The inversion cannot be generated in this manner because no
combination of rotations can alter the signs of an odd number of coordinates. Getting
from the identity to the inversion operations therefore involves a discontinuous jump.

Our experience with inversion is related to the nonrelativistic case and operations
in R3. We can always apply the operator in the nonrelativistic form, but our aim is to
find operations that leave the Dirac Hamiltonian invariant, and there is no guarantee
that the nonrelativistic inversion operator will do this. However, the operator we are
looking for should have the same effect as the familiar inversion when applied only to
R3. We may therefore assume that the inversion operator we are looking for may be
written as the product of one part that acts only in R3 in the manner described in (6.99)
and one part that does not act in R3, but which may affect other coordinates. We write
the relativistic inversion operator as

Î = âÎR (6.101)

where ÎR is the part acting in R3, and â contains other effects not noticed in applications
on R3 only. For the present purpose it is sufficient to consider only the free-particle
Dirac Hamiltonian,

ĥD = c(α · p)+ βmc2 (6.102)

because it contains the spin-dependent terms. This transforms as

ĥD′ = Î ĥDÎ−1 = c
(
ÎαÎ−1

)
·
(
ÎpÎ−1

)
+mc2

(
Î βÎ−1

)
. (6.103)

Here, p is only affected by the ÎR part of the operator, and thus

ÎpÎ−1 = ÎRpÎ−1
R = −p. (6.104)
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The other terms are unaffected by operations on the spatial coordinates, but may be
affected by the operator â. Therefore

ĥD′ = −c
(
âαâ−1

)
· p +mc2

(
âβâ−1

)
. (6.105)

If this is to be equal to ĥD, then we must have

âαâ−1 = −α

âβâ−1 = β.
(6.106)

It is easy to see that setting â = β satisfies these equations, and we conclude that the
operator representing inversion in the relativistic case is (to within an arbitrary complex
phase, which we set to 1)

Î = βÎR. (6.107)

For the molecular Dirac Hamiltonian the symmetry of the nuclear potential will
determine whether inversion leaves the operator invariant. In the absence of spin-
dependent terms, this reduces to normal symmetry consideration of objects in R3, and
depends on how the nuclear potential transforms under ÎR .

For a relativistic Hamiltonian with inversion symmetry, it can be shown that the
large and small components of the spinor have different parity. We do this by writing
the spinor, ψ, as a column vector of large and small components

ψ =
(

ψL

ψS

)
. (6.108)

Partitioning the expression for the inversion operator, we get

Î =
(
ÎR 0
0 −ÎR

)
. (6.109)

We apply this to the spinor ψ

Îψ =
(
ÎR 0
0 −ÎR

)(
ψL

ψS

)
=
(
ÎRψL

−ÎRψS

)
. (6.110)

This demonstrates that if ψ is an eigenfunction of the inversion operator Î , the large
and small components of the spinor must have different parity.

Our discussion of spatial inversion symmetry concludes our project of demonstrat-
ing the symmetry properties of the Dirac equation under transformations of spin and
spatial coordinates. With a spherical potential, the symmetry group is SU(2)⊗O(3).
For potentials of lower (e.g., molecular) symmetries the appropriate group is SU(2)⊗G,
where G is the nonrelativistic (spatial) point group of the potential—that is, the
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single group. These direct product forms show why we get the double groups, and
we could have gone on from here and derived character tables for double groups from
our general knowledge of SU(2) and O(3). As mentioned previously, this has been
done by others3, and appropriate tables may be found in Altmann and Herzig (1994).

6.8 Reflections and Rotation–Inversions

Now that we have derived the operation for space inversion, we can proceed to define
the remaining operations in the finite point groups. The reflections in the single group
have the form σq = ÎC2q , where q defines a twofold axis. The simplest of these are
the reflections in the xy, xz, and yz planes, which change the sign of the z, y, and x
coordinates. Their effect on the position vector is

σxyr =

1 0 0

0 1 0
0 0 −1




xy
z


 =


 x

y

−z


 ,

σxzr =

1 0 0

0 −1 0
0 0 1




xy
z


 =


 x

−y
z


 ,

σyzr =

−1 0 0

0 1 0
0 0 1




xy
z


 =


−x

y

z


 .

(6.111)

Like the inversion operation, the reflections are linear 3 × 3 transformation that belong
to the group O(3), but not to SO(3) because their determinants are −1.

The double-group reflection operators are similarly formed by taking the product
of the double-group inversion operator with each of the possible C2 operations, to give
two reflections,

σq = βÎC2q; σ̄q = βÎ C̄2q . (6.112)

From the relation between C2q and C̄2q it is easy to show that σ̄q = σqĒ. The presence
of β indicates that the large and small components have the opposite parity under
reflection.

The rotation-inversions are similarly formed by the product of an inversion and
a rotation about an axis of order 2n, S2n = ÎC2n, where n > 1. The reflections are
in fact simply a special case of rotation–inversion with n = 1. As for the reflections,
the large and small components have the opposite parity under the rotation–inversion
operations.

It is important to note that 2-spinors and 4-spinors both transform as the fermion
irreps of the double group. For 2-spinors, however, there is no factor of β in the

3. See the bibliographies by Pyykkö (1986, 1993, 2000) for references.
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inversion-derived operations. Hence, the large and small components may transform
as different irreps of the double group, when considered as 2-spinors, but the 4-spinor
as a whole transforms as only one irrep. The simplest example is the group Ci , which
contains only the identity and the inversion operation in the single group. The extra
irreps in the double group are B1/2g and B1/2u. If the large component transforms as
the first, the small component must transform as the second, and vice versa. However,
because of the factor of β in the inversion operation, the 4-spinor that has a B1/2g
large component and a B1/2u small component transforms as B1/2g under the four-
component operations. Thus, the 4-spinors can be labeled with the symmetry of the
large component.

6.9 Time Reversal

We have previously commented on the Lorentz invariance of the Dirac equation. Con-
sidering that this places time and space coordinates on an equal footing, it may seem
inconsistent to discuss transformations in spin space and R3 only. We therefore now
turn our attention to time transformations. With only one coordinate, there are only
two possible transformations: translation and reversal. Translation will be treated in
connection with a discussion of the Lorentz transformations in the next section. Here,
we will consider the symmetry of the Dirac equation under time reversal.

Before looking at the consequences of time reversal, we need to introduce some
operator concepts not normally encountered in introductory quantum chemistry texts,
which deal almost exclusively with linear operators (Â) defined by the relation

Â (λ1ψ1 + λ2ψ2) = λ1Âψ1 + λ2Âψ2. (6.113)

However, there is also a class of antilinear operators (B̂) that have the property

B̂ (λ1ψ1 + λ2ψ2) = λ∗
1B̂ψ1 + λ∗

2B̂ψ2. (6.114)

If an antilinear operator is unitary, it is called antiunitary and

B̂B̂† = B̂†B̂ = 1. (6.115)

As before, any linear operator transforms under an antiunitary transformation as

Â′ = B̂ÂB̂†, (6.116)

and by using the defining equations for linear and antilinear operators, it is easily seen
that Â′ is linear.

Antiunitary transformations affect commutation relations between operators. For

r′ = B̂rB̂†; p′ = B̂pB̂† (6.117)
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it is easy to see that the antiunitary transformation leads to

[x, px] = i� ⇒ [
x′, p′

x

] = −i�. (6.118)

Similarly, for the spin

[
sx, sy

] = i�sz ⇒
[
s′x, s′y

]
= −i�s′z. (6.119)

Now let us turn to time reversal. In nonrelativistic physics, time reversal leaves
positions invariant, but changes the sign of all velocities. If K̂ is the time-reversal
operator, we must have

K̂rK̂† = r; K̂pK̂† = −p. (6.120)

Comparing with the commutation relations above, we see that for r and p at least,
K̂ has the effect of an antiunitary operator. Expressing orbital angular momentum as
� = r × p, we see that K̂�K̂† = −�. For spin we can draw on the analogies between
the transformation of commutation relations for spin and orbital angular momentum.
From these we see that the transformed commutation relations are consistent with
K̂sK̂† = −s, and the spin has the same transformation properties as orbital angular
momentum.

In the nonrelativistic Hamiltonian we need not worry about spin. With r being
real and p purely imaginary in our standard representation, the complex conjugation
operator, K̂0, can be used to effect time reversal. For b and d real numbers, the effect
of K̂0 is

K̂0(b + id) = b − id

K̂0rK̂0 = r

K̂0pK̂0 = K̂0 (−i�∇) K̂0 = i�∇ = −p.

(6.121)

Extending our treatment to the two-component relativistic case, we have a situation
analogous to that previously encountered for inversion: there may be parts of a total
time-reversal operator that do not give explicit effects when applied in the nonrela-
tivistic realm, but which are essential for the relativistic treatment. Taking the same
approach as for inversion, we write the total time-reversal operator as

K̂ = âK̂0 (6.122)

where â is an operator to be determined. If spin changes sign under time reversal, we
must have

K̂σ K̂† = −σ . (6.123)
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Expanding the spin transformation in separate components, we get

âK̂0σxK̂−1
0 â−1 = âσx â

−1 = −σx
âK̂0σyK̂−1

0 â−1 = −âσy â−1 = −σy
âK̂0σzK̂−1

0 â−1 = âσzâ
−1 = −σz.

(6.124)

These relations are satisfied if we take

â = eiησy (6.125)

where eiη is an arbitrary phase factor. Conventionally we choose this factor such that
the total time-reversal operator becomes

K̂ = −iσyK̂0. (6.126)

This operator is unitary

K̂†K̂ = (K̂0
†σy

†)(σyK̂0) = I2, (6.127)

but we note that

K̂2 = (−iσyK̂0)(−iσyK̂0) = (−iσy)(iσ ∗
y )K̂0K̂0 = σyσ

∗
y = −I2, (6.128)

that is, a double time reversal changes the sign of the wave function. Note, however,
that this derivation, and indeed this form of the time-reversal operator, is derived for
a one-electron system. For a spin-independent system, K̂ = K̂0, and clearly K̂2 = I2.
For more than one electron, we must have a σy for each spin of 1

2 , and thus K̂2 is I2
or −I2 depending on whether the system has an even or odd number of electrons, or
equivalently whether it has boson or fermion symmetry.

In spin space the active part of the time-reversal operator is the σy part. Applying
time reversal to our standard basis in spin space we get

K̂
(

1

0

)
= −iσyK̂0

(
1

0

)
=
(

0 −1
1 0

)(
1

0

)
=
(

0

1

)

K̂
(

0

1

)
= −iσyK̂0

(
0

1

)
=
(

0 −1
1 0

)(
0

1

)
= −

(
1

0

)
.

(6.129)

Thus time reversal in spin space causes a spin flip.
For four-component wave functions it is the spin operator Σ that changes sign

under time reversal, and by simple extension of the algebra above we can write the
four-component operator as

K̂ = −iΣyK̂0. (6.130)
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Let us first demonstrate the effect of time reversal on the time-dependent
Schrödinger equation:

i�
∂

∂t
ψ(t) = ĤNRψ(t). (6.131)

In the absence of external vector potentials, the only variable in ĤNR affected by time
reversal is p in the kinetic energy expression. But this occurs only in the form p · p,
and therefore ĤNR must be invariant to time reversal. Transforming the time-dependent
equation above, we have

−i� ∂
∂t

K̂ψ(t) = ĤNRK̂ψ(t) (6.132)

which after a change of variables becomes

i�
∂

∂t
K̂ψ(−t) = ĤNRK̂ψ(−t). (6.133)

This is the equation for the time-reversed function of ψ(t), which we denote ψ̄(t). We
have

K̂ψ(−t) = ψ̄(t) (6.134)

where K̂ both changes the functional form of ψ to the time-reversed form and reverses
the time coordinate itself. The time-reversed function ψ̄(t) satisfies the equation

i�
∂

∂t
ψ̄(t) = ĤNRψ̄(t). (6.135)

Under the assumption of no external vector potentials, the time dependence may be
separated out in the usual manner to show that ψ(t) and ψ̄(t) have the same eigenvalue:

ĤNRψ(t) = Eψ(t); ĤNRψ̄(t) = Eψ̄(t). (6.136)

For the relativistic case of the time-independent Dirac equation for an electron
subjected only to time-independent electrostatic fields, we have

(ĥD + V )ψ = c(α · p)ψ + (βmc2 + V )ψ = Eψ. (6.137)

Time-reversing this operator yields

K̂(ĥD + V )K̂−1 = c(K̂αK̂−1) · (K̂pK̂−1)+mc2(K̂βK̂−1)+ K̂V K̂−1

= c(α · p)+mc2(K̂βK̂−1)+ K̂V K̂−1
(6.138)
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where we have used (6.130) for time reversal in the four-component space. It follows
from (6.123) that α must change sign under time reversal, and hence the cα · p term
is invariant. The change in sign of α is consistent with the role of cα as the velocity
operator. The term involving β is easily shown to be invariant. The one-electron poten-
tial is time-independent, and for the static nuclear potential it is also α-independent.
Therefore, the Hamiltonian is invariant under time reversal, and in analogy with the
nonrelativistic case we get

(ĥD + V )ψ = Eψ

(ĥD + V )ψ̄ = Eψ̄.
(6.139)

The extension to the many-electron case is straightforward, and the considerations
involving space inversion of the Coulomb potential and the Breit terms also hold for
time reversal.

We have now shown that a wave function and its time reverse are energy degenerate
in both the relativistic and the nonrelativistic case. One way this can happen is if time
reversal just produces the same function—that is, the function is invariant under time
reversal, possibly with the exception of a phase factor. In this case we have

K̂ψ(t) = aψ(t) (6.140)

where a is a phase factor. Double time reversal then yields

K̂2ψ(t) = K̂aψ(t) = a∗K̂ψ(t) = |a|2ψ(t). (6.141)

We have previously shown that K̂2 can only take the values 1 or −1, depending
on whether the system has boson or fermion symmetry. This leaves us with two
possibilities:

1. K̂2 = 1. In this case, the equation above yields |a|2 = 1, and the function may
indeed be invariant under time reversal.

2. K̂2 = −1. In this case, the equation above implies |a|2 = −1, which clearly is
impossible.

For a system with fermion symmetry—that is, half-integer spin—the wave function
cannot therefore be invariant under time reversal. Further, the time-reversed wave
function cannot be a simple multiple of the original.

We can explore the fermion case further. Because K̂ is an antiunitary operator, we
must have

〈K̂ψ|K̂ψ〉 = 1 (6.142)

for arbitrary, normalized ψ, and the time-reversed wave function is thus normalized.
We can also show that K̂ψ is orthogonal to ψ, as follows. If we treat the overlap of
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the wave function and the time-reversed wave function as a number, we can apply the
time-reversal operator to get

K̂〈K̂ψ |ψ 〉 = 〈K̂ψ |ψ 〉∗ = 〈ψ |K̂ψ 〉. (6.143)

If we apply the time-reversal operator to the functions in the overlap integral, we get

K̂〈K̂ψ |ψ 〉 = 〈K̂2ψ |K̂ψ 〉 = −〈ψ |K̂ψ 〉 (6.144)

because K̂2 = −1. Therefore

〈K̂ψ |ψ 〉 = 0 (6.145)

and K̂ψ and ψ are linearly independent. These conclusions may, of course, be verified
by using the explicit expression for the time-reversal operator.

Thus, for the fermion case, ψ and K̂ψ form a degenerate pair. It is easy to see
that any third function that is degenerate in energy with ψ and K̂ψ will also have its
own time-reversed partner. This illustrates Kramers’ theorem (Kramers 1930): for a
system with half-integer spin, the energy levels are at least doubly degenerate, and any
degeneracy is even-fold. This theorem holds in the absence of external vector potentials.
We will use the term Kramers pair for a pair of functions related by time reversal. The
ψ(t) and ψ̄(t) above form a Kramers pair, and the hydrogenic 1sα and 1sβ spin–orbitals
form another example of a Kramers pair. Note, however, that the Kramers partner of
the 2p1α spin–orbital is 2p−1β, not 2p1β, because time-reversal includes complex
conjugation. As can be seen from the above demonstration, the theorem is equally
valid for relativistic and nonrelativistic systems, provided any potentials involved are
invariant with respect to time reversal.

As a last comment, we note that although the time-reversal operator, K̂, commutes
with the Hamiltonian, it is antilinear and therefore cannot correspond to an observable.

6.10 Lorentz Transformations and the Lorentz Group

While we still have no intention of proving the invariance of the Dirac equation under
Lorentz transformations, we do want to conclude this discussion of relativistic sym-
metry by demonstrating the relationship between the Lorentz transformations and the
spatial transformations already discussed. To make the symmetry between space and
time more explicit we introduce the variable τ , defined as

τ = ict. (6.146)

The general four-vector introduced in chapter 2 is then

w = (x, y, z, τ ), (6.147)
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and for motion along the x axis, the Lorentz transformations take the form

x′ = γ
(
x + iτ

v

c

)
y′ = y

z′ = z

τ ′ = γ
(
τ − ix

v

c

)
.

(6.148)

If we write this transformation as the result of applying an operator λ̂x(v) to the
four-vector w, we get

w′ = λ̂x(v)w = λ̂x(v)(x, y, z, τ ) =
(
γ
(
x + iτ

v

c

)
, y, z, γ

(
τ − ix

v

c

))
. (6.149)

This is equal to a linear transformation Λx(v), such that

w′ = Λx(v)w =




γ 0 0 γ i v
c

0 1 0 0
0 0 1 0

−γ i v
c

0 0 γ





x

y

z

τ


 . (6.150)

Here we recognize a situation that is quite similar to that encountered for the SO(3)
rotations in section 6.4. We have transformations that conserve the length of the four-
vector, and which may be expressed as matrices operating on the set of basis vectors.
We may in fact proceed in a completely analogous manner to the SO(3) case. Thus, an
infinitesimal Lorentz transformation—that is, v/c � 1—may be written as

Λx(v) = I4 − i
v

c
Yx + O

(
v2

c2

)
. (6.151)

The matrix Yx is the equivalent of the Xx matrix for spatial rotations, and it may be
found to be

−iYx = dΛx(v)

d
(
v
c

)
∣∣∣∣∣ v
c=0

=




0 0 0 1
0 0 0 0
0 0 0 0

−1 0 0 0


 . (6.152)

Any finite Lorentz transformation may now be expressed in exponential form, and for
motion along the x axis,

Λx(v) = e−i(v/c)Yx . (6.153)

Corresponding generators for motion along the other two axes are easily derived.
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The X matrices were defined only on R3, but they may easily be cast into four-space
form by adding a row and a column of zeros. The six matrices

Xx =




0 0 0 0
0 0 −i 0
0 i 0 0
0 0 0 0


 ; Xy =




0 0 −i 0
0 0 0 0
i 0 0 0
0 0 0 0


 ; Xz =




0 −i 0 0
i 0 0 0
0 0 0 0
0 0 0 0


 ;

(6.154)

and

Yx =




0 0 0 i

0 0 0 0
0 0 0 0

−i 0 0 0


 ; Yy =




0 0 0 0
0 0 0 i

0 0 0 0
0 − i 0 0


 ; Yz =




0 0 0 0
0 0 0 0
0 0 0 i

0 0 − i 0


 (6.155)

generate a group that is known as the proper Lorentz group. If the space inversion
operator, represented by

I =




−1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 1


 (6.156)

is added to the set, the resulting group is the orthochronous Lorentz group. Finally, we
may add the time-inversion operation

K0 =




1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1


 . (6.157)

This defines the full Lorentz group. The symmetry of the Dirac equation may therefore
be expressed as the direct product of SU(2) and the full Lorentz group.

This concludes our introduction to relativistic symmetry. Our aim has been to
relate closely to features that should be familiar to the practicing quantum chemist. In
particular, we have put some emphasis on the double groups, which represent a rather
straightforward extension of the methods and concepts of nonrelativistic symmetry.
We have also provided a more general discussion that shows how the double group
symmetry arises as the direct product of the underlying symmetries in the two separate
physical spaces considered—spin space and the four-space spanned by the Lorentz
transformations. In the chapters to follow, we will repeatedly exploit both SU(2) ⊗
G, G ⊆ O(3) symmetry and Kramers symmetry to develop and simplify methods for
quantum chemical calculations on relativistic systems.



7

One-Electron Atoms

The development of quantum chemistry, that is, the solution of the Schrödinger equa-
tion for molecules, is almost exclusively founded on the expansion of the molecular
electronic wave function as a linear combination of atom-centered functions, or atomic
orbitals—the LCAO approximation. These orbitals are usually built up out of some set
of basis functions. The properties of the atomic functions at large and small distances
from the nucleus determines to a large extent what characteristics the basis functions
must have, and for this purpose it is sufficient to examine the properties of the hydro-
genic solutions to the Schrödinger equation. If we are to do the same for relativistic
quantum chemistry, we should first examine the properties of the atomic solutions to
determine what kind of basis functions would be appropriate.

However, the atomic solutions of the Dirac equation provide more than merely a
guide to the choice of basis functions. The atoms in a molecule retain their atomic
identities to a very large extent, and the modifications caused by the molecular field
are quite small for most properties. In order to arrive at a satisfactory description of the
relativistic effects in molecules, we must first of all be able to treat these effects at
the atomic level. The insight gained into the effects of relativity on atomic structure is
therefore a necessary and useful starting point for relativistic quantum chemistry.

7.1 Separation of Variables in the Dirac Equation

As in the nonrelativistic case, most of the salient features of the atomic systems
are exposed in the treatment of the simplest of these, the hydrogen-like one-electron
atoms. In Hartree atomic units the time-independent Dirac equation yields the coupled
equations

(V − E)ψL + c(σ · p)ψS = 0

c(σ · p)ψL + (V − E − 2mc2)ψS = 0
(7.1)

100
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where we have shifted the energy by −mc2 (with m = 1), as discussed in section 4.6.
We will use this shifted energy scale for the rest of the book unless otherwise explicitly
indicated. V is here a scalar, central potential. For a point nucleus this is −Z/r , but
we use V here in order to account for other possible models of the nucleus. In solving
the Schrödinger equation for the hydrogen atom, we can separate angular and radial
variables in spherical polar coordinates and show that the solutions take the form

ψNR(r, ϑ, ϕ) = 1

r
Rn�(r)Y

m�
� (ϑ, ϕ) (7.2)

where the Y
m�
� (ϑ, ϕ) are the usual spherical harmonics, defined with the Condon and

Shortley phase conventions,

Y
m�
� (ϑ, ϕ) = (−1)(m�+|m�|)/2

[
(2�+ 1)

4π

(�− |m�|)!
(�+ |m�|)!

]1/2

P
m�
� (cosϑ) eim�ϕ. (7.3)

For the Dirac equation, we know already that the large and small components have
different radial functions, so we must seek a separation of the form

ψ(r, ϑ, ϕ, τ ) = 1

r

(
P(r) ξL(ϑ, ϕ, τ )

iQ(r) ξS(ϑ, ϕ, τ )

)
. (7.4)

Here, P and Q are the radial large and small components of the wave function.
The factor of i has been introduced to make the radial components real. The angular
functions ξ are two-component spinors, that is, a product of angular and spin functions;
the spin variable τ has been explicitly shown.

To achieve this separation of variables in the Dirac equation, we must be able to
factorize the operator σ · p. The nuclear potential V is already a function of r only. We
follow the procedure in Schiff (1968) and introduce the radial operators for momentum
and velocity

p̂r = r−1(r · p − i); σr = r−1(σ · r). (7.5)

We now apply the Dirac relation, (4.14), in the form

(σ · r)(σ · �) = r · � + iσ · r × � = iσ · r × �. (7.6)

The scalar product r · � vanishes because � = r × p. The vector product r × � may be
evaluated using standard vector relations:

r × � = r × (r × p) = r(r · p)− r2p = r(rp̂r + i)− r2p. (7.7)

Substituting this expression for r × � in (7.6) yields

iσ · r × � = iσ · r(rp̂r + i)− ir2σ · p = (σ · r)(σ · �). (7.8)
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Making use of (7.5) and rearranging, we get

σ · p = σr p̂r + iσrr
−1(σ · � + 1) ≡ σr p̂r − iσrr

−1K̂ (7.9)

where K̂ is a pure angular momentum operator,

K̂ = −1 − σ · � = �̂2 + ŝ2 − ̂2 − 1 (7.10)

where we have used σ = 2s and (6.4) in the second equality. We can now use this
expression for (σ ·p) in the Dirac equation. The first of the coupled equations becomes

(V − E)ψL + cσr

[
p̂r − ir−1K̂

]
ψS = 0. (7.11)

The radial momentum operator p̂r can be written

p̂r = −i
(

d

dr
+ 1

r

)
. (7.12)

This operator obviously acts only on the radial large or small component. The “radial”
velocity operator σr is in fact a pure angular operator, because the components of
r̂ = r/r are pure angular functions:

σr = σx sin ϑ cosϕ + σy sin ϑ sin ϕ + σz cosϑ. (7.13)

This operator therefore acts only on the angular large or small component. The operator
K̂ also operates only on the angular function, and in order to achieve the separation the
angular function must be an eigenfunction of K̂ . Substituting for the radial momentum
operator, using the factorized large and small components, with κL and κS the eigen-
values of the angular large and small components, the first of the coupled equations
can be written

(V − E)
P

r
ξL = −c

(
d

dr
+ κS + 1

r

)
Q

r
σrξ

S (7.14)

which is obviously factorized. Applying the same procedure to the second of the
coupled equations yields

(
V − E − 2mc2

) Q
r

ξS = c

(
d

dr
+ κL + 1

r

)
P

r
σrξ

L. (7.15)

In the next section we will examine the properties of the angular functions. The
radial functions will be the subject of the subsequent sections, where we also make
comparisons with nonrelativistic radial functions and expectation values to gain some
insight into the effects of relativity on electronic structure.
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7.2 Angular Wave Functions

As discussed in the chapter on symmetry (chapter 6), neither orbital nor spin angular
momentum provide good quantum numbers for the Dirac equation in a central field,
and we must instead turn to eigenfunctions of the operators ̂2 and ̂z with eigenval-
ues j (j + 1) and mj . For a one-electron wave function the angular momentum part
can be expressed in a basis of coupled products of a spherical harmonic and a Pauli
spinor η(ms)

ξj,mj (ϑ, ϕ) =
∑
m�,ms

〈�m�sms |jmj 〉 Ym�� (ϑ, ϕ) η(ms) (7.16)

where 〈�m�sms |jmj 〉 is a Clebsch–Gordan coefficient.
There is a problem with the labeling of the function ξ: the total angular momentum

label j is not unique. We can couple s = 1
2 to either � or �+ 1 to form j = �+ 1

2 . The
ambiguity may be resolved by resorting to the operator K̂ derived in the previous section
during the separation of variables in the Dirac equation. If we apply this operator to
one of the angular momentum basis functions, we find that it is indeed an eigenfunction
of K̂ with eigenvalue κ , given by

K̂Y
m�
� (ϑ, ϕ) η(ms) = κY

m�
� (ϑ, ϕ) η(ms)

=
[
�(�+ 1)− j (j + 1)− 1

4

]
Y
m�
� (ϑ, ϕ) η(ms). (7.17)

There are two possibilities:

CASE 1 j = �+ 1

2
Then

κ = �
(
j + 1

2

)
−j (j+1)− 1

4
= (�− j)

(
j + 1

2

)
− 1

2

(
j + 1

2

)
= 2(l−j)

(
j + 1

2

)
,

(7.18)
where we use the fact that �− j = − 1

2 in this case.

CASE 2 j = �− 1

2
Then

κ =
(
j + 1

2

)(
j + 3

2

)
− j (j + 1)− 1

4
=
(
j + 3

2
− j

)(
j + 1

2

)
− 1

2

(
j + 1

2

)

= 2(l − j)
(
j + 1

2

)
, (7.19)

where we use the fact that �− j = + 1
2 in this case.

We conclude that the operator K̂ has the eigenvalues

κ = 2(l − j)
(
j + 1

2

)
= −a

(
j + 1

2

)
, (7.20)
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where a = 2(j − �) = ±1 is a sign factor, and j = � + 1
2a. The general angular

function can therefore be written with a κ label as

ξκ,m(ϑ, ϕ) =
∑

ms=±1/2

〈�m�sms |jm〉 Ym�� (ϑ, ϕ)η(ms), (7.21)

where m� +ms = m.
These functions are suitable functions for the angular large and small components.

We must now determine which of these is to be used for the large and the small
components, for there is no a priori reason to expect the angular parts of the large and
small components to be the same. From the separation of variables in the previous
section, we have the relations

σrξ
L = ξS; σrξ

S = ξL (7.22)

which implies that σ 2
r = 1, a fact that can be proved from the expression given above.1

Now r̂ may be expanded in terms of spherical harmonics with � = 1, so the angular
large and small components must differ in the orbital angular momentum by a single
unit. Since the total angular momentum commutes with the Dirac Hamiltonian, j is a
good quantum number, and therefore both angular components must have the same
j value. To have � values that differ by one, the large and small components must have
values of κ that are opposite in sign. Thus, we can set κL = κ and κS = −κ , and the
factorized 4-spinor can be written

ψ(r, ϑ, ϕ, τ ) = 1

r

(
Pnκ(r) ξκ,m(ϑ, ϕ)

iQnκ(r) ξ−κ,m(ϑ, ϕ)

)
. (7.23)

As well as being eigenfunctions of the operators ̂2, ̂z, and K̂ , the two-spinor
angular functions are eigenfunctions of the inversion operator Î with eigenvalue (−1)�.
This follows directly from the inversion properties of the spherical harmonics. Because
the � value of the spherical harmonics in the angular function for the small component
differs from that of the large component by 1, the small component has the opposite
parity under inversion. This fact was demonstrated in chapter 6.

A summary of the quantum numbers for the angular functions along with the labels
that are often used is given in table 7.1.

We can insert the expressions for the Clebsch–Gordan coefficients into the angular
2-spinors (and suppress the angular variables in the spherical harmonics) to get

ξκ,m = 1√
2�+ 1


a
√
�+ 1

2 + am Y
m−1/2
�√

�+ 1
2 − am Y

m+1/2
�


. (7.24)

1. The relations in (7.22) are only defined up to a phase, which we are free to choose. We have already
chosen a phase factor of i to multiply the small component, so we choose a phase factor of 1 in this case.
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Table 7.1 Quantum numbers and labels for atomic spinors

l 0 1 1 2 2 3 3

j 1/2 1/2 3/2 3/2 5/2 5/2 7/2

κ −1 1 −2 2 −3 3 −4

Labels s p̄ p d̄ d f̄ f

s p− p+ d− d+ f− f+
s1/2 p1/2 p3/2 d3/2 d5/2 f5/2 f7/2

For a = +1, that is, j = �+ 1
2 , and with m� = m− 1

2

ξκ,m = 1√
2�+ 1




√
�+m� + 1 Y

m�
�

√
�−m� Y

m�+1
�


 (7.25)

and for a = −1, that is, j = �− 1
2 , with m� = m− 1

2

ξκ,m = 1√
2�+ 1


 −√

�−m� Y
m�
�

√
�+m� + 1 Y

m�+1
�


. (7.26)

Explicit forms are given in table 7.2 for a few values of κ .
The coupling of the spin and orbital angular momentum has implications for the

electron density of the one-particle functions. We can compare the Dirac angular func-
tions with the Schrödinger angular functions. This is done in figure 7.1 using polar
plots of the angular density, integrated over spin. Notice that the relativistic densities

Table 7.2 Angular atomic 2-spinors for s, p and d subshells

s1/2

(
s

0

)

√
3p1/2

( −p0√
2p1

)

√
3p3/2

(√
2p0

p1

) (
p1

0

)

√
5d3/2

(−√
2d0√

3d1

) (−d1

2d2

)

√
5d5/2

(√
3d0√
2d1

) (
2d1

d2

) (
d2

0

)
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Figure 7.1 Polar density plots of (a) nonrelativistic orbitals and (b) relativistic 2-spinors

depend on j and not on �. Thus s1/2 and p1/2 2-spinors are both spherical. A relativistic
filled shell also has a spherical density; for example, the ground state of the Pb atom
has the configuration 6p2, which in a nonrelativistic scheme would have 3P symmetry
and components whose density looks like that of a p function, but in a relativistic
scheme the configuration is 6p2

1/2, which has J = 0 and a spherical density.
Another feature that emerges from these plots is the loss of nodal structure. Because

the spin-up and spin-down components of each spinor have nodes in different places,
the directional properties of the angular functions are smeared out compared with the
properties of the nonrelativistic angular functions. Only for the highest m value does
the spinor retain the nodal structure of the nonrelativistic angular function, and that
is because it is a simple product of a spin function and a spherical harmonic. The
admixture of m� and m� + 1 character approaches equality as � increases and as m�

approaches zero, resulting in a loss of spatial directionality. The implications of this
loss of directionality for molecular structure could be significant, particularly where the
structure is not determined simply from the molecular symmetry or from electrostatics.

7.3 Solutions of the Radial Dirac Equation

We now turn to the radial functions and the radial Dirac equation. Using (7.22) in
(7.14) and (7.15) we arrive at the pair of coupled radial equations2

(V − E)P + c

[
dQ

dr
− κQ

r

]
= 0 (7.27a)

−c
[

dP

dr
+ κP

r

]
+ (V − E − 2c2) Q = 0. (7.27b)

2. We omit the mass in this section, and work strictly in Hartree atomic units.
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or in matrix form




V − E c

[
d

dr
− κ

r

]

−c
[

d

dr
+ κ

r

]
V − E − 2c2




P(r)
Q(r)


 = 0. (7.28)

For the purposes of comparison with the nonrelativistic limit, we eliminate the small
component from these equations, using (7.27b) to express Q in terms of P and
substituting into (7.27a), with the result

[
d2

dr2
− κ(κ + 1)

r2
+ (V − E − 2c2)

c2
(V − E)

− 1

(V − E − 2c2)

dV

dr

( d

dr
+ κ

r

)]
P(r) = 0. (7.29)

Comparing this with the nonrelativistic radial equation,

[
d2

dr2
− �(�+ 1)

r2
+ 2(E − V )

]
R(r) = 0, (7.30)

we see that the former reduces to the latter in the limit c → ∞, provided that κ(κ+1) =
�(�+ 1), which indeed holds, as may be verified from the definition of κ above.

The solutions of these equations depend on the choice of the nuclear potential. For
a point nucleus V = −Z/r , analytic solutions have been derived (Darwin 1928,
Gordon 1928). We will not go into the details of the derivation, but we repro-
duce the essential features of the solutions for the purposes of comparison between
nonrelativistic and relativistic solutions and the examination of the effects of relativity.

The solutions of the point nucleus radial Dirac equation can be written as a product
of an exponential function, a power of r , and a polynomial:

(
P(r)

Q(r)

)
= N e−λr rγ

(
NP [F1(r)+ F2(r)]
NQ[F1(r)− F2(r)]

)
. (7.31)

The exponent λ is defined by

λ =
√

−E(2 + E/c2) (7.32)

and γ by

γ = +
√
κ2 − Z2/c2 < |κ|. (7.33)
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The nonrelativistic solution in a point nuclear potential can be similarly written

R(r) = N ′e−
√−2Er r�+1 F ′(r). (7.34)

There are some obvious similarities between the functions, and some obvious differ-
ences. Further discussion of the exponents is deferred to the next two sections, where
the implications of the form of the exponent are drawn out. Here, we first want to make
some remarks on the overall shape of the radial functions.

The apparent angular quantum number γ is clearly not an integer.3 For negative κ ,
that is, for j = �+ 1

2 , |κ| = �+ 1 and the exponent of r is less than the nonrelativistic
exponent. This means that for s functions, instead of a cusp at the nucleus, there is a
singularity, which will inevitably place much greater demands on the basis set in an
LCAO expansion of the wave function than in the nonrelativistic case. It also means
that the value of the large and small components at the origin r = 0 are discontinuous
at the nonrelativistic limit c = ∞,

ψL(0, c),ψS(0, c) = ∞, c < ∞
= N ′, c = ∞.

(7.35)

This discontinuity causes some difficulties in the interpretation of the nonrelativistic
limit of the wave function, to which we return later.

For positive κ , that is, for j = � − 1
2 , |κ| = �, and the exponent of r in the

relativistic wave function is smaller than the nonrelativistic exponent of r by at least
one unit. This means that the 2p1/2 radial function should behave in the same way as
the 1s1/2 radial function, and have a singularity! To further understand what is going on
here, and how the nonrelativistic limit is attained, we need to examine the polynomial
functions F1 and F2.

F1 and F2 can be expressed in terms of the confluent hypergeometric function
F(a, b; x), which is defined by

F(a, b; x) = 1 + a

b
x + a(a + 1)

b(b + 1)
x2 + · · · . (7.36)

This sum clearly truncates after a finite number of terms if a is a negative integer. The
two functions F1 and F2 appearing in the radial solution of the point nucleus Dirac
equation are

F1 = (Nκ − κ)F (−nr, 2γ + 1; 2λr)

F2 = −nrF (1 − nr, 2γ + 1; 2λr)
(7.37)

3. As a matter of fact, for hydrogenic atoms with nuclear charge Z > 137, it could even be imaginary.
In practice, other effects, such as finite nuclear size, become important at that stage, and the imaginary γ

remains mainly a formal problem.
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where we have defined the variable Nκ by

Nκ =
√
(nr + γ )2 + Z2/c2

=
√
n2 − 2nr(|κ| − γ )

≤ n

(7.38)

and the radial quantum number nr by

nr = n− |κ| (7.39)

where n is the nonrelativistic principal quantum number. The nonrelativistic equivalent
of the radial quantum number is n− �− 1, which counts the number of radial nodes.
As nr is non-negative, F1 will always truncate. F2 truncates if nr > 0, but for nr = 0 it
vanishes. Hence both functions are indeed polynomial functions of the radial variable.
If F2 vanishes, the large and small components have exactly the same radial form, and
the ratio between them is that of the relative normalization factors,

NP =
√

2 + E/c2, NQ =
√

−E/c2. (7.40)

This case applies whenever n = |κ|, that is, to the 1s1/2, 2p3/2, … spinors.
The 2p1/2 case has nr = 1 and κ = 1. Then

F2 = −nrF (0, 2γ + 1; 2λr) = −nr (7.41)

and

F1 = (Nκ − κ)F (−1, 2γ + 1; 2λr) = (Nκ − κ)(1 − 2λr/(2γ + 1)) (7.42)

and the wave function is

(
P(r)

Q(r)

)
= N e−λr rγ


NP

[
(Nκ − κ)

(
1 − 2λr

2γ+1

)
− nr

]
NQ

[
(Nκ − κ)

(
1 − 2λr

2γ+1

)
+ nr

]

. (7.43)

Given that γ � �, both P and Q behave approximately as r� at the origin, not r�+1

as the nonrelativistic radial function does. There is in fact a singularity at the origin of
the same order as the 1s1/2. However,

Nκ =
√
n2 − 2nr(|κ| − γ ); |κ| − γ = O

(
Z2

c2

)
(7.44)
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and therefore Nκ − κ is quite close to nr , and in fact equality occurs in the non-
relativistic limit. Thus, for 2p1/2

F1 ≈ nr

(
1 − 2λr

2γ + 1

)
. (7.45)

Inserting this approximate value for F1 and the exact value for F2 into the expression
for the radial solutions, we get for 2p1/2

(
P(r)

Q(r)

)
� N e−λr rγ


NP

[
nr

(
1 − 2λr

2γ+1

)
− nr

]
NQ

[
nr

(
1 − 2λr

2γ+1

)
+ nr

]



� N e−λr rγ


NP nr

[(
− 2λr

2γ+1

)]
NQnr

[(
2 − 2λr

2γ+1

)]

 .

(7.46)

In this form the 2p1/2 does appear better behaved. The large component adds in another
power of r in the lowest order, and yields the correct power dependence for a nonrela-
tivistic 2p function. The problem of the singularity persists in the lowest order for the
small component, but here the normalization factor NQ vanishes in the nonrelativistic
limit, and so the small component also tends towards the correct behavior. As discussed
in chapter 4, this is not true at r = 0, where the singularity persists.

We have compared the relativistic and nonrelativistic radial functions, and we now
compare some of the properties of the solutions. We select two of these, the eigenvalue
and the mean radius. The orbital eigenvalue εnκ is given by

εnκ = −c2


1 −

√
1 −

(
Z

cNκ

)2



= −Z2

N2
κ


1 +

√
1 −

(
Z

cNκ

)2



−1

< − Z2

2n2

(7.47)

since Nκ ≤ n and the factor in square brackets is less than 2. We see from this that Nκ

has the role of an apparent principal quantum number. The direct effect of relativity
is therefore to provide an energetic stabilization of the orbitals. One further point of
interest here is that the eigenvalue depends only on the magnitude of κ (via Nκ ) and
not on its sign; thus the 2s1/2 and the 2p1/2 orbitals are degenerate, but the 2p3/2
is higher in energy. The difference in energy between the 2p1/2 and the 2p3/2 is the
spin–orbit splitting. The degeneracy between the 2s1/2 and 2p1/2 levels is removed by
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the Lamb shift. In contrast, the nonrelativistic eigenvalues have no dependence on the
angular momentum at all, and the 2s and all 2p orbitals are degenerate.

The mean radius is given by

〈r〉nκ = 1

2Z

[
γ + nr

Nκ

(3N2
κ − κ2)− κ

]

<
1

2Z

[
3N2

κ − κ(κ + 1)
]

<
1

2Z

[
3n2 − �(�+ 1)

]
(7.48)

since �(�+ 1) = κ(κ + 1). The last line is the nonrelativistic mean radius. The direct
effect of relativity is to decrease the mean radius, which is consistent with the lowering
of the energy.

7.4 Behavior at Large r

At large distances from the nucleus, the potential energy term as well as the angu-
lar momentum term of the radial Dirac equation becomes small, and the equation
approaches the limiting form:

EP − c

[
dQ

dr

]
= 0 (7.49a)

c

[
dP

dr

]
+ (2c2 + E) Q = 0. (7.49b)

This pair of equations is easily seen to be satisfied by exponential solutions, and in
fact at large r the behavior of the solution is dominated by the exponential term. The
behavior of the solutions—bound or continuum—depends on λ from (7.32):

λ =
√

−E(2 + E/c2). (7.50)

For positive energies, λ is imaginary in both relativistic and nonrelativistic cases, and
the wave function is oscillatory, representing a free electron in a Coulomb field. For
small energies, E < mc2, the wavelengths will be very similar, but as E becomes large
they will diverge from each other, the relativistic wavelength becoming shorter than
that of the nonrelativistic function for the same energy.

For negative energies, λ is real for all energies in the nonrelativistic case, and hence
the spectrum in this region is composed of bound states. In the relativistic case, λ is
real in the range 0 > E > −2c2, providing a bound spectrum, but for E < −2c2,
λ is again imaginary and the solutions are oscillatory. The spectrum for both cases is
shown in figure 7.2.
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Figure 7.2 Spectrum of the
Schrödinger Hamiltonian (left) and the

Dirac Hamiltonian (right)
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It is interesting to note that λ is related to the product of the large and small
component relative normalization factors,

λ2 = c2N 2
PN 2

Q. (7.51)

The two points at which λ = 0 correspond to E = 0, where the small component
vanishes, and E = −2mc2, where the large component vanishes.

7.5 Behavior at Small r

At small distances from the nucleus, the solutions of the Dirac equation are determined
largely by the nuclear potential. In section 7.3, the solutions for a point nuclear potential
were presented. Here, we adopt a more general approach, to determine the behavior of
the solutions for an arbitrary (but realistic) nuclear potential. The radial functions are
expanded in a power series,

P(r) = rγp (p0 + p1r + p2r
2 + · · · )

Q(r) = rγq (q0 + q1r + q2r
2 + · · · ).

(7.52)

Note that P and Q do not necessarily have the same lowest-order term. In this expan-
sion, we require p0 and q0 to be nonzero. Other coefficients may however be zero. The
potential V is also expanded in a power series,

−rV (r) = v0 + v1r + v2r
2 + · · · . (7.53)
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For a point nucleus, v0 = Z, vi = 0, i > 0. The form of the expansion for a finite
nucleus can be derived by considering the potential due to a distributed charge, but
in general we have v0 = v2 = 0 for finite nuclei. Inserting these expansions into the
radial Dirac equation gives

rγp−1[v0p0] + rγp [(v1 + E)p0 − v0p1] + . . .

− rγq−1[c(γq − κ)]q0 − rγq [c(γq − κ + 1)]q1 − · · · = 0
(7.54a)

rγq−1[v0q0] + rγq [(2c2 + v1 + E)q0 − v0q1] + . . .

+ rγp−1[c(γp + κ)]p0 + rγp [c(γp + κ + 1)]p1 + · · · = 0.
(7.54b)

Equating powers of r , there are three cases to consider: γp = γq , γp < γq , and
γp > γq .

CASE 1 γp = γq = γ

The lowest power of r in the Dirac equation gives the two equations

v0p0 − c(γ − κ)q0 = 0

v0q0 + c(γ + κ)p0 = 0. (7.55)

If v0 = 0, we have γ = −κ and γ = κ at the same time. This is an impossibility
because κ is never zero, so this case applies exclusively to the point nucleus.
Expressing q0 in terms of p0 and taking ratios,

v2
0 = c2(κ2 − γ 2) (7.56)

Since v0 = Z, we get the definition of γ given earlier. The two equations above
determine q0 in terms of p0, and the value of p0 is determined by normalization.
Equating higher powers of r yields expressions for the higher coefficients.

CASE 2 γp < γq

From (7.54a), this choice implies that v0p0 = 0, from which it follows that v0 = 0,
and this case applies to a finite, or distributed, nuclear charge. The lowest term in
(7.54b) then yields c(γp + κ)p0 = 0, from which we deduce that γp = −κ , and
thus κ < 0 in order for the solution to be normalizable.

We now need to determine γq . The term in rγq−1 must match the term in rγp .
If γq 
= γp +1 then from (7.54a) we have c(γq −κ)q0 = 0 and hence γq = κ . This
contradicts the assumption that γp < γq . If the term in rγq−1 matches the term in
rγp+1, then the term in rγp yields v1 = −E, which cannot be the case since v1
must be linear in Z and E is quadratic in Z. We conclude that γq = γp + 1.

As for the point nucleus case, p0 is determined by the normalization, and the
other coefficients are determined relative to p0. Because v0 = 0, the lowest-order
nonzero term in (7.54a) relates q0 to p0:

(v1 + E)p0 − c(γq − κ)q0 = 0. (7.57)



114 THE DIRAC EQUATION: SOLUTIONS AND PROPERTIES

The rγp term in (7.54b) has no matching term in rγq−1, and consequently p1 = 0.
The next term from the same equation relates p2 to q0. The rγp+1 term in (7.54a)
(not listed) turns out to be zero because v0 = v2 = 0 and p1 = 0. This leads
to q1 = 0. It can be shown that if the potential is an even function of r , then
pn = qn = 0 for n odd.

CASE 3 γp > γq

Then v0q0 = 0, and again v0 = 0. The lowest term in (7.54a) gives c(γq−κ)q0 = 0
from which γq = κ , and thus κ > 0. Similar arguments can be marshaled as for
case 2 to show that γp = γq + 1 and to derive the coefficients. This case is the
finite nucleus case for κ > 0.

At this point it is useful to summarize some of the features of the solutions for point
and finite nuclear charge distributions.

POINT NUCLEUS CASE

(1) P and Q have the same behavior at the origin, and both are series in r (not r2).
(2) The solutions for |κ| = 1 have a singularity at the origin. This could be a serious

problem in quantum chemistry where Gaussian basis functions are commonly
used to expand the wave function. The cusp that has to be represented in the
Schrödinger solutions is now replaced by a singularity, which will inevitably
make greater demands on the flexibility of the basis.

(3) For γ > 1/2, there is only one normalizable solution, that is, the regular
solution with leading power rγ . This is called the limit point case. For γ < 1/2
both the regular (rγ ) and irregular (r−γ ) solutions are normalizable, and the
general solution is a linear combination of the two. This is called the limit
circle case. The extra condition that the integral over the potential must also be
finite eliminates the irregular solution. The point at which γ < 1/2 occurs for

Z/c =
√
κ2 − 1

4 , which for κ = 1 gives a Z value of approximately 119.

FINITE NUCLEUS CASE

(1) P and Q have the same lowest-order term as the corresponding nonrelativistic
function of the same angular momentum at the origin. This means that the
large component behaves like the nonrelativistic function, P/r ∼ r�, but the
small component behavior depends on κ . For κ < 0, Q/r ∼ r�+1, and for
κ > 0, Q/r ∼ r�−1. The spin–orbit splitting can then be understood in terms
of the expectation of the potential over the small component, which is larger in
magnitude for positive κ than for negative κ .

(2) For at least the first few terms, the solutions are either odd or even functions
of r . If the nuclear potential is an even function for all r (e.g. for a Gaussian
nuclear charge distribution), P and Q are odd or even for all r .
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(3) At least inside the nucleus, P and Q are essentially Gaussian in shape. This
means that in a method using a Gaussian basis set a nuclear charge distribution
with a finite radius is preferred to a point nucleus: the basis then has the right
behavior at the origin, and the demands on the basis are smaller because of the
cutoff in the potential (Visser et al. 1987, Ishikawa et al. 1985).

We conclude from this discussion that for relativistic quantum chemistry it is preferable
to adopt a model of the nucleus that has a charge distribution with a finite, rather than
a zero, radius.

7.6 Nuclear Models

If a nuclear charge distribution with a finite radius is to be used, the question of the
functional form of the distribution must be raised. The point nuclear model was simple:
now we have to consider some form of the nuclear charge distribution that bears some
relation to experimentally determined distributions. The Coulomb potential at a point r
from a charge distribution ρ(r) is

V (r) =
∫
v′

ρ(r′)
|r − r ′| dr′. (7.58)

In relativistic atomic structure calculations, the two most common models are the
uniformly charged sphere and the Fermi two-parameter distribution. The radial density
for the uniformly charged sphere is given by

ρnuc(r) = ρ0, r ≤ rnuc

= 0, r > rnuc.
(7.59)

This is the simplest model, and gives rise to a quadratic potential inside the nucleus
and a Coulombic potential outside:

V nuc(r) = − Z

2rnuc

[
3 −

( r

rnuc

)2
]
, r ≤ rnuc

= − Z

r
, r > rnuc.

(7.60)

With a quadratic potential inside the nucleus, the wave function should be Gaussian in
shape.

The Fermi two-parameter distribution has the form

ρnuc(r) = ρ0

1 + exp[(r − rnuc)/s] , (7.61)

which introduces a smooth decay of the nuclear radial density rather than a sudden drop
to zero. The potential is difficult to represent in closed form. It reduces to the uniform
distribution in the limit s → 0. A variant of this distribution, the three-parameter



116 THE DIRAC EQUATION: SOLUTIONS AND PROPERTIES

distribution, multiplies it by a quadratic function of r . This model has been used to fit
a range of nuclear scattering data.

Both of these distributions present some problems for implementation in quantum
chemical programs. The uniform sphere potential can be represented as the sum of
the point nuclear potential and the difference between the point and uniform sphere
nuclear potentials inside the nuclear radius. Then one has to perform integrals over a
small finite region of space, which may have to be done numerically. A method for their
evaluation has been presented by Matsuoka (1987). The Fermi distribution is difficult
to represent in closed form and therefore the integrals would have to be performed
numerically. An attractive alternative is to choose a Gaussian distribution,

ρnuc(r) = Zρ0 exp
(
−ζ nuc r2

)
, (7.62)

whose potential is simply

V nuc(r) = −Z

r
erf
(√

ζ nuc r
)
. (7.63)

This is a convenient choice for quantum chemical calculations because the integrals are
readily evaluated. For this choice, the nuclear charge distribution falls off too slowly
for heavy atoms, but the effect is not large.

The principal parameter used in these distributions is the nuclear radius. For many
nuclei the rms radius has been determined. These data could be used directly in cal-
culations, but it is probably more useful in quantum chemistry, where the accuracy of
the nuclear model is not very important, to use a fitted value. Two common fits to the
cube root of the mass number A are used:

r rms = 1.2A1/3 (7.64)

r rms = 0.836A1/3 + 0.57 (7.65)

where r rms is given in fm.4 This value may be used directly in the uniform and Fermi
distributions; for the Gaussian distribution it may be used to determine the exponent
by matching the rms radii, so that

ζ nuc = 3

2(r rms)2
. (7.66)

The Fermi distribution has in addition the parameter s, which can be taken to be
constant, determined from fits to scattering data.

4. The latter has become a standard for the Gaussian nucleus in relativistic quantum chemistry (Visscher
and Dyall 1997).
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Table 7.3 Nuclear size and shape effects on the 1s orbital of Hg79+

Nuclear model Eigenvalue Difference

Point −3532.191 849
2.017 574

Uniform −3530.174 275
0.007 881

Fermi −3530.182 156
0.011 843

Gaussian −3530.193 999

The difference between the models is not large, as shown by the data in table 7.3
for hydrogen-like mercury. The effect of the finite radius is approximately 2 Eh, but
the difference between the models is only 0.01 Eh. For the valence spinors of many-
electron atoms, the difference between the models is well below the limits of chemical
interest5.

5. Finite nuclear models have been discussed in detail by Andrae (2002).



8

Properties of Relativistic Mean-Field
Theory

We have previously seen how the Dirac equation for one particle requires some rather
special consideration and interpretation in order to arrive at a form that is able to
treat electrons and positrons on an equal footing. These problems persist also when
we go to systems with more than one electron. One might think that the extension to
several electrons should not introduce dramatic changes. After all, we noted that even
the one-electron problem must be viewed as a many-electron (and -positron) system in
order to arrive at a consistent description. The problem with introducing more electrons
is that electron–electron interactions that were previously small—for the one-electron
case typically arising from vacuum polarization and self-interaction—now occur to
the same order as the kinetic energy and the interaction with the potential. So while
a perturbative approach such as QED can use the solutions of the one-electron Dirac
equations as a very good starting approximation to a more accurate description of the
full system, the same would not work for a system with more electrons because it
would mean neglecting interactions of the same magnitude as the zeroth-order energy.
For applications to quantum chemistry, the treatment of the entire electron–electron
interaction as a perturbation would be hopelessly impractical, as it is even in many-
electron relativistic atomic structure calculations.

The technique for dealing with this problem is well known from nonrelativistic
calculations on many-electron systems. One-particle basis sets are developed by con-
sidering the behavior of the single electron in the mean field of all the other electrons,
and while this neglects a smaller part of the interaction energy, the electron correlation,
it provides a suitable starting point for further variational or perturbational treatments
to recover more of the electron–electron interaction. It is only natural to pursue the
same approach for the relativistic case. Thus one may proceed to construct a mean-field
method that can be used as a basis for the perturbation theory of QED. In particular, the
inclusion of the Breit interaction in the mean-field calculations ensures that the terms
of O(α2) are included to infinite order in QED.

Deriving a mean-field or self-consistent field (SCF) method is not an entirely
straightforward matter, however. In the QED reinterpretation, we take a particular

118
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approach to the negative-energy states. Now we come to develop a mean-field theory,
do we regard these states as occupied or not? It is this question and the implications of
the answers to it that will occupy the attention of the present chapter. As a first step,
we analyze the traditional mean-field approach in a second-quantized form.

8.1 Mean-Field Formalism in Second Quantization

In deriving a set of relativistic one-particle functions, that is, spinors, from a mean-
field approach, we typically start by making a simple guess at these functions (or the
electron density), and then try to refine them iteratively. The refinement can be done by
diagonalizing a suitable Hamiltonian (or Fock) matrix, which defines a rotation of the
spinors in the entire function space available. Normally, this iterative process reaches a
stage where further rotations do not change the spinors, that is, they are self-consistent.
Provided we have chosen our sequence of rotations carefully, this should correspond
to the optimal set of spinors from the mean field. For the present chapter our main
concern is the rotation of the set of one-particle functions, and how this can be cast in
a consistent theoretical framework that also accounts for the positron contributions.

The second-quantized Hamiltonian that defines our many-electron system is

Ĥ =
∑
pq

hpq ap
†aq + 1

2

∑
pqrs

(pq|rs) ap†ar
†as aq. (8.1)

Most of the theory can be developed using only the one-electron part of this opera-
tor, with rather straightforward extensions to include the two-electron part. To effect
the rotations in the function space we employ the exponential rotation operator
Û = exp(iλ̂), introduced in (5.35), but parametrized in terms of the operator κ̂ = iλ̂.
We want the rotations to preserve orthonormality in the set of one-particle functions,
and therefore require that Û be a unitary operator, that is

Û Û† = eκ̂eκ̂
† = 1. (8.2)

The operator κ̂ may be expressed as

κ̂ =
∑
pq

κpq ap
†aq. (8.3)

The Hermitian conjugate of this operator is

κ̂† =
∑
pq

κpq
† aq

†ap =
∑
pq

κqp
† ap

†aq. (8.4)

From this it is easy to see that the unitarity condition is fulfilled if

κpq = −κ∗
qp, (8.5)

that is, the matrix κ is anti-Hermitian.
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The first step is to choose a reference state, or initial guess, which we will denote |0〉.
To this reference state we apply the general rotation to obtain a new reference state,

|0′ 〉 = Û |0 〉 = eκ̂ |0 〉. (8.6)

The energy of the reference state in the rotated basis is the expectation of the
Hamiltonian in the rotated basis:

E′ = 〈0′ |Ĥ′ |0′ 〉. (8.7)

Since the Hamiltonian involves a complete sum over one-particle states, we can just
as well express it in terms of the old basis. Using (8.6) to express the new reference in
terms of the old, we get an expression for the energy of the rotated reference in terms
of the original basis,

E′ = 〈0′ |Ĥ |0′ 〉 = 〈0 |e−κ̂Ĥeκ̂ |0 〉. (8.8)

The operator can be expanded in a commutator series

e−κ̂Ĥeκ̂ = Ĥ +
[
Ĥ , κ̂

]
+ 1

2!
[[

Ĥ , κ̂
]
, κ̂
]

+ · · · (8.9)

so that the energy may be written

E′ = 〈0 |Ĥ |0 〉 + 〈0 |
[
Ĥ , κ̂

]
|0 〉 + 1

2! 〈0 |
[[

Ĥ , κ̂
]
, κ̂
]
|0 〉 + · · · . (8.10)

The energy at the new point depends on the Hamiltonian matrix elements and the
parameters of the rotation. Not all of these parameters will necessarily cause a change
in the energy, and we need to determine which parameters are the nonredundant ones.

Substituting κ̂ into the first term in the energy expansion, (8.10),

〈0 |
[
Ĥ , κ̂

]
|0 〉 =

∑
pq

κpq
(〈0 |Ĥap

†aq |0 〉 − 〈0 |ap†aq Ĥ |0 〉)

=
∑
pq

κpq
(〈0 |Ĥap

†aq |0 〉 − 〈0 |Ĥaq
†ap |0 〉†) (8.11)

we may make the following observations:

• If q is the index of an unoccupied spinor, the action of aq on the reference
produces a zero result, and the first term in (8.11) is zero.

• If p is the index of an unoccupied spinor, the action of ap on the reference
produces a zero result, and the second term in (8.11) is zero.

• Therefore, if both p and q are unoccupied spinor indices, the right-hand side of
(8.11) vanishes.
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• If p and q are the indices of occupied spinors, we may permute ap† and aq
to get

〈0 |
[
Ĥ , κ̂

]
|0 〉 =

∑
pq

κpq
(〈0 |Ĥ (δpq − aq ap

†) |0 〉 − 〈0 |Ĥ (δpq − ap aq
†) |0 〉†)

=
∑
pq

κpq
(〈0 |Ĥap aq

† |0 〉† − 〈0 |Ĥaq ap
† |0 〉). (8.12)

Now the action of ap† and aq† on the reference gives a zero result because they
are already occupied.

Similar arguments to these can be marshaled for the higher-order terms in (8.10).
The conclusion is that the energy is invariant to rotations within the occupied spinor
space and within the unoccupied spinor space. The matrix elements of κ̂ within these
spaces may therefore be set to zero, and the only matrix elements to be considered are
those that connect occupied and unoccupied spinors.

To make the energy stationary, we differentiate with respect to the nonredundant
parameters of κ and set the derivative to zero. For this purpose, we write the energy
expansion explicitly in terms of the parameters as

E′ = 〈0 |Ĥ |0 〉 +
∑
pq

κpq〈0 |
[
Ĥ , ap

†aq

]
|0 〉

+ 1
2

∑
pqrs

κpqκrs〈0 |
[[

Ĥ , ap
†aq

]
, ar

†as

]
|0 〉 + · · ·

= E +
∑
pq

κpqgpq + 1
2

∑
pqrs

κpqκrsG̃pq,rs + · · · . (8.13)

The matrix g is the gradient of the energy with respect to the parameters of the rotation,
and the matrix G̃ is related to the matrix of second derivatives. Differentiating the
energy with respect to κpq we find

∂E′

∂κpq
= gpq + 1

2

∑
rs

κrs(G̃pq,rs + G̃rs,pq) + · · · . (8.14)

Truncating the expression at the dots gives a set of linear equations for κ , which can
be solved by standard methods. The rotation operator Û may then be constructed and
the spinors rotated to give a new initial guess. This will not be the exact solution
because we have truncated the energy expression to second order to obtain the rotation
parameters. However, it should give a good—or at least a better—approximation to
the exact solution. The procedure is repeated until the spinor gradient is zero. At this
point we have arrived at a stationary point of the energy as a function of the rotation
parameters.

We could equally well have differentiated the energy expression with respect to
the complex conjugate of κpq since this may be regarded as an independent parameter.
This is equivalent to differentiating with respect to −κqp, and in fact we end up with
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the same result as (8.14) after reindexing, if the gradient is an anti-Hermitian matrix.
This makes sense, because the gradient appears in the energy expression contracted
with κ , which is an anti-Hermitian matrix.

The second derivative of the energy with respect to the rotation parameters,

∂2E

∂κ∗
pqκrs

∣∣∣∣
κpq=κrs=0

= − 1
2 (G̃qp,rs + G̃rs,qp) = Gpq,rs, (8.15)

is called the Hessian1 matrix. Since the energy expression actually contains the prod-
uct of the conjugate of the rotation operator with the Hamiltonian times the rotation
operator, we have differentiated with respect to κ∗

pq = −κqp. The Hessian gives us
information about the nature of the stationary point. If we have reached the ground state,
all the eigenvalues of the Hessian should be positive. If we have reached an excited
state, on the other hand, there should be as many negative eigenvalues of the Hessian
as there are states below the state reached. Other stationary points are characterized by
other conditions, but for the present these two will suffice.

Up to now, our discussion has been quite general and independent of the form of the
Hamiltonian. To obtain explicit expressions for the gradient and the Hessian, we must
use the Hamiltonian from (8.1), but as previously remarked it is initially sufficient to
consider only the one-electron part. We assume that the many-electron wave function
is described by a single determinant. The gradient is

g(1)pq = 〈0|
∑
rs

[
ar

†as hrs , ap
†aq

]
|0〉. (8.16)

By using the commutation relations for creation and annihilation operators, we can get
two rank 4 expressions that cancel, and we are left with

g(1)pq =
∑
r

(
〈0 |ar†aq |0 〉hrp − 〈0 |ap†ar |0 〉hqr

)
. (8.17)

The Fock space matrix element is called the first-order density matrix or one-particle
density matrix,

Dpq = 〈0 |ap†aq |0 〉. (8.18)

Using this definition, we may write the gradient as

g(1)pq =
∑
r

(
Drqhrp −Dprhqr

)
. (8.19)

If p and q are both occupied spinor indices, the first-order density matrix element is
a delta function, Dpq = δpq , and the gradient matrix element is zero. This is in accord

1. We give the Hessian the symbol G here, where in many other places it is given the symbol H; we do this
to avoid confusion with the Hamiltonian.
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with the findings above, in which the energy was not dependent on the parameters for
two occupied spinors. Similarly, if both p and q are unoccupied spinor indices, the first-
order density matrix elements are zero, and again the energy does not depend on the
rotation parameters. However, if p is occupied and q is unoccupied, aq |0 〉 vanishes,

and g(1)pq = −hqp. Similarly, if p is unoccupied and q is occupied, g(1)pq = hqp. Thus
for any pair of indices t, u, where we have

g
(1)
tu = hut , (8.20)

we get

g
(1)
ut = −htu = −g(1)∗tu (8.21)

by virtue of the Hermiticity of h. The gradient is therefore an anti-Hermitian matrix,
as we had supposed. The condition for a stationary state is that the matrix elements
hpq are zero for p 
= q, as we should expect.

The Hessian matrix is

G(1)
pq,rs =2(Dqshpr+Drphsq)−

∑
t

(
δrp(Dtshtq+Dqthst )+δqs(Dtphtr+Drthpt )

)
.

(8.22)

The matrix elements are nonzero only for q and s unoccupied and p and r occupied
(or vice versa), and the Hessian is then

G(1)
pq,rs = 2(δprhsq − δsqhpr). (8.23)

If we ensure that h is diagonal, including the occupied–occupied and unoccupied–
unoccupied blocks, which, since they are arbitrary, we are always free to do, the
Hessian reduces to

G(1)
pq,pq = 2(hqq − hpp). (8.24)

If p is occupied and q is unoccupied in the ground state, the Hessian eigenvalues (which
in this case are just the diagonal elements given above) are all positive. The state is
therefore a minimum with respect to rotations among the spinors. The first excited state
will have one hqq < hpp, and therefore one of the eigenvalues of the Hessian will be
negative. This state represents a saddle point of the energy surface spanned by rotations
in the spinor space—it is a maximum with respect to rotations involving the spinor q
for which hqq < hpp, but a minimum with respect to all other rotations. If we wish
to optimize this state, we must employ a minimax technique. There are several ways
of doing this, including counting eigenvalues of the Hessian, making use of maximum
overlap between iterations to follow the desired root, inverting the negative eigenvalues
of the Hessian in the equations used to obtain the rotation parameters, and so on.



124 THE DIRAC EQUATION: SOLUTIONS AND PROPERTIES

The two-electron contribution to the spinor gradient is given by

g(2)pq = 〈0| 1
2

∑
rstu

[
ar

†at
†au as (rs|tu) , ap†aq

]
|0〉. (8.25)

Similarly to our treatment of the one-electron contribution, we can commute operators
to achieve a rank reduction through cancellation of two terms, and we are left with

g(2)pq = 1
2

∑
rstu

(rs|tu) 〈0 |δps ar†at†au aq + δpu ar
†at

†aq as

− δtq ar
†ap

†au as − δrq ap
†at

†au as |0 〉. (8.26)

Reindexing the integrals enables a reduction to two terms,

g(2)pq =
∑
rst

(rs|tp) 〈0 |ar†at†aq as |0 〉 −
∑
stu

(qs|tu) 〈0 |ap†at
†au as |0 〉. (8.27)

The Fock space matrix element is called the second-order density matrix or two-particle
density matrix,

Ppqrs = 〈0 |ap†ar
†as aq |0 〉, (8.28)

which is zero unless all four indices are of occupied spinors. For a single determinant,
the value of the matrix element is then

Ppqrs = δpqδrs − δpsδrq . (8.29)

The second-order density matrix is invariant to the interchange of the two index pairs
pq and rs.

Combining the one- and two-electron contributions to the gradient, we get

gpq =
∑
r

(
Drqhrp +

∑
st

Pstrq (st |rp)
)

−
∑
r

(
Dprhqr +

∑
st

Pprst (qr|st)
)
.

(8.30)

The terms in brackets may appear familiar, and are indeed nothing but the expression
for the usual spinor or spin–orbital Fock matrix. If we insert the values of the density
matrices for a single determinant, we get

fqp = hqp +
∑
r

(
(rr|qp)− (qr|rp)

)
(8.31)

where q is an occupied spinor index. The gradient defines the generalized Fock matrix

gpq = fqp − f ∗
pq. (8.32)

The Fock matrix defined in terms of the densities in (8.30) is only nonzero if the second
index is an occupied spinor index. A set of spinors that transforms the Fock matrix
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into a diagonal matrix corresponds to a gradient where all elements are zero, and thus
corresponds to a stationary point of the energy surface. The form of the Fock matrix
in (8.31) is used to define the matrix for all indices p and q, but, as already noted, the
choice of the occupied–occupied and unoccupied–unoccupied blocks has no influence
on the energy or on the parameters of the optimization. It can of course influence the
rate of convergence of a self-consistent field procedure.

We may similarly derive the two-electron terms for the Hessian, which are presented
here for completeness:

G(2)
pqrs = 2

∑
vw

(
Prpvw

{
(sq|vw)− (sw|vq)}+ Pqsvw

{
(pr|vw)− (pw|vr)}

− Pvpws(vq|wr)− Pqvrw(pv|sw)
)

−
∑
uvw

(
δpr
{
Pquvw(su|vw)+ Pwvus(wv|uq)

}
+ δqs

{
Pruvw(pu|vw)+ Pwvup(wv|ur)

})
. (8.33)

8.2 Structure of the Spinor Rotation Operator

Having carried out this analysis of the variational process, we are now equipped to
consider the question raised at the start of this chapter—what role should the negative-
energy spinors play in this process? As we saw, the various contributions to the gradient
and the Hessian above depend on whether the spinors involved are occupied or not in
the many-electron state being optimized. The variational process is therefore directly
influenced by our choice of model for the negative-energy states: are they filled or
not? Here, we define three possible approaches, in which the definition of the occupied
and unoccupied spinors depends on the interpretation used. In the first, which we will
call the empty Dirac approach, the negative-energy states are empty, and they are not
reinterpreted as positron states. The representation of the orbital rotation matrix κ̂ in
this approach is

κ̂ =
∑
pq

[
κp+q+ ap+†aq+ + κp+q− ap+†aq−

+ κp−q+ ap−†aq+ + κp−q− ap−†aq−
]

(8.34)

where the + and − superscripts label the positive-energy and negative-energy states,
respectively. The unoccupied spinors consist of the unoccupied electron spinors and
the negative-energy spinors. In the second approach, the filled Dirac approach, the
negative-energy states are filled, so that the occupied spinors include these states, and
the only empty spinors are the unoccupied electron spinors. The representation of κ̂ is
the same as for the empty Dirac approach. In the third approach, the negative-energy
states are reinterpreted according to the QED approach as positive-energy positrons,
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and the operators are presented in normal-ordered form,

:κ̂ : =
∑
pq

[
κpq ap

†aq + κpq̃ ap
†ãq

† + κp̃q ãp aq − κp̃q̃ ãq
†ãp

]
(8.35)

where the tildes label positrons. The unoccupied spinors consist of the unoccupied
electron spinors and the positron spinors, just as in the empty Dirac approach. Thus
the structure of κ̂ will depend on whether the negative-energy states are filled or not.

If no reinterpretation is employed, that is, if the negative-energy states are kept as
negative-energy states, the structure of κ̂ is the same as that used in the energy expan-
sion, (8.13), and the conclusions from the general considerations above are valid. The
nonredundant parameters of κ̂ are those that connect occupied and unoccupied spinors.
In the empty Dirac approach the unoccupied spinors are the empty electron spinors of
positive and negative energies. In the filled Dirac picture the only unoccupied spinors
are the empty electron spinors, and the occupied spinors consist of the occupied elec-
tron spinors plus the negative-energy spinors. For a system where we have n spinors
of both positive and negative energy and no occupied electron spinors, the parameter
space in the empty Dirac picture is of the size no(2n− no), whereas in the filled Dirac
picture it is of the size (n+ no)(n− no), which will generally be much larger.

In the QED approach : κ̂ : also contains terms of the form ap
†ãq

†, ãp aq and
ãq

†ãp, which were not covered by the discussion of the previous section. We therefore
need to investigate how these terms affect the first-order correction to the energy,

〈0 |
[
Ĥ , κ̂

]
|0 〉. However, we must apply the normal ordering after we have performed

the commutation, because the product of two normal-ordered operators is not itself a
normal-ordered operator but must be placed in normal order.

To illustrate this approach, it is again sufficient to consider the one-electron part of
the Hamiltonian, and the relevant commutator in the Dirac approach (filled or empty)
becomes

[
Ĥ , κ̂

]
=
[∑
rs

(
hr+s+ ar+

†as+ + hr+s− ar+
†as− + hr−s+ ar−

†as+ + hr−s− ar−
†as−

)
,

∑
pq

(
κp+q+ ap+†aq+ + κp+q− ap+†aq−

+ κp−q+ ap−†aq+ + κp−q− ap−†aq−
)]

(8.36)

where we have used the same indexing conventions for ĥ and κ̂ . The evaluation of the
various terms in this expression is straightforward, but somewhat lengthy. Thus, after
commutation of operators and reindexing, the first term gives

∑
rs

∑
pq

[
hr+s+ ar+

†as+, κp+q+ ap+†aq+
]

=
∑
rq

ar+
†aq+

∑
s

(
κs+q+hr+s+ − κr+s+hs+q+

)
. (8.37)
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Collecting all the terms arising from evaluation of the commutator, we get from the
Dirac approach (empty or filled)

Ĥ′ = [
Ĥ, κ̂

] =
∑
rq

(
ar+

†aq+ h′
r+q+ + ar+

†aq− h′
r+q−

+ ar−
†aq+ h′

r−q+ + ar−
†aq− h′

r−q−
)

(8.38)

where the matrix elements are defined by

h′
ab =

∑
r

har+κr+b + har−κr−b − κar+hr+b − κar−hr−b (8.39)

with a and b any index, positive or negative. The QED approach gives a normal-ordered
one-particle operator

:Ĥ′ :=:[H, κ̂]:= ∑
rq

(
ar

†aq h
′
rq + ar

†ãq
†h′

rq̃ + ãr aq h
′
r̃q − ãq

†ãr h
′
r̃ q̃

)
(8.40)

where the matrix elements are defined by

h′
ab =

∑
r

harκrb + har̃κr̃b − κarhrb − κar̃hr̃b (8.41)

with a and b any index, electron or positron. Note that this matrix is the same as in
(8.39); all that differs is the convention for labeling the indices.

If we now take the reference expectation of this operator in the QED approach,

〈0 | :Ĥ′ : |0 〉 =
∑
pq

(
〈0 |ap†aq |0 〉h′

pq + 〈0 |ap†ãq
† |0 〉h′

pq̃

+ 〈0 | ãp aq |0 〉h′
p̃q − 〈0 | ãq†ãp |0 〉h′

p̃q̃

)
, (8.42)

we find that the second and third terms vanish because the operators create and destroy
pairs and hence connect states of different particle number, and the fourth term vanishes
because there are no positrons in the reference, leaving only the first term. Taking the
expectation of the Dirac approach operator, (8.38),

〈0 |Ĥ′ |0 〉 =
∑
pq

(
〈0 |ap+†aq+ |0 〉h′

p+q+ + 〈0 |ap+†aq− |0 〉h′
p+q−

+ 〈0 |ap−†aq+ |0 〉h′
p−q+ + 〈0 |ap−†aq− |0 〉h′

p−q−
)

(8.43)

the last three terms vanish in the empty Dirac approach because there are no negative-
energy states occupied in the reference, and again only the first term survives.
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Thus we find that in both the QED approach and the empty Dirac approach all terms
except the first vanish, because the reference contains only electrons in positive-energy
states. But in the filled Dirac approach all terms in principle survive. Thus the properly
normal-ordered QED approach gives the same result for this term in the energy expan-
sion as the empty Dirac approach, and not the same as the filled Dirac approach. The
parameter space for the QED approach is therefore identical with that of the empty
Dirac approach.

This is not quite the end of the matter. What we have assumed in the QED approach
is that the reference vacuum is that of the current guess. If we were to take an absolute
reference, such as the free-particle vacuum, the normal ordering should take place with
respect to this fixed vacuum, and then the QED approach would give the same results
as the filled Dirac approach, in which rotations between the negative-energy states and
the unoccupied electron states affect the energy. By this means a vacuum polarization
term has been introduced into the procedure, but without the renormalization term2.
In atomic structure calculations in which QED effects are introduced, the many-particle
states employed are usually the Dirac–Fock states (Mittleman 1981), that is, those that
result from the “empty Dirac” picture. We will therefore take as our reference the QED
approach with the “floating vacuum”—a vacuum defined with respect to the current
set of spinors.

The conclusion of this analysis is that the normal-ordered QED approach as pre-
sented here, with a floating vacuum, is equivalent to the empty Dirac approach.
It appears that the reinterpretation of the negative-energy states as positron states has
no influence on the combination of matrix elements that results from the commutator.
Normal ordering then only affects the terms involving the positron operators, and at
least for the one-electron Hamiltonian this means that the reference energy will be
identical in both the empty Dirac and the QED approaches, since they only have occu-
pied electron states, and the terms that survive in the reference expectation value are
identical in the two approaches.

8.3 Relativistic Stationarity Conditions

Having determined which of the parameters of κ are nonredundant, we can pro-
ceed with the development of the mean-field theory using the methods presented in
section 8.1. Again it is sufficient to treat only the one-electron part of the Hamiltonian
for purposes of detailed derivation. The gradient must now be expanded to include the
negative-energy states, and it can easily be derived from equations (8.42) and (8.43).
Where both indices in the gradient refer to states with positive energies, the gradient
is the same as that derived above,

g
(1)
p+q+ =

∑
r

(
hrp+Drq+ − hq+rDp+r

)
, (8.44)

2. See Chaix and Iracene (1989) for a discussion of this kind of approach.
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and has the same properties. The new term comes from one positive-energy and one
negative-energy index,

g
(1)
p+q− =

∑
r

(
hrp+Drq− − hq−rDp+r

)
. (8.45)

The first density matrix is zero for all r , and the second reduces to a delta function in
which p must be an occupied spinor index, giving

g
(1)
p+q− = −hq−p+ . (8.46)

A similar expression arises if the first index is a negative-energy spinor index, while
the element with two negative-energy indices obviously vanishes. The gradient is then
simply related to the one-electron matrix, which on diagonalization will make the
gradient zero.

Of more interest is the Hessian, because this determines what sort of state we have.
When all four indices are electron indices, the result is the same for all approaches, and
is given by (8.22) and the following equations. The important—and interesting—case is
where two indices are negative-energy indices. As we noted at the end of the preceding
section, the empty Dirac and the QED pictures give the same result. In the empty Dirac
approach, the expression is derived quite simply by inserting the appropriate indices
in (8.22), giving

G
(1)
p+q−,r+s− = 2

(
Dq−s−hp+r+ +Dr+p+hs−q−

)
−
∑
t

[
δrp
(
Dts−htq+ +Dq−t hs−t

)+ δqs
(
Dtp+htr+ +Dr+t hp+t

)]
.

(8.47)

Of course, q− and s− are unoccupied, so that if p and r are occupied spinor indices
and h is diagonal,

G
(1)
p+q−,r+s− = δprδqs 2

(
hq−q− − hp+p+

)
(8.48)

which is the same as the general result but with negative-energy spinor indices for q.
Now, however, hq−q− < −2mc2, so that the Hessian eigenvalue is large and negative.
This means that the eigenstate we have labeled as the ground state is not in fact the
“ground state” of the Dirac one-electron Hamiltonian matrix h, but an excited state:
in fact it is the (N + 1)th excited state, where there are N negative-energy solutions.
The ground state of the Dirac matrix is the lowest of the negative-energy states, and
does indeed collapse towards minus infinity as we increase the size of the basis set.
The phenomenon of variational collapse is therefore a real one, but it is irrelevant to
the issue of bound states. Provided that we can label the eigenvalues, which we can
always do in a finite basis set, we can always identify the state that corresponds to
the “real” ground state, the one that has the minimum energy in the reinterpreted QED
approach.

An important point in this discussion, and one that appears to have been missed
all too often, is that the QED approach is always based on some set of one-particle
functions, for which there are both positive- and negative-energy states. It is only
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after the reinterpretation and the normal ordering that we have a Hamiltonian in which
the ground state is the electron state of lowest energy, and that the positron states
appear as positive-energy states of particles with a positive charge. Therefore, the
spinor optimization process will always have to contend with a set of negative-energy
states, whose existence is the mathematical embodiment in a single formalism of the
occurrence of particles and antiparticles.

The implication of the discussion above is that the mean-field theory we are looking
for is not one of minimization of the energy with respect to the rotation parameters,
but one in which we are seeking an excited state in the space of one-particle functions.
It is therefore a minimax problem (Talman 1986). As noted above, the procedures
for attacking this problem are well-established in quantum chemistry. In fact, there is
likely to be no problem with convergence to the correct solution, even in a first-order
SCF method, because the separation between the positive- and negative-energy states
is very large and the coupling between them is small. This has been found to be the
case in practice in a large number of four-component SCF calculations on atoms and
molecules.

8.4 Projection and Bounds

If we are seeking an excited state, it is worth asking whether there are any bounds to the
solution that would give us confidence (apart from experience) that our calculations will
not collapse. In nonrelativistic variational theory, the ground-state energy is bounded
from below by the exact energy, and the iterative solution of the self-consistent field
equations converges to the exact energy from above. For an excited state there is no such
variational lower bound, but we may obtain some kind of bound from a consideration
of the properties of matrices and eigenvalues.

Suppose we have a matrix h for which we wish to find the first excited state,
that is, the second-lowest eigenstate. From the discussion above, we know that it is a
minimum with respect to rotations with all the higher-lying states in the initial guess.
Therefore, if we project out the parts of the matrix involving the ground state, we
end up with a matrix in which the state of interest is now the ground state, and will
converge from above to the desired solution. The excited state is bounded from below
by the projection.

Now if we reintroduce the ground state and diagonalize the matrix, the excited
state solution must go up, provided that the projected eigenvalue is higher than the
eigenvalue of the ground state. (If it does not, the initial guess must be very poor.)
This is a consequence of theorems involving the diagonalization of a matrix and its
submatrices and the relations between the eigenvalues.

Applying this to the Dirac one-electron Hamiltonian, the lowest electron state is
the state of interest. Projecting out the negative-energy states leaves only the positive-
energy block of the matrix. The lowest electron state in the projected matrix is therefore
bounded from below, and we may minimize its energy to obtain a projected eigen-
value. Now, if we reintroduce the negative-energy states, there is a large gap between
the projected eigenvalue and the highest negative-energy eigenvalue, which will be
at about −2mc2. The projected eigenvalue must therefore go up to the eigenvalue of
the full matrix. The true eigenvalue is therefore bounded from below by the projected
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eigenvalue. Second-order perturbation theory, combined with the information that the
coupling between the positive and negative energy states is O(c−1), then shows that
the energy can go up by at most O(c−4).

What this means for mean-field theory is that the lowest electron eigenvalue of the
one-particle matrix that we are diagonalizing can never fall below the lowest eigenvalue
of the positive–positive block of the matrix in any one iteration, and therefore there is no
problem with variational collapse in a self-consistent field procedure, provided that the
set of states in which we have formed the matrix represent the solutions of some one-
particle Dirac equation. Failure to ensure a proper representation in a finite basis has
been the occasion of problems that appear to exhibit variational collapse. Further dis-
cussion of this issue will be postponed to chapter 11, which covers finite basis methods.

It has been argued that in order to prevent variational collapse, it is necessary to
introduce a projection onto some set of positive-energy states (Sucher 1980, 1984).
This, as we have just seen, is not the case. Even if it were the case, there is no
prescription for choosing the set of positive-energy states onto which a projection must
be made, and in the absence of any such prescription, one might as well choose the
self-consistent field states (Mittleman 1981).

8.5 Many-Electron Theory

In all of the preceding discussion, we have simply assumed that we have some kind of
one-particle potential V , which is used to set up the one-particle Hamiltonian matrix.
We should now consider the effect of the electron–electron interaction in the discussion.
Intuition tells us that since the solutions are mostly dominated by the nuclear Coulomb
attraction, things will not change much, if at all.

The second-quantized Hamiltonian in the general case is

Ĥ =
∑
pq

hpq ap
†aq + 1

2

∑
pqrs

(pq|rs) ap†ar
†as aq. (8.49)

Rewriting this in terms of positron and electron indices is more involved, because the
two-electron part produces 16 terms. Permutational symmetry and reindexing permits
the combining of six of these, and the result in the empty Dirac picture is

Ĥ=
∑
pq

(
hp+q+ ap+†aq+ +hp+q− ap+†aq−

+hp−q+ ap−†aq+ +hp−q− ap−†aq−
)

+ 1
2

∑
pqrs

(
(p+q+|r+s+)ap+†ar+

†as+ aq+ + 2(p+q+|r+s−)ap+†ar+
†as− aq+

+2(p+q+|r−s+)ap+†ar−
†as+ aq+ + 2(p+q+|r−s−)ap+†ar−

†as− aq+

+2(p+q−|r−s+)ap+†ar−
†as+ aq− + (p+q−|r+s−)ap+†ar+

†as− aq−

+(p−q+|r−s+)ap−†ar−
†as+ aq+ + 2(p−q−|r−s+)ap−†ar−

†as+ aq−

+2(p−q−|r+s−)ap−†ar+
†as− aq− + (p−q−|r−s−)ap−†ar−

†as− aq−
)
.

(8.50)
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Applying the reinterpretation of the negative-energy states and normal-ordering the
result, we get the QED Hamiltonian

:Ĥ:=
∑
pq

(
hpq ap

†aq +hpq̃ ap†ãq
†+hp̃q ãp aq −hp̃q̃ ãq†ãp

)
+ 1

2

∑
pqrs

(
(pq|rs) ap†ar

†as aq +2(pq|rs̃) ap†ar
†ãs

†aq +2(pq|r̃s) ap†ãr as aq

−2(pq|r̃ s̃) ap†ãs
†ãr aq +2(pq̃|r̃s) ap†ãq

†ãr as

+(pq̃|rs̃) ap†ar
†ãs

†ãq
†+(p̃q|r̃s) ãp ãr as aq −2(p̃q̃|r̃s) ãq†ãp ãr as

−2(p̃q̃|rs̃) ar†ãs†ãq†ãp +(p̃q̃|r̃ s̃) ãs†ãq†ãp ãr

)
. (8.51)

The first, fourth, fifth, and tenth of the two-electron terms all preserve the numbers of
particles, and it is these terms that will contribute to the energy. The second and third
and the eighth and ninth terms are terms that create or annihilate one pair, and the sixth
and seventh terms create and annihilate two pairs, respectively.

With all these terms, the derivation of the gradient and Hessian will be a very tedious
exercise. However, we may make use of results from the previous sections to analyze
the terms that will be required and the terms that may be ignored. First, it was noted
that the commutators in the QED and Dirac approaches gave the same matrix elements,
regardless of whether the negative-energy states were reinterpreted as the conjugates of
positron states or not. Second, the density matrices are only nonzero when all indices
are those of occupied spinors, which in the present case means that they are electron
indices. The normal ordering of the QED operators will therefore have no influence
on the density matrices. It follows that the QED and the empty Dirac approaches must
give the same results, so that it is only necessary to consider the empty Dirac approach.
Third, the contributions from the positron spinors can be derived by inserting a tilde
on the appropriate indices in the expression for the electron contributions. The only
terms that survive are those in which none of the creation operators and annihilation
operators—or alternatively none of the density matrices—have tilded indices.

With these principles, the gradients for positive–negative rotations are deter-
mined to be

gp̃q =
∑
r

(
Drqhrp̃ +

∑
st

Pstrq (st |rp̃)
)

= fqp̃,

gpq̃ = −
∑
r

(
Dprhq̃r +

∑
st

Pprst (q̃r|st)
)

= −f ∗
pq̃ . (8.52)

The Fock matrix is identical in form to the electron Fock matrix given above,
and the gradient is the same in form as the spinor gradient involving one unoccupied
electron spinor. Thus, for the purposes of self-consistent field methods, we may treat
the negative-energy spinors as simply an extension of the set of unoccupied spinors.
The Hessian may similarly be defined using the principles and formulas set out above.
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Four-Component Methodology
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9

Operators, Matrix Elements,
and Wave Functions under
Time-Reversal Symmetry

We now take on the task of developing the theory and methods for a relativistic quantum
chemistry. The aim is to arrive at a qualitative as well as a quantitative understanding of
the relativistic effects in molecules. We must be able to predict the effects of relativity
on the wave functions and electron densities of molecules, and on the molecular prop-
erties arising from these. And we must develop methods and algorithms that enable us
to calculate the properties and interactions of molecules with an accuracy comparable
to that achieved for lighter systems in a nonrelativistic framework. Parts of this devel-
opment follow fairly straightforwardly from our considerations of the atomic case in
part II, but molecular systems represent challenges of their own. This is particularly true
for the computational techniques. From the nonrelativistic experience we know that
present-day quantum chemistry owes much of its success to the enormous effort that has
gone into developing efficient methods and algorithms. This effort has yielded power-
ful tools, such as the use of basis-set expansions of wave functions, the exploitation of
molecular symmetry, the description of correlation effects by calculations beyond the
mean-field approximation, and so on. In developing a relativistic quantum chemistry,
we must be able to reformulate these techniques in the new framework, or replace them
by more suitable and efficient methods.

In nonrelativistic theory, spin symmetry provides one of the biggest reductions in
computational effort, such as in the powerful and elegant Graphical Unitary Group
Approach (GUGA) for configuration interaction (CI) calculations (Shavitt 1988). For
relativistic applications, time-reversal symmetry takes the place of spin symmetry,
and this chapter is devoted to developing a formalism for efficient incorporation of
this symmetry in our theory and methods. Time-reversal symmetry includes the spin
symmetry of nonrelativistic systems, but there are significant differences from spin
symmetry for systems with a Hamiltonian that is spin-dependent.

The development of techniques that incorporate time-reversal symmetry presented
here are primarily aimed at four-component calculations, but they are equally applicable
to two-component calculations in which the spin-dependent operators are included at
the self-consistent field (SCF) stage of a calculation.

135
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9.1 Time Reversal and Kramers-Restricted Representation
of Operators

In the previous discussion of the symmetry of the Dirac equation (chapter 6), it was
shown that the Dirac equation was symmetric under time reversal, and that the fermion
functions occur in Kramers pairs where the two members are related by time reversal.
We will have to deal with a variety of operators, and in most cases the methodologies
will be developed in the absence of an external magnetic field, or with the magnetic
field considered as a perturbation. Consequently, we can make the developments in
terms of a basis of Kramers pairs, which are the natural representation of the wave
function in a system that is symmetric under time reversal. The development here
is primarily the development of a second-quantized formalism. We will use the term
Kramers-restricted to cover techniques and methods based on spinors that in some
well-defined way appear as Kramers pairs. The analogous nonrelativistic situation is
the spin-restricted formalism, which requires that orbitals appear as pairs with the same
spatial part but with α and β spins respectively. Spin restriction thus appears as a special
case of Kramers restriction, because of the time-reversal connection between α and β
spin functions.

The first step in the implementation of time-reversal symmetry is to classify the
basic operators according to their behavior under time reversal effected by the operator
K̂ = −iΣyK̂0:

• The position operator is symmetric: K̂r = rK̂.
• The momentum operator is antisymmetric: K̂p = −pK̂.
• The Dirac velocity operator α is antisymmetric: K̂α = −αK̂.
• The Dirac kinetic energy operator cα · p is therefore symmetric, as it should be.
• The β matrix is symmetric: K̂β = βK̂.
• The scalar potential V is symmetric: K̂V = V K̂.
• For a radiation field in the Coulomb gauge, the vector potential is real and hence

symmetric under time reversal: K̂A = AK̂.
• The interaction of a current with the vector radiation field cα · A is therefore

antisymmetric.

Our basis of Kramers pairs is {ψp,ψp̄}. We adopt the convention that general
spinors are labeled p, q, r , s, occupied spinors are labeled i, j , k, l, unoccupied
spinors are labeled a, b, c, d, and active spinors (where necessary) are labeled t , u, v,w.
The time-reversed conjugate of a function or operator is denoted by a bar. We place
the bar over the index of a function rather than the function, that is, we use ψp̄ rather
than ψ̄p. However, the two are equivalent, and we place the bar over the function
when there is no index.

To develop relations under time reversal, we use the creation operator ap
†

corresponding to ψp, that is

ψp = ap
†|vac〉. (9.1)

Time-reversing this expression yields

K̂ap†|vac〉 = K̂ψp = ψp̄ = ap̄
†|vac〉, (9.2)
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while another application of K̂ provides the expected sign change

K̂ap̄†|vac〉 = K̂ψp̄ = −ψp = −ap†|vac〉. (9.3)

We therefore have the following result for time reversal of creation operators

K̂ap† = ap̄
†K̂; K̂ap̄† = −ap†K̂ (9.4)

and by conjugation we get the corresponding relations for annihilation operators,

K̂ap = ap̄ K̂; K̂ap̄ = −ap K̂. (9.5)

In this basis, the second-quantized representation of a general one-particle oper-
ator Ω̂ is

Ω̂ =
∑
pq

[
Ωpqap

†aq + Ωpq̄ap
†aq̄ + Ωp̄qap̄

†aq + Ωp̄q̄ap̄
†aq̄
]
. (9.6)

Let us for a moment consider the nonrelativistic case of the second-quantized repre-
sentation of operators. Here, time reversal flips the spin function between α and β, and
in a spin-restricted formalism the basis of Kramers pairs is {φpα, φpβ}, where φ is the
spatial part of the orbital. Normally the operators used in nonrelativistic calculations
are real and spin free, and we can then use the representation

Ω̂ =
∑
pq

[
Ωpqap

†aq + Ωp̄q̄ap̄
†aq̄
]

=
∑
pq

Ωpq

(
ap

†aq + ap̄
†aq̄
)
.

(9.7)

We see that we can define a new basis generated by the operators

Êpq = ap
†aq + ap̄

†aq̄ (9.8)

and then the operator in this basis is

Ω̂ =
∑
pq

ΩpqÊpq . (9.9)

The Êpq operators are known as the generators of the unitary group of order N , and
are extensively used in nonrelativistic theory. They are also known as one-particle
excitation operators. The interested reader can find a more extensive discussion of
these operators in the books listed in the bibliography, such as Jørgensen and Simons
(1981) and Helgaker et al. (2000). Here we will explore the possibilities of an analogous
development for the relativistic case.
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The relativistic basis is no longer the set of products of orbital functions with α

and β spin functions, but general four-component spinors grouped as Kramers pairs.
Likewise, the operators Ω̂ are no longer necessarily spin free. If we apply the time-
reversal operator to matrix elements of Ω̂ , we can derive some relations between matrix
elements

K̂Ωpq = K̂〈p|Ω̂|q〉 = 〈p̄| ˆ̄Ω|q̄〉 = 〈p|Ω̂|q〉∗ = Ω∗
pq

K̂Ωp̄q = K̂〈p̄|Ω̂|q〉 = −〈p| ˆ̄Ω|q̄〉 = 〈p̄|Ω̂|q〉∗ = Ω ∗̄
pq.

(9.10)

The last two equalities follow from the fact that matrix elements are simple numbers,
and application of the time-reversal operator generates the complex conjugate of the
number.

We should be prepared to handle operators that are antisymmetric under time rever-
sal as well as those that are symmetric. We introduce a sign factor t to keep track of
this behavior, that is

ˆ̄Ω = K̂Ω̂K̂−1 = tΩ̂; t = ±1. (9.11)

Using these relations, we can represent Ω̂ as

Ω̂ =
∑
pq

[
Ωpqap

†aq + tΩ∗
pqap̄

†aq̄ + Ωp̄qap̄
†aq − tΩ ∗̄

pqap
†aq̄

]
. (9.12)

Here, although we have not reduced the number of terms in the expression, we have
reduced the number of unique matrix elements by half.

The operators encountered within the relativistic framework can be complex as well
as spin-dependent. To recover something similar to the Ê operators above, we must
split the matrix elements of Ω̂ into real and imaginary parts:

Ω̂ =
∑
pq

[
Re(Ωpq)(ap

†aq + tap̄
†aq̄ )+ i Im(Ωpq)(ap

†aq − tap̄
†aq̄ )

+ Re(Ωp̄q)(ap̄
†aq − tap

†aq̄ )+ i Im(Ωp̄q)(ap̄
†aq + tap

†aq̄ )
]
. (9.13)

The first term contains an operator reminiscent of the nonrelativistic Êpq , and so we
are led to the relativistic analogs

Ês
pq = (ap

†aq + sap̄
†aq̄ ); Ês

p̄q = (ap̄
†aq − sap

†aq̄ ), (9.14)

where s is a sign factor that takes the values ±1. Using these operators, we can cast
Ω̂ in the form

Ω̂=
∑
pq

[
Re(Ωpq)Ê

t
pq+iIm(Ωpq)Ê

−t
pq+Re(Ωp̄q)Ê

t
p̄q+iIm(Ωp̄q)Ê

−t
p̄q

]
. (9.15)



TIME-REVERSAL SYMMETRY 139

These Ês
pq operators are the equivalent of the singlet and triplet excitation operators of

nonrelativistic theory: Ê+
pq is the singlet operator and the remaining three are the triplet

operators. The presence of triplet operators should not be surprising in a formalism
in which spin is incorporated from the start. Although we are dealing with general
operators and matrix elements, and there is no explicit mention of spin, the basis for
the matrix elements is a general, complex, mixed-spin basis, which is appropriate for
operators that incorporate spin.

Two features of this representation of Ω̂ are noteworthy. First, we still have the
same number of terms as in the original primitive representation. Second, we have a
mixture of Ê+

pq and Ê−
pq operators, and thus we have not achieved a basis set reduction,

while the nonrelativistic Êpq allowed us to formally halve the size of the basis. The
conclusion is that even if it is possible to construct operators analogous to Êpq for the
relativistic case, there is less, if anything, to be gained compared with the nonrelativistic
case because we must evaluate expressions involving both triplet and singlet operators.
This is to be expected because the operators include spin-dependent terms. These
excitation operators have their uses in correlated methods, and there are reductions
that occur due to point group symmetry, which will be considered later.

To complete the development of this operator formalism, we can define the two-
particle excitation operators,

ê
s1s2
pq,rs = Ê

s1
pqÊ

s2
rs − δrqÊ

s1s2
ps . (9.16)

The operator with s1 = s2 = 1 is identical in form to the nonrelativistic two-particle
excitation operator. To arrive at expressions for the time-reversed operators, any index
in this expression can be replaced with the barred index. The final expression for the
Dirac–Coulomb Hamiltonian is

Ĥ =
∑
pq

[
Re hpqÊ

+
pq + i Im hpqÊ

−
pq + Re hp̄qÊ

+
p̄q + i Im hp̄qÊ

−
p̄q

]

+ 1

2

∑
pqrs

[
(Repq| Re rs)ê++

pq,rs + i(Repq| Im rs)ê+−
pq,rs

+ i(Im pq| Re rs)ê−+
pq,rs − (Im pq| Im rs)ê−−

pq,rs

+ (Repq̄| Re r̄s)ê++
pq̄,r̄s + i(Repq̄| Im r̄s)ê+−

pq̄,r̄s

+ i(Im pq̄| Re r̄s)ê−+
pq̄,r̄s − (Im pq̄| Im r̄s)ê−−

pq̄,r̄s

+ (Repq| Re rs̄)ê++
pq,rs̄ + i(Repq| Im rs̄)ê+−

pq,rs̄

+ i(Im pq| Re rs̄)ê−+
pq,rs̄ − (Im pq| Im rs̄)ê−−

pq,rs̄

+ (Re p̄q| Re rs)ê++
p̄q,rs + i(Re p̄q| Im rs)ê+−

p̄q,rs

+ i(Im p̄q| Re rs)ê−+
p̄q,rs − (Im p̄q| Im rs)ê−−

p̄q,rs

]
.

(9.17)
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Here, to obtain an expression in terms of the ê operators, we had to partition each two-
electron integral into four parts, by the real and imaginary parts of each density. The
expressions in (9.10) were used to combine integrals with common density components.

In this Hamiltonian we separate the matrix elements into real and imaginary parts.
This is not always convenient, and the formalism is no more compact than the original.
There is, however, an alternative. We can invoke the properties of Ω̂ under Hermitian
conjugation,

Ω∗
pq = hΩqp; Ω ∗̄

pq = hΩqp̄; h = ±1. (9.18)

Using these expressions with some regrouping and reindexing, we can cast the
expression for Ω̂ in the form

Ω̂ =
∑
pq

[
Ωpq(ap

†aq + th aq̄
†ap̄ )+ 1

2Ωpq̄(ap
†aq̄ − th aq

†ap̄ )

+ 1
2Ωp̄q(ap̄

†aq − th aq̄
†ap)

]
. (9.19)

The quantities in parentheses suggest the introduction of a new set of operators defined
by (Aucar et al. 1995)

X̂s
pq = ap

†aq + saq̄
†ap̄

X̂s
pq̄ = ap

†aq̄ − saq
†ap̄

X̂s
p̄q = ap̄

†aq − saq̄
†ap

(9.20)

where s is a sign factor. These operators can now be used to write the one-electron
operator as

Ω̂ =
∑
pq

[
ΩpqX̂

th
pq + 1

2
Ωpq̄X̂

th
pq̄ + 1

2
Ωp̄qX̂

th
p̄q

]
. (9.21)

This expression represents a simplification of the original expansion in the primitive
Kramers pairs basis. Although there is not a reduction in the size of the one-particle
basis, we need only consider half the matrix elements, and there is therefore a 50%
reduction in the amount of work. The lack of reduction might be expected because the
matrix elements are potentially spin-dependent. The X̂±

pq operators are called Kramers
single-replacement operators, and they define what we will call a Kramers basis.

The X̂±
pq operators have the following features:

1. They give the most compact representation of an operator.
2. There is no division of matrix elements into real and imaginary parts.
3. The behavior under time reversal is

K̂X̂s
pqK̂−1 = s X̂s

qp; K̂X̂s
pq̄K̂−1 = s X̂s

p̄q (9.22)

that is, they transform into their conjugates.
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4. The symmetry under time reversal and Hermitian conjugation is transparently
displayed in the sign index of X̂±

pq .

This is in contrast to the Ê±
pq operators, which have the following properties:

1. They give a representation of an operator in terms of real matrices.
2. They are genuine excitation operators, which can be used in the same way as in

nonrelativistic theory, and must be used for coupled-cluster theory.
3. The behavior under time reversal1 is:

K̂Ês
pqK̂−1 = sÊs

pq; K̂Ês
pq̄K̂−1 = sÊs

pq̄ . (9.23)

A further difference between the X̂±
pq and Ê±

pq is in their relation to point group
symmetry, to which we will return later.

There is an even more compact way of defining the Kramers single-replacement
operators, X̂±

pq , which also has the advantage of displaying the permutational symmetry.
To do this, we introduce two auxiliary operators. One is the bar-reversal operator,
K̂p, which is the time-reversal operator for a spinor with index p. The effect of this
operator is

K̂pψp = ψp̄; K̂pψp̄ = −ψp; K̂pψq = ψq, (9.24)

where p 
= q. In terms of annihilation and creation operators, the effect of K̂p is

K̂pap = ap̄; K̂pap̄ = −ap; K̂paq = aq. (9.25)

The other auxiliary operator is the Kramers permutation operator, T̂pq , whose action
is given by

T̂pqap
†aq = aq̄

†ap̄, T̂pqap̄
†aq = −aq̄†ap (9.26)

and which may be considered as the application of the time-reversal operator followed
by Hermitian conjugation. These two operators commute because

K̂pT̂pqap
†aq = K̂paq̄

†ap̄ = −aq̄†ap

T̂pqK̂pap
†aq = T̂pqap̄

†aq = −aq̄†ap.
(9.27)

The Kramers single-replacement operators, X̂s
pq , can now be expressed in terms of

these auxiliary operators,

X̂s
pq =

(
1 + sT̂pq

)
ap

†aq, (9.28)

1. These operators can be made symmetric under time reversal by multiplying the Ê− operators by i;
however, this makes it more difficult to define the two-particle excitation operators e.
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and the operation of K̂p and K̂q on this expression defines the other members of the set:

X̂s
pq̄ = K̂qX̂

s
pq =

(
1 + sT̂pq

)
ap

†aq̄ = ap
†aq̄ − saq

†ap̄. (9.29)

The reduction of products of second-quantized operators makes use of commutators
of the replacement operators. The various commutators of Kramers single-replacement
operators are given by application of bar reversal to the basic commutator relation[

X̂
s1
pq , X̂

s2
rs

]
= (1 + s2T̂pq)(1 − s1s2T̂ps T̂rq)(δrqap

†as − δpsar
†aq). (9.30)

The Kramers permutation operator must be taken to apply to the Kronecker delta as
well as the operators. Thus, for s1 = s2 = +1 we have[

X̂+
pq , X̂

+
rs

]
= δrqX̂

−
ps − δpsX̂

−
rq . (9.31)

Using these auxiliary operators, it is easy to define Kramers double-replacement
operators in an analogous manner:

x̂
s1s2
pq,rs =

(
1 + s1T̂pq

) (
1 + s2T̂rs

)
ap

†ar
†as aq = x̂

s2s1
rs,pq, (9.32)

and the x̂ operators with bars follow from the application of the bar-reversal operators.
The double-replacement operators can be expressed in terms of the single-replacement
operators, but not in the same simple manner as in nonrelativistic theory:

x̂
s1s2
pq,rs = X̂

s1
pqX̂

s2
rs − δrqap

†as − s1δrp̄aq̄
†as − s2δs̄qap

†ar̄ − s1s2δp̄s̄aq̄
†ar̄ . (9.33)

The Kronecker delta terms with an odd number of bars have been retained both to
show the structure and to enable the expressions for the other x̂ operators to be derived
using the bar-reversal operator.

Finally, the commutator of a single- and a double-replacement operator is given by[
X̂

s1
tu x̂

s2s3
pq,rs

] = (1 + s2Tpq)(1 + s3Trs)

× [
(1 + s1s2TpuTtq)(δpuat

†ar
†as aq − δtqap

†ar
†as au )

+ (1 + s1s3TruTts)(δruat
†ap

†aq as − δtsar
†ap

†aq au )
]
. (9.34)

9.2 Matrix Elements under Time Reversal

We have already examined the matrix elements of a one-particle operator. The integrals
of the one-particle Hermitian operator f̂ have the following relations:

fp̄q̄ = thfqp = tf ∗
pq; fp̄q = −thfq̄p = −tf ∗

pq̄ . (9.35)

Thus, the application of time reversal reduces the number of unique matrix elements
by a factor of 2.
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Matrix elements of two-particle operators arise primarily either from the Coulomb
or the Breit (or Gaunt) interaction,

(pq|rs) =
∫

d3ri

∫
d3rjψp

†(i)ψr
†(j)V C(i, j)ψs(j)ψq(i) (9.36)

and

(pαq|rαs) =
∫

d3ri

∫
d3rjψp

†(i)ψr
†(j)V B(i, j)ψs(j)ψq(i), (9.37)

where V C and V B are the Coulomb and Breit interactions, respectively.
The Coulomb integral (pq|rs) is essentially a matrix element over two charge

densities. In the relativistic case the permutational symmetry of the integrals is reduced
relative to the nonrelativistic case because the functions are in general complex. Thus,
we have

(pq|rs) = (qp|sr)∗ 
= (qp|rs). (9.38)

Particle interchange symmetry is of course retained. The Kramers permutation operator
is effectively a unit operator when applied to a charge density, for

T̂pqψp
†ψq = (ψp̄

†ψq̄ )
† = ψq̄

†ψp̄

= K̂(ψp̄
†ψq̄ ) = K̂(K̂ψp

†ψq) = ψp
†ψq

(9.39)

where we have used the antiunitarity of the time-reversal operator. The charge density
is a product of two fermion functions and behaves as a boson under time reversal,

that is, K̂2 = 1. The relations between the 16 types of two-electron integrals arising
from all possible combinations of barred and unbarred spinors can then be determined
with the use of this operator and the bar-reversal operator. Thus, for the Coulomb
interaction,

(pq|rs) = T̂rs(pq|rs) = T̂pq(pq|rs) = T̂pq T̂rs(pq|rs)
= (pq|s̄ r̄) = (q̄p̄|rs) = (q̄p̄|s̄ r̄) (9.40)

giving a reduction of a factor of 4. Application of the bar-reversal operator to this
expression yields expressions for all the other integral types, and we see that time
reversal reduces the number of unique integrals by a factor of 4.

The Breit interaction involves current densities of the type ψpαψq . When applied
to a current density, the Kramers permutation operator gives

T̂pqψp
†αψq = (ψp̄

†αψq̄ )
† = ψq̄

†αψp̄

= K̂(ψp̄
†αψq̄ ) = −K̂(K̂ψp

†αψq) = −ψp
†αψq .

(9.41)
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Thus, for the Gaunt (or Breit) interaction

(pαq|rαs) = −(pαq|s̄αr̄) = −(q̄αp̄|rαs) = (q̄αp̄|s̄αr̄). (9.42)

Application of the bar-reversal operator to this expression yields expressions for all the
other integral types, and time reversal again reduces the number of unique integrals by
a factor of 4.

If the Coulomb and Gaunt interactions are combined into a single interaction, there
is of course a loss of one of these relations, and then the only relation between the
integrals involves permutation of both pair indices. However, the factor of 2 lost by
this procedure is regained by the use of a single interaction instead of two separate
interactions.

With the use of these relations, the Kramers-restricted Dirac–Coulomb–Breit
Hamiltonian may be written as

Ĥ=
∑
pq

[
hpqX̂

+
pq+ 1

2

(
hp̄qX̂

+
p̄q+hpq̄X̂+

pq̄

)]

+ 1

2

∑
pqrs

[
(pq|rs)x̂++

pq,rs−(pαq|rαs)x̂−−
pq,rs+(p̄q|rs)x̂++

p̄q,rs

−(p̄αq|rαs)x̂−−
p̄q,rs+(pq̄|rs)x̂++

pq̄,rs−(pαq̄|rαs)x̂−−
pq̄,rs

]
(9.43)

+ 1

4

∑
pqrs

[
(p̄q|rs̄)x̂++

p̄q,rs̄−(p̄αq|rαs̄)x̂−−
p̄q,rs̄

]

+ 1

8

∑
pqrs

[
(p̄q|r̄s)x̂++

p̄q,r̄s−(p̄αq|r̄αs)x̂−−
p̄q,r̄s+(pq̄|rs̄)x̂++

pq̄,rs̄−(pαq̄|rαs̄)x̂−−
pq̄,rs̄

]
.

This expression is more compact than the equivalent expression in terms of the one-
and two-particle excitation operators Ê and ê.

9.3 Many-Particle States and Time Reversal

A many-particle (Fock space) single-determinant state in Kramers-unrestricted form
can be written

|L〉 =
N∏
k

a
†
k |vac〉. (9.44)

To represent the state in Kramers-restricted form we may partition the creation operators
into “barred” and “unbarred” sets, and anticommute the barred operators to the right,
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so that, up to a sign,

|L〉 =
∏
p

a
†
p

∏
q

a
†
q̄ |vac〉. (9.45)

The two products of creation operators are in nonrelativistic theory termed α and β

strings. To avoid confusion with these operators, but also to retain the analogy between
Kramers pairs and spin–orbital pairs, we will term these A and B strings:

ÂI (NA) =
NA∏
p

a
†
p

B̂J (NB) =
NB∏
p

a
†
p̄.

(9.46)

The subscripts I and J on the strings are indices of the particular set of Kramers pairs
from which the creation operators that make up the string are taken. The spinors that
make up the Kramers pairs can, in this notation, be labeled A and B spinors. The
many-particle state can now be written

|L〉 = ÂI (NA)B̂J (NB)|vac〉. (9.47)

The behavior of these strings under time reversal is given by

K̂ÂI (NA) = B̂I (NA); K̂B̂J (NB) = (−1)NB ÂJ (NB). (9.48)

For a closed-shell system, it is often convenient to reorder the creation operators so
that the operators for each Kramers pair are together. Thus, we define a Kramers-pair
creation operator

Ôp = ap
†ap̄

† (9.49)

and a closed-shell state is then given by

|L〉 = ÂI (NA)B̂I (NA)|vac〉 = (−1)(NA−1)(NA−2)/2
NA∏
p

Ôp|vac〉. (9.50)

It is clear that Ôp is symmetric under time reversal, for

K̂ÔpK̂−1 = K̂ap†ap̄
†K̂−1 = −ap̄†ap

† = ap
†ap̄

† = Ôp. (9.51)

Thus, all closed-shell states are symmetric under time reversal.
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We now consider the effect of time reversal on a general many-particle state
(determinant), which we write in terms of A and B strings:

|I,NA; J,NB〉 = ÂI (NA)B̂J (NB)|vac〉. (9.52)

Operating with K̂ on this determinant produces the result

K̂ |I,NA; J,NB〉 = (−1)NB B̂I (NA) ÂJ (NB) |vac〉
= (−1)NB(NA+1)ÂJ (NB) B̂I (NA) |vac〉
= (−1)NB(NA+1)|J,NB; I,NA〉.

(9.53)

In this notation the first two indices in the ket are always for the A string, and the
second two are for the B string.

The sign in this expression is determined by whether N is even or odd. If N is
even, then NA = NB + 2k for integer k, and therefore NA can be replaced by NB in
the phase factor. NB(NB + 1) must be even and the phase is +1. If N is odd, then
NA = NB + 2k − 1 for integer k, and we can replace NA + 1 by NB in the phase
factor. Then we have N2

B , which is even or odd, depending on whether NB is even or
odd, and it can be replaced by NB . We can therefore write

K̂ |I,NA; J,NB〉 = |J,NB; I,NA〉, N even

= (−1)NB |J,NB; I,NA〉, N odd.
(9.54)

Operating again on the determinant with K̂ produces the result

K̂2|I,NA; J,NB〉 = K̂(−1)NB B̂I (NA)ÂJ (NB)|vac〉
= (−1)NA+NB ÂI (NA)B̂J (NB)|vac〉
= (−1)N |I,NA; J,NB〉.

(9.55)

We see that, for many-electron functions, a double time reversal produces a phase that
depends on the number of electrons. If N is odd, there is a change of phase; if N
is even, there is no change of phase. This is a manifestation of Kramers’ theorem:
a system with an odd number of fermions behaves like a fermion, but a system with
an even number of fermions behaves like a boson.

We can summarize the effect of time reversal on many-electron states as follows:

K̂|M〉 = |M̄〉
K̂|M̄〉 = (−1)N |M〉.

(9.56)
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We finally consider the effect of time reversal on matrix elements of the Hamiltonian
over many-electron states. According to what we have shown above, we must have

K̂〈L|Ĥ|M〉 = 〈L̄|Ĥ|M̄〉 = 〈L|Ĥ|M〉∗

K̂〈L|Ĥ|M̄〉 = (−1)N 〈L̄|Ĥ|M〉 = 〈L|Ĥ|M̄〉∗
(9.57)

where |L〉 and |M〉 are N -particle states. Thus the phase relations between the matrix
elements of Ĥ are also determined by the parity of N .

These relations between the Hamiltonian matrix elements reduce the number of
unique elements by a factor of 2. If the states are arranged so that the time-reversed
partner of a state is the same distance from the end of the list as the state is from the
beginning, time-reversal symmetry provides a symmetry about the diagonal running
from upper right to lower left. The Hermitian character of the Hamiltonian corresponds
to symmetry about the leading diagonal (upper left to lower right). Therefore, only a
quarter of the Hamiltonian matrix is unique.

For the case of N even, it is possible to construct a real basis, that is, one in which
the Hamiltonian matrix is real,

|Ms〉 = i(1−s)/2√
2(1 + δM,M̄)

(|M〉 + s|M̄〉) (9.58)

where the sign s can be ±1. Both of these functions, |M+ 〉 and |M− 〉, are symmetric
under time reversal, by construction. We can write these states in terms of the A and
B strings as

|Ms〉= i(1−s)/2√
2(1+δM,M̄)

(
ÂI (NA)B̂J (NB)+s(−1)NB(NA+1)ÂJ (NB)B̂I (NA)

)
. (9.59)

Transforming the Hamiltonian matrix elements into this basis and making use of the
behavior of the functions under time reversal, we have

HL+M+ = Re(HLM +HLM̄)/GLM

HL+M− = −Im(HLM −HLM̄)/GLM

HL−M+ = Im(HLM +HLM̄)/GLM

HL−M− = Re(HLM −HLM̄)/GLM

(9.60)

where GLM = [(1 + δL,L̄)(1 + δM,M̄)]1/2 is a normalization factor required when one
or both of the determinants is a closed shell. We will return to these expressions later
when we consider the effect of symmetry on the structure of the many-electron Dirac
Hamiltonian matrix.
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Matrices and Wave Functions under
Double-Group Symmetry

Symmetry is one of the most versatile theoretical tools of physics and chemistry.
It provides qualitative insight into the wave functions and properties of systems, and
it has also been used successfully to obtain great savings in computational efforts.
In the preceding chapter we examined time-reversal symmetry, and now we turn to the
more familiar point-group symmetry. We show how relativity requires special consid-
eration and extensions of the concepts developed for the nonrelativistic case, and how
time-reversal symmetry and double-group symmetry are connected.

Although the techniques that incorporate double-group symmetry presented here
are primarily aimed at four-component calculations, they are equally applicable to
two-component calculations in which the spin-dependent operators are included at the
SCF stage of a calculation.

10.1 Time-Reversal and Point-Group Symmetry

In the preceding chapter, we have shown how the use of time-reversal symmetry can
lead to considerable reduction in the number of unique matrix elements that appear in
the operator expressions. However, we are also interested in the overall structure of the
matrices of the operators. In particular, we are interested in possible block structures,
where classes of matrix elements may be set to zero a priori. If the matrices can be
cast in block diagonal form, we may save on storage as well as computational effort
in solving eigenvalue problems, for example.

Matrix blocking will already be effected by the point-group symmetry of the
molecule. We do not expect time reversal to reduce the symmetry because the time-
reversal operator K̂ commutes with all operations of the point group. If time reversal
introduces new symmetries, we will gain further blocking. We must therefore establish
the relation between time-reversal symmetry and point-group symmetry.

One possibility would be to extend the point group G = {ĝi; i = 1, h} in the same
manner as already done for the double groups in chapter 6. There we constructed a new
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set of operations Ēĝi and obtained a new group G∗ = {ĝi , Ēĝi; i = 1, h}. The same
recipe for time reversal would give us a group G∗

t = {ĝi , K̂ĝi; i = 1, h} of order 2h.
This is unfortunately only of limited use, due to the antiunitary character of K̂. Wigner
(1959) has shown that with antiunitary elements in the group it is not possible to find
a homomorphism of the group onto a set of linear transformations.

We can illustrate this problem by considering the associative conditions that the
group has to fulfil (Tinkham 1964). The action of K̂ on a product of two group elements
yields

(K̂(ĝi ĝj )) = (K̂ĝi )(K̂ĝj ). (10.1)

If the time-reversal operator is considered an element of the group, then the associative
law must hold, such that

K̂(ĝi ĝj ) = (K̂ĝi )ĝj (10.2)

which implies that (K̂ĝj ) = ĝj . If this is true, the group elements must be real, some-
thing they are not in the general case. Not only that, the time-reversal operator must
be the identity operator E, which is also not the case. We can, of course, still construct
transformation matrices corresponding to the symmetry operations of the group, using
a given basis, and these matrices may even be decomposed to irreducible members.
Wigner (1959) has introduced the term co-representation for such sets of matrices.

We must therefore go back to the Kramers pairs and see how they behave under

the symmetry operations of the group G. Consider the Kramers pair (ψγ
p,ψ

γ ′
p̄ ), trans-

forming under the irreps γ and γ ′, respectively. The function ψ
γ
p transforms under the

group operation ĝ according to

ĝψ
γ
p =

∑
q

ψ
γ
qD

γ
pq(ĝ) (10.3)

The transformation of ψ
γ ′
p̄ under the operation ĝ is

ĝψ̄
γ ′
p̄ = ĝK̂ψ

γ
p = K̂ĝψγ

p = K̂
∑
q

ψ
γ
qD

γ
qp(ĝ) =

∑
q

(K̂ψ
γ
q )D

γ
qp(ĝ)

∗

=
∑
q

ψ
γ ′
q̄ D

γ
qp(ĝ)

∗ =
∑
q

ψ
γ ′
q̄ D

γ ′
qp(ĝ) (10.4)

We have made use of the fact that K̂ commutes with all elements of the group.1 Thus,

the representation matrices of the time-reversed spinor ψ
γ ′
p̄ are the complex conjugates

of those for ψ
γ
p ,

Dγ ′
(ĝ) = Dγ (ĝ)∗. (10.5)

1. This fact may be established by using angular momentum eigenfunctions for the Kramers pair basis and
applying K̂ĝ and ĝK̂ to them using a rotation and an inversion for ĝ and using the explicit expressions for
the rotation matrices and the angular momentum functions.
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What consequences does this have for the relation of the Kramers pairs to the
representations of the (double) point group? Let us initially restrict our discussion to
groups with irreps of dimension 1 or 2, which covers all groups except the cubic and
icosahedral groups. There are three cases to consider:

1. The irrep γ is one-dimensional, and all the (1×1) representation matrices Dγ (ĝ) are

real. Then ψ
γ
p and ψ

γ ′
p̄ obviously belong to the same irrep and γ = γ ′.

2. The representation matrices Dγ (ĝ) are complex, and the operations of the point

group do not mix ψ
γ
p and ψ

γ ′
p̄ . In this case ψ

γ
p and ψ

γ ′
p̄ belong to two different

one-dimensional irreps and γ 
= γ ′.
3. The representation matrices Dγ (ĝ) are not all real, and the operations of the point

group mix ψ
γ
p and ψ

γ ′
p̄ . In this case ψ

γ
p and ψ

γ ′
p̄ are a basis for a two-dimensional

irrep and γ = γ ′.

Let us consider a few simple examples to see how this works. We only show the
half of the character tables that covers the “single group” operations. The other half
follows by symmetry.

EXAMPLE 1

C*
1 character table

Symbol E

A 1
B1/2 1

Here, the fermion irrep is B1/2, the representation matrices are all real, and we
have case 1.

EXAMPLE 2

C*
2 character table

Symbol E C2

A 1 1
B 1 −1
E1/2 1 i

E−1/2 1 −i

The fermion irreps2 are E1/2 and E−1/2, some of the representation matrices are
complex, and we have case 2. Note that although the irreps are one-dimensional
(in accordance with Lagrange’s theorem), they are labeled E in recognition of the
equivalence between them: together they form an E1/2 rep.

2. See appendix D for an explanation of the notation for the irrep labels, which differs a little from the
conventional notation.



DOUBLE-GROUP SYMMETRY 151

EXAMPLE 3

C*
2v character table

Symbol E C2 σx σy

A1 1 1 1 1
A2 1 1 −1 −1
B1 1 −1 1 −1
B2 1 −1 −1 1
E1/2 2 0 0 0

The fermion functions span the two-dimensional E1/2 irrep, and we have case 3.

EXAMPLE 4

C*
3v character table

Symbol E 2C3 3σv

A1 1 1 1
A2 1 1 −1
E 2 −1 0
E1/2 2 1 0
E3/2 1 −1 i

E−3/2 1 1 −i

The fermion functions are either in the two-dimensional E1/2 irrep, or they are in
the two one-dimensional irreps E3/2 and E−3/2. Thus we have both case 2 and
case 3 in this group.

For case 1 and case 2, time reversal introduces extra degeneracies in the group
that are not formally evident from the character table. In case 1, fermion functions
are pairwise degenerate; in case, 2 time-reversal makes two formally inequivalent one-
dimensional irreps degenerate. This phenomenon is not confined to the relativistic case.
In the group C3, for example, the boson irreps consist of an A irrep and two E irreps
that are related by complex conjugation, and are degenerate, forming an E rep. We
can regard this as the application of time reversal in a nonrelativistic system: the
time-reversal operator for scalar functions is simply the complex conjugation operator.

For the groups of higher symmetry, initially excluded from our considerations, we
encounter irreps that display higher degeneracies. These fall into two categories:

1. Genuine 2m-fold degenerate irreps, where the members of Kramers pairs can be
assigned to different rows. An example is Td , which has two real irreps of degeneracy
2 and one of degeneracy 4.

2. m-fold degenerate irreps that occur in conjugate pairs, so that the pair together forms
a 2m-fold degenerate rep. The members of a Kramers pair belong to the different
irreps. An example is T , which has 6 fermion irreps: 2 doubly degenerate irreps that
together form a rep, and 4 singly degenerate irreps that form 2 reps.
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There is a simple test, the Frobenius–Schur test, that can be applied to determine
which case we have for a given irrep γ . We calculate the quantity τ defined by

τ = 1

h

h∑
i=1

χγ (ĝ2
i ), (10.6)

where χγ (ĝ2
i ) is the character of the operation ĝi ĝi . The test gives the following results:

τ = 1 ⇒ case 1,

τ = 0 ⇒ case 2,

τ = −1 ⇒ case 3.

(10.7)

We demonstrate this test for C∗
2 , remembering that C2C2 = Ē. Then for E1/2

τ = 1

2

[
χ(E2)+ χ(C2

2)
]

= 1

2

[
χ(E)+ χ(Ē)

] = 0. (10.8)

Thus this is indeed a case 2 irrep, as already found above. We have only used the single
group operations for this test: the result would have been the same if we had included
all operations of the double group and doubled the order of the group.

In order to classify the irreps of the higher groups—and also to gain insight into the
properties of the lower groups—it is useful to make use of a group chain, as follows.

1. The higher group is decomposed into a product of two groups, one of which is of
order 2.

2. A correspondence is set up between the fermion irreps in the higher group and the
lower group.

3. This correspondence is used to define the rows of the irreps in the higher group.

It is particularly useful to make this definition so that real irreps reduce to complex
irreps, where the rows and the multiplication table are well-defined.

A simple example is the decomposition C2v = C2 ⊗ Cs . The reduction C2v →
C2 gives the correspondence A1, A2 → A, B1, B2 → B for the boson irreps, and
(E1/2, E−1/2) → (E1/2, E−1/2) for the fermion irreps. The notation used for the rows
of the E1/2 irrep make the correspondence perfectly clear. A more extensive example
is the reduction Td → T , which follows the same pattern.

10.2 Time-Reversal Symmetry and Matrix Block Structure

We now return to the question of how time-reversal symmetry relates to double-
group symmetry and the block structure of operator matrices. For case 2 above,
with the two components of the Kramers pair belonging to different irreps, there are
no matrix elements of totally symmetric operators between a fermion function and
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its time-reversed partner. For case 3, we can always carry out transformations between
the Kramers pairs such that they correspond to different rows of the irreducible matrix.
Again, the great orthogonality theorem assures us that the matrix is blocked.

It remains to discuss case 1, where both functions in a Kramers pair belong to the
same irrep. For this case, ordinary point group symmetry does not promise any a priori
blocking. We will therefore look for a unitary transformation on the Kramers pair basis
that can block-diagonalize a matrix constructed over functions belonging to a case 1
irrep. The problem can be reduced to the diagonalization of a general 2 × 2 matrix
spanned by the components of a Kramers pair. For the operator Ω̂ this is

Ω =
(
Ωpq Ωpq̄

Ωp̄q Ωp̄q̄

)
(10.9)

We have previously shown that in a Kramers basis we have the following relations:

Ωp̄q̄ = tΩ∗
pq; Ωp̄q = −tΩ∗

pq̄ . (10.10)

Using these relations, we see that the matrix takes the form

Ω =
(

a b

−tb∗ ta∗
)
. (10.11)

For simplicity we will assume that t = 1, that is, Ω̂ is symmetric under time reversal.
We will comment briefly on the antisymmetric t = −1 case later.

The general unitary 2 × 2 matrix has the form

u =
(
p cosϑ q sin ϑ

−q∗ sin ϑ p∗ cosϑ

)
(10.12)

where p and q are phase factors such that pp∗ = qq∗ = 1. Without loss of generality,
we can assume that p = 1, and that

u =
(

cosϑ q sin ϑ
−q∗ sin ϑ cosϑ

)
. (10.13)

Applying this transformation to Ω , we get

u†Ωu = Ω ′ =
(
Ω ′

11 Ω ′
12

Ω ′
21 Ω ′

22

)
. (10.14)
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By insertion we get the following expressions for the elements of Ω ′:

Ω ′
11 = a cos2 ϑ + qa∗q∗ sin2 ϑ + (qb∗ − bq∗) sin ϑ cosϑ

Ω ′
12 = b cos2 ϑ + qb∗q sin2 ϑ + (aq − qa∗) sin ϑ cosϑ

Ω ′
21 = −b∗ cos2 ϑ − q∗b∗q∗ sin2 ϑ + (q∗a − a∗q) sin ϑ cosϑ

Ω ′
22 = a∗ cos2 ϑ + q∗aq sin2 ϑ + (q∗b − b∗q) sin ϑ cosϑ.

(10.15)

For Ω ′ to be diagonal, the elements Ω ′
12 and Ω ′

21 must vanish. A sufficient condition
for this is that the terms in a and b vanish independently of each other. Thus, from
Ω ′

12 we get

aq − qa∗ = Re(a)q + iIm(a)q − qRe(a)+ qiIm(a) = 0. (10.16)

Re(a) and Im(a) are real numbers and commute with all other quantities. We cannot
expect a to be real in general, and thus we are left with the equation

iq + qi = 0, (10.17)

that is, q anticommutes with i. Let us accept this somewhat unexpected result for the
moment and see where it takes us. For the b-dependent terms to vanish, we must have

qb∗q sin2 ϑ + b cos2 ϑ = 0. (10.18)

Accepting the premise of anticommutation between q and i, this yields

q2b sin2 ϑ + b cos2 ϑ = 0. (10.19)

Our starting assumption was that the matrix Ω was not in general diagonal, and thus
b will not in general be 0. Then

q2 sin2 ϑ + cos2 ϑ = 0. (10.20)

Here sin2 ϑ and cos2 ϑ are real positive numbers, and the equation can only be satisfied
if q2 is a negative real number. As q is assumed to have unit modulus, this means that
q2 = −1. For this value of q, the equation above is satisfied if

sin ϑ = cosϑ = 1√
2
. (10.21)

The diagonal elements of Ω are now

Ω ′
11 = 1

2
(a + qa∗q∗)+ 1

2
(qb∗ − bq∗) = a + bq

Ω ′
22 = 1

2
(a∗ + q∗aq)+ 1

2
(q∗b − b∗q) = a∗ − b∗q

(10.22)
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and the Ω ′ matrix takes the form

Ω ′ =
(
a + bq 0

0 a∗ − b∗q

)
. (10.23)

The question remains, what is q? We have the following circumstantial evidence
in the case:

q∗q = 1; q2 = −1; qi = −iq. (10.24)

We see that the imaginary unit i itself satisfies the first two criteria, but obviously
not the last. The solution is that q is one of the quaternion units. Quaternions were
developed by Hamilton as a further extension of the complex numbers in a progression:

real numbers → complex numbers → quaternions.

A general quaternion number is expressed in terms of the units (1, i, j, k), where 1 and
i are the usual units for complex numbers. Thus the quaternion number Q is given as

Q = r + si + tj + uk (10.25)

with r, s, t, u real numbers. These quaternion units fulfill the relations

i2 = j2 = k2 = −1

ij = k; jk = i; ki = j

i∗ = −i; j∗ = −j ; k∗ = −k.
(10.26)

As we can see from these expressions, only two of the three units are truly independent:
the last one may be expressed in terms of the two others. Conventionally, we choose j
as the independent unit, which allows us to write Q as a combination of two complex
numbers:

Q = v + wj ; v = r + is, w = t + iu. (10.27)

Quaternions as well as complex numbers are members of a more general class of struc-
tures called Clifford algebras. The Clifford algebra C(p, q) is generated by starting
with the real numbers and then adding p quantities that squared yield −1 and q quanti-
ties that squared give 1. The complex numbers then correspond to C(1,0), quaternions
to C(2,0), and the series may be extended to octonions and so on.

An important realization of quaternions is to be found in the Pauli matrices. The set
of matrices {I2, iσz, iσy, iσx} is isomorphic to the set of quaternion units {1, i, j, k}.
This isomorphism has been exploited in computational schemes for the construction of
symmetry spinors (Saue and Jensen 1999).
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Returning to the diagonalization problem at hand, we see that the transformation
matrix u that diagonalizes the 2 × 2 matrix Ω is

u = 1√
2

(
1 j

−j∗ 1

)
= 1√

2

(
1 j

j 1

)
. (10.28)

Because we need a quaternion transformation to diagonalize a matrix over a basis that
follows case 1 above, and the resulting matrix is a quaternion matrix, the corresponding
irrep can be called a quaternion irrep. In the same vein, a case 2 irrep is called a complex
irrep, while case 3 yields a real irrep.

The case of an operator that is antisymmetric under time reversal, that is, t = −1,
may now be discussed on the basis of the equations above. All we need to do is
replace a∗ by −a∗ and b∗ by −b∗. For vanishing off-diagonal elements we then get
the condition

aq + qa∗ = 0 ⇒ 2q Re(a) = 0; (iq − qi) Im(a) = 0. (10.29)

This requires that Re(a) = 0 and that [i, q] = 0. The last condition means that q can
at most be imaginary, while the first one means that a must be pure imaginary. Further
investigation reveals a similar condition on b.

We now turn our attention to the entire space of nγ Kramers pairs that transform
under the irrep γ . We see that operators are represented as 2nγ × 2nγ matrices. By
a suitable reordering, the representation matrix for an operator symmetric under time
reversal may be brought to the form

Ω =
(

A B
−B∗ A∗

)
(10.30)

where A and B are nγ × nγ matrices. This matrix may clearly be block-diagonalized
by the matrix

U = 1√
2

(
Inγ jInγ
jInγ Inγ

)
(10.31)

giving the result

U†ΩU =
(

A + Bj 0
0 A∗ − B∗j

)
=
(

G 0
0 −kGk

)
. (10.32)

G is a quaternion Hermitian matrix, and the eigenvalues of Ω are clearly doubly
degenerate.

It may be thought that quaternions could be used in the creation and annihilation
operators to define a new basis in which all matrices were block-diagonal in the Kramers
pairs. However, because of the noncommutative algebra, the step in which the creation
operator is permuted over the matrix element to separate the two does not produce the
desired result. Therefore, quaternions are useful only at the matrix algebra stage, and
not in the formalism.
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10.3 Symmetry of Spinor Components

Up to now in this chapter we have discussed the symmetry properties of spinors as a
whole. The spinor itself is a four-component entity in which the rows correspond to
spin orientations, the first and third to α spin, and the second and fourth to β spin:

ψ =



φLα

φLβ

φSα

φSβ


. (10.33)

Partitioning the spinor into large and small components, we can write the 2-spinors in
the form

ψX = φXαα + φXββ (10.34)

where the spin functions α and β are two-component vectors. These spin functions
must transform according to the fermion irreps, and the spatial functions according to
the boson irreps. Therefore, we ought to be able to classify the real and imaginary, α
and β components of a spinor in terms of the boson irreps and determine the symmetry
relationship between the large and small components.

We consider the simplest case where we have a clear division of the spin functions,
and that is the group C2, for which the multiplication table is given, and take α in E1/2
and β in E−1/2. As A ⊗ E1/2 = E1/2 and B ⊗ E−1/2 = E1/2, a 2-spinor belonging
to E1/2 must have functions of A symmetry for α spin and B symmetry for β spin.
Similarly, as A ⊗ E−1/2 = E−1/2 and B ⊗ E1/2 = E−1/2, a 2-spinor belonging to
E−1/2 must have functions of B symmetry for α spin and A symmetry for β spin.

Multiplication table for C2

Symbol A B E1/2 E−1/2

A A B E1/2 E−1/2
B A E−1/2 E1/2
E1/2 B A

E−1/2 B

For a group such as C2v , which has a doubly degenerate fermion irrep, the group
chain to C2 gives some information, but it does not resolve the division between A1
and A2, and B1 and B2. We therefore need a more general approach.

We start by splitting each of the four spatial components of the spinor into a real
and an imaginary part:

φXτ = Re(φXτ )+ i Im(φXτ ) (10.35)

where X is L or S, and τ is α or β. Each of these parts, Re(φXτ ) and Im(φXτ ),
transforms according to a boson irrep. We wish to derive relations between the various
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symmetries of the eight such boson contributions to each 4-spinor. For this purpose
it is most convenient to look at the large and small components separately. These
components form 2-spinors of the form

ψX =
(

Re(φXα)+ iIm(φXα)

Re(φXβ)+ iIm(φXβ)

)
. (10.36)

To elucidate the symmetry properties of the various parts here, we can start from
the expressions for elimination of the small component, (4.82) and (4.83),

c2(σ · p)B−1(σ · p)ψL = (E − V )ψL

B−1(σ · p)ψL = ψS
(10.37)

with

B = 2c2 + E − V. (10.38)

In the absence of other external fields, V is totally symmetric under the operations
of the molecular symmetry group because it defines the symmetry group. 2c2 and E

are numbers, which by definition are totally symmetric. B and its inverse are therefore
totally symmetric. Moreover, the equation involving only the large component, ψL,
above tells us that the operator (σ ·p)B−1(σ ·p) must also be totally symmetric, because
after it has operated on ψL we get back something of the same symmetry. Thus we
can apply this operator to ψL and should regain a 2-spinor where the parts have the
same symmetries as ψL.

We expand (σ · p)B−1(σ · p) as

(σ · p)(2c2 + E − V )−1(σ · p) = c2

2c2 + E − V
p2 − �

2c2

(2c2 + E − V )2

× [(∇V ) · ∇ + iσ · (∇V )× ∇] . (10.39)

Since V is totally symmetric, any function of V is totally symmetric. p2 is also totally
symmetric. ∇V behaves like a position variable and therefore has the same symmetry
as r. ∇ also behaves like a position variable, so the scalar product (∇V ) ·∇ behaves as
r2, which is totally symmetric. These operators are all multiplied by the unit matrix and
so contribute to the real part of the diagonal of the operator matrix. The remaining oper-
ator is (∇V )×∇, which behaves like r ×∇. This is essentially an angular momentum
operator, and so its symmetry is the same as the vector of rotations R = (R̂x, R̂y, R̂z).

At this stage we need a notation that enables us to describe symmetry in a con-
venient and transparent manner. We therefore introduce the symbol Γ (ξ) as meaning
“something that transforms as the quantity ξ under the operations of the group.” This
may not appear to be very precise, but if handled with care it turns out to fulfil our needs.
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As an example of how this notation works, (10.37) gives rise to the relation

Γ
(
(σ · p)B−1(σ · p)

)
Γ
(
ψL
)

= Γ
(
ψL
)

Γ
(
B−1(σ · p)

)
Γ
(
ψL
)

= Γ
(
ψS
)
.

(10.40)

Γ0 will be used to denote the totally symmetric representation. Based on our discussion
above, we have for the symmetries involved

Γ ((σ · p)B−1(σ · p)) =
(

Γ0 + iΓ (R̂z) Γ (R̂y)+ iΓ (R̂x)

Γ (R̂y)+ iΓ (R̂x) Γ0 + iΓ (R̂z)

)
. (10.41)

As we are only concerned with symmetry, not sign, we will use plus signs in the
complex quantities: Γ0 + iΓ (R̂z) means “something real that transforms like the totally
symmetric irrep plus (or minus) something imaginary that transforms like a rotation
about the z axis.”

This operator can now be applied to ψL, where the symmetries of the separate
boson parts are

(
Γ (ReL,α)+ iΓ (ImL,α)

Γ (ReL,β)+ iΓ (ImL,β)

)
(10.42)

in obvious notation. From the equation for the large component we know that in terms
of symmetry we must have

Γ ((σ · p)B−1(σ · p))Γ (ψL) = Γ (ψL). (10.43)

When expressed at the level of the various parts of these quantities, the result is

(
Γ0 + iΓ (R̂z) Γ (R̂y)+ iΓ (R̂x)

Γ (R̂y)+ iΓ (R̂x) Γ0 + iΓ (R̂z)

)(
Γ (ReL,α)+ iΓ (ImL,α)

Γ (ReL,β)+ iΓ (ImL,β)

)

=
(
Γ (ReL,α)+ iΓ (ImL,α)

Γ (ReL,β)+ iΓ (ImL,β)

)
. (10.44)

To determine the symmetries of the scalar parts, it is sufficient to consider only the
first one, the real part of the alpha component on the right side of the equation, for
which we have the symmetry Γ (ReL,α). The matrix multiplication yields

Γ0Γ (ReL,α)+ Γ (R̂z)Γ (ImL,α)+ Γ (R̂y)Γ (ReL,β)+ Γ (R̂x)Γ (ImL,β) = Γ (ReL,α)
(10.45)



160 FOUR-COMPONENT METHODOLOGY

and thus

Γ (ImL,α) = Γ (R̂z)Γ (ReL,α),

Γ (ReL,β) = Γ (R̂y)Γ (ReL,α),

Γ (ImL,β) = Γ (R̂x)Γ (ReL,α).

(10.46)

The symmetry of the 2-spinor is then

Γ (ψL) =
(

Γ0 + iΓ (R̂z)

Γ (R̂y)+ iΓ (R̂x)

)
Γ (ReL,α). (10.47)

Two results follow immediately from this derivation. First, the four parts of the
ψS 2-spinor must fulfil the same relation, because we could equally well have done an
elimination of the large component, analogously to what we did for the large component
at the outset. The same argument could then have been carried through for ψS . Second,
the symmetry of the time-reversed partner of ψL follows easily because application of
the time-reversal operator just corresponds to a spin flip, effectively swapping the two
complex spatial components of the 2-spinor:

K̂
(

Γ0 + iΓ (R̂z)

Γ (R̂y)+ iΓ (R̂x)

)
=
(
Γ (R̂y)+ iΓ (R̂x)

Γ0 + iΓ (R̂z)

)
. (10.48)

Remember that we are not taking the sign into account here: we are purely concerned
with the symmetry of the real and imaginary parts of the spinor components.

It remains to determine the symmetry relation between the large and the small
component. To do this, we can use the remaining equation from the elimination of
the small component, which provides us with a connection between ψL and ψS . The
inverse operator is totally symmetric, so the relations are determined by the operator
c(σ · p), which in terms of symmetry can be represented as

Γ (σ · p) =
(

0 + iΓ (z) Γ (y)+ iΓ (x)

Γ (y)+ iΓ (x) 0 + iΓ (z)

)
, (10.49)

where we have to remember that replacing p by its quantum mechanical operator
equivalent introduces a factor i. In symmetry terms we now have

(
0 + iΓ (z) Γ (y)+ iΓ (x)

Γ (y)+ iΓ (x) 0 + iΓ (z)

)(
Γ (ReL,α)+ iΓ (ImL,α)

Γ (ReL,β)+ iΓ (ImL,β)

)

=
(
Γ (ReS,α)+ iΓ (ImS,α)

Γ (ReS,β)+ iΓ (ImS,β)

)
. (10.50)
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Again we need only consider one function, for which we may write

Γ (z)Γ (ImL,α)+ Γ (y)Γ (ReL,β)+ Γ (x)Γ (ImL,β) = Γ (ReS,α). (10.51)

Substituting for the large-component symmetries in terms of the ReL,α component,
we find

Γ (ReS,α) =
[
Γ (z)Γ (R̂z)+ Γ (y)Γ (R̂y)+ Γ (x)Γ (R̂x)

]
Γ (ReL,α)

= Γ (r · R)Γ (ReL,α). (10.52)

The same symmetry operation connects the other corresponding large- and small-
component functions. The symmetry of this operator is given for all groups in
table 10.1.

Table 10.1 Symmetry of operators connecting the large- and small-component functions

Group Γ (r) Γ (R) Γ (r · R)

C1 (A,A,A) (A,A,A) A

C2 (B, B,A) (B,B,A) A

Cn, n > 2 (E1, E1, A) (E1, E1, A) A

C2v (B1, B2, A1) (B2, B1, A2) A2
Cnv, n > 2 (E1, E1, A1) (E1, E1, A2) A2
C2h (Bu, Bu,Au) (Bg, Bg,Ag) Au
C2nh, n > 1 (E1u, E1u, Au) (E1g, E1g, Ag) Au
C1h ≡ Cs (A′, A′, A′′) (A′′, A′′, A′) A′′
C(2n+1)h, n > 0 (E′

1, E
′
1, A

′′) (E′′
1 , E

′′
1 , A

′) A′′
D2 (B3, B2, B1) (B3, B2, B1) A

Dn, n > 2 (E1, E1, A2) (E1, E1, A2) A1
D2nd (E1, E1, B2) (E2n−1, E2n−1, A2) B1
D(2n+1)d (E1u, E1u, A2u) (E1g, E1g, A2g) A1u
D2h (B3u, B2u, B1u) (B3g, B2g, B1g) Au
D2nh, n > 1 (E1u, E1u, A2u) (E1g, E1g, A2g) A1u
D(2n+1)h (E′

1, E
′
1, A

′′
2) (E′′

1 , E
′′
1 , A

′
2) A′′

1
S4n (E1, E1, B) (E1, E1, A) B

S2 ≡ Ci (Au,Au,Au) (Ag,Ag,Ag) Au
S4n+2, n > 0 (E1u, E1u, Au) (E1g, E1g, Ag) Au
T T T A

Th Tu Tg Au
Td T2 T1 A2
O T1 T1 A1
Oh T1u T1g A1u
I T1 T1 A

Ih T1u T1g Au

For groups that have only one E irrep, the subscript “1” should be dropped.
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To obtain all symmetry 2-spinors for D2h and subgroups, it is only necessary to
consider Γ0 and Γ (xyz) for Γ (ReLα). The basic spinor symmetry vectors for D2h and
subgroups are

C2v :
(
A1 + iA2

B1 + iB2

)
D2 :

(
A+ iB1
B2 + iB3

)
(10.53)

C2 :
(
A

B

)
Cs :

(
A′
A′′
)

(10.54)

C1 :
(
A

A

)
(10.55)

from which the Kramers partner symmetries can be obtained using the above expres-
sion, and the symmetries for the groups with inversion by adding g or u for the inversion
operation.

The symmetry relations between the components influence the phases of the atomic
2-spinors that we might use as a basis. For example, consider a p1/2 spinor on the axis
or the center of symmetry. The spinor can be written

χ(p1/2,1/2) = 1√
3

(
pz

px + ipy

)
. (10.56)

This spinor would have the following symmetries in C2v and D2:

C2v :
(

A1
B1 + iB2

)
D2 :

(
B1

iB2 + B3

)
. (10.57)

Thus, in D2 this spinor should be multiplied by i to form a basis function. Of course,
the phase is to some extent arbitrary, but the relative phases for each symmetry are
fixed. If we did not multiply the p1/2 spinor by i in D2, the one-particle matrices would
no longer be real but would have a mixture of real and imaginary elements. This would
be undesirable in any implementation.

Further information on double groups and basis functions for representations can
be found in appendix D .

10.4 Symmetries of Two-Particle States

For systems with more than one electron, spinors appear as part of an N -particle wave
function. It is therefore of interest to describe how the symmetries of the constituent
spinors propagate through a many-particle product. Here we will discuss the simplest
case, that of a two-particle state. This case illustrates the principles for extension to
more particles.

For two-particle states the wave function must transform according to a boson
irrep. The simplest case is that of a two-particle state made up of a spinor and its
Kramers partner. In the absence of other degeneracies this corresponds to a closed
shell, and we would expect this product to transform as the totally symmetric irrep.
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From the example of C2, we see that indeed E1/2 ⊗ E−1/2 = A, and also that
E1/2 ⊗ E1/2 = E−1/2 ⊗ E−1/2 = B. Thus, for the simple groups where the irreps
are all singly degenerate, the symmetries of the two-particle states are easily deter-
mined from the multiplication table. This is not the case for groups that have doubly
degenerate irreps.

For the general two-particle case, the wave function is found as the direct product of
the 4-spinors. As before, we concentrate on the large- and small-component 2-spinors,
and get

ψ1ψ2 =
(

ψL
1

ψS
1

)
⊗
(

ψL
2

ψS
2

)
=
(

ψL
1 ψL

2 ψL
1 ψS

2

ψS
1ψL

2 ψS
1ψS

2

)
. (10.58)

Each product of two 2-spinors consists of four components corresponding to the
primitive spin basis {αα, αβ, βα, ββ}.

Concentrating on the relative symmetries of the real and imaginary parts of these
blocks in the manner of the preceding section, we get for one such block

ψX
1 ψY

2 =
(
φXα1 φYα2 αα φXα1 φYβ2 αβ

φXβ1 φYα2 βα φXβ1 φYβ2 ββ

)
, (10.59)

where, as before, X and Y may take the values L and S. Here we have explicitly
displayed the spin labels that are normally implicit in the vector formalism as the
vector basis.3 Tracing the symmetries of the parts of this bispinor, we get

Γ (ψX
1 ψY

2 )

=Γ (ReX,1α)Γ (ReY,2α)




[
Γ0+iΓ (R̂z)

]
Γ (α)[

Γ (R̂y)+iΓ (R̂x)
]
Γ (β)


⊗




[
Γ0+iΓ (R̂z)

]
Γ (α)[

Γ (R̂y)+iΓ (R̂x)
]
Γ (β)




=Γ (ReX,1α)Γ (ReY,2α)




[
Γ0+iΓ (R̂z)

]
Γ (αα)

[
Γ (R̂y)+iΓ (R̂x)

]
Γ (αβ)[

Γ (R̂y)+iΓ (R̂x)
]
Γ (βα)

[
Γ0+iΓ (R̂z)

]
Γ (ββ)


,

(10.60)

where we have once again indicated the spin functions explicitly.

3. The notation corresponds to an outer product of the two spinors.
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One obvious problem with this bispinor form is that it does not carry time-reversal
symmetry. The product of two fermion functions should transform as a boson and
thus be symmetric with respect to time reversal. The simple products of spin func-
tions clearly do not do this: K̂(αα) = ββ, not αα. This problem can be remedied
by making linear combinations of the primitive spin functions. Thus we can change
basis to

1√
2
(αβ − βα),

i√
2
(αβ + βα),

1√
2
(αα + ββ),

i√
2
(αα − ββ),

(10.61)

which are all symmetric under time reversal. We note further that these functions
are linear combinations of primitive spin pairs that have the same symmetry for the
spatial component, that is, αα with ββ and αβ with βα. One of these spin functions is
immediately recognizable as the singlet, S = 0, spin function:

S0 = 1√
2
(αβ − βα). (10.62)

The other three are connected with the triplet, S = 1, state, but in a Cartesian
representation:

S1z = 1√
2
(αβ + βα),

S1x = 1√
2
(αα + ββ),

S1y = i√
2
(αα − ββ).

(10.63)

We can now determine the symmetry contributions from the spin functions. The
S0 function clearly transforms according to Γ0. The rotational symmetry of the triplet
spin functions follows from their properties as J = 1 angular momentum functions.
In addition we need to consider the effect of inversion. But the product of two spin
functions must always be of even, or gerade, parity.4 Thus the symmetrized spin basis

4. Actually, the spin functions themselves are of even parity—see Tinkham (1964).
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functions of the triplet state transform as the Cartesian rotations R̂x, R̂y, R̂z. The total
symmetry of the product of 2-spinors then becomes

Γ (ψX
1 ψY

2 )

= Γ (ReX,1α)Γ (ReY,2α)




[
Γ (R̂y)+ iΓ (R̂x)

]
Γ (αβ − βα)[

Γ0 + iΓ (R̂z)
]
Γ (αα + ββ)[

Γ0 + iΓ (R̂z)
]
iΓ (αα − ββ)[

Γ (R̂y)+ iΓ (R̂x)
]
iΓ (αβ + βα)




= Γ (ReX,1α)Γ (ReY,2α)




[
Γ (R̂y)+ iΓ (R̂x)

]
Γ0[

Γ0 + iΓ (R̂z)
]
Γ (R̂x)[

Γ0 + iΓ (R̂z)
]
Γ (R̂y)[

Γ (R̂y)+ iΓ (R̂x)
]
iΓ (R̂z)




= Γ (ReX,1α)Γ (ReY,2α)




Γ (R̂y)+ iΓ (R̂x)

Γ (R̂x)+ iΓ (R̂y)

Γ (R̂y)+ iΓ (R̂x)

Γ (R̂x)+ iΓ (R̂y)



.

(10.64)

The end result of this process is a function that might not have a unique boson
symmetry. If Γ (R̂x) and Γ (R̂y) belong to different irreps, then the product does not
belong to a single irrep. The linear combinations R̂x ± iR̂y belong to different rows of
degenerate irreps in many groups. The information given here does not take signs into
account, but it can be shown by explicit consideration of the signs that the four terms
do indeed belong to the same row of the same irrep, and the product may then belong
to one row of a degenerate irrep.

Otherwise, the product can span two irreps. In this case, we can take a linear
combination of the product and its time-reversed partner to obtain a function that
transforms as an irrep. For example, in C2v the functions that transform as boson
irreps are

A1 : E1/2E−1/2 − E−1/2E1/2 B1 : E1/2E1/2 − E−1/2E−1/2

A2 : E1/2E−1/2 + E−1/2E1/2 B2 : E1/2E1/2 + E−1/2E−1/2.
(10.65)
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There is a simple prescription that can be used to determine the symmetries
of product wave functions for groups other than the cubic and icosahedral groups.
The basis functions can be represented by angular momentum eigenfunctions on the
symmetry axis (or center). Due to the finite order of the principal rotation axis, the angu-
lar momentum eigenfunctions with a given value of mmod n belong to the same irrep,
where m is the azimuthal quantum number and n is the order of the axis. To determine
the symmetry of a product, simply add the m quantum numbers and perform the mod-
ulo division. The remainder shows which irrep the product belongs to. However, if the
result is zero, or half the order of the group for groups with n even, it is necessary to
take linear combinations of the product with its time-reversed partner to obtain func-
tions that transform as a single irrep. These rules and information on basis functions
are given in appendix D.

10.5 Matrix Elements and Symmetry

Having discussed the symmetry of the spinors and products of spinors, we are now
in a position to discuss the symmetries of the one- and two-electron integrals. For
computational applications, the integrals over molecular orbitals are often divided into
symmetry classes for convenient handling of symmetry. In addition, the consideration
of symmetry may produce some simplification in the expressions for the many-electron
Hamiltonian. In the relativistic case we must use both point-group and time-reversal
symmetry.

The nonrelativistic case is relatively straightforward because the integrals are real
for nondegenerate irreps, and can be made real for degenerate irreps by transformation
to a real basis. The one-electron integrals fpq must have both p and q belonging
to the same irrep because the integral itself must belong to the totally symmetric
irrep5. Denoting the symmetry species as I , J , K , L, . . . , it is clear that the two-
electron integrals fall into one of four symmetry classes: (II |II ), (II |JJ ), (IJ |J I)
and (IJ |KL). In the last class, not all combinations produce the totally symmetric irrep,
so this class is restricted to only those combinations that do. Note that the product of
boson irreps II belongs to the totally symmetric irrep, and that the product IJ must
belong to another irrep.

The Kramers-restricted relativistic case is a little more complicated. First, because
the basis is complex, we must use the conjugate representation for the bra in any
integral. In the notation used above, we can express this as

〈A〉 = 〈p|Ω̂|q〉 → Γ (A) = Γ (p†)Γ (Ω̂)Γ (q) = Γ (p̄)Γ (Ω̂)Γ (q). (10.66)

So if ψp and ψq are from the same row of the same irrep, the product ψ
†
pψq trans-

forms as Γ (p̄)Γ (q). It is this product that contains the symmetric irrep. Thus, for

5. Here we refer to the orbitals or spinors by their indices.
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the one-electron integrals over a symmetric operator, such as the Fock matrix fpq , p
and q must belong to the same row of the same irrep, just as in the nonrelativistic
case.6

The symmetry reduction for the one-electron integrals follows from the considera-
tion of time-reversal symmetry:

1. For the quaternion irreps, both fpq and fpq̄ are nonzero and complex.
2. For the complex irreps, the second of these is zero, giving a reduction of a factor of

2 in the number of nonzero integrals.
3. For the real irreps, the first matrix element is also real, giving another factor of 2 in

the number of independent quantities.
4. Further reductions may arise from the remaining symmetry operations, such as

inversion, which provide good fermion quantum numbers.

When considering symmetry reductions, it is important to take into account the number
of independent quantities, not simply the number of integrals. If we consider the groups
C1, C2, and C2v , we can transform fpq and fpq̄ into a single quaternion matrix for
C1, and thus the integral count is the same for all three groups for a given basis.
However, the number of independent quantities per integral is 4 for C1, 2 for C2, and
1 for C2v .

For the two-electron integrals, we want to divide the integrals into symmetry
classes, as for the nonrelativistic integrals. We also want to divide the integrals into
classes by time reversal symmetry, as we did for the one-electron integrals. Because of
the structure of the Kramers-restricted Hamiltonian in terms of the one- and two-particle
Kramers replacement operators, we hope to obtain a reduction in the expression for the
Hamiltonian from time-reversal symmetry. The classification by time-reversal proper-
ties is also important for the construction of the many-electron Hamiltonian matrix,
whose symmetry properties we consider in the next section.

First, we consider the classification of the integrals (pq|rs) into symmetry classes,
(II |II ), (II |JJ ), (IJ |IJ ), and (IJ |KL). For simplicity we consider only integrals
over the Coulomb interaction. To make the classification, we need to know what the
symmetry of a spinor overlap density is. We do not need to take the spin into account,
as we did for the two-particle wave functions, because the spin is integrated out. Using
the tools developed in section 10.3, and the result in (10.47), the symmetry of a charge
density can be represented as follows:

Γ (ψX
p

†ψX
q ) =

(
Γ0 + iΓ (R̂z)

Γ (R̂y)+ iΓ (R̂x)

)†

Γ (ReX,α,p)Γ (ReX,α,q)

(
Γ0 + iΓ (R̂z)

Γ (R̂y)+ iΓ (R̂x)

)

= Γ (ReX,α,p)Γ (ReX,α,q)
[
Γ0 + iΓ (R̂z)

]
. (10.67)

6. A reference to the C2 multiplication table (page 157) will establish this point.
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We note that for the electron density, we must have p = q. The total symmetry is
Γ (p)Γ (p̄) = Γ0, and so the density is totally symmetric, as it should be.

We have now shown that the symmetry of a spinor overlap density depends on
the symmetry of Γ0 and Γ (R̂z). These two symmetries are the same in the groups
Cn, Cnh, and S2n, but not in the other groups. If the product of the ket irrep and the
conjugate of the bra irrep lies in one of the degenerate boson irreps, the density could
have a well-defined symmetry. In analogy to the two-electron wave functions, we can
establish the symmetry by subtracting the mj values for the irreps and performing the
modulo division to arrive at an m� value for a boson irrep.

However, if the product spans nondegenerate boson irreps, the symmetry is not
well-defined, and it is the real and imaginary parts of the density that have a well-
defined symmetry. This is the case even for p = q and r = s, for the groups in which
Γ (R̂z) 
= Γ0. We can of course make the classification of the integrals into the four
classes regardless of whether the densities belong to a particular boson irrep, but if we
wish to exploit boson symmetry we have to address this issue.

The extension of these symmetry consideration to the Gaunt or Breit interactions
proceeds along similar lines, but is more complicated due to the appearance of the
current density and is omitted here.

The reduction of the number of integrals due to time-reversal symmetry follows a
similar pattern to that of the one-electron integrals. We consider the case of D2h and
subgroups, where all irreps belong to one of the three types: quaternion, complex, or
real. The analysis for groups that have more than one irrep type follow.

1. For groups that have only quaternion irreps, all integrals are nonzero and complex.
2. For groups that have only complex irreps, integrals with an odd number of bars

are zero. This results in a reduction of a factor of 2 in the number of nonzero
integrals.

3. For groups that have only real irreps, the matrix elements are also real, giving
another factor of 2 reduction in the number of independent quantities.

Classification by time-reversal relations overlaps the symmetry classification. For
groups without quaternion irreps, integrals in the classes (II |II ) and (II |JJ ) must
have an even number of bars for each electron: thus, only integrals of the type
(pq|rs) and those to which it is related by time reversal can belong to these
classes. Integrals of the type (pq̄|rs̄) and (pq̄|r̄s) belong to the (IJ |IJ ) or (IJ |KL)
classes.

These time-reversal reductions affect the expressions for the second-quantized
Kramers-restricted Hamiltonian. Both forms given in chapter 9 contain integrals
with an odd number of bars, and in both, these terms vanish if the group has
no quaternion irreps. If we want to use the Hamiltonian as expressed in terms
of the excitation operators Ês

pq and ê
s1s2
pq,rs , such as in a coupled-cluster calcula-

tion, the integrals are already partitioned according to the real and imaginary parts
of the densities, and these parts have a particular boson symmetry for nondegen-
erate irreps and belong to a particular row of a degenerate irrep in a real basis.
The symmetry reduction in the Hamiltonian is obvious from the structure of the
expressions, and follows directly from the time-reversal reductions: half the inte-
grals vanish if there are no quaternion irreps, and another half vanishes if there
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are no complex irreps. Thus, for the groups that contain only complex irreps,
we have

Ĥ =
∑
pq

[
Re hpqÊ

+
pq + i Im hpqÊ

−
pq

]

+ 1

2

∑
pqrs

[
(Repq| Re rs)ê++

pq,rs + i(Repq| Im rs)ê+−
pq,rs

+ i(Im pq| Re rs)ê−+
pq,rs − (Im pq| Im rs)ê−−

pq,rs

+ (Repq̄| Re r̄s)ê++
pq̄,r̄s + i(Repq̄| Im r̄s)ê+−

pq̄,r̄s

+ i(Im pq̄| Re r̄s)ê−+
pq̄,r̄s − (Im pq̄| Im r̄s)ê−−

pq̄,r̄s

]
,

(10.68)

and for the groups that contain only real irreps we have

Ĥ =
∑
pq

Re hpqÊ
+
pq

+ 1

2

∑
pqrs

[
(Repq| Re rs)ê++

pq,rs − (Im pq| Im rs)ê−−
pq,rs

+ (Repq̄| Re r̄s)ê++
pq̄,r̄s − (Im pq̄| Im r̄s)ê−−

pq̄,r̄s

]
.

(10.69)

In each case, the reduction in the types of integrals leads to a reduction in the types
of excitation operators that need to be considered. Any implementation must there-
fore take account of the fact that different numbers and kinds of excitation operators
are required for different irrep types. We see here how this symmetry reduction
appears naturally when we use the Ês

pq operators. This would not be the case with

the X̂s
pq .

10.6 Time Reversal and Symmetry in the Many-Electron
Hamiltonian

We have seen how time-reversal symmetry and double-group symmetry are intimately
connected in the matrices of one- and two-electron operators. These two symmetries
are just as intimately connected in the many-electron Hamiltonian matrix.

As for the one-electron matrices, we must choose a representation for the basis with
which the matrices are represented. We take as our N -particle basis the determinant
basis introduced in chapter 9, given in terms of A and B strings, and consider all possi-
ble determinants that may be constructed from a given set of Kramers pairs. We group
these determinants into subsets with a given value of NA and NB , characterized by a
pseudo-quantum number MK ,

MK = 1
2 (NA −NB). (10.70)
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In the nonrelativistic case, with α and β strings, MK = MS . Because the nonrelativistic
operators are spin-independent, the Hamiltonian matrix is blocked by MS . This block
diagonalization of the Hamiltonian matrix does not persist in the relativistic case, and in
the absence of any point group symmetry, the N-particle basis extends to allMK values.

After dividing the determinants into subsets defined by their MK values, we order
the subsets from highest to lowest MK value. The subsets define a partitioning of the
Hamiltonian matrix H into blocks. Determinants from sets whose MK values differ
by more than two have zero Hamiltonian matrix elements between them, because the
excitation between them is more than a two-electron excitation, and the Hamiltonian
contains at most two-electron operators. With the arrangement of the determinants in
MK blocks from highest to lowest, H is therefore block pentadiagonal. This structure
is shown in figures 10.1 and 10.2 for an even and an odd number of electrons.

Figure 10.1 Diagram of Hamiltonian
block structure for N even. The blocks

are ordered by MK

Figure 10.2 Diagram of Hamiltonian block
structure for N odd. The blocks are ordered

by MK
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We now consider the composition of the Hamiltonian matrix elementsHPQ between
determinants P and Q on each block diagonal. For convenience we will simply refer
to these as diagonals. For the main diagonal, |MK(P )−MK(Q)| = 0, and there must
be the same number of A and B spinors. The matrix elements consist of one-electron
integrals of the class htu, and two-electron integrals of the classes (tu|vw) and (tū|v̄w).
These classes include all integrals that are related by time-reversal symmetry. For the
first off-diagonal, |MK(P )−MK(Q)| = 1, and one determinant must have an A spinor
where the other has a B spinor. The matrix elements are therefore composed of integral
classes htū and (tu|vw̄). For the second off-diagonal, |MK(P )−MK(Q)| = 2, and one
determinant must have two A spinors where the other has two B spinors. The matrix
elements are therefore composed of the integral class (tū|vw̄).

The classes of two-electron integrals required for the construction of the matrix
elements are therefore different for each block diagonal, and the use of time-reversal
properties to classify the integrals provides an efficiency in the construction of the
Hamiltonian matrix.

To proceed with the analysis of the structure of H and the relation between time-
reversal and point-group symmetry, we consider the case of D2h and subgroups, the
so-called “binary” groups. There are two good reasons for this. First, these groups
are particularly convenient for computational implementations. As all the operations
are twofold, only a parity factor (or sign bit) is required to describe the effect of an
operation on a function. In addition, each group contains only one of the three types
of irreps described previously, and it is therefore customary to classify these groups
accordingly:

• The groups D2h, D2, and C2v , whose fermion irreps are all real, will be called
real groups.

• The groups C2h, C2, and Cs , whose fermion irreps are all complex, will be
called complex groups.

• The groups Ci and C1, whose fermion irreps are all quaternion, will be called
quaternion groups.

The advantage of having to deal with only one type of fermion irrep will become
apparent below.

With the restriction to binary group symmetry, we realize that the integrals on
the first off-diagonal are only nonzero for the quaternion groups. For the two other
types of binary groups, a spinor and its time-reversed partner belong either to dif-
ferent one-dimensional irreps (complex groups) or to different rows of the same
two-dimensional irrep (real groups), and therefore integrals of the types htū and (tu|vw̄)
must vanish. The elements on the first off-diagonal are represented by the grey shading
in the diagrams, and we see that when these disappear for the real and complex groups,
the diagonal and second off-diagonal blocks partition into two disjoint, interleaving
groups, represented by the striped white and grey shading. As a consequence the deter-
minants may be partitioned into two sets. The relation between these sets depends on
the number of electrons:

• For N odd, the N -electron wave function must transform under one of the
fermion irreps. In this case time reversal of one set produces the other set.
We see this from figure 10.2 by inversion through the center of the diagram.
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The two sets of determinants therefore form a basis for the doubly degenerate
Kramers pairs of the N -electron states. For the fermion irreps of the binary
groups, the only other element of symmetry that can be exploited is inversion,
which may be handled in the same way as in nonrelativistic CI theory.

• For N even, the overall symmetry of the wave function must be that of a boson
irrep. The application of time reversal maps each set of determinants onto itself.
The two sets form bases for states of different boson symmetry, and the set with
MK even contains the basis for the totally symmetric irrep. For the complex
binary groups C2 and Cs there are only two boson irreps, and so the Hamiltonian
matrix is fully blocked by the use of Kramers pairs. Thus selection of the parity
of MK determines the state symmetry. The last of the complex groups, C2h, has
inversion symmetry, which gives rise to two more boson irreps, but again
inversion may be treated by nonrelativistic methods.

Thus, apart from inversion, time-reversal symmetry provides for full symmetry block-
ing of the Hamiltonian matrix for an odd number of electrons in complex or real groups
and for an even number of electrons in complex groups.

For an even number of electrons in real groups, the remaining element of symmetry
is introduced by forming a real basis in the manner described in (9.58). From the
consideration of the Hamiltonian matrix in this real basis in (9.60), it may be seen that
the elements of H in the real basis that connect the positive and negative combinations
come from the imaginary part of the elements in the determinant basis. However, for
the real groups, the Hamiltonian must be real because all the integrals from which it
is constructed are real. Therefore, these blocks must be zero, and the Hamiltonian is
partitioned into four blocks, defined by the parity ofMK and the sign of the combination
of determinants in the real basis. The symmetry of each set of such configuration state
functions (CSFs) may be deduced from the discussion of the symmetry of two-particle
states above.

The matrix elements between the CSFs in the real basis involve two Hamiltonian
matrix elements between determinants, HPQ and HPQ̄. However, HPQ̄ is only nonzero

for |MK(P )−MK(Q̄)| ≤ 2, because otherwise the excitation between P and Q̄ is more
than a two-particle excitation. Thus it is only in the center blocks of the Hamiltonian
that the linear combination of matrix elements needs to be taken.

The only remaining case to consider is that of the quaternion groups withN odd. The
Hamiltonian matrix may be blocked by the quaternion transformation given previously,

(
Φ

′

Φ
′′

)
= 1√

2

(
1 j

j 1

)(
Φ

Φ̄

)
, (10.71)

producing two quaternion matrices of half the rank, with matrix elements

H
P

′
Q

′ = HPQ −HPQ̄j

H
P

′′
Q

′′ = HP̄Q̄ −HP̄Qj

H
P

′
Q

′′ = H
P

′′
Q

′ = 0.

(10.72)
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As for the real groups for N even, the blocks for which both HPQ and HPQ̄ are

nonzero occur only for |MK(P )−MK(Q̄)| ≤ 2. Although the amount of work forming
the Hamiltonian or forming its product with a vector would be the same without the
transformation, the indexing work is halved, and therefore it may be useful to perform
the transformation.
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Basis-Set Expansions of Relativistic
Electronic Wave Functions

There have been several successful applications of the Dirac–Hartree–Fock (DHF)
equations to the calculation of numerical electronic wave functions for diatomic
molecules (Laaksonen and Grant 1984a, 1984b, Sundholm 1988, 1994, Kullie et al.
1999). However, the use of numerical techniques in relativistic molecular calculations
encounters the same difficulties as in the nonrelativistic case, and to proceed to general
applications beyond simple diatomic and linear molecules it is necessary to resort to
an analytic approximation using a basis set expansion of the wave function. The tech-
niques for such calculations may to a large extent be based on the methods developed
for nonrelativistic calculations, but it turns out that the transfer of these methods to the
relativistic case requires special considerations. These considerations, as well as the
development of the finite basis versions of both the Dirac and DHF equations, form
the subject of the present chapter.

In particular, in the early days of relativistic quantum chemistry, attempts to solve
the DHF equations in a basis set expansion sometimes led to unexpected results. One
of the problems was that some calculations did not tend to the correct nonrelativistic
limit. Subsequent investigations revealed that this was caused by inconsistencies in the
choice of basis set for the small-component space, and some basic principles of basis-
set selection for relativistic calculations were established. The variational stability of
the DHF equations in a finite basis has also been a subject of debate. As we show in
this chapter, it is possible to establish lower variational bounds, thus ensuring that the
iterative solution of the DHF equations does not collapse.

There are two basically different strategies that may be followed when developing
a finite basis formulation for relativistic molecular calculations. One possibility is to
expand the large and small components of the 4-spinor in a basis of 2-spinors. The
alternative is to expand each of the scalar components of the 4-spinor in a scalar basis.
Both approaches have their advantages and disadvantages, though the latter approach is
obviously the easier one for adapting nonrelativistic methods, which work in real scalar
arithmetic. The two approaches differ in the actual implementation and are therefore
to some extent mutually exclusive, though there are ways of combining the benefits of

174
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both approaches. For purposes of analysis the 2-spinor formulation is more transparent
and powerful, and we therefore start with this approach as a basis for discussing the
problems mentioned above.

11.1 The Dirac Equation in 2-Spinor Form

In order to analyze the consequences of basis set expansion of the relativistic wave
equation for electrons, it is sufficient to consider the one-electron Dirac equation. The
only other fundamental complication we foresee when going to a many-electron model
is continuum dissolution (Brown–Ravenhall disease), which we have already dealt with
in chapter 5 and so need not consider in this context.

We start by writing the 4-spinor ψ in the 2-spinor decomposition

ψ =
(

ψL

ψS

)
. (11.1)

A natural choice for the expansion of the wave function would be the atomic 2-spinors
of the form

ψX(r) = φX(r)ξκ,m(ϑ, ϕ) = φX(r)
1√

2�+ 1



a

√
�+ 1

2 + am Y
m−1/2
�

√
�+ 1

2 − am Y
m+1/2
�


, (11.2)

but the discussion below is not restricted to this type of basis function, and would in
principle apply to any suitable form of 2-spinor basis.

We expand the large and small components in a basis of 2-spinors, {χLµ,χSµ}

ψL =
NL∑
µ=1

aLµ χLµ, ψS =
NS∑
µ=1

aSµ χSµ, (11.3)

where we note that NL and NS need not be equal. Inserting these expansions in the
time-independent Dirac equation, (4.81), we get

(V − E)

NL∑
µ=1

aLµ χLµ + c(σ · p)
NS∑
µ=1

aSµ χSµ = 0

c(σ · p)
NL∑
µ=1

aLµ χLµ + (V − E − 2mc2)

NS∑
µ=1

aSµ χSµ = 0.

(11.4)
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This we can turn into a matrix equation in the expansion coefficients a, and we get the
one-electron Dirac equation in a basis expansion as


VLL − E SLL cΠLS

cΠSL VSS − (2mc2 + E) SSS




aL

aS


 = 0. (11.5)

The matrices appearing here are defined by

V LL
µν = 〈χLµ|V |χLν 〉; V SS

µν = 〈χSµ|V |χSν 〉 (11.6)

SLLµν = 〈χLµ|χLν 〉; SSSµν = 〈χSµ|χSν 〉 (11.7)

ΠLS
µν = 〈χLµ| − i�σ · ∇|χSν 〉; ΠSL

µν = 〈χSµ| − i�σ · ∇|χLν 〉. (11.8)

These are the representations of the overlap, the potential energy, and the kinetic energy
operators in the expansion basis. Note that ΠSL

µν = (ΠLS
νµ )

†, so that

Π =
(

0 ΠLS

ΠSL 0

)
(11.9)

is Hermitian.

11.2 Kinetic Balance

Elimination (or isolation) of the small component provides a useful basis for discussion
of the properties of the Dirac equation. In particular, in this section we want to develop
the relationship between the large- and small-component basis sets. We write the matrix
2-spinor Dirac equation in the form of two coupled matrix equations,

[
VLL − ESLL

]
aL + c ΠLS aS = 0

c ΠSLaL +
[
VSS − (2mc2 + E)SSS

]
aS = 0.

(11.10)

VSS is negative definite for most atomic and molecular potentials. Assuming that we
are looking for solutions above the negative-energy continuum, where E > −2mc2, it
is permissible to invert the term in brackets in the second of these equations to get

aS =
[
(2mc2 + E)SSS − VSS

]−1
cΠSLaL. (11.11)
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We now eliminate the small-component expansion coefficients, aS , from the first
equation to obtain

[
VLL − ESLL

]
aL + cΠLS

[
(2mc2 + E)SSS − VSS

]−1
cΠSLaL = 0. (11.12)

This is an equation for the expansion coefficients of the large component only, and
corresponds to solving the equations by standard matrix partitioning techniques. For
actual calculations we would gain nothing, because we also have to find the expansion
coefficients for the small component, but for purposes of analysis this form turns out
to be convenient. In order to display the dependence on c more clearly, we can expand
the inverse operator in the equation above by using the matrix relation

(A − B)−1 = A−1 + A−1B(A − B)−1. (11.13)

Setting 2mc2SSS = A and VSS − ESSS = B, we get

[
VLL − ESLL + 1

2m
ΠLS

[
SSS

]−1
ΠSL

]
aL

= 1

2m
ΠLS

[
SSS

]−1[VSS − ESSS
][

VSS − (2mc2 + E)SSS
]−1

ΠSLaL. (11.14)

Here we have collected terms of order c0 on the left-hand side of the equation, and
terms of order c−2 and smaller on the right.

We are now in a position to discuss the first problem mentioned at the beginning of
this chapter, which concerns the transition to the nonrelativistic limit. This limit should
be approached if we increase c in our equations. Thus, if we let c → ∞ in (11.14), the
right-hand side vanishes, and we are left with

[
VLL − ESLL + 1

2m
ΠLS

[
SSS

]−1
ΠSL

]
aL = 0. (11.15)

By analogy with the nonrelativistic equations, we conclude that the kinetic energy is
represented by the matrix product,

TLL = 1

2m
ΠLS

[
SSS

]−1
ΠSL. (11.16)

If we insert the explicit expressions for the matrix elements, we get

T LLµν = − �
2

2m

∑
κλ

〈χLµ|σ .∇|χSκ 〉 [SSS]−1
κλ 〈χSλ |σ .∇|χLν 〉. (11.17)

The part of this expression that we have underlined constitutes an inner projection
onto the small-component basis space. Now, (σ · ∇)(σ · ∇) = ∇2 according to vector
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relations we have used previously, and the nonrelativistic version of (11.17) is

Tµν = − �
2

2m
〈χLµ|∇2|χLν 〉 = − �

2

2m
〈χLµ|(σ · ∇)(σ · ∇)|χLν 〉. (11.18)

However, the matrix equivalent of this relation as it appears in (11.17) does not hold
unless the small-component basis spans the space {σ · ∇χL

µ} (Dyall et al. 1984).
In particular, if we choose

χSµ = −i�(σ · ∇)χLµ = (σ · p)χLµ (11.19)

then ΠSL = SSS and thus ΠLS = 2mTLL = 2mT.
This condition, which ensures that the kinetic energy is properly represented in the

nonrelativistic limit, is known as kinetic balance (Stanton and Havriliak 1984). It is
an important condition on the basis sets because it defines a relationship between the
large- and small-component basis functions that must be satisfied in the nonrelativistic
limit.1

The consequence of not satisfying this condition was observed in early basis set
calculations (Rosicky and Mark 1979, Mark and Rosicky 1980, Mark et al. 1980).
It can be shown (Dyall et al. 1984) that the kinetic energy is a maximum when the
kinetic balance relation is satisfied, and therefore any approximation that does not
fully span the space defined by (11.19) must lower the energy. This is indeed what was
observed.

11.3 Variational Bounds

We now have a matrix form of the Dirac equation which tends to the right nonrelativistic
limits, but we have no guarantee that the solutions of these equations are well-behaved.
In particular, we need to ensure that the finite basis expansion does not produce solutions
corresponding to energies below the “positive energy” electronic space, despite all our
efforts to cast the equations in a form that should prevent this from occurring (chapter 5
and chapter 8).

The tool we use to analyze this problem is the Rayleigh quotient corresponding
to (11.12),

R(E) = aL†
[
VLL + cΠLS

[
(2mc2 + E)SSS − VSS

]−1
cΠSL

]
aL/aL†SLLaL.

(11.20)

To simplify the notation, we normalize the coefficients,

a = aL/[aL†SLLaL]1/2, (11.21)

1. This condition was first formulated by Lee and McLean (1982a, 1982b) and Grant (1982).
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so that we can write the Rayleigh quotient as

R(E) = a†VLLa + a†
[
cΠLS

[
(2mc2 + E)SSS − VSS

]−1
cΠSL

]
a. (11.22)

We want to know if this quotient is bounded from below for what we expect to be
bound-state energies, 0 > E > −2mc2. Obviously we are looking for a bound that is
greater than −2mc2; if we do not find one it is likely that there is no bound.

The Rayleigh quotient is a function of E because of the elimination of the small
component. In order to find a lower bound, we need to remove E and identify a positive
term in the quotient, so that we can create an inequality.

First, since VSS is negative definite, SSS is positive definite, and 2mc2 + E > 0,
the inverse in (11.22) is positive definite. Defining a vector b by

b = ΠSLa (11.23)

we can write the second term of the Rayleigh quotient as

R2 = c2 a†ΠLS
[
(2mc2 + E)SSS − VSS

]−1
ΠSLa

= c2b†
[
(2mc2 + E)SSS − VSS

]−1
b. (11.24)

This term is the expectation of a positive definite matrix—the inverse—and is therefore
positive. We can conclude that

R(E) > a†VLLa, (11.25)

that is, the energy is bounded from below by the expectation of the potential. This is
not a very useful bound, and it might be possible that it is lower than −2mc2.

The term that was neglected to obtain the inequality is large: it contains the entire
kinetic energy. We can partition it into two positive terms, one large and one small,
using (11.13) with A = 2mc2SSS − VSS and B = −ESSS :

R2 = c2 b†
[
2mc2SSS − VSS

]−1
b

− c2E b†
[
2mc2SSS − VSS

]−1
SSS

[
(2mc2 + E)SSS − VSS

]−1
b. (11.26)

The first term is positive because the matrices in the inverse are both positive definite.
The second term is positive because each matrix in the product is positive definite,
and −c2E is also positive because E is negative. Now, E is formally O(c0), so the
second term is formally O(c−2). The first term is formally O(c0), so the first term can
be considered “large” and the second term “small.”
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If we neglect the second term, we arrive at the inequality for the Rayleigh quotient:

R(E) > a†
[
VLL + c2ΠLS

(
2mc2SSS − VSS

)−1
ΠSL

]
a. (11.27)

The expression on the right is the expectation of the matrix form of the ZORA
Hamiltonian, which we will explore in depth in chapter 18. The ZORA Hamiltonian is
a variational Hamiltonian and therefore does not suffer from variational collapse.

We can also derive a bound that is related to the expectation of the nonrela-
tivistic Hamiltonian with a relativistic correction. To proceed, we use the matrix
relation (11.13) twice to partition the second term of the Rayleigh quotient, R2, with
A = 2mc2SSS and B = VSS − ESSS . The first application yields

R2 = 1

2m

[
b†(SSS)−1b + b†(SSS)−1(VSS−ESSS

)[(
2mc2+E)SSS−VSS

]−1
b
]
.

(11.28)

In this expression the first term is again positive, and it is O(c0). We retain it so that
we may find a better lower bound. Partitioning the inverse again, we get

R2 = 1

2m
b†(SSS)−1b

+ 1

4m2c2
b†(SSS)−1(VSS−ESSS

)(
SSS

)−1b

+ 1

4m2c2
b†
[(

SSS
)−1(VSS−ESSS

)]2 [(
2mc2+E)SSS−VSS

]−1
b. (11.29)

The last term is clearly positive, because the inverse matrix is positive definite and the
other term is the square of a matrix. Substituting for b, and neglecting the last term,
we get the following inequality for the Rayleigh quotient:

R(E) >a†
[

VLL + 1

2m
ΠLS

(
SSS

)−1
ΠSL

]
a

+ 1

4m2c2
a†ΠLS

(
SSS

)−1[VSS − ESSS
](

SSS
)−1

ΠSLa. (11.30)

If we choose a kinetically balanced basis set according to (11.19), this expression
simplifies considerably, to

R(E) > a†[VLL + T
]
a + 1

4m2c2
a†[VSS − ESSS

]
a. (11.31)

The energy is therefore bounded from below by the sum of the expectation of the
nonrelativistic Hamiltonian and a term which is O(c−2). Using (11.19) again, we can
rewrite the matrix elements in the last term as

V SS
pq − ESSSpq = 〈χLp |(σ · p)(V − E)(σ · p) |χLq 〉. (11.32)



BASIS-SET EXPANSIONS 181

We will meet an expression similar to this in chapter 17, as the first-order relativistic
perturbation correction to the nonrelativistic energy. We can derive an inequality for
these matrix elements by noting that ENR > E, and therefore the expectation value of
−ESSS is greater than the expectation value of −ENRSSS . Thus,

R(E) > a†[VLL + T
]
a + 1

4m2c2
a†[VSS − ENRSSS

]
a. (11.33)

The Dirac eigenvalue is therefore bounded below by an expression that is the expec-
tation of the nonrelativistic Hamiltonian plus the first-order relativistic perturbation
correction to the energy evaluated with the large-component wave function.

The developments of this section show that for energy solutions in the domain of
interest to us, the Rayleigh quotient is bounded below, and there is therefore no danger
of variational collapse when solving the Dirac equation in a kinetically balanced finite
basis. For the Dirac–Hartree–Fock equations, the only addition is the electron–electron
interaction, which is positive and therefore will not contribute to a variational collapse.

The role of kinetic balance in these bounds is also critical. If the small-component
basis set is not related to the large-component basis set by kinetic balance, the large
positive term that involves Π is reduced toward zero, and the eigenvalues can approach
those of the large-component potential as expressed in (11.25).

11.4 Matrix Dirac–Hartree–Fock Equations in a 2-Spinor Basis

The Dirac–Hartree–Fock operator for a single-determinant wave function in terms of
atomic spinors has been derived previously (section 8.1), and appears as

fpq = hpq +
N∑
i

[(pq|ii)− (pi|iq)] . (11.34)

While the expansion of hpq follows readily from the development for the Dirac oper-
ator above, the electron–electron interaction integrals must be considered separately.
We also want to develop a Kramers-restricted Dirac–Hartree–Fock (KR-DHF) theory,
but first we develop expressions for the general, Kramers-unrestricted case. In the
developments below we follow the practice of giving only the basis function index in
the integrals.

For the Coulomb contribution to the Fock operator we have to consider the interac-
tion between charge distributions involving two 4-spinors, for example, ψp

†ψq . If this
distribution is decomposed into 2-spinor form, we get

ψ
†
pψq = (

ψ
L†
p ψ

S†
p

)(ψL
q

ψS
q

)
= ψ

L†
p ψL

q + ψ
S†
p ψS

q . (11.35)

On substituting this expression into the two-electron Coulomb integral, we get

(
pq|rs) = (

pLqL|rLsL)+ (
pLqL|rSsS)+ (

pSqS |rLsL)+ (
pSqS |rSsS) (11.36)



182 FOUR-COMPONENT METHODOLOGY

To go beyond the Coulomb approximation, we must include the Breit interac-
tion (5.49), given by the operator

V C(0, rij ) = 1

rij
− αi · αj

rij
+ (αi × rij ) · (αj × rij )

r3
ij

. (11.37)

The integrals over this operator depend on densities over α or α×r. The integrals over
the first (Gaunt) term are the same as the regular Coulombic electron repulsion integrals,
while the second term requires calculation of integrals that are not encountered in
nonrelativistic calculations. If we restrict our discussion to contributions from the Gaunt
operator, we get densities of the form

ψ
†
pαψq = (

ψ
L†
p ,ψ

S†
p

)(02 σ

σ 02

)(
ψL
q

ψS
q

)
= ψ

S†
p σψL

q + ψ
L†
p σψS

q . (11.38)

Inserted into the integral, these give

(
pαq|rαs) = (

pSσqL|rLσ sS
)+ (

pLσqS |rSσ sL)+ (
pSσqL|rSσ sL)

+ (
pLσqS |rLσ sS

)
. (11.39)

We can now introduce the basis set expansion from (11.3). For
(
pLqL|rLsL) this

yields

(
pLqL|rLsL) =

∑
µνκλ

aL∗
µpaLνqaL∗

κr aLλs
(
µLνL|κLλL). (11.40)

Similar expressions follow for the other combinations of components, and for the Gaunt
integrals. To arrive at a compact expression for the Fock matrix elements, we define
the 2-spinor density matrices by

DLL
µν =

N∑
i=1

aL†
µi aLνi DLS

µν =
N∑
i=1

aL†
µi aSνi

DSL
µν =

N∑
i=1

aS†
µi a

L
νi DSS

µν =
N∑
i=1

aS†
µi a

S
νi . (11.41)

Note that DLS
µν = D

SL†
νµ , so that

D =
(

DLL DLS

DSL DSS

)
(11.42)

is Hermitian.
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The DHF matrix can be written in terms of blocks between the components as

f =
(

fLL fLS

fSL fSS

)
(11.43)

with the blocks defined by

f LLµν = V LL
µν +

∑
κλ

DLL
κλ

{ (
µLνL | κLλL )− (

µLλL | κLνL )}

+
∑
κλ

DSS
κλ

{ (
µLνL | κSλS )− (

µLσλS | κSσνL )}, (11.44)

f LSµν = cΠLS
µν +

∑
κλ

DLS
κλ

{(
µLσνS | κLσλS

)− (
µLσλS | κLσνS

)}

+
∑
κλ

DSL
κλ

{(
µLσνS | κSσλL )− (

µLλL | κSνS )}, (11.45)

f SSµν = V SS
µν − 2c2SSSµν +

∑
κλ

DLL
κλ

{ (
µSνS | κLλL )− (

µSσλL | κLσνS
)}

+
∑
κλ

DSS
κλ

{ (
µSνS | κSλS )− (

µSλS | κSνS )}. (11.46)

We can collect the terms into direct and exchange contributions. Here we use the
term “direct” rather than the traditional “Coulomb” because we must distinguish the
Coulomb interaction, which gives rise to direct and exchange terms, from other inter-
actions, such as the Gaunt interaction, which also give rise to direct and exchange
terms. The direct contribution for the Coulomb interaction is in the diagonal blocks,

JXXµν =
∑
κλ

[
DLL
κλ

(
µXνX | κLλL )+DSS

κλ

(
µXνX | κSλS )]

=
∑
i

(
µXνX | ii ) = 〈µX |V elec |νX 〉

(11.47)

where the index i runs over occupied molecular spinors. This is the matrix element of
the electrostatic Coulomb potential of the electrons. The corresponding direct part of
the Gaunt interaction is in the off-diagonal blocks. The sum over these terms is the
interaction with the current density,

JXYµν =
∑
κλ

[
DXY
κλ

(
µXσνY | κXσλY

)+DYX
κλ

(
µXσνY | κYσλX

)]

=
∑
i

(
µXσνY | i α i ) = 〈µX |σ · Vcurrent |νY 〉.

(11.48)
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Here we must have X 
= Y : if X = L we must have Y = S and vice versa. By contrast
to the direct contributions, the exchange contributions from both the Coulomb operator
and the Gaunt operator are distributed over all four blocks:

KXX
µν =

∑
κλ

[
DXX
κλ

(
µXλX | κXνX )+DYY

κλ

(
µXσλY | κYσνX

)]
, (11.49)

KXY
µν =

∑
κλ

[
DYX
κλ

(
µXλX | κY νY )+DXY

κλ

(
µXσλY | κXσνY

)]
. (11.50)

11.5 Kramers-Restricted 2-Spinor Matrix Dirac–Hartree–Fock
Equations

So far we have not taken time-reversal symmetry into account. From the preceding
chapters, we expect that incorporating time-reversal symmetry in a Kramers-restricted
Dirac–Hartree–Fock theory will result in a reduction of the work, and possibly also
a reduction in the rank of the Fock matrix. The basis set we will use is a basis set
of Kramers pairs. We develop the theory for a closed-shell reference, for which all
Kramers pairs are doubly occupied.2

We partition both the molecular spinors and the basis set into Kramers pairs. This
partitioning reduces to a partitioning of the large and small components into Kramers
pairs,

(
ψX
i ,ψ

X
ı̄

)
for the molecular spinors and

(
χXµ,χ

X
µ̄

)
for the basis functions, where

X is L or S. We cannot assume a priori that the molecular spinors for one of the
Kramers partners can be expanded solely in the corresponding basis spinors, and we
must therefore retain the full expansion until we have deduced the proper restrictions:

ψL
i =

nL∑
µ=1

(
aLµi χLµ + aLµ̄i χLµ̄

)
, ψS

i =
nS∑
µ=1

(
aSµi χSµ + aSµ̄i χSµ̄

)
,

ψL
ı̄ =

nL∑
µ=1

(
aLµı̄ χLµ + aLµ̄ı̄ χLµ̄

)
, ψS

ı̄ =
nS∑
µ=1

(
aSµı̄ χSµ + aSµ̄ı̄ χSµ̄

)
.

(11.51)

From time-reversal symmetry, K̂ψX
i = ψX

ı̄ and K̂ψX
ı̄ = −ψX

i , and from these
relations we derive expressions for the coefficients

aX∗
µi = aXµ̄ı̄ , aX∗

µ̄i = −aXµı̄ . (11.52)

With the partitioning of the basis set, we can partition each block of each matrix—
density, one-electron, and Fock—into four blocks. For the density matrix elements

2. Pioneering work for closed-shell DHF theory was done by Malli and Oreg (1975) and by Hafner (1980).
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defined in (11.41),

DXY
µν =

n∑
i=1

aX∗
µi aYνi + aX∗

µı̄ aYνı̄ DXY
µν̄ =

n∑
i=1

aX∗
µi aYν̄i + aX∗

µı̄ aYν̄ı̄

DXY
µ̄ν̄ =

n∑
i=1

aX∗
µ̄i aYν̄i + aX∗

µ̄ı̄ aYν̄ı̄ DXY
µ̄ν =

n∑
i=1

aX∗
µ̄i aYνi + aX∗

µ̄ı̄ aYνı̄

(11.53)

where n = N/2 is the number of occupied Kramers pairs. Using the expressions in
(11.52), we can relate these matrix elements, DXY

µ̄ν̄ = DXY∗
µν and DXY

µ̄ν = −DXY∗
µν̄ .

These are precisely the relations that we would obtain from the application of (9.10).
These relations represent a reduction in the work of a factor of 2, since we only need to
construct two of the four possible blocks and can obtain the others from time reversal.

Now that we have expressions for the density matrix elements, we can consider the
two-electron terms of the Fock matrix. Because the forms of the contributions to the
diagonal and off-diagonal blocks of the Fock matrix for the large and small components
are different, we must consider them separately. First, we consider the direct term of
the Coulomb interaction,

JXXµν =
n∑

Y,κλ

[
DYY
κλ

(
µXνX | κY λY )+DYY

κλ̄

(
µXνX | κY λ̄Y )

+DYY
λ̄κ

(
µXνX | λ̄Y κY )+DYY

λ̄κ̄

(
µXνX | λ̄Y κ̄Y )], (11.54)

where we have swapped the indices κ and λ in the last two terms for the purposes
of analysis (which we are free to do since they are summation indices). We can use
the time-reversal relations for the integrals and the density matrices to reduce this
expression. Since DYY

λ̄κ̄
= DYY∗

λκ = DYY
κλ and

(
µXνX | λ̄Y κ̄Y ) = (

µXνX | κY λY ), the
first and fourth terms are equal. However, there is no equality between the integrals in
the second and third terms, even though the density matrix elements are conjugates:
DYY
λ̄κ

= DYY∗
κλ̄

but
(
µXνX | λ̄Y κY ) 
= −(µXνX | κY λ̄Y ). Instead, we can restrict

the sum in each term to κ > λ and obtain a reduction, because DYY
κλ̄

= −DYY
λκ̄

and
(
µXνX | κY λ̄Y ) = −(µXνX | λY κ̄Y ). With these reductions, the application of

time-reversal symmetry for the direct terms leads to

JXXµν = 2
∑
Y,κλ

DYY
κλ

(
µXνX | κY λY )

+ 2
∑
Y,κ>λ

[
DYY
κλ̄

(
µXνX | κY λ̄Y )+DYY

κ̄λ

(
µXνX | κ̄Y λY )]. (11.55)

The work involved in constructing this part of the Fock matrix is therefore half the
work involved in constructing the corresponding part of the unrestricted Fock matrix.
This reduction parallels the reduction from spin-unrestricted to spin-restricted Fock
matrices in nonrelativistic theory.
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Next, we consider the direct term from the Gaunt interaction:

JXYµν =
∑
κλ

[
DXY
κλ

(
µXσνY | κXσλY

)+DXY
κλ̄

(
µXσνY | κXσ λ̄Y

)
+DXY

κ̄λ

(
µXσνY | κ̄XσλY

)+DXY
κ̄λ̄

(
µXσνY | κ̄Xσ λ̄Y

)
+DYX

λκ

(
µXσνY | λYσκX

)+DYX
λκ̄

(
µXσνY | λYσ κ̄X

)
+DYX

λ̄κ

(
µXσνY | λ̄YσκX

)+DYX
λ̄κ̄

(
µXσνY | λ̄Yσ κ̄X

)]
. (11.56)

Applying the time-reversal operator to the current densities, we derive the relations

(κXσλY ) = −(λ̄Yσ κ̄X), (κXσ λ̄Y ) = (λYσ κ̄X), (11.57)

which we can use in the integrals. Making use of these relations and the relations
for the densities, we find that all the integrals cancel: the first and eighth and the
fourth and fifth terms cancel due to the first relation, and the second and sixth and
the third and seventh terms cancel due to the second. The result is that the direct
Gaunt contribution to the Fock matrix vanishes. We can see this by applying the first
relation to the molecular density: (iαi) = −(ı̄αı̄) and we are adding the two terms
and summing over i. It makes sense that these terms cancel because time-reversing the
current density should change its sign. The cancellation also exists in the unrestricted
case, but it is a numerical cancellation, and it is incomplete because the molecular
spinors do not form precisely into Kramers pairs. In the Kramers-restricted case, a
single electron outside a closed shell also has no direct Gaunt interaction: it requires
two unpaired electrons before this term is nonzero.

The exchange terms do not reduce so easily. Considering first the Coulomb
interaction terms for the blocks that are diagonal in the components,

KC,XX
µν =

∑
κλ

[
DXX
κλ

(
µXλX | κXνX )+DXX

κλ̄

(
µXλ̄X | κXνX )

+DXX
κ̄λ

(
µXλX | κ̄XνX )+DXX

κ̄λ̄

(
µXλ̄X | κ̄XνX )], (11.58)

we see that although we can combine or triangularize the density matrices, there are no
relations between the integrals that would give us a reduction in the number of terms.
Making the combinations, we get

KC,XX
µν =

∑
κλ

DXX
κλ

[ (
µXλX | κXνX )+ (

µXκ̄X | λ̄XνX )]

+
∑
κ>λ

+DXX
κλ̄

[ (
µXλ̄X | κXνX )− (

µXκ̄X | λXνX )]

+
∑
κ>λ

+DXX
κ̄λ

[ (
µXλX | κ̄XνX )− (

µXκX | λ̄XνX)]. (11.59)



BASIS-SET EXPANSIONS 187

The reduction in work is not a factor of two, though there is a reduction because the
number of multiplications has halved. However, in a conventional disk-based SCF
algorithm, the integral sums could be precomputed so that a reduction of a factor of
two can be achieved in the construction of the Fock matrix.

The same kinds of reductions occur for the exchange terms from the Gaunt
interaction,

KG,XX
µν =

∑
κλ

DYY
κλ

[ (
µXσλY | κYσνX

)+ (
µXσ κ̄Y | λ̄YσνX

)]

+
∑
κ>λ

+DYY
κλ̄

[ (
µXσ λ̄Y | κYσνX

)− (
µXσ κ̄Y | λYσνX

)]

+
∑
κ>λ

+DYY
κ̄λ

[ (
µXσλY | κ̄YσνX

)− (
µXσκY | λ̄YσνX

)]
, (11.60)

and also for the exchange terms in the large-small and small-large blocks,

KXY
µν =

∑
κλ

DYX
κλ

[ (
µXλX | κY νY )+ (

µXσ κ̄Y | λ̄XσνY
)]

+DXY
λκ

[ (
µXλ̄X | κ̄Y νY )+ (

µXσκY | λXσνY
)]

+DYX
κλ̄

[ (
µXλ̄X | κY νY )− (

µXσκY | λ̄XσνY
)]

−DXY
λκ̄

[ (
µXλX | κ̄Y νY )− (

µXσ κ̄Y | λXσνY
)]
. (11.61)

11.6 Symmetry in the Kramers-Restricted Fock Matrix

The symmetry reductions in nonrelativistic methodology come from spin symmetry
and from point-group symmetry. In relativistic methodology, time-reversal symmetry
is the equivalent of spin symmetry, but it does not provide the same magnitude of
reduction as does spin symmetry. This is due to the presence of spin-dependent terms
in the Fock operator. Point-group symmetry is intimately connected with time-reversal
symmetry in Kramers-restricted relativistic theory, as we saw in chapter 10.

Point-group symmetry is implemented in nonrelativistic SCF programs in two ways.
One way is to construct symmetry-adapted basis functions. In this approach, symmetry
is built in to the integrals and hence into the Fock matrix construction (Davidson 1975b,
Helgaker and Taylor 1995). The other way, due to Dacre (1970) and Elder (1973), is to
construct a partial or “skeleton” Fock matrix from the symmetry-unique integrals over
atomic basis functions (the “petite list”, Dupuis and King 1977), and symmetrize the
Fock matrix afterwards. From experience, there are usually more symmetry-adapted
integrals than symmetry-unique atomic integrals. In theory the two should be the same;
in practice the thresholds for integral evaluation eliminate many integrals in the petite
list. Codes that use both techniques are in existence, but the Dacre and Elder method
is probably the more popular.
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When it comes to relativistic SCF methods, there are some subtleties in the sym-
metry reduction. To illustrate this point, we consider first the double group C∗

2 . This
group has two fermion irreps that are singly degenerate and are complex conjugates.
The atomic basis 2-spinors that are on the symmetry axis are already symmetry func-
tions and can be divided between these two irreps, but the atomic basis 2-spinors that
are not on the axis are linear combinations of symmetry functions and cannot be clas-
sified into the irreps. If we construct symmetry 2-spinors from the atomic 2-spinors
and work in a symmetry-adapted basis set, the symmetry reduction is straightforward:
matrix elements with an odd number of “barred” functions vanish. As a consequence,
the Fock matrix is block-diagonal, and the number of two-electron integrals that must
be accumulated into the Fock matrix is halved. These two effects yield a factor of
4 reduction in the work required to construct the Fock matrix. The molecular spinor
expansion now only spans one row of the rep for each Kramers partner. The sym-
metry reduction in the matrices is exactly a factor of 2 because all symmetry-adapted
2-spinors come in Kramers pairs.

In the Dacre and Elder method, the reduction in the integral number comes from the
relations between the symmetry-equivalent atoms. Consider two symmetry-equivalent
atoms, A and B, each of which has two s1/2 2-spinor basis functions, χκ and χλ, which
we label κA and κB , and λA and λB . The relations between the one-electron potential
energy integrals (for example) that do not follow from Hermitian conjugation are

VκAκA = VκBκB , VκAλA = VκBλB , VλAλA = VλBλB , VκAλB = VκBλA.

(11.62)

Similar relations can be written for the “odd-bar” integrals. Relations like these can be
used to reduce the number of unique integrals by a factor of 2 and the number of density
matrix elements by a factor of 2. However, the odd-bar integrals are not necessarily
zero because they are not integrals between symmetry functions, and all the terms in the
expressions for the Fock matrix elements remain. The reduction in work comes from
the fact that the sums are restricted to sums over symmetry-unique basis functions, and
that only the symmetry-unique parts of the Fock matrix are constructed. For matrix
elements between functions on the symmetry axis, the reductions follow from the fact
that they are symmetry functions, and hence an overall factor of 4 reduction in the
work for the two-electron integrals is obtained.

If we introduce a second twofold axis to generate the point group D∗
2 , the symmetry

reductions for the Dacre and Elder method follow exactly the same lines as for C∗
2 .

No difference in principle arises from the higher order of the group. This is not the
case for the symmetry-adapted method. In D∗

2 there is only one doubly degenerate
fermion irrep, and the symmetry-adapted 2-spinors divide equally between the rows
of the irrep. The expansion of the molecular spinors in the symmetry-adapted 2-spinor
basis is restricted to a single row of the irrep, and the odd-bar matrix elements are
zero, yielding a factor of 2 reduction in the number of matrix elements, just as for C∗

2 .
The order of D∗

2 is 8, so there should be an extra factor of 2 reduction. This extra factor
of 2 results from the fact that the matrix elements and integrals are real, rather than
complex. The work is reduced by a factor of 4 relative to C∗

2 because the multiplication
of two complex numbers is four times the work of the multiplication of two real
numbers.
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11.7 Kramers-Restricted Open-Shell Methods

In nonrelativistic theory, it is possible to write a single-determinant wave function for
closed-shell molecules and for high-spin open-shell molecules. These wave functions
form the basis for the restricted Hartree–Fock (RHF) method and the (spin-)unrestricted
Hartree–Fock (UHF) methods. The general approach to open-shell RHF optimizes the
energy functional as an average over the energies of all the degenerate components
of the open-shell state in question (Roothaan and Bagus 1963, Manne 1972).3 Both
restricted and unrestricted Hartree–Fock methods make use of the spin-independence
of the Hamiltonian to factorize the Fock matrix.

Single-configuration wave functions are important because they can be used to
provide a basis for correlation methods that use a single configuration as a refer-
ence function, such as the various open-shell perturbation methods and coupled-cluster
methods. The preceding sections have developed the unrestricted Dirac–Hartree–Fock
(UDHF) method for a single determinant and the Kramers-restricted Dirac–Hartree–
Fock (KRDHF) method for a closed-shell system. The application of time-reversal
symmetry does not necessarily result in a block-diagonalization of the Fock matrix
as does the application of spin symmetry. It is therefore pertinent to ask the question
“Is there an equivalent to the high-spin open-shell Hartree–Fock method in relativistic
Kramers-restricted theory?”

The answer to this question is a qualified “yes”, and depends on the nature of the
wave function. For a single electron outside a closed shell, the Kramers-restricted wave
function is a single determinant, and it is relatively easy to define the Kramers-restricted
Fock matrices for the closed-shell and open-shell electrons. Using the expressions
for the Fock matrix in the molecular basis, (11.34), with indices i and j for doubly
occupied Kramers pairs, t for the singly occupied Kramers pair, and a for the empty
or virtual Kramers pairs, we can define the three nonredundant sections of the Fock
matrix as follows:

fia = hia +
∑
j

[
2(ia|jj)− (ij |ja)− (i̄ |̄ a)]+ 1

2

[
2(ia|t t)− (it |ta)− (it̄ |t̄a)],

fit = hit +
∑
j

[
2(it |jj)− (ij |j t)− (i̄ |̄ t)]+ (it |t t), (11.63)

fta = hta +
∑
j

[
2(ta|jj)− (tj |ja)− (t ̄ |̄ a)].

These expressions are actually derived from the average energy of the two degenerate
states. If we were to use only one of the states we would arrive at different expres-
sions for the barred and unbarred spinors. The same is true in nonrelativistic theory.
The expressions have also been divided by the relevant occupation number, so that

3. Technically, it is possible to define methods in which other restrictions than those on spin are lifted, but
the most common unrestricted method is the spin-unrestricted method, and we follow the common usage of
UHF for the spin-unrestricted Hartree–Fock method.
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the coefficient of the one-electron integral is unity. Similar expressions can easily be
written down for the odd-bar matrix elements.

For molecules with more than a single electron outside a closed shell, the ability to
define a single-configuration wave function depends on the molecular symmetry and
the symmetry of the spinors. The equivalent of the nonrelativistic high-spin open-shell
wave function for two open shells (ignoring the closed shells for the present) can be
represented by the configuration ψtψu. The time-reversed configuration, ψt̄ψū, has
the same energy, and the matrix element between the two configurations, (tū|t ū), is
not in general zero, in contrast to the nonrelativistic case. We can form fixed linear
combinations that are symmetric under time reversal,

Ψ± = eiη± (ψtψu ± ψt̄ψū) , (11.64)

but the matrix element of the many-electron Hamiltonian between them is not nec-
essarily zero—it is in fact the imaginary part of the matrix element between the two
configurations. To make matters more complicated, the other two configurations that
can be formed from the Kramers pairs t and u, ψtψū and ψt̄ψu, also have nonzero
matrix elements with the first two configurations, in the absence of symmetry.

Nevertheless, let us analyze the Fock matrices for the wave functions based
on the linear combinations. The closed–empty, closed–open and open–empty Fock
matrices are

fia =hia+
∑
j

[
2(ia|jj)−(ij |ja)−(i̄ |̄ a)]+ 1

2

∑
v

[
2(ia|vv)−(iv|va)−(iv̄|v̄a)],

fiw=hiw+
∑
j

[
2(iw|jj)−(ij |jw)−(i̄ |̄w)]+∑

v

[
(iw|vv)−(iv|vw)∓(iv̄|vw̄)],

fwa =hwa+
∑
j

[
2(wa|jj)−(wj |ja)−(w̄ |̄ a)]

+
∑
v

[
(wa|vv)−(wv|va)∓(w̄v|v̄a)]. (11.65)

In these expressions we have added canceling terms such as (it |t t)−(it |t t) and (iū|ūu)
to make it clear that the Fock matrices for the open-shell electrons are equivalent. The
sum over v covers the two values t and u, and w can be either t or u. We must
also consider the open–open Fock matrices. The off-diagonal matrix element has no
contribution from interaction between the open-shell electrons,

ftu = htu +
∑
j

[
2(tu|jj)− (tj |ju)− (t ̄ |̄u)], (11.66)

but the diagonal term (the orbital energy) does,

fww = hww +
∑
j

[
2(ww|jj)− (wj |jw)− (w̄ |̄w)]

+
∑
v

[
(ww|vv)− (wv|vw)∓ (wv̄|vw̄)]. (11.67)
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We would expect the open–open Fock matrix elements to correspond to redundant
spinor rotation parameters because the energy should be invariant to rotations of equiv-
alent spinors. However, if we construct the spinor rotation gradient, we see that there
is a term that survives in the diagonal of the gradient:

gww = ± 1
2 [(wv̄|vw̄)− (v̄w|w̄v)] = ±i Im(wv̄|vw̄). (11.68)

The imaginary part of the integral is not necessarily zero, so the diagonal spinor rotation
gradient is not zero. To explain this rather peculiar situation, we must turn to the
application of symmetry.

If both components of both open-shell Kramers pairs are in the same nondegenerate
irrep (the quaternion case), as is the case when there is no symmetry, all four open-shell
determinants must be included in the wave function, and we must resort to a genuine
multiconfiguration DHF method.

If the Kramers partners are in different singly degenerate irreps, as for example in
the group C∗

2 , the configuration space reduces to the two configurations given above.
Both configurations belong to the same boson irrep. However, the imaginary part of
the integral (wv̄|vw̄) is not zero, and for the same reason, the Hamiltonian matrix
elements between the two wave functions is not zero. We must still use a multicon-
figuration DHF method, albeit in a reduced space of two configurations. The orbital
rotation gradient becomes zero only by inclusion of the terms from the configuration
interaction problem.

If the Kramers partners are in different rows of the same, doubly degenerate irrep,
as in the group C∗

2v , then the matrix elements are real and the gradient is zero. Likewise,
the Hamiltonian matrix element between the two wave functions is zero, because the
two configurations span two boson irreps and the + and − linear combinations have
specific boson symmetries. This situation is somewhat similar to the nonrelativistic
case of Σ+ and Σ− states, which are linear combinations of two determinants, or to
the open-shell singlet case.

In groups with rotation axes of higher order, such as C∗
4v , the two configurations can

belong to different rows of a degenerate boson irrep and do not need to be combined
to form symmetry-adapted wave functions. In this case, the integral (tū|t ū) is zero,
and the Fock matrices reduce to the analogy of the high-spin open-shell nonrelativis-
tic case,

fia = hia +
∑
j

[
2(ia|jj)− (ij |ja)− (i̄ |̄ a)]

+ 1
2

∑
v

[
2(ia|vv)− (iv|va)− (iv̄|v̄a)],

fiw = hiw +
∑
j

[
2(iw|jj)− (ij |jw)− (i̄ |̄w)]+

∑
v

[
(iw|vv)− (iv|vw)],

fwa = hwa +
∑
j

[
2(wa|jj)− (wj |ja)− (w̄ |̄ a)]+

∑
v

[
(wa|vv)− (wv|va)].

(11.69)
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As an example, in the group C∗
4v , the configuration (1e1/2)

1(2e1/2)
1 has the symme-

try E1, and the time-reversed configuration (1e−1/2)
1(2e−1/2)

1 has the symmetry of
the other component of the E boson irrep, E−1. The configuration (1e1/2)

1(1e3/2)
1,

however, spans the B1 and B2 representations along with (1e−1/2)
1(1e−3/2)

1,
and the two configurations must be combined to form symmetry-adapted wave
functions.

In this analysis, we only considered the configurations ψtψu and ψt̄ψū. A similar
analysis could be done with the other pair of configurations, ψtψū and ψt̄ψu. How-
ever, if ψt and ψu belong to the same irrep, one of the linear combinations belongs
to the totally symmetric irrep, and a multiconfiguration SCF (MCSCF) treatment is
mandatory.

The analysis can be extended to more open shells. For three open shells, a config-
uration and its Kramers partner can belong to the same fermion irrep (as in the case
of no symmetry) or to different singly degenerate irreps, or to different rows of the
same doubly degenerate irrep. If there are no other configurations that belong to the
same irrep or the same row of the same irrep, the analogy of the high-spin open-shell
method can be used. For example, in C∗

2v the configurations (1e1/2)
1(2e1/2)

1(3e1/2)
1

and (1e−1/2)
1(2e−1/2)

1(3e1/2)
1 belong to the same row of the fermion irrep, E1/2,

along with the two other configurations that have two e−1/2 spinors occupied, and there-
fore an MCSCF method must be used. However, in C∗

4v the (1e1/2)
1(2e1/2)

1(3e1/2)
1

configuration and its Kramers partner are the only configurations from these three
Kramers pairs that belong to the E3/2 irrep. The remaining configurations built from
these three Kramers pairs belong to the E1/2 irrep. We can therefore use a single con-
figuration method for the (1e1/2)

1(2e1/2)
1(3e1/2)

1 configuration, but we must use a
multiconfiguration method for the rest.

The discussion in this section has focused on the behavior of the various open-shell
approaches under the symmetry constraints imposed by the double groups. In addi-
tion, it should be noted that the degeneracies due to symmetry in the fermion irreps
of the double groups are generally lower than those due to spin and boson sym-
metry in a nonrelativistic calculation. Hence, the need for open-shell calculations
to handle real symmetry degeneracies is in general smaller than in the nonrela-
tivistic case.

The conclusion we can draw from the discussion is that many of the systems that
would be handled by open-shell RHF calculations in the nonrelativistic case do not
really lend themselves to this treatment relativistically. An illustration of this point for
the group 14 elements is given in section 12.1. Instead, we must resort to MCSCF
methods, which we describe in section 12.9.

11.8 Expansion in Scalar Basis Sets

We have seen that the DHF equations are conveniently analyzed and manipulated in
a 2-spinor form. The practical solution of these equations in a finite basis requires the
calculation and handling of a large number of integrals. Some effort has been invested
in calculating the integrals directly in a 2-spinor basis (Grant and Quiney 2002, Yanai
et al. 2002). For nonrelativistic calculations, a substantial fraction of the developmental
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effort has gone into devising efficient algorithms and techniques for integral-related
tasks. If we want to take advantage of these nonrelativistic developments directly, and
adapt existing integral codes to our purposes, that is, relativistic molecular calculations,
there are two possible roads to follow—calculate integrals in a (real) scalar basis and
transform them to 2-spinor integrals, or reformulate the equations in a scalar basis
expansion where these integrals can be used directly. In the present section, we will
describe the latter approach, leading ultimately to formulation of the DHF equations
in a scalar basis set.

We start by considering the one-particle Dirac equation and proceed in a manner
analogous to the free-particle solutions of chapter 7. The equation to solve is

[
cα · p + V − c2(β − I4)

]
ψ = Eψ. (11.70)

The kinetic energy operator may be expanded in the form

cα · p = c




0 0 Π̂z Π̂−
0 0 Π̂+ −Π̂z

Π̂z Π̂− 0 0
Π̂+ −Π̂z 0 0


 (11.71)

where

Π̂z = −i� ∂

∂z
, Π̂± = −i�

(
∂

∂x
± i

∂

∂y

)
. (11.72)

We write the 4-spinor ψ in the form

ψ =



ψLα

ψLβ

ψSα

ψSβ


, (11.73)

with the ψXτ scalar functions that are complex and unnormalized. These functions are
expanded in a set of real, normalized, scalar, spatial basis functions χXµ ,

ψXτ =
NX∑
µ=1

aXτµ χXµ , (11.74)

where X is L or S. We use the same basis of spatial functions χXµ for both spin com-
ponents, but the large- and small-component functions might be different, and there
might also be different numbers of large- and small-component basis functions. Insert-
ing the finite-basis expansion into the Dirac equation with the above representation of
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the kinetic energy operator, we get the matrix Dirac equation in a scalar basis,




VLL 0 cΠLS
z cΠLS−

0 VLL cΠLS+ −cΠLS
z

cΠSL
z cΠSL− VSS − 2mc2SSS 0

cΠSL+ −cΠSL
z 0 VSS − 2mc2SSS






aLα

aLβ

aSα

aSβ




=




SLL 0 0 0
0 SLL 0 0
0 0 SSS 0
0 0 0 SSS






aLα

aLβ

aSα

aSβ


E. (11.75)

The matrix elements are defined by

V XX
µν = 〈χXµ |V |χXν 〉, SXXµν = 〈χXµ |χXν 〉,

(
ΠXY
z

)
µν

= 〈χXµ |Π̂z|χYν 〉, (
ΠXY±

)
µν

= 〈χXµ |Π̂±|χYν 〉. (11.76)

The kinetic energy matrices obey the relation ΠLS± = (
ΠSL∓

)
†, so, despite appearances,

the Dirac matrix in the scalar basis given above is Hermitian.
In these equations, the ordering of the components is the conventional order—large

components first, then small components, and within each component, α spin then
β spin. However, we could equally well have ordered by spin—α spin components
first, and then β spin components, and for each spin, large component then small
component. This ordering yields the matrix




VLL cΠLS
0 0 cΠLS−

cΠSL
0 VSS − 2mc2SSS cΠSL− 0

0 cΠLS+ VLL −cΠLS
0

cΠSL+ 0 −cΠSL
0 VSS − 2mc2SSS


. (11.77)

This form of the matrix equation displays the structure of the matrix representation of
an operator that is symmetric under time reversal, given in (10.30)

f =
(

A B
−B∗ A∗

)
. (11.78)

Based on this ordering, it is possible to rewrite the equations as a quaternion problem,
which turns out to provide considerable computational advantages, in particular in the
handling of symmetry (Hafner 1980, Saue and Jensen 1999). For the present purposes
we will stay with the usual ordering by component size, which is more convenient for
displaying the structure of the equations, and also has the advantage of familiarity.

The DHF equations in the scalar basis are developed by adding the electron–electron
interaction of the mean field, given for the molecular 4-spinors in (11.34). To derive
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the contributions to the scalar Fock matrix from the Coulomb interaction, we expand
the integrals in the scalar basis,

( pq | rs ) =
∑
XYτυ

∑
µνκλ

(
aXτµp

)∗aXτνq
(
aYυκr

)∗aXυλs
(
µXνX|κY λY ), (11.79)

and introduce the appropriate scalar density matrices

DXτYυ
κλ =

∑
i

(
aXτκi

)∗aYυλi . (11.80)

With these definitions, the component-diagonal blocks of the Fock matrix in the scalar
basis are

f LτLτµν = V LL
µν +

∑
κλ

∑
Xυ

DXυXυ
κλ

(
µLνL | κXλX ) −

∑
κλ

DLτLτ
κλ

(
µLλL | κLνL ),

(11.81)

f XτXυµν = −
∑
κλ

DXυXτ
κλ

(
µXλX | κXνX ), (11.82)

f SτSτµν =V SS
µν −2mc2SSSµν +

∑
κλ

∑
Xυ

DXυXυ
κλ

(
µSνS |κXλX ) −

∑
κλ

DSτSτ
κλ

(
µSλS |κSνS ).

(11.83)

Likewise, the off-diagonal blocks are

f XαYαµν = c
(
ΠXY
z

)
µν

−
∑
κλ

DYαXα
κλ

(
µXλX | κY νY ), (11.84)

f XβYβµν = −c(ΠXY
z

)
µν

−
∑
κλ

D
YβXβ
κλ

(
µXλX | κY νY ), (11.85)

f XαYβµν = c
(
ΠXY+

)
µν

−
∑
κλ

D
YβXα
κλ

(
µXλX | κY νY ), (11.86)

f XβYαµν = c
(
ΠXY−

)
µν

−
∑
κλ

D
YαXβ
κλ

(
µXλX | κY νY ). (11.87)

The interaction with the Coulomb potential of the electrons appears with the nuclear
potential in the blocks that are diagonal in both the spin and the components, and the
exchange contributions are spread between all blocks.

Defining the reduced density matrix as

DXX
κλ = DXαXα

κλ +D
XβXβ
κλ (11.88)
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and making use of the fact that the integrals are real, and therefore have the full
eightfold permutational symmetry, the large-component diagonal block can be written

f LτLτµν = V LL
µν +

∑
κλ

∑
X

DXX
κλ

(
µLνL

∣∣∣ κXλX)−
∑
κλ

DLτLτ
κλ

(
µLλL

∣∣∣ kLνL), (11.89)

The analogous expression with the rest mass term can be written down for the small-
component diagonal block.

Including the Breit term for the electron–electron interaction in a scalar basis
requires extensive additions to a Dirac–Hartree–Fock–Coulomb scheme. It is not pos-
sible to achieve the same reductions as for the Coulomb term, and the derivation of
the Fock matrix contributions requires considerable bookkeeping. We will not do this
in detail, but will provide the development for the Gaunt interaction as we did for the
2-spinor case.

We first expand the current density in 2-spinors,

ψrαψs = ψ
L†
r σψS

s + ψ
S†
r σψL

s , (11.90)

then expand the 2-spinors in scalar functions and perform the spin integrations that are
implicit in the formalism to get

ψ
L†
r σxψ

S
s =

(
ψLα
r

ψ
Lβ
r

)†(
0 1
1 0

)(
ψSα
s

ψ
Sβ
s

)
= ψLβ∗

r ψSα
s + ψLα∗

r ψSβ
s , (11.91)

ψ
L†
r σyψ

S
s =

(
ψLα
r

ψ
Lβ
r

)†(
0 −i
i 0

)(
ψSα
s

ψ
Sβ
s

)
= iψLβ∗

r ψSα
s − iψLα∗

r ψSβ
s , (11.92)

ψ
L†
r σzψ

S
s ⇒

(
ψLα
r

ψ
Lβ
r

)†(
1 0
0 −1

)(
ψSα
s

ψ
Sβ
s

)
= ψLα∗

r ψSα
s − ψLβ∗

r ψSβ
s . (11.93)

The Gaunt integrals can now be expressed in terms of the scalar functions as

(
pαq |rαs)

= (pLβqSα+pLαqSβ+pSβqLα+pSαqLβ |rLβsSα+rLαsSβ+rSβsLα+rSαsLβ )
− (

pLβqSα−pLαqSβ+pSβqLα−pSαqLβ |rLβsSα−rLαsSβ+rSβsLα−rSαsLβ )
+ (

pLαqSα−pLβqSβ+pSαqLα−pSβqLβ |rLαsSα−rLβsSβ+rSαsLα−rSβsLβ )
=2
(
pLβqSα+pSβqLα |rLαsSβ+rSαsLβ )

+ 2
(
pLαqSβ+pSαqLβ |rLβsSα+rSβsLα )

+ (
pLαqSα−pLβqSβ+pSαqLα−pSβqLβ |rLαsSα−rLβsSβ+rSαsLα−rSβsLβ ).

(11.94)
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Expanding the scalar functions in the scalar basis set, we can derive the contributions
to the Fock matrices (with X 
= Y and τ 
= υ),

f XτXτµν ← −
∑
κλ

(
2DYυYυ

κλ +DYτYτ
κλ

)(
µXλY | κY νX ), (11.95)

f XτXυµν ←
∑
κλ

DYυYτ
κλ

(
µXλY | κY νX ), (11.96)

f XτYτµν ←
∑
κλ

[(
DLτSτ
κλ −DLυSυ

κλ

) (
µXνY | κLλS )

+ (
DSτLτ
κλ −DSυLυ

κλ

) (
µXνY | κSλL )

− (
2DXυYυ

κλ +DXτYτ
κλ

) (
µXλY | κXνY )], (11.97)

f XτYυµν ←
∑
κλ

[
2DLυSτ

κλ

(
µXνY | κLλS )+ 2DSυLτ

κλ

(
µXνY | κSλL )

+DXυYτ
κλ

(
µXλY | κXνY )]. (11.98)

The expressions for the Fock matrix elements can be further reduced if we apply
time-reversal symmetry. We assume a closed-shell wave function for this purpose.
From the expansion of the spinors in the scalar functions, we can derive the following
relations for the coefficients:

a
Xβ
µı̄ = (

aXαµi
)∗
, aXαµı̄ = −(aXβµi )∗. (11.99)

Using these expressions in the density matrices, we get

D
XβYβ
κλ = (

DYαXα
κλ

)∗
, D

XαYβ
κλ = −(DXβYα

κλ

)∗
. (11.100)

The same relations hold for the Fock matrix elements,

f
XβYβ
κλ = (

f YαXακλ

)∗
, f

XαYβ
κλ = −(f XβYακλ

)∗
. (11.101)

We can also show that the direct contribution from the Gaunt interaction vanishes, as
we saw in the 2-spinor formalism, and we are left with

f XτYτµν ← −
∑
κλ

(
2DXυYυ

κλ +DXτYτ
κλ

) (
µXλY | κXνY ), (11.102)

f XτYυµν ←
∑
κλ

DXυYτ
κλ

(
µXλY | κXνY ). (11.103)
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11.9 Basis Set Choice and Design

Up to now the basis sets have appeared mostly as formal entities. However, the success
of any computational scheme is crucially dependent on the size and suitability of the
basis sets used. In this section, we discuss the various considerations that influence the
choice of a good basis set for relativistic four-component calculations. It is obvious
that we want basis sets that are generally applicable, give a good approximation of the
exact functions with a minimum number of terms in the expansion, and provide for
fast and easy calculation of matrix elements.

Today, the overwhelming majority of quantum chemical calculations are done using
basis sets of Gaussian functions, that is, functions of the type

χµ(r) = f (r)e−ζµr2
. (11.104)

While this is by no means the only possible choice for relativistic four-component
calculations, it is definitely the most efficient and convenient. It permits programmers
to exploit an extensive technology that has been refined and tested through years of
development of nonrelativistic methods. The usual complaint about the poor behavior
of Gaussian functions close to nuclei is less severe for relativistic calculations, where
nuclei of finite size are normally used and not point nuclei. As we discussed in chapter 7,
Gaussians actually are particularly suitable for describing the wave function close to a
nucleus of finite size.

It is tempting to assume that the basis for the large component should be quite
close to the nonrelativistic basis. While this holds for lighter elements, it is normally
not accurate enough for heavy elements. Some of the reasons for this are:

1. High exponents are required for an accurate description of the relativistically
contracted inner shells.

2. The 2p1/2 orbital has considerable density close to the nucleus, requiring more high
exponents than the nonrelativistic 2p.

3. Orbitals with � > 0 are spin–orbit split into two components, which may have their
maxima quite far apart, for example, 13 pm for the 6p of Rn and 35 pm for the 7p
of element 117.

All this means that nonrelativistic basis sets at least need to be considerably modified for
high-quality four-component calculations involving heavy elements, and, preferably,
basis sets should be developed explicitly for such calculations.

It should also be borne in mind that the large-component basis is not totally inde-
pendent of the small-component basis, and that the size of the total basis set will be
determined by the kinetic balance requirement. If we use the relation derived previously
in (11.19),

χSµ ∝ (σ · p)χLµ, (11.105)

we can easily demonstrate the consequences for a Gaussian basis. We define a spherical
Gaussian 2-spinor for the large component by

χLµ = Nµnr
n−1e−ζµr2

ξκ,m(ϑ, ϕ) = (1/r)RLµκ(r)ξκ,m(ϑ, ϕ). (11.106)
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Operating with (σ · p) changes the sign of κ in the angular function, leaving the radial
function, for which kinetic balance requires that

RSµκ(r) ∝
[

d

dr
+ κ + 1

r

]
RLµκ(r). (11.107)

Application of this relation to the radial function yields

RSµκ(r) ∝ Nµκn

[
(n+ κ)rn−1 − 2ζµr

n+1]e−ζµr2 =
[
n+ κ

r
− 2ζµr

]
RLµκ(r).

(11.108)

Normally, a spherical Gaussian basis set is made up of functions with minimum n-value,
that is, 1s, 2p, 3d, . . .. We now get two different cases depending on whether κ is
positive or negative:

CASE 1 κ < 0

This is the case for 1s1/2, 2p3/2, 3d5/2, . . .. Then, n = � + 1 = −κ and kinetic
balance requires that

RSµκ(r) ∝ −2ζµrR
L
µκ(r). (11.109)

This and the fact that (σ · p) changes the sign of κ shows that a 1s1/2 function
with exponent ζµ must be kinetically balanced by a 2p1/2 function with the same
exponent, 2p3/2 must be balanced by 3d3/2, 3d5/2 by 4f5/2, and so on.

CASE 2 κ > 0

This is the case for 2p1/2, 3d3/2, 4f5/2, . . .. Then n = κ + 1, and we must have

RSµκ(r) ∝
[

2κ + 1

r
− 2ζµr

]
RLµκ(r). (11.110)

With the change in sign of κ , we see that a 2p1/2 function must be balanced by a
linear combination of a 1s1/2 function and a 3s1/2 function. As mentioned above,
functions with n > �+ 1 (such as the 3s) are not normally used in nonrelativistic
basis sets, because linear combinations of n = � + 1 functions cover the same
space. However, we see here that in four-component relativistic calculations the
n = �+ 3 functions are important for kinetic balance and must be included in the
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small-component basis. It is, of course, possible to gamble that the n = �+ 1 func-
tions can do the job also in this case, but it should be remembered that deviation
from kinetic balance affects the bounds on the eigenvalues, and even a small devi-
ation could have serious consequences for the energetics of a molecule. So for
this case a 3d3/2 function is balanced by a linear combination of 2p3/2 and 4p3/2,
a 4f5/2 by 3d5/2 and 5d5/2, and so on. These n > � + 1 functions are present
by default in Cartesian basis sets, so any integral evaluation algorithm that uses
Cartesian functions (and most do) can be easily adapted to produce the required
functions.

If the n > �+ 1 functions are included in the basis set, it is tempting to relax the
requirement of a fixed linear combination in (11.110). Instead, the two functions could
be treated as separate, independent small-component basis functions. Thus, while we
would always have

{
RSµκ(r)

}
∝
{
rRLµκ(r)

}
; κ < 0, (11.111)

for negative κ , for positive κ we have a choice of either restricted kinetic balance
(RKB) where

{
RSµκ(r)

}
∝
{[
(1 + 2κ)r−1 − 2ζµr

]
RLµκ(r)

}
; κ > 0, (11.112)

or unrestricted kinetic balance (UKB) where

{
RSµκ(r)

}
∝
{
rRLµκ(r)

}
∪
{
r−1RLµκ(r)

}
; κ > 0. (11.113)

In reality, the computational work involved in either approach is about the same—the
same number of integrals must be calculated. The difference shows up in solving the
DHF equations, where the UKB Fock matrix is larger than the RKB Fock matrix. This
has two consequences: the computational time for diagonalization of the Fock matrix
is larger in UKB, and the extra functions generate a number of extra solutions. These
solutions arise from small-component pieces that do not really have a matching large-
component partner and consequently have a zero kinetic energy. We would therefore
expect these solutions to cluster around −2mc2, and experience shows that these solu-
tions normally do not interfere much with the electronic solution space. However, for
calculation of properties that depend directly on the small-component space, these extra
solutions should be removed.

When it comes to contracted basis sets, kinetic balance strictly applied to the con-
tracted large component can lead to problems. While it would be possible to apply
the kinetic balance relation to derive a small-component basis from a set of large-
component contracted basis functions, this procedure has been shown to be unsuitable
in practice (Visscher et al. 1991). The best approach for generating contracted basis
sets for relativistic four-component calculations has been to start with an uncontracted
large-component basis, and to construct a small-component basis from this basis using
kinetic balance. This set is then used in an uncontracted DHF calculation for the atom
in question, yielding large- and small-component atomic functions that are kinetically
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balanced by virtue of the DHF equations. These atomic functions may then be used to
select contracted basis functions for large and for small components. This technique
has been termed atomic kinetic balance or atomic balance.

The preceding discussion has been based on a 2-spinor basis expansion of the
wave function. For calculations in a scalar basis, the situation is somewhat more com-
plicated than for 2-spinors. One major advantage in using a scalar basis is that integrals
may be evaluated using real arithmetic, leaving the complex parts for the coefficients.
This choice also allows us to use Cartesian Gaussians, the standard basis sets for
nonrelativistic quantum chemistry. The gradient of a Cartesian Gaussian is of the form

∇xiyj zke−ζµr2 = xiyj zke−ζµr2
(i/x − 2ζµx, j/y − 2ζµy, k/z− 2ζµz), (11.114)

and κ is no longer a good quantum number, as could be expected. Also, integrals over
Cartesian Gaussians are usually evaluated over all the (�+ 1)(�+ 2)/2 components of
a given function, not just the 2�+ 1 spherical harmonic components for that � value.
For example, integrals for 3d orbitals are evaluated over the Cartesian components dxx ,
dxy , dxz, dyy , dyz, and dzz. This corresponds to evaluating integrals over the spherical
components d−2, d−1, d0, d+1, d+2, plus the combination dxx + dyy + dzz, which is a
3s function. Thus with a scalar basis it is natural to use a UKB approach, but again
care should be taken to remove extraneous solutions.

The decision of whether to work with 2-spinors or a scalar spin–orbital basis must
be made at an early stage of computer program construction because it affects all
stages of the SCF process: evaluation of the integrals, construction of the Fock matrix,
and solution of the SCF equations. However, at each stage, the scalar spin–orbital
basis can be transformed to the 2-spinor basis. Transformation of the integrals to
a 2-spinor basis is not particularly difficult: it is similar in principle to the trans-
formation from Cartesians to spherical harmonics. Some efforts have been made to
develop new algorithms in which these transformations are incorporated, and RKB
is implemented from the start in the 2-spinor basis (Quiney et al. 1999, 2002, Yanai
et al. 2002).

The main problem to be addressed in the choice between scalar and 2-spinor basis
sets is that of linear dependence, which can affect the convergence of the SCF proce-
dure. Several issues arise from the basis set choice that have consequences for linear
dependence. The first of these is the choice of RKB or UKB in the representation of the
small component of the j = �− 1/2 spinors. UKB has more severe linear dependence
problems than RKB, due to the overrepresentation of the small component. However,
RKB requires some manipulation of the integrals, because the nl and (n+2)l integrals
are not generated as part of the same angular momentum shell. This issue affects both
scalar and 2-spinor basis sets.

The second issue is that, in a scalar basis, the set of spin–orbitals formed by
taking the direct product of the scalar basis and the spin functions spans both j val-
ues for a given angular momentum. This is not a particular problem for the large
component—in fact in an uncontracted basis set it is an advantage—but it does present
some problems in the small-component basis. For a large-component s set, the small-
component p set generated by kinetic balance forms spin–orbitals that span both the
p1/2 and the p3/2 space. Only the p1/2 spinors are needed for the small component
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of the large-component s functions. The p3/2 spinors have no corresponding large
component and produce SCF solutions that gather around −2mc2. These solutions can
be removed, just as for UKB. However, the small component generated from a large-
component d set consists of p and f functions. The p functions span the same space
as the p functions generated from the large-component s set, and the result can be
linear dependence. There are standard techniques for eliminating linearly dependent
functions from the basis set. Another solution to this problem is to make the large-
component d exponents a subset of the s exponents, or, more generally, to constrain
the functions for even � to have the same exponents and the functions for odd � to have
the same exponents. These basis sets have been termed dual family basis sets, and they
usually require a few more functions for each angular momentum higher than p than
for fully optimized basis sets. There is a trade-off, because having common functions
in the small component reduces the amount of work needed to evaluate the integrals.
Even more efficiency could be obtained by using the same exponents for all angular
momenta, as is done in the well-tempered basis sets (Huzinaga and Klobukowski 1985).
Then, the integrals could be used for both large and small components. However, not
much attention has been given to efficient integral algorithms for this kind of basis set.

The discussion above applies to uncontracted basis sets. Contracted basis sets
present a few further problems. To properly represent the spin–orbit splitting, the
two spin–orbit components should be contracted separately. The contraction is now
j -dependent, rather than �-dependent, and can only be represented directly in a 2-spinor
basis. The problem is not now confined to the small component. If the large-component
scalar basis set includes contractions for both spin–orbit components, the product of the
contracted basis functions for each spin–orbit component with the spin functions gen-
erates a representation for both spin–orbit components. Thus there is a duplication of
the basis set that is close to linearly dependent, and some kind of scheme to project out
linearly dependent components, either numerically or by conversion to a 2-spinor basis,
is mandatory. The same applies to the small component. For example, the contracted p
sets for the large-component s and d sets both span the same space, but because of the
contraction the d-generated set cannot be made a subset of the s-generated set, even if
a dual family basis set is used.

One consequence of the choice between 2-spinor and scalar basis sets is that the
results of DHF calculations with the two are not equivalent. The extra functions in the
small-component space affect the spinor eigenvalues and hence the total energy and
the ionization potential. These differences are likely to be minor for most of chemistry.
If contracted basis sets are used, however, the duplication of large-component functions
for the spin–orbit components in the scalar basis set provides extra flexibility that is
not present for a 2-spinor basis set, and the valence properties could be significantly
different.

In addition to these practical considerations, there has been considerable discus-
sion of the formal considerations. The Dirac equation provides wave functions for both
electrons and positrons. In the absence of any field, the solutions are related by charge
conjugation, and there should be equal numbers of electron and positron functions and
consequently equal numbers of large- and small-component basis functions. If we use
a finite Gaussian basis set to represent the solutions, the basis set should also dis-
play charge-conjugation symmetry so that the representation of electron and positron
solutions is equivalent. Kinetically balanced basis sets do not in fact display this
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symmetry: for that, the basis functions would have to satisfy both the relations

χSµ ∝ (σ · p)χLµ, χLµ ∝ (σ · p)χSµ. (11.115)

The first relation is the normal kinetic balance relation; the second is the kinetic balance
relation resulting from elimination of the large component. To satisfy both of these
relations, the basis functions must be solutions of

∇2χ = λχ, (11.116)

which Gaussian functions are manifestly not. However, the principle that the electron
and positron solutions should be equally represented in the basis set has been strongly
argued for (Grant and Quiney 1988). The extra solutions that appear when this is not
the case are unphysical. This principle is satisfied by 2-spinor RKB basis sets, but not
in general by other basis sets. For properties that directly involve the small component,
such as magnetic properties, basis sets with a 1:1 ratio of large- and small-component
functions are preferred.

There exists a wide selection of exponents for Gaussian basis sets for nonrelativistic
calculations, although most of these are for lighter elements which for most purposes
do not require a relativistic treatment. For four-component relativistic calculations,
nonrelativistic basis sets can be used for lighter atoms, but as the relativistic effects of
orbital contraction and spin–orbit splitting increase in importance, these nonrelativistic
basis sets become inadequate. In some measure the orbital contraction for inner orbitals
is counteracted by the use of a finite nucleus, which tends to “push out” the inner parts
of the spinors. A major concern is the 2p1/2 space (Matsuoka and Okada 1989): due
to the s-character of the small component at least two extra functions relative to the
nonrelativistic basis are needed for the 6p block to reduce the error in the energy
to 0.5Eh.

The alternative to patching up a nonrelativistic basis set for four-component calcu-
lations is to derive sets of exponents specifically for use in relativistic calculations. This
is usually done by optimizing the exponents directly in relativistic atomic calculations,
for example by minimizing the energy. An alternative is to use an even-tempered basis,
where the exponents form a geometric series such that

ζk = ζ1β
k−1. (11.117)

Energy-minimized sets yield lower energies than even-tempered sets for the same num-
ber of functions. However, the energy minimization can result in energies lower than
the exact result because the bound on the energy is not the exact energy but, for
kinetically balanced basis sets, is O(c−4) lower than the exact energy. This is not a
variational collapse because there is a bound, but has been termed a prolapse (Fægri
2001). Systematic sequences of even-tempered basis sets do not generally suffer from
this problem, and converge from above on the exact energy. For properties that are
sensitive to the description of the region near the nucleus, even-tempered basis sets
are preferred over energy-optimized basis sets because of their better coverage of that
region of space.
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The requirements for a proper description of the p1/2 space, discussed above, point
to another dilemma in the construction of relativistic basis sets. Nonrelativistic sets
are �-based, that is, exponents are derived for functions of s type, p type, d type, and
so on. However, the tight functions required for p1/2 spinors are not needed for the p3/2
spinors, which have little amplitude so close to the nucleus. An alternative is to derive
j-based basis sets, where all functions of the same j value have the same exponent.
In this scheme, 1s1/2 and 2p1/2 sets would be of the same size and have common
exponents, as would 2p3/2 and 3d3/2, 3d5/2 and 4f5/2, and so on. The justification
for j -based sets is that for heavy elements, the small components of the j = �− 1/2
spinors penetrate as close to the nucleus as the large component of the j = � + 1/2
spinors, and therefore the basis set demands are the same. The use of a j -based basis
set in scalar expansions would be somewhat complicated. For 2-spinor expansions, the
use of such j -based sets requires few additional measures. The j -based sets would
also alleviate another problem with �-based sets: due to the large spin–orbit splitting
in very heavy atoms, �-based sets have to be rather extensive in the valence space in
order to describe this splitting correctly. To achieve accuracy comparable to a double-
zeta nonrelativistic set for a highly split �-value, for example, might require at least
a triple-zeta description of the valence space. The development of basis sets has been
reviewed by Fægri and Dyall (2002).

11.10 Comparison of Nonrelativistic and Relativistic SCF Methods

Compared to the relatively simple matrix elements of the nonrelativistic Fock matrix,
the expressions given in the sections above indicate the degree of increased complexity
involved in a relativistic calculation. The critical issue is of course the logistics of the
two-electron integrals. The following observations on the number of integrals can be
made for a system that has no spatial symmetry using a 2-spinor RKB basis for the
relativistic calculation.

• The spin can be factored out of the nonrelativistic integrals. In the relativistic
integrals, the spin is coupled in. Therefore, there is a factor of 2 increase for
each basis function, that is, a total factor of 24 = 16. However, time-reversal
symmetry reduces the relativistic integral count by a factor of 4. The net increase
from the replacement of spin symmetry with time-reversal symmetry is therefore
a factor of 4.

• The integrals and the basis are in general complex for relativistic calculations, so
there is a factor of 2 increase for the loss of one degree of permutational
symmetry relative to the nonrelativistic case.

• If the small-component basis is the same size as the large-component basis in a
relativistic calculation, there is a factor of 2 increase for each basis function, that
is, a factor of 24 = 16. However, integrals with an odd number of large and
small components never appear, reducing this factor by 2. Half of the remaining
integrals are integrals over the Gaunt interaction, and if only the Coulomb
interaction is used, there is another factor of 2 reduction. The net increase due to
the small component is therefore a factor of 4 in a Dirac–Coulomb SCF
calculation.
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Thus, for a Dirac–Coulomb SCF calculation in a 2-spinor basis there are 32 times as
many integrals as in an equivalent nonrelativistic SCF calculation. However, the inte-
grals are complex in the general case so that there are 64 times as many pieces of data.
Given that complex arithmetic involves 4 times as many operations as real arithmetic,
the operation count for such a Dirac–Coulomb SCF calculation is 128 times that of
a nonrelativistic SCF calculation. In modern computers, where a complex multiply can
be initiated each clock cycle, this is not a disadvantage, and the operation count would
reduce to 32 times. We should point out here that this accounting has been done for an
orthodox list-driven SCF process. In integral-driven or direct SCF processes, the basis
set dependence is lower than N4. Also, modern techniques for large molecular systems
employ various integral approximations that can further reduce the power of the basis
set dependence. These techniques can be carried over to relativistic integral evaluation.

If we use a scalar basis instead, the large-component scalar basis can be essentially
the same as the nonrelativistic basis. It is the small-component basis size that must be
determined. Again, we can make the following observations on the relative sizes of the
basis sets and the number of integrals.

• The large-component basis must be slightly larger than for the nonrelativistic
calculation of the same quality. (This applies also to 2-spinor basis sets.)

• The principle of kinetic balance requires that the small component basis contains
roughly 2.5 times as many functions as the large-component basis.

• The number of (LL|SS) and (LS|LS) integrals is then about 13 times the
number of nonrelativistic integrals.

• The number of (SS|SS) integrals is then about 39 times the number of
nonrelativistic integrals.

• The total increase in the number of integrals for a Dirac–Coulomb calculation
over a nonrelativistic calculation is about a factor of 50.

Thus, the scalar basis involves about 20% fewer real quantities than the 2-spinor
basis, and therefore less work in the Fock matrix construction. This applies to an
uncontracted basis set.

In a contracted scalar basis set, the core spin–orbit splitting must be accounted for,
and the calculations become a little more difficult to do directly. The worst case for
basis set size would be a basis set in which all functions are contracted, for example,
a generally contracted basis set or an atomic natural orbital (ANO) basis set. Then,
the large-component basis set would double in size, apart from the s functions. The
small-component basis set, however, would not change, provided the contractions were
properly restricted: for instance, the s component was eliminated from the d functions
for the small component of the p3/2 contracted functions.

Allowing for a 40% increase in the large-component basis size, the (LL|LL) set
would increase by a factor of 4 and the (LL|SS) set by a factor of 2, giving 4 + 25 +
39 = 68 as the overall factor, which is a little more than for the 2-spinor basis. If the
increase is more like 70%, the (LL|LL) set would increase by a factor of 9 and the
(LL|SS) set by a factor of 3, giving 9 + 39 + 39 = 87. The 2-spinor method therefore
has a size advantage in a contracted basis. If the small-component contractions were not
properly restricted, however, the integral count in these two cases increases uniformly
by a factor of 4 or of 9, which is much larger than in the nonrelativistic case.
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By far the largest amount of work is spent on the (SS|SS) integrals. Although
their contribution to the total energy is of order c−4, neglecting them does lead to
significant errors in calculated molecular properties. Physical considerations as well as
practical experience indicates that the main contributions to these integrals are strongly
localized in the core regions of the atoms. A very good approximation is to include only
those integrals that involve one-center small-component densities. This approximation
reduces the number of (SS|SS) integrals by a factor that is approximately the square of
the number of atoms. It could also be applied to the (LL|SS) integrals for a reduction
of a factor that is approximately the number of atoms.

A further approximation eliminates the (SS|SS) integrals entirely. Visscher (1997).
has shown that a good approximation is to replace the contribution of the (SS|SS)
integrals with the Coulombic repulsion between the atomic small-component electron
densities. The contribution to the energy is of the form

∆E =
∑
A

∆ESS
A +

∑
A>B

qSAq
S
B

RAB
. (11.118)

The first term is a term that accounts for the neglect of the (SS|SS) integrals on the
separate atoms. This term is constant for all practical purposes, and may be neglected.
The other term provides the Coulomb repulsion between the small component charges
on different atoms, and is essential for a correct description of the electron repulsion.
Care should be exercised when using this approximation in calculations of proper-
ties that are particularly sensitive to small-component densities or the near-nucleus
environment. A less severe approximation would be to fit the spherically averaged
small-component density to a set of s functions and include their effect with the nuclear
potential.

The conclusion is that use of screening methods and soundly based approximations
can reduce the work by a large amount, and so the cost of efficient relativistic calcu-
lations is not so much larger than that of nonrelativistic calculations—perhaps a factor
of 10 or less.
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Correlation Methods

It is well known from nonrelativistic quantum chemistry that mean-field methods,
such as the Hartree–Fock (HF) model, provide mainly qualitative insights into the
electronic structure and bonding of molecules. To obtain reliable results of “chemical
accuracy” usually requires models that go beyond the mean field and account for
electron correlation. There is no reason to expect that the mean-field approach should
perform significantly better in this respect for the relativistic case, and so we are led to
develop schemes for introducing correlation into our models for relativistic quantum
chemistry.

There is no fundamental change in the concept of correlation between relativistic
and nonrelativistic quantum chemistry: in both cases, correlation describes the
difference between a mean-field description, which forms the reference state for the
correlation method, and the exact description. We can also define dynamical and non-
dynamical correlation in both cases. There is in fact no formal difference between a
nonrelativistic spin–orbital-based formalism and a relativistic spinor-based formalism.
Thus we should be able to transfer most of the schemes for post-Hartree–Fock calcula-
tions to a relativistic post-Dirac–Hartree–Fock model. Several such schemes have been
implemented and applied in a range of calculations. The main technical differences to
consider are those arising from having to deal with integrals that are complex, and the
need to replace algorithms that exploit the nonrelativistic spin symmetry by schemes
that use time-reversal and double-group symmetry.

In addition to these technical differences, however, there are differences of con-
tent between relativistic and nonrelativistic methods. The division between dynamical
and nondynamical correlation is complicated by the presence of the spin–orbit interac-
tion, which creates near-degeneracies that are not present in the nonrelativistic theory.
The existence of the negative-energy states of relativistic theory raise the question of
whether they should be included in the correlation treatment. The first two sections of
this chapter are devoted to a discussion of these issues.

The main challenges in the rest of this chapter are to handle the presence of complex
integrals and to exploit time-reversal symmetry. For this latter purpose we will resort
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to a Kramers-pair basis, as discussed in chapter 9. We will assume that the reader is
familiar with the details of the nonrelativistic versions of the various methods that we
discuss. If not, information about these may be found in several good texts, such as
Jørgensen and Simons (1981), Szabo and Ostlund (1989), Helgaker et al. (2000), and
Jensen (1999). Thus, we will concentrate mainly on features that arise specifically from
the relativistic formulation of these methods. We start by describing two single reference
methods, Møller–Plesset second-order perturbation theory (MP2) and the coupled-
cluster (CC) model. We then discuss aspects of the CI expansion for four-component
calculations, and we conclude with some remarks about MCSCF schemes.

In nonrelativistic quantum chemistry, there has been an impressive development
in methods and algorithms to make post-HF calculations economically feasible. The
rapid development of computers has greatly increased the scope of these methods.
Still, the cost of doing these calculations rises rapidly with the size of the system.
Relativistic methods in quantum chemistry will have one of its main impact areas
in applications to molecules containing heavy elements. This makes the challenge of
performing relativistic post-DHF calculations formidable. Not only do these molecules
have large numbers of electrons, but valence energy levels are also usually quite closely
spaced, and the outer core often needs to be correlated for quantitative accuracy. This
means that “trivialities” such as operation counts and resource demands become even
more important for relativistic methods than in the nonrelativistic case. We therefore
provide some assessment of the cost of performing relativistic calculations compared
with that of performing nonrelativistic calculations.

12.1 The Reference State

In nonrelativistic mean-field calculations, the orbitals are often sufficiently separated in
energy that the reference state in a correlated calculation can be chosen to be a single
determinant. Most closed-shell molecules fall into this category, and a considerable
number of high-spin open-shell species can be well represented by a single determinant.
The validity of the single-determinant reference can be established by measures such as
the weight of the reference in a configuration interaction expansion or the t1 diagnostic
in coupled-cluster calculations.

In relativistic calculations, the spinors are not necessarily so well separated, due
to the spin–orbit interaction. As an example of the effect of spin–orbit interaction, we
choose the atoms of group 14—C, Si, Ge, Sn, Pb—which in a nonrelativistic picture
have the valence configuration np2, and the ground state is np2(3P) in LS coupling.
In a relativistic model the np manifold splits into the nondegenerate sets of np1/2 and
np3/2 spinors. If we apply a simple Aufbau principle, we would end up with the state
2p2

1/22p0
3/2(J = 0) for the relativistic ground state of C. If we expand the 2p1/2 spinor

into spin–orbitals, we find that this state is 2/3 2p2(3P) and 1/3 2p2(1S), which we know
is wrong because the spin–orbit splitting in C is very small and the wave function
should not deviate so much from the LS-coupled state. We are left with no choice but
to include more than one configuration in the wave function. The other possible choice,
the 2p0

1/22p2
3/2(J = 0) configuration, is 1/3 2p2(3P) and 2/3 2p2(1S). Mixing this with

the other configuration allows the correct zeroth-order description of the ground state
of the C atom to be obtained: a state that is mostly 3P but with a small amount of 1S.
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For the mean-field spinors we have two choices: we can either use some restricted
Hartree–Fock average, and thereby sacrifice the variational treatment of the spin–orbit
splitting, or we can resort to a small multiconfigurational SCF calculation with the
np1/2 and np3/2 orbitals as the active space. It may be argued that the spin–orbit
coupling in C is small (2.9 × 10−4Eh), and that the loss in using averaged 2p spinors
probably would not introduce any serious errors. This has in fact been found to be
a satisfactory approach in many atomic calculations. But the problem would become
more serious as we go to the heavier elements of group 14. By the time we reach Pb, at
atomic number 82, the spin–orbit splitting has increased to 5.5×10−2Eh, or more than
140 kJ/mol, and the ground state is closer to what would be obtained by the simple
Aufbau filling of the p spinors.

Thus, while the ground state of these elements can be represented as a single, high-
spin determinant in nonrelativistic theory, they must be represented by at least two
determinants in relativistic theory. So for the relativistic case we may find ourselves
forced to use methods beyond simple DHF to obtain reference states for cases that
nonrelativistically could be comfortably treated in a mean-field model.

This problem becomes more acute when we lower the symmetry. For the atomic
case, where the spin–orbit splitting is large, a single determinant might well be an
adequate reference, even if it artificially fixes the mixing due to the spin–orbit effect.
But what happens in a molecule?

We can analyze this problem formally by considering a doubly occupied Kramers
pair. For simplicity we drop the small component and work with 2-spinor functions in
a group that has no degenerate irreps. We also represent the wave function as a simple
Hartree product. The extension to a determinantal function, 4-spinor functions, and
groups with degeneracies is straightforward, but it would unnecessarily complicate the
analysis. We write the wave function as

Ψ = ψψ̄ =
(
φ1 + iφ2
φ3 + iφ4

)(−φ3 + iφ4
φ1 − iφ2

)
(12.1)

where φ1, φ2, φ3, and φ4 are scalar functions, which consist of a coefficient multiplying
a function that can be considered to be a molecular orbital. Expanding the spinor product
into its components and spin functions, we get the following linear combination of
states:

Ψ = [φ1φ1 + φ2φ2 − φ3φ3 − φ4φ4] η(α)η(β)

− i [φ1φ2 − φ3φ4] [η(α)η(β)− η(β)η(α)]

− [φ1φ3 + φ2φ4] [η(α)η(α)+ η(β)η(β)]

+ i [φ1φ4 − φ2φ3] [η(α)η(α)− η(β)η(β)] .

(12.2)

Using Hartree products, a state now appears as a product of two spatial functions and a
spin function that is an eigenfunction of Ŝ2. Thus the first four states are nonrelativistic
closed-shell singlet states; the next two are open-shell singlet states, and the remaining
eight are triplet states. If this were a nonrelativistic wave function with independent
coefficients for each of these states, the wave function would include elements of non-
dynamical correlation, for both the singlet and the triplet components (and would be
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separable into spin components). In the relativistic SCF procedure we have in fact only
four independent coefficients, but the elements of nonrelativistic nondynamical corre-
lation remain, and the optimum wave function is a balance between the self-consistent
field effects, the nondynamical correlation effects, and the spin–orbit effects, con-
strained by the form of the spinors. The constraints could force the single-determinant
relativistic SCF process to a solution that was not close to the physical solution.
In the general case, to remove the constraints requires an MCSCF calculation. There
are of course many molecules for which the relativistic SCF procedure provides a
quite satisfactory single reference—such as for AuH, where only one of the four com-
ponents in the bonding large-component 2-spinor has significant amplitude. However,
the choice of correlation method in a relativistic calculation must take into account the
possibility of a multiconfigurational reference.

12.2 The No-Pair Approximation

When deriving mean-field methods, we had to consider the role of the negative-energy
states in the variation of the wave function. Now that we are considering correlation,
we must examine the role of these functions in the N -particle wave function.

The most general approach to variational calculations is represented by the MCSCF
wave function, with the simultaneous optimization of both the one-particle and the
N -particle functions. The MCSCF wave function may be written (Jørgensen and
Simons 1981)

Ψ = e−κ̂
∑
µ

CµΦµ (12.3)

where the Φµ are single determinants and e−κ̂ performs rotations between the one-
particle functions (orbitals or spinors).1 The variational parameters are the vectors κ

and C. The set {Φµ} contains determinants that may be derived by exciting electrons
from orbitals that are occupied in some reference determinant to virtual orbitals, that
is, orbitals that are not occupied in the reference state.

{Φµ} = {Φ0, Φ
a
i , Φ

ab
ij , . . .} (12.4)

where

Φa
i = aa

†ai Φ0, Φab
ij = aa

†ab
†aj ai Φ0, . . . . (12.5)

Here and in the following, we will use indices i, j, k, ... to denote one-particle functions
occupied in the reference determinant, and a, b, c, . . . to denote virtual one-particle
functions. In the nonrelativistic case, these one-particle functions are spin–orbitals, nor-
mally derived as eigenvalues of the Hartree–Fock operator. For the relativistic case, the

1. In this chapter we use the opposite sign convention for κ̂ to that used in chapter 8.
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corresponding one-particle basis functions are the spinors derived from the solution of
the Dirac–Hartree–Fock equation, including the spinors that describe negative-energy
solutions, that is, solutions with eigenvalues less than −2mc2.

As discussed in chapter 5, the treatment of the negative-energy states is crucial if
we are to establish a consistent model for relativistic many-electron systems. In this
connection we have to decide what role these negative-energy spinors should have in
our variational space. A moment’s consideration should convince us that we do not want
our variational space of N -particle functions to include determinants where positive-
energy spinors have been replaced by negative-energy spinors. Such a choice would
open the possibility of variational collapse, due to the fact that there would be states
either below the ground state or degenerate with it, as discussed in chapter 5. Likewise,
inclusion of such determinants in a perturbation expansion risks introduction of intruder
states that would cause the perturbation method to fail. So the conclusion must be that
the N -particle space should be made up of determinants containing positive-energy
spinors only. This is frequently referred to as the no-pair approximation.

While this no-pair approximation is chemically reasonable and convenient to work
with, it does have consequences for our use of the one-particle variational space. For
the nonrelativistic case, the orbital rotation space is the electronic spin–orbitals, and
we can indicate this explicitly in the expression for the MCSCF wave function as

Ψ = e−κ̂ee
∑
µ

CµΦµ (12.6)

where e−κ̂ee includes rotations for the entire spin–orbital space. In the limit of a full
CI, that is, the set {Φµ} includes all possible excitations using the one-particle basis,
the spin–orbital rotations become redundant, and the operator e−κ̂ee may be omitted.
The corresponding expression for the relativistic MCSCF function is

Ψ = e−κ̂ee−κ̂ep
∑
µ

CµΦµ (12.7)

with e−κ̂ep accounting for mixing in of negative-energy one-particle functions. This
orbital rotation operator will never become redundant as long as we use the no-pair
approximation. Thus, to be complete, any no-pair CI expansion of a relativistic wave
function should include spinor optimization over the entire one-particle basis.

Keeping the above considerations in mind, and adhering to the no-pair approxima-
tion, we should be able to recast most of the nonrelativistic post-HF schemes into a
relativistic post-DHF form.

12.3 Integral Transformations

As long as one stays with “traditional” methods for calculation of correlation energies,
it is necessary to perform a transformation of the one- and two-electron integrals into
the molecular spinor basis. While Møller-Plesset perturbation expansions can be cast
in a semi-direct form that does not require a complete integral transformation, it is
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not so easy for other correlation methods. The alternatives are to resort to approxi-
mate methods, density functional methods, or methods that incorporate interelectronic
distances, the so-called r12 methods. In this chapter, we concentrate on the traditional
approaches.

The integral transformation itself2 is straightforward, but it must be broken into
pieces because of the large and small components. For the Coulomb interaction, the
two-electron integral transformation can be written

(pq|rs) =
∑
XY

∑
µνκλ

aX∗
µp aXνqaY∗

κr aYλs(µ
XνX|κY λY ). (12.8)

Because we have restricted the N -particle space to states composed of positive-energy
spinors, the transformation reduces the number of integrals by a factor of 4. Just as in
the nonrelativistic case, the transformation over the spinor indices can be performed
as a sequence of four matrix multiplications, and as a result the cost of the integral
transformation scales as n5, where n is the number of basis functions.

Mean-field calculations for large systems are generally carried out within a direct
SCF scheme, and therefore the number of integrals that actually need to be calculated is
much smaller, and the scaling with basis set size for these processes has been shown to
be closer to n2.2 rather than n4. The integral transformation is therefore more expensive
than the SCF step, but apart from second-order perturbation theory, most correlated
methods are at least O(n6).

We can estimate the increased relative cost of relativistic integral transformations
over nonrelativistic integral transformations as follows. For this purpose we assume
that the integral transformation is performed with one triangular pair index and one
square pair index to exploit the efficiency of matrix multiplications. We also assume a
nonrelativistic basis of size n that matches the relativistic 2-spinor Kramers-pair basis.

• The operation count for the nonrelativistic case (multiply and add) is 2n5.
• The relativistic transformation must include integral classes (LL|LL), (LL|SS),
(SS|LL), and (SS|SS). Without any further efficiencies, this results in a factor
of 4 increase in the operation count.

• In the optimal implementation of time-reversal symmetry, there are four classes
of integrals over molecular spinors, (pq|rs), (pq̄|r̄s), (pq̄|rs̄), and (pq|rs̄),
each of which scales the same. Without further efficiencies, this also results in a
factor of 4 increase in the operation count.

• The integrals are complex, introducing another factor of 4, an overall factor of
64, and a total operation count of 128n5.

• However, in the first half-transformation, we can exploit the common indices,
and add the half-transformed integrals to yield (pq|LL), (pq|SS), (pq̄|LL), and
(pq̄|SS) integrals, with an operation count of 24n5. The operation count for the
second half-transformation is also 24n5, yielding a total of 48n5.

The Kramers-restricted integral transformation is therefore 24 times more expensive
than the nonrelativistic integral transformation.

2. Relativistic integral transformations were first discussed by Esser et al. (1981).
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Here we have only considered the transformation of integrals from the 2-spinor
basis. The transformation of integrals from a scalar basis is a little more complicated
because there are sums over spin components, but it is no different in principle.

12.4 Kramers-Restricted Møller–Plesset Perturbation Theory

The use of low-order perturbation theory is probably the cheapest and conceptually
simplest method for including correlation effects in a quantum-chemical calculation
while maintaining a minimum of formal rigor. In particular, Møller–Plesset perturbation
expansions to various orders (commonly denoted MPn) have seen widespread use. For
our purposes it is sufficient to discuss only the MP2 expansion, which is the lowest
order that contributes beyond the mean-field approximation.

The Møller–Plesset zeroth-order Hamiltonian is just a sum over Fock operators,
which can be expressed in second quantization as

Ĥ0 =
∑
i

ai
†ai εi . (12.9)

This Hamiltonian gives a zeroth-order energy that is a sum of orbital energies, and there-
fore double-counts the electron repulsion. The perturbation is the difference between
the mean-field electron interaction and the full electron–electron interaction operator,
the so-called fluctuation potential. Thus, the first-order contribution to the energy just
corrects for the overcounting of electron repulsion in E(0) and we recover the energy
from the mean-field calculation

EMF = E(0) + E(1). (12.10)

The general expression for the second-order energy with a single-determinant refer-
ence is

E(2) = 1

4

∑
i,j

∑
a,b

∣∣(ia||jb)∣∣2
εi + εj − εa − εb

(12.11)

where the ε are eigenvalues of the Fock matrix and (ia||jb) are the antisymmetrized
two-electron integrals

(ia||jb) = (ia|jb)− (ib|ja). (12.12)

This expression applies equally to the nonrelativistic case expressed in terms of spin–
orbitals and the relativistic case expressed in terms of spinors. In nonrelativistic MP2,
the sums over i, j and a, b span the range of occupied and virtual one-electron func-
tions, respectively. In the relativistic formulation the sum over virtual functions can only
include spinors with positive energies if we are to stay within the no-pair approximation.

The usual zeroth-order wave function for an MP2 expansion is a closed-shell single
determinant. For the nonrelativistic case we can exploit this fact and spin symmetry
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in order to reduce the expression for E(2) to one involving only unique integrals over
real spatial orbitals:

E
(2)
NR =

∑
i,j

∑
a,b

[2(ia|jb)− (ib|ja)](bj |ia)
εi + εj − εa − εb

. (12.13)

The sums extend over all orbitals. However, use has been made of the symmetry in
the indices i and j to collect the terms.

For the relativistic case, we use time-reversal symmetry instead of nonrelativistic
spin symmetry to effect a reduction, and we introduce a set of spinors that are grouped
as Kramers pairs. If we exploit time reversal on the integrals, we find that

(ia||jb) = (ı̄ā||̄ b̄)∗, (12.14)

and we can use the bar-reversal operator to derive expressions for all the other integrals.
Making use of these relations results in a reduction of a factor of 2 in the number of
terms in the sum for the second-order energy. If we also exploit the equivalence of
the index pairs a and b, and i and j , we arrive at the following expression for the
Kramers-restricted second-order energy:

E(2) = 1

2

∑
i,j

∑
a,b

∣∣(ia||jb)∣∣2 + 2
∣∣(ia||̄ b̄)∣∣2 + ∣∣(iā||j b̄)∣∣2

εi + εj − εa − εb

+
∑
i,j

∑
a,b

∣∣(ia||̄ b)∣∣2 + ∣∣(ia||j b̄)∣∣2
εi + εj − εa − εb

.

(12.15)

This is not quite a reduction of a factor of 4 that would be expected from the integral
equivalences under time reversal.

Comparing this expression with the nonrelativistic expression, we see that there are
five times as many terms. This does not translate into a factor of 5 in the amount of work.
For that, we need to consider the number of floating-point operations. Designating the
number of occupied orbitals O and the number of virtual orbitals N , there are O2V 2

terms in each sum, both relativistic and nonrelativistic.
In the nonrelativistic expression, there are two adds and one multiply to form the

numerator. To form the denominator, the orbital eigenvalues can be added in pairs to
form arrays of order O2 and V 2. The work to assemble the final sum of orbital energies
is then one add per denominator. Finally, there is one divide and one add per term to
accumulate the energy. The total operation count for the nonrelativistic MP2 expression
given above is therefore 6O2V 2.

In the relativistic expression, the work required to form the denominator is the
same as for the nonrelativistic expression, but only needs to be done once for all
sums. The integrals are complex, so each numerator term requires the equivalent of
three adds and two multiplies. The five numerators can be added and then the division
and accumulation performed. The total operation count is 31O2V 2. The relativistic to
nonrelativistic ratio is therefore a little more than 5.
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The expressions given above have complete sums over all indices, which can be
exploited to simplify the implementation. However, we can reduce the operation count
by restricting the summation ranges and exploiting the index symmetry. The relativistic
expression reduces to

E(2) = 2
∑
i>j

∑
a>b

∣∣(ia||jb)∣∣2 + ∣∣(iā||j b̄)∣∣2
εi + εj − εa − εb

+
∑
i≥j

(2 − δij )
∑
a,b

∣∣(ia||̄ b̄)∣∣2
εi + εj − εa − εb

+ 2
∑
i,j

∑
a>b

∣∣(ia||̄ b)∣∣2
εi + εj − εa − εb

+ 2
∑
i>j

∑
a,b

∣∣(ia||j b̄)∣∣2
εi + εj − εa − εb

. (12.16)

The operation count for this expression is 12.5O2V 2. The nonrelativistic expression
given above cannot be reduced in this way, but we can use the above relativistic
expression and treat the unbarred and barred spinors as α and β spin–orbitals. We are
left with the expression

E
(2)
NR = 2

∑
i>j

∑
a>b

∣∣(ia||jb)∣∣2
εi + εj − εa − εb

+
∑
i≥j

(2 − δij )
∑
a,b

∣∣(ia|jb)∣∣2
εi + εj − εa − εb

.

(12.17)

The operation count for this expression is 1.5O2V 2, and the relativistic to nonrela-
tivistic ratio is now a little more than 8. The index restrictions therefore benefit the
relativistic MP2 method less than the nonrelativistic method, but the ratio is still much
less than that for SCF calculations.

Symmetry reductions for the relativistic MP2 method follow very similar lines
to those for the DHF method. For the complex reps (singly degenerate in pairs)
the integrals with an odd number of bars vanish, while for the real irreps (doubly
degenerate), the integrals become real. Both result in reductions of a factor of
approximately 2.

One great advantage of the MP2 method is that it may be cast in a semi-direct or
integral-driven algorithm where classes of integrals are recalculated rather than stored.
The general experience is that a relativistic MP2 calculation requires roughly the same
computing time as a mean-field calculation.

The Møller–Plesset perturbation expansion is based on a given set of one-electron
functions, which do not change during the calculation. For the relativistic case, this
means that in the no-pair approximation spinor relaxation through mixing of positive-
and negative-energy solutions is sacrificed, as discussed in the previous section.
While this usually is of little importance for the calculation of correlation energies
and molecular geometries through perturbation theory, care must be exercised in the
calculation of properties from a perturbation expansion.

As mentioned above, the MP2 expansion usually starts from a closed-shell, single-
determinant zeroth-order wave function. For the nonrelativistic case, several schemes
for extending this to open-shell system have been proposed and applied. Most of these
schemes can also be cast in an equivalent relativistic version. There are, however, some
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peculiarities of open-shell Kramers-restricted MP2 when the open shell is spin–orbit
split, particularly if one is aiming at calculating energies including basis-set superpo-
sition error (BSSE). Suppose we are calculating the dissociation energy of a diatomic
molecule such as Cl2 by the counterpoise method. The Cl atom calculation with the
other Cl as a ghost does not have the full atomic symmetry. The p1/2 and p3/2 spinors
with ω = 1/2 mix and the basis set on the ghost atom contributes a greater energy
lowering to the σ component than to the π component. This affects the calculated
spin–orbit splitting and changes the energetics.

The presence of the ghost basis is not the only problem with open-shell relativis-
tic MP2 calculations. In nonrelativistic calculations there is a symmetry breaking due
to the lack of spherical averaging, but it is small and not very orientation-dependent
for reasonable basis sets. In relativistic calculations the symmetry breaking involves
the spin–orbit interaction, and affects the core spinors indirectly. These may rotate
significantly because the energy differences between the spin–orbit components are
much smaller than the energy differences between the shells. Thus the symmetry
breaking at the SCF level can propagate into the core. In subsequent MP2 calcula-
tions the resulting eigenvalue shifts can cause an increased energy difference between
the two nominally identical states. The only remedy is to use methods that permit
orbital relaxation and in which the core is also allowed to relax.

For more than one open shell, the wave function can consist of two or more deter-
minants. To do MP2 calculations for dynamic correlation on these systems requires a
multiconfiguration perturbation theory. The various theories proposed can be reasonably
straightforwardly extended to the relativistic case.

12.5 Kramers-Restricted Coupled-Cluster Expansions

Another correlation method commonly used in nonrelativistic quantum chemistry is
the coupled-cluster (CC) method. In this method the wave function is developed by
applying an exponential wave operator to an N -particle reference function,

Ψ = eT̂ Φ0 (12.18)

where the operator T̂ is a sum of products of excitation operators Ê and amplitudes
(or expansion coefficients) t ,

T̂ = T̂1 + T̂2 + T̂3 + · · ·
=
∑
i

∑
a

tai Ê
a
i +

∑
ij

∑
ab

tabij Êab
ij +

∑
ijk

∑
abc

tabcijk Ê
abc
ijk + · · · . (12.19)

Note that these excitation operators differ from those of section 9.1. They are given in
terms of one-particle creation and annihilation operators as

Êa
i = aa

†ai; Êab
ij = aa

†ab
†aj ai; Êabc

ijk = aa
†ab

†ac
†ak aj ai, . . . . (12.20)
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To simplify the appearance of the equations, we invoke the Einstein summation
convention for this section, in which a summation over repeated indices is made. The
expression for T̂ reduces to

T̂ = tai Ê
a
i + tabij Êab

ij + tabcijk Ê
abc
ijk + · · · . (12.21)

The CCSD method (coupled cluster with single and double excitations) truncates the
expansion of T̂ after the double excitation term, T̂2. The t2 amplitudes obey the relations

tabij = −tabji = −tbaij = tbaji , (12.22)

that is, they are antisymmetric to index interchange in the occupied spinor space and
the virtual spinor space.

If the reference is a closed-shell determinant, it is symmetric under time reversal.
We require that the coupled-cluster wave function is also symmetric under time reversal,
because the wave function is nondegenerate and has an even number of electrons. Then

K̂Ψ = K̂ eT̂ Φ0 = Ψ = eT̂ K̂Φ0. (12.23)

Thus K̂ commutes with the wave operator and the wave operator is therefore symmetric
under time reversal. Because of the structure of the wave operator, each term T̂i must
be symmetric under time reversal. We now introduce a Kramers-pair basis, and apply
the time-reversal operator to the T̂1 term, to obtain

K̂ T̂1 = K̂
[
tai Ê

a
i + taı̄ Ê

a
ı̄ + t āi Ê

ā
i + t āı̄ Ê

ā
ı̄

]
= K̂ tai aa

†ai + K̂ taı̄ aa
†aı̄ + K̂ t āi aā

†ai + K̂ t āı̄ aā
†aı̄

= tai
∗ aā†aı̄ − taı̄

∗ aā†ai − t ā∗i aa
†aı̄ + t āı̄

∗ aa†ai

= tai
∗ Êā

ı̄ − taı̄
∗ Êā

i − t āi
∗ Êa

ı̄ + t āı̄
∗ Êa

i

(12.24)

which gives the relations

tai = t āı̄
∗; taı̄ = −t āi ∗. (12.25)

These are the normal relations expected from time reversal of a one-electron operator.
Similarly, for the two-electron amplitudes,

tabij = t āb̄
īj̄

∗; t āb̄ij = tabı̄̄
∗; tab̄i̄ = t ābı̄j

∗; tab̄ij = −t ābı̄̄ ∗. (12.26)
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If we use these equalities between the various excitation amplitudes of the same rank,
we can simplify the expressions somewhat. For T̂1 we get

T̂1 = tai aa
†ai + taı̄ aa

†aı̄ − taı̄
∗ aā†ai + tai

∗ aā†aı̄

= (Re tai + iIm tai ) aa
†ai + (Re taı̄ + iIm taı̄ ) aa

†aı̄

− (Re taı̄ − iIm taı̄ ) aā
†ai + (Re tai − iIm tai ) aā

†aı̄ .

(12.27)

We can use the excitation operators defined in (9.14)

Ê±
pq = ap

†aq ± ap̄
†aq̄ , Ê±

p̄q = ap̄
†aq ∓ ap

†aq̄ , (12.28)

to simplify the final expression for T̂1 to

T̂1 = Re tai E
+
ai + iIm tai E

−
ai + Re taı̄ E

+
aı̄ + iIm taı̄ E

−
aı̄ . (12.29)

Here we have to use the operators Ê±
pq and not the X̂±

pq . The reason is that to ensure that
the commutator expansions in coupled-cluster theory truncate, the wave operator must
be expressed in terms of excitation operators between two disjoint one-particle spaces.
This expression and the corresponding one for T̂2 form the basis for the Kramers-
restricted CCSD (KRCCSD) method (Visscher et al. 1995).

As for the SCF method, the main reductions due to double-group symmetry follow
from the nature of the irreps. For quaternion irreps, all amplitudes are in principle
nonzero; for complex and real irreps the odd-bar amplitudes vanish, giving a reduction
of a factor of 2; and for real irreps the imaginary part of the amplitudes is zero, giving
another reduction of a factor of 2.

At this point, we pause to consider the cost of the relativistic KRCCSD method
compared with the nonrelativistic spin-restricted CCSD method.

• The fact that the integrals are complex in the relativistic version gives a factor
of 4 increase in the number of operations.

• The scaling of the CCSD equations is O(n6), where n is the number of basis
functions. Thus the increase due to lack of spin symmetry in the relativistic case
should be a factor of 26 = 64.

• The reduction due to the optimal implementation of time-reversal symmetry is a
factor of 8.

The KRCCSD method is therefore a factor of 32 times more expensive than the
nonrelativistic CCSD method.

Before proceeding to open-shell theory, it is worth noting that CCSD properly treats
the nondynamical effects that are missing in a single-determinant reference function,
which were discussed in section 12.1. This is because the coupled-cluster wave function
is an infinite-order expansion to the given excitation level: the coefficients of the
determinants that complete the reference expansion and all the excitations from these
are included and optimized in the coupled-cluster wave function. Also, the presence of
single excitations accounts for the orbital relaxation that would correct the distortion
of the reference determinant.
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12.6 Open-Shell Kramers-Restricted Coupled-Cluster Expansions

Open-shell coupled-cluster theory can be formulated in terms of the one-particle spinor
or spin–orbital basis. However, spin-restricted or Kramers-restricted open-shell theories
are complicated by the ambiguous role of the open-shell orbital or Kramers pair. We
develop here the basic outline of open-shell Kramers-restricted coupled-cluster theory.

We consider first the case of a single electron outside a closed-shell core, for which
the reference N -particle functions form a Kramers pair of states

K̂Φ0 = Φ̄0. (12.30)

Because the open-shell spinor is different for the two partners, the Kramers-unrestricted
wave operator cannot be the same. At the least it must differ in the terms that involve
the open-shell Kramers pair. Hence we must have two excitation operators, T̂ and T̄ ,
such that

Ψ = eT̂ Φ0, Ψ̄ = eT̄ Φ̄0. (12.31)

(where we have omitted the operator “hat” over T̄ for typographical reasons). Since
the correlated wave functions must be related by time reversal, we can derive a relation
for the wave operators:

eT̄ = K̂eT̂ . (12.32)

This relation gives us a connection between the t amplitudes and the t̄ amplitudes, but
it does not provide any relation between t amplitudes for the Kramers partners such as
we get for the closed-shell case. This stands to reason, because the amplitudes represent
the configuration mixing due to correlation, and we cannot expect the correlation to
be the same for α and β spin in an open-shell doublet. The incorporation of spin–
orbit interaction makes no change to this picture, in which the Pauli repulsion between
spin–orbitals of the same spin is transferred to spinors of the same irrep row.

The only way to get a wave operator that is symmetric under time-reversal symmetry
is to impose the restriction from the beginning. While this fixes the relations between the
amplitudes, it also forces the occupied and the unoccupied Kramers components of the
open shell to be treated equivalently. This equivalence is what introduces the ambiguity
in the treatment of the open shell: the open-shell Kramers pair must behave as both a
particle and a hole, and the result is that the truncated commutator expansions in the
coupled-cluster equations are much longer than in closed-shell theory. The alternative
is to use an unrestricted wave operator with the Kramers-restricted spinors. The use
of the latter provides some reduction in the work due to the relations between the
integrals, but not a full reduction (Visscher et al. 1996).

The same considerations also apply to the case of two open shells where the product
of the fermion irreps for the open shells belongs to a doubly degenerate boson irrep.
In this case the reference is a single determinant, related to its partner by the time-
reversal operator. Because there is no symmetry between the open shells, we cannot
derive relations between the amplitudes for Kramers partners.
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However, if the product of the fermion irreps for the open shells belongs to a
singly degenerate boson irrep, the wave function is symmetric under time reversal, and
hence there ought to be a way of devising a Kramers-restricted method. We write the
reference as

Φ0 = (Φ + Φ̄)/
√

2 (12.33)

where Φ and Φ̄ are the two open-shell determinants related by

K̂Φ = Φ̄; K̂Φ̄ = Φ. (12.34)

The correlated wave function is

Ψ = eT̂ Φ0. (12.35)

Applying the time-reversal operator, we find that

[
K̂, eT̂

] = 0 (12.36)

because K̂Ψ = Ψ and K̂Φ0 = Φ0. The relations between the amplitudes follow, just
as for the closed-shell case. However, the same problem exists as for the open-shell
doublet case: the T̂ operator contains excitations into and out of the two open shells.

One way to address this problem is to treat the two configurations as a model space,
and use the approach of Jeziorski and Monkhorst (1981) to determine the correlated
wave function and energy. In this approach, the reference determinants are correlated
independently with the unrestricted wave operator form, except that excitations internal
to the open-shell space are excluded. Thus, the T̂1 operator is

T̂1 = tai Ê
a
i + tui Ê

u
i + tav Ê

a
v (12.37)

where u and v are occupied and unoccupied open-shell spinor indices, but it does not
include the term tvu Ê

v
u . The two reference determinants are related by time-reversal

symmetry according to (12.34), and give rise to two correlated functions,

Ψ = eT̂ Φ; Ψ̄ = eT̄ Φ̄; (12.38)

which are also related by time reversal,

K̂Ψ = Ψ̄ ; K̂Ψ̄ = Ψ. (12.39)

It follows that K̂T̂ = T̄ . We therefore only need to determine a single set of ampli-
tudes in an unrestricted CC calculation with a Kramers-restricted basis. The energy is
obtained from a 2 × 2 diagonalization in the correlated model space. Since the two
correlated reference functions are degenerate, no diagonalization is strictly necessary.
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As a bonus, we get the energy for both of the states that are formed by taking the
sum or difference of the reference functions,

Ψ± = (Ψ ± Ψ̄ )/
√

2. (12.40)

Substituting for the correlated references, we have

Ĥ(eT̂ Φ ± eT̄ Φ̄) = E±(eT̂ Φ ± eT̄ Φ̄) (12.41)

Projecting on the left with Φe−T̂ , we get

〈Φ |e−T̂ ĤeT̂ |Φ 〉 ± 〈Φ |e−T̂ ĤeT̄ |Φ̄ 〉 = E± (1 ± 〈Φ |e−T̂ eT̄ |Φ̄ 〉). (12.42)

BecauseΦ and Φ̄ are related by a double excitation in the open-shell space, and because
we left excitations within this space out of the excitation operators, the second part of
the normalization term is zero, and the energy is given by the left side of the equation.
This technique can be used for open-shell Kramers pairs belonging to complex or real
irreps, but not to quaternion irreps. In the last case, there are four determinants that
are composed of the open-shell spinors, and even though they occur in pairs related
by time-reversal symmetry, the Hamiltonian operator connects all four. In the case of
complex irreps, the absolute value of the off-diagonal matrix element must be taken,
because it will in general be complex.

For systems with more than two open shells, it is in general necessary to resort to
multireference methods. This section has dealt only with state-specific coupled-cluster
methods, also known as state-universal methods or Hilbert space methods, for which
a considerable amount of effort has been expended on nonrelativistic multireference
methods.3 The alternative, which is much more suited to multireference problems, is
the valence-universal or Fock space method, which has been developed for relativistic
systems by Kaldor and coworkers (Eliav and Kaldor 1996, Eliav et al. 1994, 1998,
Visscher et al. 2001).

12.7 Configuration Interaction Expansions

We have already pointed out that the situations in which a single-determinant wave
function can be used as a reference for a correlated method are much fewer in
relativistic theory than in nonrelativistic theory. We must therefore resort to methods
that do not assume a single-determinant reference. Whether we treat dynamical cor-
relation perturbationally or variationally, it is usually the case that we need to obtain
eigenfunctions of some N -particle Hamiltonian, and so we turn to CI methods.

Once a set of transformed integrals is available, there is a large variety of non-
relativistic methods to solve the CI problem. Most of these can also be applied to

3. See for example the book by Hoffmann and Dyall (2002).
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the relativistic case with small modifications. In following sections, we examine in
more detail the relativistic CI and MCSCF methods. Some of the earliest work in this
area was done by Esser and coworkers (Esser et al. 1981, Esser 1984a, 1984b) who
developed multireference CI methods taking time-reversal symmetry into account, and
developing the machinery of the Graphical Unitary Group Approach (GUGA) for the
relativistic case.

We begin in this section with a brief overview of the main principles of modern CI
methods. Here, we assume that we want a single eigenstate, but it is easy to generalize
to a set of eigenstates.

In the early days of CI calculations, the Hamiltonian matrix was constructed and
diagonalized directly to yield all the eigenvectors and eigenvalues. The fact that diag-
onalization scales as M3, where M is the number of determinants in the CI expansion,
soon exposed the limitations of this approach. The limitations are even more severe in
the relativistic case because of the greater number of determinants for the same one-
particle space. Moreover, it is rarely the case that one is interested in all M eigenstates.
Iterative methods were therefore developed for extracting the lowest few eigenstates
by Davidson (1975a), which reduced the scaling from M3 to M2. The method works
as follows.

The CI wave function Ψ is expanded in a set of N -particle functions Φi

Ψ =
∑
i

CiΦi (12.43)

giving rise to the matrix eigenvalue problem

H C = E C (12.44)

where H is the Hamiltonian matrix, C is the coefficient (column) vector, and E is the
eigenvalue. The essence of the Davidson method is to expand the coefficient vector in
a set of basis vectors that are developed with some physical motivation, as follows.

The first step is to make a guess, C0, at the eigenvector of interest. For instance,
for the ground state we may use the reference configuration as a first guess. Using this
guess, we generate the vector4 a, given by

a = H C0. (12.45)

We can project this vector onto the original guess C0

D = CT
0 · a = CT

0 H C0 = E0. (12.46)

4. This vector is normally called σ , but to avoid confusion with the Pauli matrices we have chosen a different
notation in the present context. Likewise, the residue vector b commonly appears as r.
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D is in fact the energy of the initial guess vector. We can partition the eigenvector,
the energy, and the Hamiltonian as we would in perturbation theory (but without the
perturbation parameter),

H = H0 + H′; E = E0 + δE; C = C0 + δC, (12.47)

where H0 is the diagonal of H. This is usually a good approximation because H is
diagonally dominant. Here, however, we will not be using perturbation theory directly,
but rather deriving a correction vector that we can use to develop a basis for solving
the eigenvalue equation. Substituting into the eigenvalue equation and rearranging, we
can write

(H − E0)C0 = (E0 − H0) δC + δE C0 + (δE − H′) δC. (12.48)

We define the left-hand side as the residue vector b by

b = a − E0C0 (12.49)

This vector is orthogonal to C0. If we ignore the second term on the right-hand side of
(12.48) because of its orthogonality to b, and ignore the third term because it is small,
we get an expression for the correction vector q = δC,

q = (E0 − H0)
−1b (12.50)

or in terms of its matrix elements

qi = bi/(Hii −D). (12.51)

Note that q is essentially the first-order correction to the wave function in the perturba-
tion problem represented by the partitioning above. We now orthogonalize this vector
to C0, yielding a new vector C1. This new vector in turn may be used to calculate
a new a vector, and the H matrix is now diagonalized over the space of the vectors
C0 and C1 and a new correction vector calculated. The algorithm runs iteratively until
the norm of the residue vector falls below a given threshold. Each iteration can be
considered as adding the next order in perturbation theory.

The efficiency supplied by the Davidson method is that the main work is in the
matrix–vector multiplications, which scales as M2, rather than the M3 of direct diag-
onalization. The biggest problem is the storage of the Hamiltonian matrix, which can
be written to disk and read in row by row, or in batches of matrix elements if it is
sparse. Thus, we do not need to keep the Hamiltonian matrix in memory to obtain its
eigenvectors.

It was not long before it was realized that even evaluating and storing the
Hamiltonian placed too severe limits on the size of the CI expansion. For a million
determinants, the number of Hamiltonian matrix elements is 1012—far too large to store
on disk and read in each iteration, even if the matrix was sparse and the sparsity could
be exploited. The Hamiltonian is, however, composed of integrals over the molecular
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orbital basis, of which there are n4, where n is the number of basis functions. This
number is usually a lot smaller than the number of Hamiltonian matrix elements, so a
method in which the integrals were stored and used directly to construct the product of
the Hamiltonian matrix with a vector would be preferable. This is achieved in the so-
called “direct CI” method, developed by Siegbahn (1984) in a CSF basis and extended
to a determinant basis by Knowles and Handy (1984).

The key to the method is to use the second-quantized version of the Hamiltonian,
and express the I th component of the b vector as follows:

bI =
∑
J

[∑
p

q〈I | Êpq |J 〉hpq +
∑
pqrs

〈I | êpqrs |J 〉(pq|rs)
]
CJ

=
∑
pq

hpq〈I | Êpq |J 〉 CJ +
∑
pqrs

(pq|rs)
∑
J

〈I | êpqrs |J 〉 CJ .
(12.52)

The formation of the b vector therefore reduces to a contraction of the one- and two-
electron integrals with the one- and two-particle density matrices,

DIJ
pq = 〈I | Êpq |J 〉; P IJ

pqrs = 〈I | êpqrs |J 〉 (12.53)

Unfortunately, both of these matrices are much larger than the Hamiltonian matrix
itself—they are of order M2n2 and M2n4—so we haven’t gained anything unless
these matrices can be evaluated extremely efficiently, and preferably not stored.

The first step is to expand the two-particle density matrix in terms of the one-particle
density matrix, which we can do by expanding êpqrs and inserting a resolution of the
identity:

P IJ
pqrs = 〈I | ÊpqÊrs − δqr Êps |J 〉

=
∑
K

〈I | Êpq |K 〉〈K | Êrs |J 〉 − δqr 〈I | Êps |J 〉

=
∑
K

DIK
pq D

KJ
rs − δqrD

IJ
ps .

(12.54)

At the expense of an extra summation, which introduces a step of order M2, we
have reduced the two-particle density matrix to a sum involving one-particle density
matrices. The CI problem therefore reduces to the problem of evaluating the one-
particle density matrices efficiently.

It is at this point that the N -particle basis comes into play. If we choose a deter-
minant basis, or can transform the basis to a set of determinants, we can also factorize
the states, and further reduce the CI problem. Since we want to apply this method to
the relativistic case, we take as our N -particle basis the determinant basis introduced
in chapter 9, given in terms of A and B strings, which we will here consider to take
the role of the α and β strings of nonrelativistic theory. We also have to expand the
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excitation operators into their spin components,

Êpq = ap
†aq + ap̄

†aq̄ = ÊA
pq + ÊB

pq (12.55)

For a given number of α and β electrons, we can write the coefficient vector as a
matrix, indexed by A strings and B strings,

C ≡ C(IA, JB) (12.56)

where IA indexes A strings and JB indexes B strings.
We now expand the states I and J in terms of the strings. The one-particle density

matrix becomes

DIJ
pq = 〈IAIB | ÊA

pq + ÊB
pq |JAJB 〉

= δ
IB,JB

〈IA | ÊA
pq |JA 〉 + δ

IA,JA
〈IB | ÊB

pq |JB 〉
≡ δ

IB,JB
DIJ,A
pq + δ

IA,JA
DIJ,B
pq .

(12.57)

If nα = nβ , the number of strings is
√
M , and the density matrices over the strings

are now only of order n2M , which is easily manageable, especially in a loop over the
orbital indices. Moreover, from Slater’s rules, these density matrices are sparse and
reduce to a sign that comes from the commutation of the creation and annihilation
operators. They are therefore very easy to evaluate and can be calculated as needed.

The transition to the relativistic case is straightforward, but it brings with it extra
considerations and some complications. The structure of the relativistic determinants in
terms of A and B strings is identical to the structure of the nonrelativistic determinants,
so there is no change there. Likewise, the creation and annihilation operators have the
same behavior whether we interpret them as operators for α and β spin–orbitals or
members of a Kramers pair. We can also replace the Ê and ê operators with the
X̂ and x̂ operators. What differs is the integrals, the types of excitation operators,
and the structure of the Hamiltonian. The relativistic case has classes of integrals
that are zero in the corresponding nonrelativistic case, which correspond to operators
with odd numbers of bars for a given electron coordinate. The Hamiltonian is block-
pentadiagonal and covers the full range of determinants, whereas in the nonrelativistic
case the off-diagonal blocks are zero and we only need to consider a single block.

The main complication arises when we consider the off-diagonal blocks. The blocks
on the first off-diagonal have contributions from the odd-bar integrals and operators
and the blocks on the second off-diagonal have contributions from integrals with two
bars. The x̂ operators in both cases can be reduced to expressions that contain Xs

pq̄ and
Xs
p̄q operators. These operators connect A and B strings, and so we lose the benefit of

the factorization of the determinants into A and B strings.
What we can do about this complication is to factorize the density matrix elements

into matrix elements over a single creation or annihilation operator. For the one-particle
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density matrix over X±
pq̄ , the factorization falls out easily:

D
IJ,±
pq̄ =〈I |X̂±

pq̄ |J 〉=〈IAIB |ap†aq̄ ∓aq†ap̄ |JAJB 〉

=
[
〈IA |ap† |JA 〉〈IB |aq̄ |JB 〉

∓ 〈IA |aq† |JA 〉〈IB |ap̄ |JB 〉
]
. (12.58)

We can also reduce the density matrices for the X±
pq operators with the introduction of

another resolution of the identity:

DIJ,±
pq = 〈I |X̂±

pq |J 〉 = 〈IAIB |ap†aq ± aq̄
†ap̄ |JAJB 〉

=
[
δ
IB,JB

∑
KA

〈IA |ap† |KA 〉〈KA |aq |JA 〉

± δ
IA,JA

∑
KB

〈IB |aq̄† |KB 〉〈KB |ap̄ |JB 〉
]
.

(12.59)

The strings on each side of these matrix elements differ by one electron, and for
each string on one side of the matrix element there is only one string that is connected
to it by the creation or annihilation operator. This matrix is therefore very sparse:
instead of being order nM , it is only of order n

√
M . The matrix elements themselves

must have the value ±1, determined entirely by the number of permutations required
to move the extra electron to one end of the string. All that is needed to evaluate the
matrix elements is a list of pointers from the parent string to the daughter string for
each annihilation operator and the sign change for the permutation. The number of
quantities stored is therefore only 2n

√
M integers. This approach was pioneered in

the nonrelativistic context by Knowles and Werner (1988). In atomic structure theory,
these matrix elements are called “coefficients of fractional parentage.” Here we can
simply call them parentage coefficients, because they describe the connection between
a parent and a daughter state.

We expanded the X̂ operators into the primitive products of creation and annihilation
operators to achieve this factorization. Instead of first expanding the x̂ in terms of X̂, we
can expand them directly in the primitive products of creation and annihilation opera-
tors, to obtain the sums of products of parentage coefficients. As an example, consider
the second off-diagonal block, for which the two-particle density matrix factorizes
naturally:

〈IAIB |ap†ar
†as̄ aq̄ |JAJB 〉 = 〈IA |ap†ar

† |JA 〉〈IB |as̄ aq̄ |JB 〉. (12.60)

The coefficients in this expression are “grandparentage” coefficients, and could be
stored instead of using the parentage coefficients, at a cost of 2n2

√
M . The contribution
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to the b vector is then

b(IA, IB) =
∑
pqrs

(pq̄|rs̄)
∑
JAJB

〈IA |ap†ar
† |JA 〉〈IB |as̄ aq̄ |JB 〉 C(JA, JB).

(12.61)

Evaluation of these contributions can be done at a cost of the order of n4M operations.
The second complication in relativistic direct CI arises because we have to consider

all possible determinants, from those represented entirely by A strings through products
of A and B strings, to those represented entirely by B strings. The most efficient strategy
may vary from one block of the Hamiltonian to the next. However, each block can be
treated independently, and therefore the work can be performed in pieces that do not
exceed the size of the corresponding nonrelativistic problem.

12.8 The Cost of Configuration Interaction Methods

Earlier we compared the cost of nonrelativistic and relativistic methods for perturbation
and coupled-cluster calculations, and also the cost of transforming the integrals. We
now turn to the cost of CI methods, and consider the case of a full CI, which is the
basis of the complete active space (CAS) SCF method, and of a singles and doubles
CI (SDCI) calculation, which is often used for dynamic correlation from a given active
space.

For this purpose we use the determinant basis introduced earlier (chapter 9), given in
terms ofA andB strings, and consider all possible determinants that may be constructed
from a given set of Kramers pairs. We group these determinants into subsets with a
given value of NA and NB , characterized by MK = 1

2 (NA −NB).
In the nonrelativistic case, the CI expansion is limited to a given MK ≡ MS value

due to spin factorization. In this case the length of a full CI expansion, in the absence
of symmetry, is

(
n
Nα

)(
n
Nβ

)
, where n is the number of active orbitals. In the Kramers-

restricted relativistic case, the CI includes all possible MK values because of the spin–
orbit interaction. The length of a full CI expansion is therefore

(2n
N

)
.

The lengths of the N -particle bases for relativistic and nonrelativistic calculations
for the case of 12 electrons in 12 active orbitals is presented in table 12.1, which clearly
demonstrates the size problems connected with the relativistic full CI expansion. In the
best possible case, for MS = 0, the relativistic full CI vector is only three times the
length of the nonrelativistic vector.

The immediate consequence of this increased number of determinants is an increase
of the size of the Hamiltonian matrix. For the MS = 0 case, the relativistic Hamiltonian
matrix has nine times as many elements as in the nonrelativistic Hamiltonian matrix.
We would expect the work in multiplying the Hamiltonian matrix by a vector (the
time-consuming step in modern CI procedures, as discussed in the previous section)
to increase by a factor of 36:9 from the size of the Hamiltonian matrix and 4 from the
complex arithmetic.

In section 10.6, we showed that the relativistic Hamiltonian is block pentadiagonal,
so the scaling of the number of matrix elements is actually less than the square of the
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Table 12.1 Length of N-particle basis for 12 electrons in 12 orbitals

MS Determinants Ratio R/NR

0 853776 3
1 627264 4
2 245025 11
3 48400 55
4 4356 629
5 144 18778
6 1 2704156

Symmetry is not used. The second column is the number of determinants in the nonrelativistic
(NR) expansion. The number of determinants in the relativistic (R) expansion is the same
for each MS at 2704156.

R/NR ratio—in this case about 75% of the ratio. The symmetry of the Hamiltonian
about both diagonals is also found in the nonrelativistic case by a suitable ordering of
the determinants, so the gains from Hermiticity and time reversal on the matrix itself
are the same in both cases.

The scaling can be reduced by constructing a real basis according to (9.58). The
Hamiltonian matrix is still block pentadiagonal and symmetric but it lacks the symmetry
about the other diagonal. The reduction in work is therefore only a factor of 2. Taking
into account the 75% due to the block pentadiagonal character of the Hamiltonian, the
overall increase in work is about a factor of 14.

The second example of the cost of CI methods is the case of double excitations
from a closed-shell determinant with no spatial symmetry. In the nonrelativistic case,
there are four excitations for each pair of occupied orbitals i,j and virtual orbitals a,b.
These arise from singlet and triplet coupling of the holes in the occupied orbitals, which
must match the coupling of the virtual orbitals, to give an overall spin singlet. In the
relativistic case, all of the 16 possible excitations from an occupied Kramers pair to a
virtual Kramers pair survive, because in the absence of spatial symmetry all products
of an even number of spinors generate the A representation. The expansion length is
therefore four times longer in the relativistic case. The extra excitations correspond to
products of the singlet and triplet spin functions that yield an overall spin triplet and
spin quintet, and these are connected by the spin–orbit interaction. The Hamiltonian
matrix is 16 times larger, and the work is therefore 64 times the work of a nonrelativistic
CI, calculation, due to the complex arithmetic. Following the same line of reasoning
as for the full CI construction of a real basis reduces the work to a factor of 32. This
is the same factor as for CCSD calculations, which is not surprising.

12.9 Relativistic Multiconfiguration Self-Consistent Field Theory

The special importance of multiconfiguration SCF (MCSCF) methods in relativistic
calculations was discussed in the introduction to this chapter. But quite apart from
this, we know that MCSCF methods are very useful in nonrelativistic quantum chem-
istry, where various brands of the method, such as complete active space (CAS) SCF,
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restricted active space (RAS) SCF, and the general valence bond (GVB) methods,
have had considerable success and impact. It is therefore clearly desirable to develop
a relativistic approach to MCSCF calculations. It is obvious that the conclusions about
relativistic multireference expansions may be applied directly to the CI part of the
MCSCF case. In addition to this, we must also give special consideration to the treat-
ment of time-reversal symmetry as well as the possibility of complex expansion and
spinor rotation parameters. Here we will only touch rather briefly on some of the
underlying principles of relativistic MCSCF calculations. We will not provide exten-
sive technical descriptions in terms of formulas and algorithms for a Kramers-restricted
MCSCF scheme as these may be found in Jensen et al. (1996).

The general MCSCF iteration starts with an orthonormal one-particle basis and a
wave function calculated through a number of previous iterations (or from some suitable
initial guess). If we assume that the process has completed iteration number k, the wave
function at this stage may be written as Ψ (k). The (optimal) MCSCF function is derived
from this by means of orbital rotations in the one-electron basis and expansion in the
set of N -electron states. In parametrized form we may write this as

Ψ (Cκ) = e−κ̂
[
Ψ (k) + P̂

∑
µ

CµΦµ

]
S−1/2 (12.62)

where κ represents the orbital rotations, C the expansion coefficients for the N -particle
basis, and P̂ is a projection operator that maintains the N -particle variational space
orthogonal to the current wave function, that is

P̂ = 1 − |Ψ (k)〉〈Ψ (k)|. (12.63)

S is a normalization factor arising from the variation in the N -particle space

S = 1 +
∑
µ,ν

C∗
µCν〈Φµ|Φν〉. (12.64)

In line with what we have said previously, we must in general expect the orbital
mixing coefficients κrs to be complex and the κ matrices to be anti-Hermitian. In a
Kramers-restricted formalism the operator e−κ̂ must be invariant under time reversal,
and we can incorporate this requirement by expressing the elements of κ in terms of
the X̂± operators:

κ̂ =
∑
r,s

(
κrsX̂

−
rs + 1

2κrs̄X̂
−
rs̄ + 1

2κr̄sX̂
−
r̄s

)

=
∑
r<s

(
κrsX̂

−
rs + κrs̄X̂

−
rs̄ − κ∗

rsX̂
−
sr − κ∗

rs̄ X̂
−
s̄r

)+ 1
2

∑
r

(
κrr̄ X̂

−
rr̄ − κ∗

rr̄ X̂
−
r̄r

)
. (12.65)

Note that with an orthonormal one-particle basis, and time-reversal symmetry imposed
in this manner on the variational space, it is possible to use unconstrained optimization
techniques for parameter variation. Further simplifications of the κ matrix arises for
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the case that we have real or complex groups, as described previously. Redundant rota-
tions are, of course, excluded from the variational space. The nonredundant rotations
include rotations between occupied spinors and negative-energy spinors, as discussed
in chapter 8. However, if a good starting guess is available, such as from a DHF calcu-
lation, neglecting the rotations with the negative-energy spinors is likely to be a good
approximation.

We now collect the variational parameters in a column vector λ, that is

λ = [
C, κ,C∗, κ∗]T , (12.66)

where we have also included the complex conjugates of the parameters to account for
the two degrees of variational freedom represented by the real and imaginary parts of a
complex number. In this variational space our current wave function Ψ (k) corresponds
to λ = [0, 0, 0, 0]T . The total energy of the MCSCF wave function may now be
written as

E(λ) = E(λ)S−1 (12.67)

where, in agreement with standard practice (Jørgensen and Simons 1981), we can
expand E(λ) as

E(λ) =
〈 (∑

µ

CµΦµ

)
P + Ψ (k)

∣∣ eκ̂ Ĥ e−κ̂ ∣∣ Ψ (k) + P
(∑

ν

CνΦν

) 〉

=
〈 (∑

µ

CµΦµ

)
P + Ψ (k)

∣∣ Ĥ+ [
κ̂, Ĥ

]+ 1
2

[
κ̂,
[
κ̂, Ĥ

]]+ · · · ∣∣ Ψ (k)

+ P
(∑

ν

CνΦν

) 〉
.

(12.68)

This formulation requires that the integrals are transformed to the one-electron basis
of the current iteration.

We can expand the total energy in a Taylor series in the variational parameter λ as

E(λ) = E[0] + λ†E[1] + 1
2λ†E[2]λ + · · · . (12.69)

Here

E[0] = 〈Ψ (k)|Ĥ |Ψ (k)〉

E[1] =
(
∂E

∂λ

)
λ=0

E[2] =
(
∂2E

∂λ2

)
λ=0

.

(12.70)
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We can write E[1] as a column vector explicitly in terms of the variational parameters,

E[1]T =
(
∂E

∂C
,
∂E

∂κ
,
∂E

∂C∗ ,
∂E

∂κ∗

)
[C,κ]=[0,0]

, (12.71)

and similarly E[2] expands to a 4 × 4 matrix. The elements of E[1] and E[2] may be
found by straightforward differentiation of the expression for the total energy. For E[1]
we get contributions of the type

E[1]∗
µ = ∂E

∂C∗
µ

∣∣∣∣∣
λ=0

= 〈Φµ

∣∣ Ĥ − E[0] ∣∣ Ψ (k)〉

E[1]∗
rs = ∂E

∂κ∗
rs

∣∣∣∣
λ=0

= −〈Ψ (k)
∣∣ [X̂−

sr , Ĥ
] ∣∣ Ψ (k)〉

E
[1]∗
rs̄ = ∂E

∂κ∗
rs̄

∣∣∣∣
λ=0

= −〈Ψ (k)
∣∣ [X̂−

s̄r , Ĥ
] ∣∣ Ψ (k)〉

(12.72)

where C(k)
ν is the coefficient of CSF Φν in the reference wave function, Ψ (k). We can

easily identify in this expression the residue vector from (12.49), which is constructed
in a Davidson diagonalization procedure. Likewise the derivatives with respect to the
rotation parameters can be written in terms of generalized Fock matrices

fut =
∑
q

[
D+
tqhuq+D+

t q̄huq̄
]+∑

qrs

[
P++
tq,rs(uq|rs)+P++

t q̄,rs(uq̄|rs)
]

+ 1
2

∑
qrs

[
P++
t q̄,r̄s (uq̄|r̄s)+P++

t q̄,rs̄ (uq̄|rs̄)+P++
tq,r̄s (uq|r̄s)

+P++
tq,rs̄ (uq|rs̄)

]
,

(12.73)

where D+
tq and P++

tq,rs are the one- and two-particle Kramers-restricted density matrices,

D+
tq = 〈Ψ (k) |X̂+

tq |Ψ (k) 〉; P++
tq,rs〈Ψ (k) | x̂++

tq,rs |Ψ (k) 〉. (12.74)

It remains to determine the optimum λ, that is the best values of the variational
parameters. There are a number of unconstrained optimization procedures that may be
used for this purpose. One possibility is the second-order restricted-step optimization,
which takes the Taylor expansion of E(λ) to second order in λ as a starting point. Then
the optimal step may be given as

λ(ξ) = −(E[2] − ξI)−1E[1] (12.75)

where ξ is a scaling parameter. If ξ is set equal to 0, this expression is just the optimal
step from the Newton–Raphson procedure, but the most important function of ξ is to
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scale λ such that ||λ(ξ)|| ≤ h, where h is a trust radius for the optimization in the
present iteration.

In nonrelativistic MCSCF schemes applied to ground states of atomic and molecular
systems, the goal of the optimization process is to locate a global minimum on the
energy surface spanned by the variational parameters. However, for the relativistic case
there is a set of negative-energy solutions with energy below the electronic ground state.
Therefore, the energy must be maximized with respect to rotations between positive-
energy and negative-energy spinors and minimized with respect to all other variational
parameters. This means that the MCSCF energy of the electronic ground state really
corresponds to a saddle point in the spinor optimization space. The convergence of
second-order optimization methods is only guaranteed in searches for minima, but in
this case the energy gap between positive- and negative-energy solutions is so large
that convergence of the optimization process should be quite safe also for electronic
ground states. With a good starting guess, the rotations between positive-energy and
negative-energy spinors could safely be neglected, and then the optimization process
reduces to a minimization. This approximation corresponds to a projection onto the
positive-energy states of the starting guess.

With these provisions the optimization process may proceed in analogy with any
of the various schemes developed for nonrelativistic MCSCF. Jensen et al. (1996)
have shown in detail how this may be done for one particular algorithm—the norm-
extended optimization. The only added complication for the relativistic case arises from
the need to use complex arithmetic. The implementation of time-reversal and double-
group symmetry follows from the discussions of the symmetry of Fock matrices and
of the relativistic many-electron Hamiltonian in earlier chapters.



13

Molecular Properties

Strictly speaking, in quantum mechanics a measurable property is defined as an
observable connected to a self-adjoint operator. However, in common usage the term
molecular property is loosely taken to mean any physical attribute of a molecule,
preferably amenable to experimental measurement. Common examples of properties
of interest to chemists are molecular structure, thermodynamic quantities, spectro-
scopic transition energies and intensities, and various electric and magnetic moments.
The amenability to experiment may exist only in principle—one of the strong points
of modern computational chemistry is the possibility of studying phenomena occurring
under conditions that lie beyond the present experimental capabilities. Sometimes, dif-
ferential effects between different theoretical models are also regarded as properties:
thus the correlation energy is generally considered to be the difference between the
Hartree–Fock energy and the energy obtained from a complete many-electron treat-
ment (e.g. full CI or MBPT to all orders). At best only the latter of these is accessible
to experiment. Similarly, certain relativistic effects (e.g. bond contraction) only appear
as the difference between results from a relativistic and a nonrelativistic calculation.

The calculation of molecular properties in a relativistic framework follows the same
principles as for the nonrelativistic case once a wave function or electron density of
adequate quality is available. Our aim here is therefore not to provide explicit expres-
sions and formulas for the calculation of a more or less complete catalog of properties.
However, in relativistic calculations of molecular properties there are some aspects of
the theory that warrant special care and consideration. In particular, we need to know
how to handle features such as Lorentz invariance, gauge invariance, and negative-
energy states. Moreover, the electric and magnetic fields appear as natural parts of
the relativistic Hamiltonian, and we therefore expect that properties involving these
may require a different treatment from the nonrelativistic case where terms involv-
ing external fields are grafted onto the nonrelativistic Hamiltonian, often based on
some reduction or approximation from the relativistic case. For a more comprehensive
introduction to the various approaches to molecular properties, we refer the reader to

233



234 FOUR-COMPONENT METHODOLOGY

the extensive, mostly nonrelativistic, literature on the subject (Jørgensen and Simons
1986, Hinchliffe 1987, Swanström and Hegelund 1975).

A convenient, if not very rigorous, classification of properties is to divide them
into two groups—intrinsic and response properties. Intrinsic properties are those that
derive directly from a field-free Hamiltonian (except for internal electrostatic interac-
tion) and include thermodynamic properties, molecular structure, electronic excitation
energies, vibrational energy levels, and so on. Response properties, on the other hand,
measure the response of the molecule to an applied electromagnetic field: here we
find the various electric and magnetic moments, polarizabilities, NMR shielding and
coupling, spectral intensities, and so on. Below, we give a brief discussion of intrinsic
properties within a relativistic framework, then we demonstrate how the relativistic
theory applies to external electromagnetic fields. For this chapter we do not use atomic
units but include physical constants such as �, e,m explicitly, as these give a more
direct demonstration of the dimensionality of the properties involved.

13.1 Intrinsic Properties

Up to this point in our treatment of four-component methods, the nuclear framework
of the molecule has been of interest mainly as an electrostatic potential determining the
behavior of the electrons. If we are going to interpret the positions of the nuclei as a
molecular structure, then we should pause briefly and reconsider some of the assump-
tions made on the way to make sure that the mathematical and physical quantities we are
using really cover the concepts that we need in our discussion of chemical properties.
Furthermore, we should ensure that our usage and interpretation of these quantities is
consistent with relativity within reasonable, well-controlled approximations. The stan-
dard quantum chemical model with electrons surrounding a rigid network of nuclear
charges, and where the nuclear positions define a potential surface, has been very
successful. Under favorable circumstances, calculations within this model are able to
predict results in reasonable, and sometimes excellent, agreement with experimental
measurements. Unfortunately, the chain of reasoning leading to this model is far from
perfect. Even for the nonrelativistic case there are difficulties, and introducing rela-
tivity further adds to these problems. The theoretical background for these difficulties
extends far beyond what can reasonably be included here.1 Here we will therefore take
a qualitative approach, follow the chain of progressive approximations and point out
where the weaknesses and conceptual difficulties are.

In a strict reductionist view there would be no structure. In the standard model
of particle theory there would be a system composed of quarks and electrons, and
we would have to resort to the full machinery of the standard model for a proper
description. Clearly, this would be a case of serious overkill for chemical purposes: at
the energies available in chemical reactions, the nuclear forces are not accessible, and
internal structure of nuclei becomes uninteresting. So from extensive experience we
know that we can consider the nuclei as single, positively charged particles, although
we do need to take their finite size into account, as discussed previously—and possibly

1. Some of this background has been summarized by Primas (1980).
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some details of their shape, spin, or charge distribution for properties that involve
interaction with the nucleus.

An assembly of nuclei and electrons could be described very accurately within
QED. There would still just be a cluster of particles, our molecule, and any structure
would have to arise out of the dynamics of the system. For reasons pointed out earlier,
QED—if viable at all—would be a very expensive path to calculation of the electronic
structure and chemical properties of molecules. For electrons, we circumvented this
problem by going to a many-particle treatment based on the Dirac equation, as discussed
in chapter 5, and we could presumably do the same here for our cluster of electrons and
nuclei. In doing this, we choose a Hamiltonian description of the system, but alternative
approaches based on a Lagrangian formalism are also possible. In this process we draw
a formal distinction between the molecule and the electromagnetic field, which leaves
us with the normal Coulomb interactions between the particles in the molecule and the
radiation field as an entity external to the molecule.

At this stage we also encounter a difficulty arising from the nature of the relativis-
tic equations. For the nonrelativistic case we would have no problems composing a
Schrödinger equation for the cluster of electrons and nuclei. For the relativistic case,
however, only particles of spin 1

2 are described by the Dirac equation. So while we
could set up a total Dirac Hamiltonian accounting for all the spin 1

2 particles of the clus-
ter, we would have to resort to other types of Hamiltonians for describing any nuclei
of spin other than 1

2 (Greiner 1997). The problem must be mainly formal because we
know that as far as electronic structure calculations are concerned nuclei behave the
same regardless of nuclear spin—at least until we consider hyperfine interactions and
NMR parameters. Moreover, the nucleons are spin 1

2 particles and, at least formally,
we could regard the nucleus as a collection of Dirac particles. For simplicity, we will
therefore assume that the particles in our cluster are all Dirac particles, and that it is
possible to set up an overall Dirac equation describing the behavior of these particles.
Using the Pauli Hamiltonian, Bethe and Salpeter (1957) have shown that the error in
doing this should be at most c−2.

To make progress towards the solution of this many-particle Dirac equation, we
would like to separate out translational and rotational motion and work in a molecule-
fixed coordinate system. This is a difficult task even in nonrelativistic quantum
mechanics. For the relativistic case it has some extra complications. In the nonrel-
ativistic case, it is mainly the separation of the rotational degrees of freedom that
creates problems (Sutcliffe 1980). These problems are further aggravated in the rel-
ativistic case by the need to maintain Lorentz invariance (Aaberge 1977). For the
relativistic case the transformation to a center-of-mass system also has problems. Due
to the equivalence between mass and energy, the interaction between two relativistic
particles changes their mass, which in turn affects the transformation to a center-of-
mass frame of reference. One of the theories that deal with this effect leads to an extra
term in the nuclear potential between two particles. The effect is small: for Au2 it
has been estimated to lead to a slight bond shortening (Grelland 1980). It is not clear
how this theory can be extended to systems of more than two heavy particles. For
now, the best we can do is to assume that the nonrelativistic procedure for separating
out the rotational and translational degrees of freedom also holds for the relativistic
description to a good approximation and provides us with a molecule-fixed coordinate
system.
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Within these approximations, we now have a cluster of particles described in a
mass-centered, nonrotating system. How does molecular structure arise out of this? At
this point the issues we face are common to both relativistic and nonrelativistic quantum
chemistry. To introduce the concept of structure, we have to mathematically divide the
particle cluster into a nuclear and an electronic part. In solving the electronic part of
the equation, the other, nuclear, part is treated as a classical semi-rigid framework
that we can adjust parametrically. The technique most commonly used to achieve this
separation is the Born–Oppenheimer approximation, which may be regarded as the
lowest order of an expansion about a system of infinite nuclear masses. The problems
inherent in the application of this approximation are the same both for relativistic and
nonrelativistic models. Whether the same measures should also be taken when the
approximation starts to break down has not, to our knowledge, been explored.

Within the Born–Oppenheimer approximation, we still need to know that the
nuclear position parameters really correspond to the distances and angles of a classical
molecular framework. Our choice of the Coulomb gauge ensures this—the nuclear
positions only appear in the electron–nucleus interaction terms, and the derivation of
this potential from relativistic field theory shows us that it is indeed the quantities of
normal 3-space that appear here. Thus, any potential surface that we might calculate
on the basis of the Born–Oppenheimer-separated electronic molecular Dirac equation
is indeed spanned by the variations of molecular structural parameters in the usual
meaning.

Having recovered the potential surface from the solutions of the Born–Oppenheimer
electronic problem, we can now proceed to solve the equation for nuclear motion.
The Dirac-type equation for the nuclei can easily be reduced to the corresponding
nonrelativistic equation by following the same reduction as we did for taking the
nonrelativistic limit of the Dirac equation in section 4.6. Doing this, we abandon all
pretense of Lorentz invariance for this part of the system, but we know from experiment
that the nuclear relative motion in molecules takes place at rather low energies where
relativistic effects may safely be neglected.

Through this somewhat qualitative chain of reasoning, we have recovered the con-
cept of chemical structure closely connected to that arising from the nonrelativistic
treatment. The same reasoning would, of course, apply to both the ground and excited
states, and therefore we would also recover the concept of excitation energies. Due to
spin–orbit splitting and relativistic shifts of total energies, the relativistic spectra would
differ from those calculated in the nonrelativistic approximation, but the underlying
concepts would be the same.

Thus, for intrinsic properties of molecules, the relativistic treatment in a four-
component formalism can be made completely analogous to the nonrelativistic
treatment. This conclusion is based on a series of approximations, some of which
may be hard to justify stringently. We can take some comfort in the fact that the
models introduced along the way are physically simple and intuitive, such as the sepa-
ration of rotational motion, and the Born–Oppenheimer approximation, and that most
of the neglected effects may quite reasonably be expected to remain insignificant, or
at the least, treatable by similar methods to the nonrelativistic case. The success of
the final model in producing results that agree with experiment helps ease any doubts
we might have about the underlying theory, but it should not disguise the approximate
nature of the model we are using. We do expect the treatment to fail for those cases
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where the nonrelativistic model also has problems, such as in the treatment of “floppy
molecules” where the Born–Oppenheimer approximation does not hold. In addition,
we expect that there may be problems arising from the specific relativistic features of
the chain of approximations above. For intrinsic properties this may include terms from
the frame transformation that would affect geometries, as in the case of Au2 quoted
above. For response properties we need to be especially wary of any steps that involve
neglect of strict gauge invariance.

In addition to scattering and diffraction methods for structure determination,
important experimental probes for intrinsic properties are vibrational and rotational
spectroscopy. Rotational spectra will be affected by a relativistic reduction of bond
length, which will reduce the moments of inertia. This lowers the rotational constant,
and we should expect a relativistic red-shift of the rotational spectrum. For vibrational
spectroscopy, the situation is less clear—relativistic effects may strengthen as well
as weaken bonds. Thus effects of relativity on vibrational spectroscopy depend very
much on the system under consideration. A further discussion of these effects is there-
fore postponed to chapter 22. For the diffraction and scattering techniques, relativistic
effects are absorbed into atomic scattering parameters and structure factors and are thus
not a primary concern of relativistic quantum chemistry.

Finally, the shapes and topology of potential surfaces are also affected by relativity.
This will influence reaction energies and reaction rates. Here, spin–orbit splitting can
play an important role. While the splitting may be energetically small, it still becomes
significant as two surfaces approach and could affect barriers and rates. This is a large
field in itself, and will only be represented by a few examples in chapter 22.

13.2 Electric Properties

Most studies of molecular properties are founded on the response of the molecule
to electromagnetic fields. A relativistic electronic system is described by the time-
independent Dirac equation

cα · (−i�∇ + eA)ψ + βmc2ψ − eφψ = Eψ (13.1)

where the electromagnetic field appears directly. We need to examine the theoretical
description of molecular response properties to ensure that this is consistent with special
relativity within the approximations and assumptions discussed in the previous section.
We will start by examining the case of a time-independent electric field assuming the
Coulomb gauge:

∇ · A = 0. (13.2)

We will mostly stay with the simple form of the Dirac equation above, although this
only strictly applies to one-electron molecules. The extension to many-electron systems
poses no major difficulties.
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The electric properties are deduced from the response of the system to an electric
field E, which is related to the scalar potential φ by

E = −∇φ. (13.3)

Thus, in terms of this field, we can write the Dirac equation as

Ĥψ =
[
cα · (−i�∇ + eA)+ βmc2ψ + e

∫
E · dr

]
ψ = Eψ. (13.4)

The simplest electric property of a neutral molecule is the dipole moment, which may
be defined in terms of the derivative of the energy at E = 0 as

µ = −dE

dE
(13.5)

using the standard definition of differentiation by a vector. In this case, the field is a
uniform field, |E| = const.

According to the Hellmann–Feynman theorem, we have

dE

dE
=
〈 ∂Ĥ
∂E

〉
(13.6)

and the dipole moment may therefore be expressed as

µ = −
〈 ∂Ĥ
∂E

〉
=
〈 ∂

∂E

[
e

∫
E · dr

] 〉
= 〈er〉. (13.7)

Thus, the dipole moment expression as derived from the Dirac equation is the same as
for the nonrelativistic case.

The potential φ may be expanded in a power series about a point r0. The first terms
of this expansion are

φ(r) = φ(r0)+ (∇φ)0 · (r − r0)+ 1

2
(r − r0)

T · (∇ (∇φ))0 · (r − r0)+ · · ·

= φ(r0)− E(r0) · (r − r0)− 1

2
(r − r0)

T · (∇E)0 · (r − r0)+ · · ·
(13.8)

where ∇E is a tensor, the field gradient tensor. Using tensor notation we may also write
the second term of this expansion as

1

2
(r − r0)

T · (∇E)0 · (r − r0) = 1

2
[(r − r0)⊗ (r − r0)] � (∇E)0 = 1

2
Q � (∇E)0.

(13.9)

Here we have introduced Q, the tensor of second electric moments, which is related to
the quadrupole moment of the electron distribution, and the scalar and vector product
operators for two tensors, � and ⊗. The expansion may, of course, be carried to
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higher-order terms to produce higher-order electric moments. But we note again that
the expressions we get are analogous to the nonrelativistic case.

We have here considered the molecular system and the field as one unit described
by one Dirac equation. In the usual experimental situation a molecule is somehow
placed in an external field, and it is this field that may be controlled for measurements
of the system response. In this situation it is natural to divide the total field into internal
and external contributions

φ = φint + φext (13.10)

which corresponds to the fields

−∇φ = E = Eint + Eext = ∇φint + ∇φext. (13.11)

However, for the usual molecular case, the external field will influence the internal
field. Even within the Born–Oppenheimer approximation, Eext will distort the electron
distribution, thereby modifying the interactions in Eint. We can take this into account
by expressing the energy of the system as a function of the field. We use the Taylor
expansion

E(E) = E0 +
[
∂E

∂Eext

]
0
· Eext + 1

2
Eext ·

[
∂2E

∂Eext∂Eext

]
0
· Eext + · · · (13.12)

where the subscript zero denotes that the derivatives are evaluated at Eext = 0. The
definition of the dipole moment now gives

µ = −dE

dE
= −

[
∂E

∂Eext

]
0
−
[

∂2E

∂Eext∂Eext

]
0
· Eext − · · · . (13.13)

The first term in this series is obviously just the permanent dipole moment of the
molecule. The coefficient of the second term is the polarizability of the molecule,
which measures the change in dipole moment induced by the external field. Higher
terms in the series will yield higher hyperpolarizabilities. Analogous expressions may
be derived for the quadrupole moment.

For a static electric field, the Dirac equation thus provides expressions for various
electric properties that are completely analogous to those obtained from nonrelativistic
theory. The further calculation of these properties can proceed as for the nonrelativistic
case, only using the appropriate relativistic versions of perturbation theory or response
theory.

13.3 Gauge Invariance and Finite Basis Sets

Before moving on to magnetic properties, we need to reexamine the role of gauge
invariance for molecular calculations. As shown in chapter 3, the introduction of the
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vector potential A through

B = ∇ × A (13.14)

is arbitrary in the sense that any term with a vanishing curl may be added to A without
changing B. As the energy of the system must depend on the magnetic field, gauge
transformations that leave B invariant cannot affect the total energy. We will show that
this has consequences for the form of the wave function.

The Dirac equation for an electron in a vector potential A may be written

cα · (−i�∇ + eA)ψ + (βmc2 − E − eφ)ψ = 0. (13.15)

A gauge transformation A → A′ = A + ∇Λ would be expected to cause a change in
the wave function, say ψ → ψ′. We assume that this may be written as

ψ′ = ψQ(Λ, r) (13.16)

for some function Q that remains to be determined. The function ψ′ must satisfy the
equation

cα · (−i�∇ + eA + e∇Λ)ψ′ + (βmc2 − E − eφ)ψ′ = 0. (13.17)

Because ψ is a solution for the system without the gauge term, (13.15), this expression
reduces to

cα · [(−i�∇Q)+ eQ∇Λ] ψ = 0. (13.18)

This equation is satisfied if

∇Q = (ie/�)Q∇Λ (13.19)

and it is easily seen that this leads to the solution

Q = exp(ieΛ/�). (13.20)

Thus, the wave function must incorporate the gauge term exponentially in order for the
energy to remain invariant under gauge transformations. We should add that the same
factor must be included also for the nonrelativistic treatment of the magnetic fields.
For a more general derivation for the nonrelativistic case, the reader should consult the
book by Sakurai (1967).

The gauge invariance requirement has profound consequences for finite basis cal-
culations. Quiney (2002) has pointed out that even when there is no magnetic field
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present, a gauge transformation may cause problems. For the simple case of Λ = z,
the transformation of the Hamiltonian is

Ĥ → Ĥ′ = Ĥ + cαz. (13.21)

This new Hamiltonian, Ĥ′ must have the same eigenvalue spectrum as Ĥ as no addi-
tional fields have been introduced. However, Quiney has performed calculations on
the hydrogen-like Ne9+ ion in a finite basis and found that the eigenvalues do indeed
change under this gauge transformation. Using a basis of 30 s and 30 p Gaussian basis
functions he showed that not only did the additional term change the eigenvalues, but
also the fourfold degeneracy of the p3/2 level was reduced to two twofold degeneracies.
(The gauge term did not remove Kramers degeneracies.) The proper spectrum could
only be restored by the addition of a considerable number of higher angular momentum
functions to the basis set. The reason for this can be seen by remembering that with
the invariance factor included we have for this case

ψ′ = exp(ieΛ/�)ψ. (13.22)

Expanding the exponential as

exp(iez/�) = 1 + iez

�
− e2z2

�2
+ · · · (13.23)

we see that this introduces higher angular momentum character into the wave function,
and this cannot be described using a basis of only s and p functions. In a complete
basis, this problem would disappear. Unfortunately, molecular quantum chemistry cal-
culations are carried out with quite limited basis sets, normally chosen on the basis of
calculations on atoms with no magnetic field present. The use of additional high angular
momentum basis functions would increase the cost of the calculations considerably.

This problem of gauge is not unique to relativistic quantum chemistry: the same
problem arises in nonrelativistic theory. What this points to is that we must take care
to use a consistent gauge in all calculations. Most formulas in quantum chemistry are
derived using the Coulomb gauge, more or less implicitly. This general usage aids in
maintaining consistency of gauge, even though it may not be given much thought. We
will also adopt the Coulomb gauge where it is relevant.

Calculations on molecules also face an additional problem in the choice of gauge
origin. Over molecular dimensions, an applied magnetic field can be considered
uniform and constant. In this case, the vector potential may be written as

A = 1

2
B × r. (13.24)

The choice of origin for the coordinate system that describes r is arbitrary, and while
the induction B must remain constant, a shift of origin will change A. If the origin is
moved such that the new coordinate r′ = r +∆r, the vector potential changes to

A → A′ = 1

2
B × r′ = 1

2
B × r + 1

2
B ×∆r = A +∆A. (13.25)
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With the new origin, we must still have

B = ∇ × A′ = ∇ × A + ∇ ×∆A (13.26)

showing that ∆A must be of the form ∇Λ. With B and ∆r constant, we get

∇Λ = ∆A = 1

2
B ×∆r = ∇

[
1

2
(B ×∆r) · r

]
. (13.27)

For atoms the natural choice of gauge origin is the atomic nucleus. For a molecule in
a uniform magnetic field the choice of gauge origin may not be obvious, and can at
most be on one atomic center. To account for this one may use basis functions of the
form

χ = χ0 exp

[
1

2
(B ×∆r) · r

]
(13.28)

where χ0 is the normal basis function derived from field-free calculations. Such func-
tions are often called London orbitals, after F. London who introduced these in a study
of ring currents in aromatic compounds (London 1973). Ruud et al. (1993) have demon-
strated in a series of calculations on small molecules how the use of London orbitals
drastically improves the convergence of the calculated magnetizability as a function of
basis set size.

13.4 Magnetic Properties

Our discussion of electric properties showed that at least for time-independent fields
the operators derived for the relativistic case were just the four-component analogs of
the nonrelativistic operators. For magnetic relativistic property operators we do not
expect the connection to be so simple due to the fact that the field appears in different
forms in the two versions of the Hamiltonian. For the relativistic case, we again write
the Hamiltonian as

Ĥ = cα · (p + eA)+ βmc2 − eφ. (13.29)

For the nonrelativistic case we may use the spin Hamiltonian discussed in chapter 4,

ĤNR = [σ · (p + eA)]2 − eφ. (13.30)

We see that the vector potentials appear to different order in the two Hamiltonians. The
form of any property operator derived as a response to changes in the vector potential
(or the induction) is therefore likely to depend on which Hamiltonian is used as a
starting point.
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We will demonstrate this for the magnetic dipole moment, m, and for simplicity
we assume that we have a uniform field, that is, (13.24) holds. For the relativistic case,
this yields the Hamiltonian

Ĥ = cα ·
[
p + e

2
(B × r)

]
+ βmc2 − eφ = cα · p − ce

2
(α × r) · B + βmc2 − eφ.

(13.31)

We define the magnetic dipole moment m via the first-order response to changes in the
magnetic induction

m = −
[

dE

dB

]
B=0

= −
〈 ∂Ĥ
∂B

〉
B=0

(13.32)

where we again use the Hellmann–Feynman theorem. Differentiating, we get

m = ce

2
〈ψ | α × r | ψ〉 = 1

2
〈ψ | j × r | ψ〉 (13.33)

where j is the current density. If we expand the wave function in 2-spinors, we get

m = ce

2

[
〈ψS | σ × r | ψL〉 + 〈ψL | σ × r | ψS〉

]
. (13.34)

We see that the magnetic dipole operator connects large and small components, but the
prefactor c ensures that the results are of the same magnitude as expectation values
between two large components. We can demonstrate this point by substituting for the
small component using the approximate expression from the nonrelativistic limit

ψS = c

2mc2
σ · pψL. (13.35)

This yields the magnetic moment as

m = e

4m

[
〈σ · pψL | σ × r | ψL〉 + 〈ψL | σ × r | σ · pψL〉

]
. (13.36)

Evaluation of this expression is straightforward but somewhat lengthy, and we just give
the result

m = e

2m
〈ψL | −r × p − �σ | ψL〉 = 〈ψL | −γ (� + 2s) | ψL〉 (13.37)

where γ is the gyromagnetic ratio of the electron. This is the same result as we get by
substituting for the induction in the nonrelativistic spin Hamiltonian, (4.22),

ĤNR = − �
2

2m
∇2 + e

2m
(B × r) · p + e2

8m
(B × r)2 + e�

2m
σ · B − eφ (13.38)

and applying the response definition for m. The gyromagnetic ratio of the electron is
altered in the third decimal place by QED effects.
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Atoms and molecules may also have internal sources of magnetic fields. Many iso-
topes of atomic nuclei have magnetic moments, and these give rise to local fields. The
energy shifts caused by these local fields are the most important of the effects leading
to hyperfine structure of the energy spectrum, the spin–orbit splittings accounting for
the fine structure. A nucleus K with spin IK has a magnetic moment given by

mK = γK�IK (13.39)

where γK is the gyromagnetic ratio for that isotope. For simplicity, we will assume a
point nucleus throughout this part of the derivation, but we return to the effects of finite
nuclear size in a later section. If we regard the nucleus as a magnetic point dipole, the
corresponding vector potential may be written as (Jackson 1975)

Ak(rk) = µ0(mK × rK)

4πr3
K

= µ0γK�(IK × rK)

4πr3
K

(13.40)

where rK is the radial coordinate in a coordinate system centered on nucleus K . For
measurements in which there is an applied external magnetic field in addition to the
nuclear field, the Hamiltonian is

Ĥ=cα ·
[

p+ e

2
(B×r)+e

∑
K

µ0γK�(IK×rK)

4πr3
K

]
+βmc2−eφ

=cα ·p− ce

2
B·(α×r)− ceµ0�

4π

∑
K

γKIK ·(α×rK)

r3
K

+βmc2−eφ.
(13.41)

We can now define a hyperfine coupling tensor gK for nucleus K by

gK =
[

dE

dIK

]
B=0,IK=0

(13.42)

and immediately find that

gK = −ceµ0�γK

4π

〈 (α × rK)

r3
K

〉
. (13.43)

For neutral closed shell molecules this term vanishes, but for radicals and ions it
becomes important and is exploited in electron spin resonance (ESR) spectroscopy.
For hyperfine interactions that might be observed in closed shell, neutral molecules,
we must turn to higher-order effects. This in turn requires that we elaborate somewhat
on our approach to properties in terms of response theory, which we do in the next
section.
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13.5 Second-Order Properties

For a first-order property and a fully variational wave function, we have used the
Hellmann–Feynman theorem

dE

dX
=
〈 ∂Ĥ
∂X

〉
(13.44)

to obtain the first derivatives of the energy with respect to the response parameters X.
For second-order properties we have to obtain the necessary derivatives in a slightly
more roundabout manner. Let us assume that our Hamiltonian can be written in terms
of the parameters X in the form

Ĥ = Ĥ0 + Ĥ1 · X + XT · Ĥ2 · X + · · · . (13.45)

We note that

Ĥ1 = dĤ
dX

; 2Ĥ2 = d2Ĥ
dX2

. (13.46)

Here and for the remainder of the section we assume that the derivatives are evaluated
at X = 0.

The total energy of the system may be expanded in a Taylor series around X = 0,

E = E0 + dE

dX
· X + 1

2
XT · d2E

dX2
· X + · · · . (13.47)

We know from time-independent nondegenerate perturbation theory that the energy
may also be written as

E = E0 + 〈0|Ĥ1 · X|0〉 + 〈0|XT · Ĥ2 · X|0〉 +
∑
k 
=0

〈0|Ĥ1 · X|k〉〈k|Ĥ1 · X|0〉
E0 − Ek

+ · · ·

(13.48)

where {|k〉} is a set of intermediate states. Comparing the perturbation expansion term
by term with the Taylor series, we can easily identify the first derivative as

dE

dX
= 〈0|Ĥ1|0〉 = 〈0|dĤ

dX
|0〉 (13.49)

which is nothing but the Hellmann–Feynman theorem. The second derivative is
obtained from

1

2

d2E

dX2
= 〈0|Ĥ2|0〉 +

∑
k 
=0

〈0|Ĥ1|k〉〈k|Ĥ1|0〉
E0 − Ek

(13.50)
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or

d2E

dX2
= 〈0|d

2Ĥ
dX2

|0〉 + 2
∑
k 
=0

〈0|dĤ
dX

|k〉〈k|dĤ
dX

|0〉/(E0 − Ek). (13.51)

This derivation provides us with an expression for the second derivative of the
energy with respect to the response parameter X. However, the seemingly innocent per-
turbation expression above hides some subtleties that turn out to be of great importance.
The question arises, “How do we choose the intermediate states |k〉?” As pointed out
in chapter 5, in the Dirac picture the vacuum is filled with electrons in negative-energy
states, and the definition of the vacuum is therefore dependent on the Hamiltonian.
If we change the Hamiltonian, we will in general change the negative-energy states,
and thereby the vacuum. Thus, the vacuum for the unperturbed Hamiltonian with X = 0
is different from the vacuum for the Hamiltonian that incorporates a perturbation. In
doing a quantum chemical calculation, we are interested only in the electrons with
positive energies, and we somewhat arbitrarily set the energy contribution from the
vacuum to zero.

Another way of looking at this is to say that we do a calculation on the entire system
with M electrons in positive-energy states and N electrons in negative-energy states,
and then we subtract the energy of a system of N electrons in negative-energy states
to obtain the energy of the M-electron system. If our starting point is a calculation of
this type for the unperturbed Hamiltonian, then we must account for the changes to the
vacuum when we include the perturbation. We write |v〉 for positive-energy unoccupied
states and |n〉 for (filled) negative-energy states, and find the total energy change for
the N +M-particle system due to the perturbation as

E
(2)
N+M =

∑
n,v

〈n|Ĥ1 · X|v〉〈v|Ĥ1 · X|n〉
En − Ev

+
∑
v

〈0|Ĥ1 · X|v〉〈v|Ĥ1 · X|0〉
E0 − Ev

. (13.52)

The energy correction to the vacuum is similar, but now |0〉 is an unoccupied state,
accessible as a virtual state for the negative-energy electrons:

E
(2)
N =

∑
n,v

〈n|Ĥ1 · X|v〉〈v|Ĥ1 · X|n〉
En − Ev

+
∑
n

〈n|Ĥ1 · X|0〉〈0|Ĥ1 · X|n〉
En − E0

. (13.53)

Finally, we can calculate the energy of the M-electron system as the difference of the
two energies above

E
(2)
M =E

(2)
N+M−E(2)

N =
∑
v

〈0|Ĥ1 ·X|v〉〈v|Ĥ1 ·X|0〉
E0−Ev +

∑
n

〈0|Ĥ1 ·X|n〉〈n|Ĥ1 ·X|0〉
E0−En .

(13.54)

The conclusion of this is that we must include the negative-energy states in the per-
turbation sum over intermediate states. In a simple spinor picture this means that the
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perturbation sums also include those spinors with energies below −2mc2 (using an
energy-shifted Hamiltonian). This conclusion is exactly the same as if we had regarded
the negative-energy states simply as virtual spinors to be included in the perturbation
sum. One might naïvely think that contributions from these terms would be unimportant
because of the large energy differences in the denominators. However, the magnitude
of the contribution depends on the nature of the perturbation, whether this is from an
electric or magnetic field.

For electric properties the operators have the same form as in nonrelativistic theory,
and appear on the diagonal of the Dirac matrix. The perturbation matrix elements
therefore involve one-electron matrix elements of the form

〈ψL
0 |V ext |ψL

p 〉 + 〈ψS
0 |V ext |ψS

p 〉. (13.55)

If p is a positive-energy spinor, this matrix element is O(c0), and the contribution from
the sum over positive-energy states is also O(c0). If p is a negative-energy spinor, this
matrix element is O(c−1), and the contribution from the sum over negative-energy
states is O(c−4). The lowest-order relativistic corrections to second-order electric
properties, of O(c−2), therefore arise solely from the sum over positive-energy states.

The situation is different for magnetic properties. Here, the perturbation matrix
elements involve one-electron matrix elements of the form

〈ψL
0 |cσ · A |ψS

p 〉 + 〈ψS
0 |cσ · A |ψL

p 〉 (13.56)

If p is a positive-energy spinor, this matrix element is O(c0), because the small compo-
nent is O(c−1). The contribution from the sum over positive-energy states is therefore
also O(c0). However, if p is a negative-energy spinor, this matrix element is O(c1),
because the small component for a negative-energy spinor is O(c0). The contribution
from the sum over negative-energy states is therefore also O(c0).

Due to the sign of the denominator, the sum over negative-energy states is positive,
whereas the sum over positive-energy states is negative. The difference in sign between
these two terms means that they must cancel to some extent. Consequently, the large and
small components and the positive- and negative-energy states must be well represented
to avoid introducing significant error into the result. One approach that addresses this
problem is given in a later section.

The necessity for summing over the negative-energy states raises the question
of whether we should include QED renormalization effects. The answer is, in gen-
eral, “yes”: a rigorous treatment would involve virtual pairs and renormalization with
counter-terms to remove the divergences in the perturbation sums, which is beyond the
scope of relativistic quantum chemistry at present. For electric perturbations, the effect
of renormalization is small, because the contribution is already O(c−4). It is therefore
reasonable to adopt the “no-pair” approximation for electric perturbations. The same
is true for second-order perturbation treatments of the correlation energy, where sums
over the negative-energy states are omitted. For magnetic perturbations, the sums over
negative-energy states contribute at O(c0), and it is pertinent to ask whether QED renor-
malization is required. In the alternative treatment of magnetic effects in section 13.7,
the magnetic perturbations appear in the same way as the electric perturbations,
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and the effect of renormalization is therefore likely to be small. However, it should
be noted that QED effects change the electron gyromagnetic ratio in the third decimal
place, from the integer value of 2 derived from the Dirac equation. QED effects are
also important for magnetic hyperfine interactions in atoms.

Second-order properties are often evaluated using coupled-perturbed Hartree–Fock
(CPHF) theory. The CPHF wave function is essentially the first-order perturbed wave
function, which, as we saw above, must include the negative-energy states. Thus, in the
relativistic case, the CPHF method must include both the positive- and negative-energy
states.

13.6 NMR Parameters

Nuclear magnetic resonance (NMR) spectroscopy is based on the measurement of the
magnetic moments of atomic nuclei. The nuclei are subjected to a strong external field,
and this splits the normally degenerate nuclear spin states. For the simplest case of a
spin 1

2 nucleus, we would get a low-energy state with the spin aligned in the direction
of the field, and a high-energy state with the spin in the opposite direction. By applying
electromagnetic radiation, we can induce transitions between the two states and measure
the transition energy.

NMR spectra can be described using an effective Hamiltonian of the form

Ĥ = −
∑
K

γK�B · (1 − σK) · IK +
∑
K<L

γKγL�
2IK · (DKL + KKL) · IL, (13.57)

which operates in the space of nuclear spin functions. Here σK is the shielding tensor
for nucleus K .2 DKL is the direct spin–spin coupling tensor, which accounts for the
direct interaction of nuclear magnetic dipoles, and KKL is the reduced indirect spin–
spin coupling tensor, which accounts for the coupling of nuclear spins mediated by
the interaction with the surrounding electrons. It turns out that the contribution from
the DKL term vanishes in the rotational averaging necessary to account for the rapid
tumbling of molecules in NMR experiments, and so KKL is the quantity of immediate
interest. This is related to the indirect spin–spin coupling tensor JKL normally derived
from NMR experiments by

JKL = γKγL�
2KKL. (13.58)

2. The use of σK for the shielding tensor is conventional but unfortunate in this connection due to the
notational similarity to the Pauli σ matrices. Here, the shielding tensor will always have a capital letter
subscript, and it only appears in this section, so the chances of confusion should be minimal.
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To obtain the quantities σK and KKL from electronic structure calculations, we turn
again to response theory. From the form of the effective Hamiltonian it is evident that

σK = 1 + 1

�γK

d2E

dB dIK
(13.59)

and

DKL + KKL = 1

γKγL�2

d2E

dIK dIL
. (13.60)

Again, all derivatives are evaluated at B = 0, IK = 0, IL = 0.
If we use the Hamiltonian (13.41), we have no terms that are quadratic in

the response parameters B and IK , and the only contribution to the second-order
perturbation energy comes from the sum over states

E(2)=
∑
k 
=0

[ 〈
0
∣∣ ce

2
B·(α×r)+ ceµ0�

4π

∑
K

γKIK ·(α×rK)

r3
K

∣∣k 〉

× 〈k ∣∣ ce
2

B·(α×r)+ ceµ0�

4π

∑
K

γKIK ·(α×rK)

r3
K

∣∣0 〉/(E0−Ek)
]

(13.61)

where as we have seen in the previous section, the sum over k must also include the
negative-energy states. If we now carry out the required differentiations, we get the
shielding tensor as

σK = 1 + γKc
2e2µ0�

4π

∑
k 
=0

[ 〈
0
∣∣ (α × r)

∣∣ k 〉 〈 k ∣∣ (α × rK)

r3
K

∣∣ 0
〉

+ 〈
0
∣∣ (α × rK)

r3
K

∣∣ k 〉 〈 k ∣∣ (α × r)
∣∣ 0
〉 ]
/(E0 − Ek) (13.62)

and the spin–spin coupling tensors as

DKL + KKL = γKγLc
2e2µ2

0�
2

8π2

∑
k 
=0

[ 〈
0
∣∣ (α × rK)

r3
K

∣∣ k 〉 〈 k ∣∣ (α × rL)

r3
L

∣∣ 0
〉

+ 〈
0
∣∣ (α × rL)

r3
L

∣∣ k 〉 〈 k ∣∣ (α × rK)

r3
K

∣∣ 0
〉 ]
/(E0 − Ek). (13.63)
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The first term in the sum for the shielding constants may be split into the contribution
from the negative-energy states and the positive unoccupied states

∑
k 
=0

[ 〈
0
∣∣ (α × r)

∣∣ k 〉 〈 k ∣∣ (α × rK)

r3
K

∣∣ 0
〉 ]
/(E0 − Ek)

=
∑
n

[ 〈
0
∣∣ (α × r)

∣∣ n 〉 〈 n ∣∣ (α × rK)

r3
K

∣∣ 0
〉 ]
/(E0 − En)

+
∑
v

[ 〈
0
∣∣ (α × r)

∣∣ v 〉 〈 v ∣∣ (α × rK)

r3
K

∣∣ 0
〉 ]
/(E0 − Ev)

(13.64)

in the notation of the previous section. As pointed out there, the two types of con-
tributions to the sum would be expected to be of equal magnitude, and thus the
negative-energy states turn out to play a crucial role in the calculation of NMR param-
eters within a four-component formalism. The sum over positive-energy states may
be interpreted as corresponding to the paramagnetic contribution in the nonrelativistic
formulation, whereas the other sum corresponds to the diamagnetic contribution.

An advantage of the relativistic formulation is that the expressions are considerably
simpler than those arising in the nonrelativistic treatment of NMR parameters. For
spin–spin coupling, the nonrelativistic Hamiltonian involves the perturbation (Ramsey
1953)

Ĥ′ = e2A2

2m
+ 2CI·LK

r3
K

+ 3C(I·rK)(σ ·rK)−I·σ
r3
K

+ 8Cπ

3
I·σ δ(rK) (13.65)

where C is a constant. Of course, the machinery involved in generating the
four-component wave functions is computationally considerably heavier than the
nonrelativistic calculations.

In actual practice, the perturbation expressions given above are better suited for
displaying the structural features of the theory than for use in large-scale calculations.
For nonrelativistic calculations, the most efficient approach to the ab initio calculation
of NMR parameters has been variational perturbation theory (Helgaker et al. 1999).
This, or equivalent approaches such as second-order propagator theory, will probably
also turn out to be the optimal choice for the relativistic case.

Finally, we note that the term

d2E

dB2
(13.66)

may also be calculated. This represents a higher-order contribution to the magnetiz-
ability, but is of little interest for NMR spectroscopy.

13.7 Alternative Treatment of Magnetic Interactions

The nonrelativistic Hamiltonian can—as we have shown—be derived by elimination
of the small component from the relativistic Hamiltonian, including magnetic terms.
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However, the nonrelativistic term in A2 arises from the relativistic second-order pertur-
bation expressions given above: like the correspondence between the nonrelativistic and
relativistic kinetic energy discussed in section 11.2, there is a projection operator involv-
ing the small component (or in this case, a resolvent). If the small component is poorly
represented, the cancellation between the sums over positive- and negative-energy
states could show considerable error.

Kutzelnigg (2003) has shown how the sum over negative-energy states can be
largely avoided. This sum arises because α connects large and small components. If
we could make the perturbation operator block diagonal, but not the unperturbed Dirac
operator, the sum over negative-energy states might be eliminated, or at worst reduced
to contributions that were O(c−4).

To perform the diagonalization, we use the unitary transformation

Û = eλτ (13.67)

with

τ = − e

2mc
βα · A, (13.68)

and apply this transformation to the perturbed Dirac Hamiltonian,

Ĥ′ = Û† (Ĥ0 + Ĥ1) Û (13.69)

where

Ĥ0 = cα · p + (β − I)c2 + V ; Ĥ1 = ecα · A. (13.70)

There is of course a corresponding transformation to the wave function,

ψ′ = Û†ψ. (13.71)

The parameter λ has been introduced so that an expansion can be made, but it can also
be considered as a field strength parameter.

We now use the expansion of the exponential operators in a commutator series (see
section 8.1), and collect terms of various orders to define perturbed operators:

Ĥ′
0 = Ĥ0

Ĥ′
1 = Ĥ1 +

[
Ĥ0 , τ

]
= e

2m
β[α · p , α · A]+ = e

2m
β(2A · p + �Σ · B)

Ĥ′
2 =

[
Ĥ1 , τ

]
+ 1

2

[[
Ĥ0 , τ

]
, τ
]

= e2

2m
βA2 − e2

4m2c
[A · p , α · A]+.

(13.72)

Already we see that we have obtained expressions that are much more like the non-
relativistic expressions for the magnetic perturbations, except that they are multiplied
by a factor of β. The second-order perturbation contains the diamagnetic term A2 and
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a relativistic correction term, whose expectation is O(c−2) because of the α matrices.
The diamagnetic term is now simply

(〈ψL |e2A2 |ψL 〉 − 〈ψS |e2A2 |ψS 〉)/2m. (13.73)

Formally, we have made an expansion in λ. To arrive at the properties, both first- and
second-order, we differentiated with respect to the field strength. We can consider λ as
a field strength parameter, taking the scale factor out of A. However, the transformation
is also an expansion in powers of 1/c, which appears in the perturbation operator.

This transformation thus provides a simple and robust expression for the diamag-
netic shielding term, but it has some drawbacks. It makes gauge transformations more
complicated: we now have

exp

[
−iΛ− 1

2mc
βα · ∇Λ

]
(13.74)

as the gauge transformation. A further complication is that, while the transforma-
tion commutes with the Coulomb interaction, it does not commute with the magnetic
interactions. Taking the Gaunt interaction as an example, the transformation yields two-
particle operators that must be added to the perturbed Hamiltonian at various orders
in λ. The contributions to operators of order c−2 are

Ĥ′
1(i, j) ← − e3

4πε0mc

(
βiαj · Ai + βjαi · Aj

)
/rij

Ĥ′
2(i, j) ← − e4

4πε0m2c2
βiβjAi · Aj /rij .

(13.75)

The two-electron terms of Ĥ′
1 contribute to first-order properties (that is, linear in A)

at O(c−2), but contribute to second-order properties (that is, quadratic in A) only at
O(c−4) and can be safely neglected there. The two-electron terms of Ĥ′

2, however,
contribute at O(c−2) to second-order properties. Thus, while the primary contributions
to the magnetic interactions will come from terms that are O(c0), the evaluation of the
terms of O(c−2), which are the relativistic corrections to the property operators, will
be complicated by these two-electron contributions.

13.8 Finite Nucleus Effects on Properties

Thus far in our discussion of relativistic expressions for properties we have assumed that
the nuclei are represented by point charges. However, schemes for actual calculation
of relativistic wave functions normally use nuclei with finite size in order to avoid
problems with the weak singularity of the Dirac equation at the nucleus—and also
because the nucleus really does have a finite size. The use of a point nucleus to calculate
properties therefore appears somewhat inconsistent. At the very least we should know
what errors we incur by using a point nucleus, and we will therefore discuss the
low-order effects of finite nuclear size for electric and magnetic fields.
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The source of the electric field can be an externally applied field, or it can originate
in the components of the nuclear potential that are not included in the internal com-
ponent of the field (that is, the nuclear potential V ). Such components arise from the
nonspherical nature of the nucleus, the lowest-order term of which is the quadrupole
moment. The implementation of a finite-nuclear model is quite straightforward: we
simply expand the nuclear charge distribution in a series:

ρnuc(r) = ρ0 exp[−ζnucr
2] + Qnuc � ρ2(r)+ · · · (13.76)

where the first term is the spherical component of the nuclear charge distribution intro-
duced in chapter 7. The tensor function ρ2(r) can be factorized in spherical coordinates.
For this purpose we introduce the modified spherical harmonic3

Ckq(ϑ, φ) =
√

4π

2k + 1
Ykq(ϑ, φ). (13.77)

The collection of all the Ckq for a given value of k then yields a vector Ck with 2k+ 1
components. For the tensor function above we get

ρ2(r) = ρ2(r)C2(ϑ, ϕ). (13.78)

The form of the radial function depends on the nuclear structure giving rise to the
nonspherical nuclear shape, but given the very simple models of the nucleus that are
currently used in relativistic quantum chemistry, it is probably very little restriction4

to set ρ2 ∝ r2ρ0 exp[−ζnucr
2]. The integrals over ρ2 can be readily evaluated with

standard two-electron integral code as (d|ab) integrals, just as the spherical part of
the finite nuclear potential can be evaluated as (s|ab) integrals. Here, d and s refer to
the angular momentum of the charge distribution, and a and b to basis functions. This
approach can be applied to both relativistic and nonrelativistic calculations with a finite
nucleus. For the relativistic case, symmetry considerations show that spinors must have
j ≥ 3/2 to contribute to these integrals. These spinors have small amplitudes in the
nuclear region, and thus the correction to the nuclear quadrupole moment due to a
finite nuclear model is likely to be small.

We next consider the effect of finite nuclear size on the nuclear spin Hamiltonian.
The electric moments were derived by considering the Coulomb interaction of the
nuclear charge density, expanded in a multipole series, with the electrons. By analogy,
the magnetic moments are derived by considering the Gaunt interaction of the nucleus
with the electrons. It is at this point that we must consider, at least as a formal entity,
the nuclear wave function, and from it obtain a nuclear spin density that interacts with
the electron spin density.

3. Also known as a spherical tensor.

4. The power of r is necessary to give the correct form for reduction to the point nucleus expression, and can
be justified from a consideration of the part of the nuclear wave function that gives rise to the nonspherical
terms.
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We write the nuclear wave function (actually, the wave function for the protons
because the interaction is electromagnetic) as a single determinant, and the wave func-
tion for the nucleus and the electrons as a product of determinants. This means that
there are no exchange contributions to the interaction, only direct contributions. From
our consideration of time-reversal symmetry applied to the Gaunt interaction, the inter-
action must come from the unpaired protons and the unpaired electrons. For the purpose
of developing the theory, we assume that there is only a single unpaired proton in the
nucleus. The general case can be derived by summing over unpaired nucleons.

The contribution from the electron–proton Gaunt interaction will be proportional
to the expectation value of the operator (αe · αn)r

−1
en , where indices e and n refer to

electron and proton, respectively. The nuclear part of this expectation value should
appear as a vector potential Anuc in the manner that any vector potential appears in the
Hamiltonian:

cα · (p + eAnuc) = cα · p + ceα · Anuc. (13.79)

Thus, to find Anuc we must develop the nuclear Gaunt contribution to the Hamiltonian
and identify the factor forming a scalar product with α. Below we sketch how to
proceed.

We first introduce the wave function for the proton. The angular part can be repre-
sented as a 2-spinor angular momentum eigenfunction and the radial part as a simple
Gaussian,

ψnuc = e−ηr2
n

(
NL r�n χκ,m(Ωn)

NS r�−an χ−κ,m(Ωn)

)
, (13.80)

where a = sgn κ . The contribution from the electron–proton Gaunt interaction to the
Hamiltonian will be a term proportional to

〈ψnuc | αe · αn

ren
|ψnuc 〉 = αe · 〈ψnuc | αn

ren
|ψnuc 〉. (13.81)

From this we deduce that the corresponding magnetic field may be written as

Anuc ∝ NLNS

∫
r2�−a
n

1

ren
e−2ηr2

n (χ
†
κ,mσχ−κ,m + χ

†
−κ,mσχκ,m)dτn. (13.82)

The r−1
en term may be expanded in terms of spherical harmonics. Using the vectors Ck

introduced for the electric field, this expansion may be written as

1

ren
=
∑
k

Uk(re, rn)Ck(Ωn) · Ck(Ωe) (13.83)
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where Uk(re, rn) is a function of the two variables re and rn only, eliminating ren.
Using this expression, we may recast the integral above in the form

Anuc ∝
∑
k

NLNS

∫
drnr

2�−a
n Uk(re, rn)e

−2ηr2
n
[〈κ,m |σCk(Ωn) | − κ,m 〉

+ 〈−κ,m |σCk(Ωn) |κ,m 〉] · Ck(Ωe). (13.84)

Evaluation of this integral is straightforward. The radial integrations reduce to a
combination of functions Fm(ηr2), where Fm(x) = ∫ 1

0 t
2m exp(−xt2)dt . These are

the standard integrals that appear in any two-electron integral expression. We can
extract from these functions a term r−k−1 and write the radial integral in the form
r−k−1fk(r, η). The angular integrals follow from standard angular momentum algebra.
Collecting these into the vector ωk , we may write the contribution to the Hamiltonian as

Ĥmag ∝ α ·
∑
k

ωk ⊗ Ck(Ω)

rk+1
fk(r, η). (13.85)

This expression is starting to resemble the point nucleus expression. For any proton j
value, there is a term with k = 1, which we can write as

α · ω1 × r
r3

fk(r, η). (13.86)

In the limit η → ∞, fk(r, η), with the associated normalization factors, becomes a
constant and the k = 1 component reduces to the point nucleus expression in (13.40).
However it should be noted that for proton j values greater than 1/2, there are com-
ponents higher than the magnetic dipole term and that involve higher negative powers
of r . For most purposes it is safe to neglect these higher moments and retain only the
lowest, dipole term.

Unlike the electric quadrupole moment, contributions to the magnetic interactions
with the nucleus can come from (electron) spinors with j = 1/2, and thus the magnitude
of the finite nucleus effect is likely to be larger than for the electric quadrupole moment.

13.9 Parity-Violating Interactions

We conclude this chapter with a look at some more exotic properties, at least from the
point of view of mainstream chemistry. In a 1949 article celebrating Einstein’s 70th
birthday, Dirac (1949) suggested that the laws of nature might not be invariant with
respect to space inversion or time reversal. Special relativity only requires that physical
laws be invariant with respect to the position and velocity of the observer, and any
change in these can be effected though a series of (infinitesimal) transformations that
do not involve reflections of time or space. Experimental evidence for processes that do
not conserve parity under space inversion, P-odd processes, was eventually observed
in nuclear β decay, contributing in turn to the development of the standard model for
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electroweak interactions. According to this, the P-odd interactions are mediated by the
weak nuclear force.

Spatial inversion has an important position in chemistry as the operation that con-
nects two different enantiomers of a chiral molecule. Biochemically it is observed that
for living organisms only l-amino acids are present in proteins, and that DNA and RNA
are built up from d-sugars. In the wake of the discovery of P-odd processes, sugges-
tions have been made that there may be a connection between this type of interaction
and the natural selection of only one enantiomeric form for biochemical processes. It is
possible to envision some interaction between molecular structure and the weak force
that would favor one of the enantiomers energetically.

To see how this might occur, we look at the operator that would be responsible for
breaking the energy degeneracy between two enantiomers. This has the form

ĤP = GF

2
√

2

∑
N,i

QW,Nγ
5
i ρ(ri ) (13.87)

where the sum is over nuclei, N , and electrons, i. GF is the Fermi electroweak
coupling constant, QW,N is the weak charge of the nucleus, ρ(r) is the normalized
nucleon density, and γ 5 is the chirality operator, which in the representation used by
us corresponds to the 4 × 4 matrix

γ 5 =
(

02 I2
I2 02

)
. (13.88)

The chirality operator is odd under spatial inversion, exhibiting what is called pseu-
doscalar behavior, that is, it is a scalar with the transformation properties of a vector.
For a molecule with two enantiomeric forms, A and B, with respective wave functions
ΨA and ΨB , we expect space inversion, represented by the operator Î , to connect the
two forms such that

Î ΨA = ΨB. (13.89)

For a matrix element of a many-electron chirality operator we have

Î 〈ΨA|
∑
i

γ 5
i | ΨA〉 = −〈ΨB |

∑
i

γ 5
i | ΨB〉. (13.90)

Thus the two enantiomers should differ in energy by

δE = 2
∣∣∣〈ΨA|ĤP | ΨA〉

∣∣∣ . (13.91)

The energy difference between the two enantiomeric forms of alanine has been
calculated to be of order 10−17 kJ/mol (Lærdahl et al. 2000) and this is most proba-
bly too small to be a decisive factor in the natural predominance of one enantiomer
over another, unless coupled to some (unknown) amplification mechanism. Still, it is of
interest to be able to demonstrate these P-odd interactions for a chiral molecule, and the
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calculations can help here in establishing the sensitivity required for their experimental
detection. Calculations have been made for halogen-substituted methanes such as
CHFClBr and CHFClI (Schwerdtfeger et al. 2002), and the energy shifts found are
again of the order of 10−17 kJ/mol. The magnitude of this effect is, however, strongly
dependent on the nuclear charge, and can be shown to scale as Z5 or higher. Therefore,
the experimental work is more likely to succeed with studies of systems with heavy
elements. From the calculated values it is evident that present experimental sensitivity
probably is not sufficient to discern these P-odd effects.

There is only one known example of processes that are not invariant under time-
reversal, T-odd processes. This is the decay of the neutral K0 meson. This type of
interaction is not encompassed by the standard model, but several possible mechanisms
have been suggested. Some of these also predict PT-odd processes. From symmetry
considerations it may be shown that a PT-odd interaction would result in an experi-
mental signature characteristic of an effective electric dipole moment. While there are
a number of ways such an effective electric dipole moment might arise, the simplest
would be if the electron or a nucleon possessed a nonvanishing electric dipole moment.
These processes definitely belong more to the realm of particle physics than to chem-
istry, but it has been recognized (Sandars 1967) that polar molecules containing heavy
elements would be favorable for experiments looking for PT-odd interactions. Thus
there is also a challenge to relativistic molecular quantum mechanical calculations in
predicting these interactions.

If the electron is assumed to have an electric dipole moment of de, then the
interaction with an electric field E is given as

ĤNR
d = −deσ · E. (13.92)

In nonrelativistic quantum theory it may be shown that this interaction would give a
null result because the charge distribution of the system would react to the presence of
an applied field by adjusting such that the net force on the system vanishes (Schiff’s
theorem). In relativistic theory this restriction is lifted and the interaction now takes
the form

Ĥd = −deβΣ · E (13.93)

where β is the usual β matrix from the Dirac equation and Σ is the usual 4 × 4 spin
matrix. We can exploit the fact that the system must still adjust to the field such that
no net force is experienced, and thus

〈−deΣ · E〉 = 0. (13.94)

If we subtract the term giving this null contribution from the relativistic operator,
we get

Ĥd = −de(β − I4)Σ · E (13.95)
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where the matrix (β − I4) takes the form

(β − I4) =
(

02 02
02 −2I2

)
. (13.96)

Thus the evaluation of this interaction involves only the small component densities.
This places quite heavy demands on the accuracy of the calculations. Because the
small components normally do not contribute greatly to the energy, variationally based
calculations will be less sensitive to the quality of this part of the wave function. This
must be taken into account, and the calculations designed accordingly.

As demonstrated by the presence of the Σ term, only paramagnetic molecules
would be sensitive to this type of interaction involving the electron electric dipole
moment. One of the most favorable molecules for experiments is thought to be YbF.
Several calculations have been performed on YbF, and the agreement is reasonable. The
calculations show that the value of this interaction, if it exists, is such that experiments
with a sensitivity corresponding to an electron electric dipole moment of 10−28e cm
should be able to detect it. Such a sensitivity is reportedly within reach of present
experimental techniques.

TlF is considered one of the most favorable molecules for discovering a possible
dipole moment of the proton. For a nucleon with an electric dipole moment the effective
interaction in a polar molecule would be

Ĥeff = −dΣN · λ (13.97)

where ΣN is the nucleon spin operator and λ is a vector along the molecular axis.
There are several possible contributions to such an effective dipole moment d . The
most important is expected to be the volume effect, which arises from the interaction
between the electric dipole moment of the (heavy) nucleus and the electric field of
the electrons assuming that the charge and dipole distributions of the nucleons in the
system differ. Through a fairly straightforward derivation (Quiney et al. 1998), this
contribution dv may be shown to be

dv = dpXR (13.98)

where dp is the electric dipole moment of the proton, R is a nuclear structure factor
and X is the electronic contribution

X = lim
rn→0

1

r2
n

〈Ψe|
∑
i

cos θi
r2
i

|Ψe〉rn (13.99)

where Ψe is the electronic wave function, the sum is over electrons, and the subscript
rn indicates that the radial integration covers the interval [0, rn]. If we assume a DHF
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wave function with spinors ψj , we can write X as

X =
∑
j

Xj

=
∑
j

lim
rn→0

1

r2
n

∫ 2π

0

∫ π

0

∫ rn

0
ψ

†
j (r)ψj (r) sin θ cos θdr dθ dφ.

(13.100)

As rn → 0 this only involves the numerical values of the 4-spinor amplitudes at r = 0.
For a system with one heavy and one light nucleus (such as TlF), the contributions

will be dominated by the heavy atom, and we may analyze the Xj in terms of the
contributions from a one-center expansion of the spinor. We can write

ψj =
∑
κ

|κ,m〉 = | − 1,m〉 + |1,m〉 + | − 2,m〉 + · · · (13.101)

(m being a good quantum number in a diatomic molecule). The most critical contribu-
tions to Xj turn out to be those involving the | − 1, 1/2〉 and the |1, 1/2〉 components
of this expansion. Using the atomic expansion for small r discussed in section 7.5, we
can show that this contribution is proportional to a simple product of the lowest-order
expansion coefficients

X
−1,1
j ∝ p−

0 p
+
0 + q−

0 q
+
0 (13.102)

where the superscript signs refer to coefficients arising from the expansion of the
| − 1, 1/2〉 or the |1, 1/2〉 components respectively. From the ratios of the p0 and q0,
it follows that

X
−1,1
j ∝ p−

0 p
+
0 − v1 + E

v1 + E + 2c2
p−

0 p
+
0

= p−
0 p

+
0

[
1 − v1 + E

v1 + E + 2c2

]
≈ 2c2

v1
p−

0 p
+
0

(13.103)

where the last approximation follows from the fact that v1 is very large—for Tl it is
close to 106—and thus v1 >> c2.

The main point to note here is the extremely delicate cancellation involved between
the p−

0 p
+
0 and q−

0 q
+
0 terms. In reality the matrix elements Xj are calculated not from

the atomic expansion, but from DHF spinors. If we are to succeed, our analysis above
has clearly indicated that the ratio between the small and large component for small r is
crucial. Again this puts high demands on the quality of the calculations, and also on the
basis sets used. Thus, in the TlF calculation of Quiney et al. (1998), energy-optimized
basis sets proved to be unsuitable and had to be replaced by large even-tempered basis
sets, even if the total molecular energy obtained using the energy-optimized set was
lower. This provides another example of how the variational process may not adequately
describe regions that are of crucial importance for the calculation of properties. As the
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ratio of the lowest-order expansion coefficients is known for the atoms, one can monitor
the quality of the basis set by comparing the results from calculations on the heavy
atom only with the theoretical values of these expansion coefficients ratios.

For each of the three properties discussed in this section, there are also other inter-
actions that may contribute, but the ones presented here are believed to be dominant.
We have chosen these because each one illustrates a particular point: the P-odd inter-
action connects to the important chemical concept of chirality, the electron electric
dipole moment illustrates a property that depends solely on the small-component den-
sity, placing heavy demands on the quality of the small-component wave function, and
the proton electric dipole moment demonstrates a case where the ratios of the large
and small components in the nuclear region is crucial.

There is an almost unlimited number of properties that might have been discussed
further, including QED effects, nuclear multipole moments, and various polarizabil-
ities. The aim of this chapter has not been to give a complete review, but rather to
provide an introduction to some of the features present and issues that arise in the
calculation of properties within a fully relativistic model. The treatment of properties
within more approximate models will be discussed to some extent in connection with
the presentation of these models in the following chapters.



14

Density Functional Approaches to
Relativistic Quantum Mechanics

The wave function is an elusive and somewhat mysterious object. Nobody has ever
observed the wave function directly: rather, its existence is inferred from the various
experiments whose outcome is most rationally explained using a wave function inter-
pretation of quantum mechanics1. Further, the N -particle wave function is a rather
complicated construction, depending on 3N spatial coordinates as well as N spin coor-
dinates, correlated in a manner that almost defies description. By contrast, the electron
density of an N -electron system is a much simpler quantity, described by three spa-
tial coordinates and even accessible to experiment. In terms of the wave function, the
electron density is expressed as

ρ(r) = N

∫
Ψ ∗(r1, r2, . . . , rN)Ψ (r1, r2, . . . , rN)dr2dr3 . . . drN (14.1)

where the sum over spin coordinates is implicit. It might be much more convenient
to have a theory based on the electron density rather than the wave function. The
description would be much simpler, and with a greatly reduced (and constant) number
of variables, the calculation of the electron density would hopefully be faster and less
demanding. We also note that given the correct ground state density, we should be
able to calculate any observable quantity of a stationary system. The answer to these
hopes is density functional theory, or DFT. Over the past decade, DFT has become
one of the most widely used tools of the computational chemist, and in particular
for systems of some size. This success has come despite complaints about arbitrary
parametrization of potentials, and laments about the absence of a universal principle
(other than comparison with experiment) that can guide improvements in the way the
variational principle has led the development of wave-function-based methods. We do
not intend to pursue that particular discussion, but we note as a historical fact that

1. In the strict quantum mechanical sense, this nonobservation is only natural because the wave function is
not a quantum mechanical observable.

261
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many important early contributions to relativistic quantum chemistry were made using
DFT-like methods. Furthermore, there is every reason to try to extend the success of
nonrelativistic DFT methods to the relativistic domain. We suspect that their potential
for conquering a sizable part of this field is at least as large as it has been in the
nonrelativistic domain.

One requirement for a successful extension of DFT to the relativistic domain is
a reformulation of the basic theorems of DFT within a relativistic framework. We
therefore start this chapter with a brief review of basic nonrelativistic DFT, before we
show how these ideas appear in a relativistic setting.

14.1 A Brief Review of Nonrelativistic Density Functional Theory

Modern DFT is founded on the Hohenberg–Kohn theorems and the Kohn–Sham equa-
tions. These are presented in detail in textbooks as well as in the review literature on
the subject (Parr and Yang 1989, Koch and Holthausen 2001, Eschrig 1996, Gross and
Kurth 1994, Salahub et al. 1994). However, to set the stage for a discussion of the rela-
tivistic case, a brief summary of the nonrelativistic foundations serves as a convenient
starting point.

We write the time-independent Hamiltonian for the N -electron system as

Ĥ = T̂ + U + V (14.2)

where T̂ is the contribution from the kinetic energy, U is the potential of the interaction
between the N electrons, and V is the potential due to external fields. In the simple
Born–Oppenheimer molecule, V is the potential from the fixed framework of nuclear
charges. For a given N , it is the term V that gives the system its “identity.” As an
example, in a 10-electron system, it is the V term that determines whether the system
is a Ne atom or an HF or H2O molecule. The two other terms are universal for all
10-electron systems. This observation sets the stage for the first Hohenberg–Kohn
theorem. Writing

V =
N∑
i=1

v(ri ), (14.3)

this theorem states that: The potential v(r) is completely determined by the electron
density ρ(r) to within an additive constant.

To prove this theorem we must now show a one-to-one correspondence between
v(r) and ρ(r), and we do this using the wave function as an intermediary. Assuming
a nondegenerate ground state with energy E0, the Schrödinger equation

ĤΨ = E0Ψ (14.4)

defines a mapping from each v(r) to the ground state wave function Ψ . From this wave
function, we can find the ground state density ρ(r) according to (14.1). To establish
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the reverse mapping from ρ(r) to v(r), we note that a mapping from the wave function
to the potential is provided (formally) by solving the Schrödinger equation for the
potential, given a wave function. It remains to show that there is a unique mapping
from ρ(r) to Ψ , which is equivalent to showing that two different ground states Ψ and
Ψ ′ arising from different potentials v(r) and v′(r) always give different ground state
densities. Calling the corresponding Hamiltonians Ĥ and Ĥ′, E0 is given by

E0 = 〈Ψ |Ĥ|Ψ 〉 < 〈Ψ ′|Ĥ|Ψ ′〉 = 〈Ψ ′|Ĥ′ − V ′ + V |Ψ ′〉

= E′
0 +

∫
ρ′(r)

[
v′(r)− v(r)

]
dr. (14.5)

Likewise, we can show that

E′
0 < E0 −

∫
ρ(r)

[
v′(r)− v(r)

]
dr. (14.6)

Adding these two inequalities we get

E0 + E′
0 < E′

0 + E0 +
∫ [

ρ′(r)− ρ(r)
] [
v′(r)− v(r)

]
dr. (14.7)

By hypothesis, v′(r) and v(r) are different. If we assume that ρ′(r) = ρ(r) we get the
self-contradiction

E0 + E′
0 < E′

0 + E0. (14.8)

Thus, we conclude that two different densities must correspond to two different
potentials, and a nondegenerate ground state can correspond to one and only one
potential.

The second Hohenberg–Kohn theorem establishes a variational principle for the
energy as a functional of the density: If ρ(r) is the density arising from the solution of
the N-electron Schrödinger equation

ĤΨ = E[ρ]Ψ (14.9)

then for any density ρ′(r) 
= ρ(r) that satisfies

∫
ρ′(r)dr = N (14.10)

we must have E[ρ′] > E[ρ].
This theorem follows readily from the 1:1 correspondence between Ψ and ρ and the

Rayleigh–Ritz variational principle. By incorporating the N-electron constraint on the
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density using a Lagrangian multiplier µ, we can formulate the stationarity condition at
the minimum as

δ

{
E[ρ] − µ

[∫
ρ(r)dr −N

]}
= 0. (14.11)

Substituting for the energy functional in this expression

E[ρ] = 〈Ψ |Ĥ|Ψ 〉 = 〈Ψ |T̂ + Û + V |Ψ 〉 = 〈Ψ |T̂ + Û |Ψ 〉 +
∫
ρ(r)v(r)dr

= F [ρ] +
∫
ρ(r)v(r)dr (14.12)

the stationarity condition may be recast in the Euler–Lagrange form

µ = δE[ρ]
δρ(r)

= v(r)+ δF [ρ]
δρ(r)

(14.13)

where F [ρ] is the universal functional for all systems of N particles with Coulomb
interactions.

While this equation is quite simple in form, it hides the fact that the universal
functional F [ρ] is not available in explicit form. Numerous schemes have been formu-
lated for a direct optimization of the density based on these stationarity conditions, but
these methods have not really been competitive. The most efficient approach has been
to invoke a quasi-independent-particle approximation, formulated in the Kohn–Sham
equations.

To arrive at the Kohn–Sham equations, we assume the existence of a set of orbitals
{φi(r)} such that the density may be expressed in terms of these orbitals as

ρ(r) =
N∑
i=1

φi(r)∗φi(r). (14.14)

For a set of noninteracting particles, the term Û vanishes and the Hamiltonian is

Ĥni = T̂ ni + V ni =
N∑
i=1

(
−1

2
∇2 + v(ri )

)
. (14.15)

The ground state of this system is described by the determinantal wave function

Ψ ni = |φni
1 (r1)φ

ni
2 (r2) . . . φ

ni
N(rN)| (14.16)

where {φni
i (ri ); i = 1, 2, . . . , N} are the solutions of the equation(

−1

2
∇2 + v(ri )

)
φni
i (ri ) = εni

i φ
ni
i (ri ) (14.17)

corresponding to the lowest N eigenvalues.
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In a system of interacting electrons, the term Û must be included in the Hamiltonian.
A large part of this is the Coulomb interaction, and we also expect this to contain some
sort of exchange interaction as well as more obscure contributions due to correlation.
We define an effective single-particle potential by

∫
veff ,i(r)ρ(r)dr =

∫
v(r)ρ(r)dr + 1

2

∫ ∫
ρ(r)ρ(r′)
|r − r′| drdr′ + Exc,i[ρ] (14.18)

where the superscript i indicates that these are for the interacting system. Here we
have indicated explicitly the two “simple” terms—the external potential and the direct
Coulomb interaction between the charge densities. The third term takes care of other
exchange and correlation contributions to the interaction potential.

However, the introduction of particle interactions in the system may also influence
the functional form of the kinetic energy term. It is tempting to assume that it remains
the same as in the noninteracting case, T̂ ni, but we really have no assurance that this
is so. Thus we write the exact kinetic energy functional for the interacting system as

T̂ [ρ] = T̂ ni[ρ] +∆T̂ [ρ] (14.19)

where the last term incorporates any changes in the exact kinetic energy functional due
to the electron–electron interaction. Collecting all terms, we can express the energy
functional for the interacting system as

E[ρ] = T̂ ni[ρ] +
∫
v(r)ρ(r)dr + 1

2

∫ ∫
ρ(r)ρ(r′)
|r − r′| drdr′ + Exc[ρ] (14.20)

where the correction to the kinetic energy functional has been included in the exchange-
correlation energy functional

Exc[ρ] = Exc,i[ρ] +∆T̂ [ρ]. (14.21)

The Euler–Lagrange equation now becomes

µ = δE[ρ]
δρ(r)

= δT̂ ni[ρ]
δρ(r)

+ v(r)+
∫

ρ(r′)
|r − r′|dr′ + vxc(r) (14.22)

where the exchange-correlation potential is defined by

vxc(r) = δExc[ρ]
δρ(r)

. (14.23)

We note that the last three terms of the Euler–Lagrange equation above are similar to
the effective potential veff ,i(r) introduced above, except that now we have included
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the correction to the kinetic energy functional. We can write the Euler–Lagrange
equation as

µ = δT̂ ni[ρ]
δρ(r)

+ veff (r)ρ(r). (14.24)

But the Euler–Lagrange equation for the noninteracting particles was

µ = δT̂ ni[ρ]
δρ(r)

+ v(r)ρ(r) (14.25)

and this was equivalent to the set of single-particle Schrödinger equations (14.17). By
analogy we conclude that for the interacting particles we can find the orbitals from the
equations

(
−1

2
∇2 + veff (ri )

)
φi(ri ) = εiφi(ri ). (14.26)

These are the Kohn-Sham equations, and we note that the density derived from (14.14)
automatically fulfills the N -particle constraint, because the orbitals are the normalized,
orthogonal solutions of an eigenvalue equation.

14.2 The Local Density and Local Exchange Approximations

In the derivation of the Kohn–Sham equations we have hidden a number of difficulties
in the exchange-correlation potential, vxc(r). Indeed, the success of DFT depends on
finding an accurate and convenient form of this potential. There is an extensive literature
discussing the merits of various potentials, and good accounts of these may be found
elsewhere (Koch and Holthausen 2001). Here, we restrict the discussion to the local
density approximation (LDA), because it provides a link to another approximation that
has been used extensively in relativistic atomic and molecular calculations and which
predates the Kohn–Sham equations.

In this approximation, we assume that the exchange-correlation energy is a local
function of the density. Following Parr and Yang (1989) we write the exchange-
correlation energy per electron as εxc(ρ), and the entire energy contribution from this
term may be written as

Exc,LDA[ρ] =
∫
ρ(r)εxc(ρ)dr (14.27)

with the corresponding potential

vxc,LDA(r) = εxc(ρ)+ ρ(r)
δεxc(ρ)

δρ(r)
. (14.28)
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We also assume separability of exchange and correlation such that

εxc(ρ) = εx(ρ)+ εc(ρ). (14.29)

There is one N -electron system where it is possible to derive a closed, local form
of the exchange energy as a function of the density. This is the uniform electron gas.
For this model system, Dirac has derived an expression for the exchange energy using
statistical considerations. The result is

εx(ρ) = −3

4

(
3ρ

π

)1/3

(14.30)

and if we insert this expression into (14.28), the exchange contribution to the potential
becomes

vx,LDA(r) = −
(

3ρ

π

)1/3

. (14.31)

For the correlation contribution no analytic form has been found, but extensive
Monte Carlo calculations have provided values of εc(ρ) over a wide range of den-
sities. These values have been fitted analytically, giving a very good approximation
of the correlation energy of the uniform electron gas. The Kohn–Sham equations now
take the form

(
−1

2
∇2 + v(ri )+

∫
ρ(r′)

|r − r′|dr′ −
(

3ρ

π

)1/3

+ vc(ri )

)
φi(ri ) = εiφi(ri ). (14.32)

Local density approximations have been used in quantum chemistry and atomic
physics also for other purposes. If we write the Hartree–Fock equations in the form


−1

2
∇2 + v(ri )+

∑
j

(
Ĵj − K̂j

)φ = εφ (14.33)

the only nonlocal operator is the exchange operator K̂j . In the early days of com-
putational efforts, the evaluation of this term was a major obstacle. Slater therefore
proposed that the exchange interaction should be approximated by a local exchange
potential of the form

vXα(r) = −3

2
α

(
3ρ

π

)1/3

(14.34)

where α is a parameter introduced to provide some flexibility. This forms the
basis of the Xα model, where the resulting Hartree–Fock–Slater equations for



268 FOUR-COMPONENT METHODOLOGY

the orbitals are written

(
−1

2
∇2 + v(ri )+

∫
ρ(r′)

|r − r′|dr′ − 3

2
α

(
3ρ

π

)1/3
)
φ = εφ (14.35)

which for the value α = 2
3 is identical to the LDA Kohn–Sham equations without

the correlation potential. In actual calculations using Slater exchange, α was fre-
quently given the value 0.7, a number arrived at from experience by comparison with
experimental results.

14.3 The Hohenberg–Kohn Theorem for Relativistic
N-Particle Systems

The extension of the Hohenberg–Kohn theorem to the case of a relativistic N -particle
system was first made by Rajagopal and Callaway (Rajagopal 1978, Rajagopal and
Callaway 1973) for the inhomogeneous electron gas. More recently, a thorough dis-
cussion of this extension has been presented by Engel and coworkers (Engel 2002,
Engel and Dreizler 1996, Engel et al. 1995). A rigorous treatment requires the use of
quantum field theory beyond the level we want to pursue in this text. We therefore
adopt a more pragmatic view and use a simplified approach that demonstrates the most
important features. We then briefly describe the additional considerations required for
a rigorous treatment.

Let us start with the usual N -electron Dirac Hamiltonian including the external
fields. The energy contribution from the external field is given by

Eext = 〈Ψ|
∑
i

ecα(ri ) · A(ri )|Ψ〉 − 〈Ψ|
∑
i

eφ(ri )|Ψ〉. (14.36)

With our previous expressions for the current density and charge density in (4.41)
and (4.42) we may write this energy contribution as

e〈 j · A〉 − e〈ρφ〉 = e〈 j · A〉 (14.37)

with j and A as the four-vector representation of the current and the field. The
expectation value of the Dirac Hamiltonian may now be written as

〈Ψ|Ĥ|Ψ〉 = T̂ D + UR + e〈 j · A〉 (14.38)

where T̂ D derives from the expectation value of the Dirac free-particle operators, and
UR from the relativistic electron–electron interaction term (in the approximation of our
choice). This expression demonstrates that in the relativistic model, the four-current j
plays the same role as the density does in the nonrelativistic case.

Starting from these considerations, we can repeat the reasoning of the nonrelativis-
tic Hohenberg–Kohn theorem in a relativistic setting. We thus need to show the 1:1
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correspondence between j and A. We assume the existence of two different fields A
and A′ yielding the Hamiltonians Ĥ and Ĥ′, respectively, such that

ĤΨ = EΨ ; Ĥ′Ψ′ = E′Ψ′. (14.39)

If we follow the lines of the nonrelativistic proof, we need to establish the inequality

E = 〈Ψ|Ĥ|Ψ〉 < 〈Ψ′|Ĥ|Ψ′〉. (14.40)

However, even with the assumption of a nondegenerate ground state, this is problem-
atic. The nonrelativistic argument is based on the Ritz variational principle, but Engel
and Dreizler (1996) point out that there is no rigorous minimum principle for the renor-
malized energies of field theoretical systems. To proceed, they argue the existence of a
similar minimum principle for the relativistic case by noting first that the renormalized
energies must approach values that satisfy the Ritz principle in the nonrelativistic limit,
and second that real systems are stable and most accurately described by QED. This
at least would appear to make the existence of a minimum principle probable also for
the relativistic case. If we believe this, we may proceed as before and write

E < 〈Ψ′|Ĥ′|Ψ′〉 + e〈 j′ · A〉 − e〈 j′ · A′〉 = E′ + e〈 j′ · A〉 − e〈 j′ · A′〉. (14.41)

Correspondingly, we get

E′ < E + e〈 j · A′〉 − e〈 j · A〉. (14.42)

We add the two inequalities and get

E + E′ < E′ + E + e〈(j′ − j) · (A − A′)〉, (14.43)

and making the assumption j′ = j we again get a contradiction. The problem with
this derivation is that while we have used the assumption of a nondegenerate ground
state, we have not considered possible gauge transformations of the external field. The
Hamiltonian must be assumed gauge invariant, and thus if A and A′ only differ by a
gauge transformation, a similar development leads not to the inequality above but to
the equality

2E = 2E + e〈(j′ − j) · (A − A′)〉, (14.44)

indicating that for this case indeed j′ = j. We must therefore conclude that there is
a 1:1 correspondence between the four-current and a class of external potentials that
only differ by a gauge transformation. The ground-state energy becomes a functional
of the four-current j

E[ j ] = 〈Ψ[ j ]|Ĥ|Ψ[ j ]〉 (14.45)
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and with the minimum principle introduced above, we get the variational equation for
the optimal value of j

δ

δj(x)

{
E[ j ] − µ

∫
ρ(x)dx

}
= 0. (14.46)

This outlines the main steps in developing a relativistic Hohenberg–Kohn theorem.
The requirements for a stringent derivation go considerably beyond this. A complete
derivation would involve:

• Additional terms in the Hamiltonian to describe the free radiation as well as
interaction with the transverse photons (giving rise to the Breit interaction).

• Renormalization or introduction of counter terms to avoid the divergences
arising from the infinite Dirac sea in the vacuum and from ultraviolet (UV)
divergences of QED.

• A more rigorous treatment of gauge invariance.

For a further exploration of these points, the reader should consult the article by Engel
(2002).

From the minimum principle we may go on to obtain the relativistic Kohn–Sham
equations

{
cα · p +mc2(β − I4)+ veff [ j ]

}
ψ(x) = εψ(x) (14.47)

where the effective potential may be written in the form

veff [ j, ρ] = −
(
eφ(r)+ e2

∫
ρ(r′)

|r − r′|dr′ + δExc

δρ(r)

)

− cα ·
(
eA(r)+ e2

∫
ρ(j′)

|r − r′|dr′ + δExc

δj(r)

)
(14.48)

which explicitly shows the contributions from the charge density and current density
parts of the four-current. These equations are also known as the Dirac–Kohn–Sham
equations.

14.4 Density Functional Theory and the Dirac–Coulomb
Hamiltonian

As described previously, in practical computational schemes of relativistic quantum
chemistry the Dirac–Coulomb Hamiltonian is frequently preferred. The use of this
Hamiltonian, which retains only the Coulomb interaction between the electrons, omit-
ting the Breit term and higher-order corrections, is justified by the argument that these
terms are small and the effect on most properties of chemical interest is insignifi-
cant. The validity of this argument appears to be supported by actual applications.
Saue and Helgaker (2002) have shown that when this Hamiltonian is used in the
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absence of magnetic fields, it is consistent to reduce the relativistic DFT to a the-
ory based on functionals of the charge density only, avoiding reference to the current
density.

To show this, we note that in the absence of external magnetic fields, the external
potential reduces to the scalar term

V ext[ρ] =
∫
ρ(r)v(r)dr. (14.49)

Thus, the only way the current density j can contribute to the energy would be through
the electron–electron interaction. From (5.49) the operator for this interaction is

V C(0, rij ) = 1

rij
− αi · αj

rij
+ (αi × rij ) · (αj × rij )

2r3
ij

= gC(ri , rj )+ gG(ri , rj )+ ggauge(ri , rj ).

(14.50)

Disregarding for the moment the gauge term, we consider the contribution to the
functional U from the two other terms. This may be written as

UCG[ j ] = 1

2

∑
i,j

〈Ψ| 1

rij
|Ψ〉 − 1

2

∑
i,j

〈Ψ|αi · αj

rij
|Ψ〉

= 1

2

∫
ρ2(r1, r2)

r12
dr1dr2 − 1

2c2

∫
j2(r1, r2)

r12
dr1dr2

(14.51)

where we have introduced the two-particle charge density

ρ2(r1, r2) = N(N − 1)
∫

Ψ(r1, r2, r3, . . . , rN)†Ψ(r1, r2, r3, . . . , rN)dr3 . . . drN

(14.52)

and an analogous two-particle current density

j2(r1, r2) = N(N − 1)
∫

Ψ(r1, r2, r3, . . . , rN)†c2α1

· α2Ψ(r1, r2, r3, . . . , rN)dr3 . . . drN. (14.53)

The two-particle density may be rewritten in the form

ρ2(r1, r2) = ρ(r1)ρ(r2)+ ρ(r1)ĥ
xc(r1; r2) (14.54)
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using the (formal) operator ĥxc, which gives rise to the exchange-correlation hole. With
this expression, the contribution from the charge density to the electron–electron inter-
action functional UCG[ j] becomes

1

2

∫
ρ2(r1, r2)

r12
dr1dr2 = 1

2

∫
ρ(r1)ρ(r2)

r12
dr1dr2 + 1

2

∫
ρ(r1)ĥ

xc(r1, r2)

r12
dr1dr2.

(14.55)

The first term on the right-hand side may be recognized as the Hartree term (or direct
interaction term) J and the other is a nonclassical term containing the effects of
exchange and correlation. The same formal rewriting may, of course, be done for
the current density term

j2(r1, r2) = j(r1)j(r2)+ j(r1)ĥ
jxc(r1; r2) (14.56)

where ĥjxc is the exchange-correlation hole operator for the current density. The
contributions to UCG[ j ] are analogous to those from the charge density.

If we stop to reflect on this situation, it becomes clear that in the absence of
external vector potentials the current density only contributes to the energy functional
through the Gaunt term (or in the general case, the Breit term). Thus, if we use the
Dirac–Coulomb Hamiltonian, it is reasonable and consistent to regard the exchange-
correlation potential as a function of the charge density alone, omitting all references to
the current density. The neglect of the current density is in any case likely to cause only
small errors in practice, because for closed shells only the exchange part is nonzero.
However, the spin or current density is required for the proper description of excitations,
time-dependent properties and static magnetic properties.

Even with this approximation, we cannot assume that the relativistic exchange-
correlation functional is the same as the nonrelativistic functional, though we might
reasonably suppose that an expansion of the relativistic functional will yield the nonrel-
ativistic functional with correction terms. This proves to be the case for the exchange
energy of a relativistic uniform electron gas, for which we can write the exchange
energy per electron as

εx,RLDA(ρ) = εx,NRLDA(ρ)

[
1 − 2

3
δ2 + O(δ4)

]
(14.57)

where the parameter δ is given by

δ =
(
3π2ρ

)1/3

mc
(14.58)

and εx,NRLDA is the nonrelativistic local exchange energy given in (14.30). Part of
this correction comes from a two-electron Darwin correction and part is due to the
transverse (Breit) interaction. If we are neglecting the corrections to the Coulomb
interaction as small, we can also safely neglect this correction and use nonrelativistic
exchange-correlation functionals.
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Starting from the Dirac–Coulomb approximation, a set of Dirac–Kohn–Sham equa-
tions may again be derived. In chapter 8, a spinor-rotation procedure was used to derive
the relativistic Fock operator. A similar procedure applied to the present case shows
that the gradient of the energy has elements the form

gai = −hia −
∑
j

(ia|jj)−
∫
vxc[ρ]ψi

†ψa. (14.59)

For the optimal set of Dirac–Kohn–Sham spinors the gradient must disappear, and this
can be achieved by rotating to the spinor set that diagonalizes the Dirac–Kohn–Sham
matrix fDKS with elements

f DKS
ia = −gai . (14.60)

The Dirac–Kohn–Sham equation can be expressed in terms of the large and small
components as

(
V nuc + J + vxc c(σ · p)

c(σ · p) V nuc + J + vxc − 2mc2

)(
ψL

ψS

)
= E

(
ψL

ψS

)
(14.61)

where the external potential v(r) has been replaced by V nuc for the purpose of
connection with the developments in other parts of this book.

For the majority of quantum chemical problems suitable for a DFT treatment,
the accuracy ambitions are compatible with use of the Dirac–Coulomb Hamiltonian.
The development above shows that in those cases one can with good conscience
borrow freely from the exchange-correlation functionals of ordinary nonrelativistic
DFT. This includes the use of gradient-corrected and hybrid functionals, which are
easily implemented within the formalism above. There exist also explicitly relativistic
exchange-correlation functionals, which may be used if a more consistently relativis-
tic approach is desirable. For quantum chemical applications it is not clear that such
functionals offer any real advantages over the standard nonrelativistic functionals. In
open-shell systems, spin polarization is important, and nonrelativistic calculations rely
on spin-density functionals. The application of these functionals in a relativistic context
is not straightforward. The discussion of the merits of the various exchange-correlation
functionals and spin-density functionals is beyond the scope of this book, and the
reader is referred to the DFT specialist literature for a more extensive treatment of
these subjects (Koch and Holthausen 2001, Eschrig 1996, Engel 2002). For heavy-
element calculations it should be remembered that the nonrelativistic functionals are
parametrized for light elements and might therefore be less accurate for heavy elements.

The implementation of relativistic DFT methods for molecular calculations follows
by straightforward extension of nonrelativistic implementations. The major features
of the implementation are the tabulation of the exchange-correlation potential on a
grid, and subsequent numerical integration to obtain the Fock matrix elements. With
modern computing technology, the time taken to evaluate the exchange-correlation
potential, even with gradient corrections, is relatively minor. The evaluation of the
Coulomb potential is often aided by an expansion of the density in an auxiliary basis
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set, which reduces the formal scaling of the method with the number of basis functions
to n3.

Due to these techniques, nonrelativistic DFT has established itself as a very conve-
nient and economical method for performing calculations that account for essential parts
of the correlation energy. As such it has become the method of choice for a sizable com-
munity of users, in particular those who require moderately accurate results for large
molecular systems. The ease of implementation has meant that several existing four-
component relativistic programs (DIRAC 2004, BERTHA 2002, BDF 1997, UTChem:
Yanai et al. 2001a, 2001b) and a number of two-component or one-component rela-
tivistic programs (ADF 2005, MAGIC 2000, Rösch et al. 2002) now include density
functional methods. A brief description of some of the earlier approaches to relativistic
DFT is given in appendix J.



Part IV

Approximations to the Dirac
Equation
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15

Spin Separation and the Modified
Dirac Equation

In the preceding chapters, the theory for calculations based on the Dirac equation has
been laid out in some detail. The discussion of the methods included a comparison
with equivalent nonrelativistic methods, from which it is apparent that four-component
calculations will be considerably more expensive than the corresponding nonrelativistic
calculations—perhaps two orders of magnitude more expensive. For this reason, there
have been many methods developed that make approximations to the Dirac equation,
and it is to these that we turn in this part of the book.1

There are two elements of the Dirac equation that contribute to the large amount
of work: the presence of the small component of the wave function and the spin
dependence of the Hamiltonian. The small component is primarily responsible for
the large number of two-electron integrals which, as will be seen later, contain all
the lowest-order relativistic corrections to the electron–electron interaction. The spin
dependence is incorporated through the kinetic energy operator and the correction to
the electronic Coulomb interaction, and also through the coupling of the spin and
orbital angular momenta in the atomic 2-spinors, which form a natural basis set for the
solution of the Dirac equation.

Spin separation has obvious advantages from a computational perspective. As we
will show for several spin-free approaches below, a spin-free Hamiltonian is gener-
ally real, and therefore real spin–orbitals may be employed for the large and small
components. The spin can then be factorized out and spin-restricted Hartree–Fock
methods used to generate the one-electron functions. In the post-SCF stage, where
the no-pair approximation is invoked, the transformation of the integrals from the
atomic to the molecular basis produces a set of real molecular integrals that are
indistinguishable from a set of nonrelativistic MO integrals, and therefore all the

1. It should be pointed out at the outset that the Dirac–Coulomb(–Breit) Hamiltonian already con-
tains approximations to the full QED Hamiltonian (if one exists!): therefore, we are considering further
approximations, with this Hamiltonian as the most rigorous reference point.
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nonrelativistic correlation methods may be employed without modification to obtain
relativistic spin-free correlated wave functions.

In most cases, spin–free relativistic effects dominate the relativistic corrections
to electronic structure. We will show later that in a perturbation expansion based on
the nonrelativistic wave function, the spin-free effects for a closed-shell system enter
in first order, whereas the spin-dependent effects make their first contribution in sec-
ond order.2 Thus a reasonable approach to the treatment of relativistic effects is to
include the spin-free effects fully and treat the spin-dependent effects as a perturbation.
We discuss the latter task in chapter 21. In this chapter, we will examine a modification
to the Dirac equation that permits the spin-free and spin-dependent terms to be sepa-
rated (Kutzelnigg 1984, Dyall 1994). This separation is exact, in that no approximations
have been made to obtain the separation, and therefore results obtained with the modi-
fied Dirac equation are identical to those obtained with the unmodified Dirac equation.
The advantage of the separation is the identification of the “genuine” spin-dependent
terms and the possibility of their omission in approximate calculations. This develop-
ment also provides a basis for discussion and analysis of spin-free and spin-dependent
operators in other approximations.

15.1 The Modified Dirac Equation

We will work with the Dirac equation in 2-spinor form,

(V − E)ψL + c(σ · p)ψS = 0 (15.1a)

c(σ · p)ψL + (V − E − 2mc2)ψS = 0, (15.1b)

where we still use Hartree atomic units but have chosen to make the m-dependence
explicit. The problem of separating out the spin-dependent terms in these equations is
that the spin appears in the kinetic energy operator, here represented in terms of (σ ·p).
The tool we will use is the Dirac relation (4.14), which was introduced in chapter 4
and is repeated here:

(σ · u)(σ · v) = u · v + iσ · u × v. (15.2)

The second term on the right-hand side vanishes if u = v, and hence the spin depen-
dence of the product is eliminated. To make use of this relation, we need to introduce
another scalar product involving σ into (15.1). This is achieved as follows.

The operator (σ ·p) appears in the relation between the small and large components,

ψS = (2mc2 − V + E)−1 c(σ · p)ψL. (15.3)

2. For open shell systems, the z component of the spin–orbit interaction can contribute at first order since
it preserves ms .
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It is this operator that determines the symmetry characteristics of the small compo-
nent relative to the large component: the premultiplying factor belongs to the totally
symmetric irrep. We will therefore introduce a pseudo-large component, φL, defined by

2mc ψS ≡ (σ · p)φL. (15.4)

This is a valid definition, as it only requires that the small component be integrable,
which is certainly the case since ψS must be square integrable in order to normalize the
Dirac wave function. The pseudo-large component now has the same symmetry prop-
erties as the large component. The nonrelativistic limit of the pseudo-large component
is the large component, since

lim
c→∞ 2mc ψS = (σ · p)ψL. (15.5)

At any finite value of c, however, the pseudo-large component differs from the large
component.

Substituting the definition of the pseudo-large component into (15.1), and multi-
plying (15.1b) by (σ · p)/2mc, we get the equations

(V − E)ψL + 1

2m
(σ · p)(σ · p)φL = 0

1

2m
(σ · p)(σ · p)ψL + 1

4m2c2
(σ · p)(V − E − 2mc2)(σ · p)φL = 0.

(15.6)

We now make use of the Dirac relation (4.14) to eliminate the spin dependence where
possible. The kinetic energy term is

1

2m
(σ · p)(σ · p) = p · p

2m
= T̂ , (15.7)

which is the nonrelativistic kinetic energy operator. The energy and rest mass terms in
the second equation are constants, so the same operation may be performed on these
terms. The result is the modified Dirac equation

(V − E)ψL + T̂ φL = 0 (15.8a)

T̂ψL +
[
(σ · p)V (σ · p)

4m2c2
− T̂ − E

2mc2
T̂

]
φL = 0. (15.8b)

The only term remaining that has any spin dependence is the term involving the
potential in the second equation, and this can also be separated out using the Dirac
relation,

(σ · p)V (σ · p) = pV · p + iσ · pV × p. (15.9)

It is now plain that the “real” spin dependence in the Dirac equation is not in the kinetic
energy but in the potential energy for the small component—a fact that is hidden in
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the standard form of the Dirac equation but that becomes plain in the modified form.
In an atomic system the potential is spherically symmetric, and we may write the
spin-dependent term as

iσ · pV × p = 1

r

∂V

∂r
�σ · r × p = 2

r

∂V

∂r
s · �. (15.10)

By performing the spin separation, we have obtained a term that involves the interaction
of the spin and the orbital angular momentum—a spin–orbit interaction.

From (15.8) we can extract a modified Dirac Hamiltonian that consists of a spin-free
and a spin-dependent term,

H̃D =
(
V T̂

T̂
[
(pV · p)− T̂

]
/4m2c2

)
+
(

02 02

02 iσ · pV × p/4m2c2

)
, (15.11)

a modified wave function,

ψ̃ =
(

ψL

φL

)
, (15.12)

and a modified metric that now differs from unity,

G̃ =
(

I2 02

02 T̂ /2mc2

)
, (15.13)

due to the definition of the pseudo-large component in (15.4). (See appendix E for
details on metric changes.) If we use both the spin-free and the spin-dependent
parts, this modified Hamiltonian will yield the same results as the unmodified
Hamiltonian. The separation of the spin dependence is therefore exact: we have made
no approximations to get to this point.

The spin-free modified Dirac Hamiltonian is obtained by simply omitting the second
term on the right-hand side of (15.11):

H̃sf =
(
V T̂

T̂
[
(pV · p)− T̂

]
/4m2c2

)
, (15.14)

This spin-free Hamiltonian is not exact in the sense that it returns the results of the
original Dirac Hamiltonian. What we have achieved is the separation of the spin-free
and spin-dependent terms in the Dirac equation without further approximation: there
is no truncation of either the spin-free or the spin-dependent part.

It should be noted that the choice of the pseudo-large component is not the only
choice that could be made to effect the spin separation (Sadlej and Snijders 1994,
Visscher and Saue 2000). We could have multiplied (σ · p) by any function of the
coordinates to obtain a separation. What makes this choice unique (up to a scaling
factor) is that the metric is spin free. Any other choice results in a metric that has a
spin-free part and a spin-dependent part.
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In the next section, we will examine some properties of the solutions of the spin-free
modified Dirac equation, and we then proceed to a closer inspection of the one-electron
operators in the modified formalism before treating the two-electron terms.

15.2 Solutions of the Spin-Free Modified Dirac Equation

Two critical questions about the removal of the spin dependence from the Dirac equation
are, “What effect does this have on the eigenvalue spectrum?” and “How is the wave
function modified?” These questions may be answered by a similar process to that used
for the atomic Dirac equation in chapter 7. The second question has as an auxiliary
question, “How does the wave function behave in the nonrelativistic limit?”

The eigenvalue spectrum of (15.14) may be deduced from the behavior of the
equations in the region far from the nuclei, where V → 0 and consequently all terms
involving V are negligible. The spin-free modified Dirac equation in this region may
be written (in Hartree atomic units)

∇2φL = −2mEψL

∇2ψL =
[

1 + E

2mc2

]
∇2φL.

(15.15)

Substituting for ∇2φL from the first of these equations into the second gives the
equation

∇2ψL = −2mE

[
1 + E

2mc2

]
ψL, (15.16)

whose solutions are oscillatory for E > 0 and E < −2mc2 and exponentially decaying
(bound) for 0 > E > −2mc2, just as they are for the original Dirac equation. This
is no surprise: the spin-dependent terms arise from the potential, which is zero at
large distances from the nuclei. The spin-free modified Dirac equation and the original
Dirac equation are equivalent in this region, and therefore the long-range behavior of
the wave function is the same. It also follows that the same reinterpretation of the
negative-energy states is required for the spin-free modified Dirac equation as for the
original Dirac equation.

In the region close to one of the nuclei the wave function behaves like the atomic
solution for that particular nucleus. The boundary conditions are important here because
there is a term involving the gradient of the potential, which for a point nucleus gives
an operator Zr/r3 whose behavior could be problematic. To investigate the behav-
ior near the nuclei we follow the approach adopted in chapter 7 and write the wave
function as

(
ψL

φL

)
=
(
r−1P(r)ξ

r−1Q̃(r)ξ

)
(15.17)
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where ξ contains angular and spin variables.3 Here we use Q̃ for the pseudo-large
component: the tilde is added to distinguish it from the small component in chapter 7.
We can now derive a radial spin-free equation for an atom:

d2Q̃

dr2
− �(�+ 1)

r2
Q̃+ 2m(E − V )P = 0

d2P

dr2
− �(�+ 1)

r2
P −

[
1 − 1

2mc2
(E − V )

][
d2Q̃

dr2
− �(�+ 1)

r2
Q̃

]

+ 1

2mc2

dV

dr

[
dQ̃

dr
− Q̃

r

]
= 0.

(15.18)

We expand P and Q̃ in power series

P = p0r
γ + p1r

γ+1 + p2r
γ+2 + · · · ,

Q̃ = q0r
η + q1r

η+1 + q2r
η+2 + · · · ,

(15.19)

and making use of the expansion of the nuclear potential in (7.53) we substitute into
(15.18) to obtain for the lowest terms

[η(η−1)−�(�+1)]q0r
η−2+2mv0p0r

γ−1+2m[(E+v1)p0+v0p1]rγ +··· = 0,

[γ (γ−1)−�(�+1)]p0r
γ−2+ 1

2mc2
v0[η(η−1)−�(�+1)]q0r

η−3

−
[

1− 1

2mc2
(E+v1)

]
[η(η−1)−�(�+1)]q0r

η−2

+ 1

2mc2

[
v0(η−1)q0r

η−3+v0ηq1r
η−2+[v2(η−1)q0+v0(η+1)q2]rη−1+···

]
= 0.

(15.20)

The exponents γ and η are obtained by equating the lowest terms in these expressions.
Here also the point nucleus and the finite nucleus cases must be considered separately
because they have different expansions of the potential.

For a point nucleus, V = −Z/r , that is, v0 = Z, we equate the lowest terms in
the first equation, which are of order rη−2 from the expansion of Q̃ and rγ−1 from
the expansion of P , yielding η = γ + 1. The same result is obtained from the second
equation. Thus φL ∼ rψL near the origin, and the potentially problematic term that
behaves as r−2dQ̃/dr is reduced to a term that behaves as r−2P , which is the same
as for the angular momentum term. The exponent γ is non-integral as it is in the

3. Note that it is the same angular and spin function for both large and pseudo-large components.



SPIN SEPARATION AND THE MODIFIED DIRAC EQUATION 283

solutions of the original Dirac equation, but it has a different value for � > 0, given
by the equation

[γ 2 − �2][γ 2 − (�+ 1)2] − c−2Z2[γ 2 − �(�+ 1)] = 0. (15.21)

For a finite nucleus, where v0 = 0, the lowest term in the first equation yields
η = � + 1, and on substitution into the second equation we find that γ = � + 1, and
thus both large and pseudo-large components have the same behavior at the origin.
There is no difficulty with the terms involving the derivative of the potential because
the nuclear charge distribution is no longer singular, and in fact the differentiation
produces a higher power of r rather than a lower power because the first term in the
series expansion of the potential, which is independent of r , vanishes.

In the nonrelativistic limit, (15.8) reduces to

(V − E)ψL + T̂ φL = 0

T̂ψL − T̂ φL = 0.
(15.22)

Substituting the second equation into the first gives the Schrödinger equation, with ψL

the nonrelativistic wave function. The second of these equations implies that φL also
becomes the nonrelativistic wave function. For a finite nucleus this is indeed the case,
but for a point nucleus it is necessary to take care with the nonrelativistic limit, as
we did for the Dirac equation. Naïvely setting c → ∞ in the series expansions above
would still yield the result φL ∼ rψL near the nucleus, not φL ∼ ψL, which is
what we would expect from the equation above. To illustrate, consider the ground
state of a hydrogenic atom, for which the radial part of ψS goes as rγ−1e−Zr , with
γ 2 = κ2 − Z2/c2 and κ = −1. (In the following, the normalization will be neglected
for simplicity.) The radial part of φL is given by

φLr ∼
∫
rγ−1e−Zrdr. (15.23)

Integrating by parts to obtain the series expansion

φLr ∼ rγ e−Zr
(

1 + Zr

γ + 1
+ · · ·

)
(15.24)

gives a leading term of rγ whose nonrelativistic limit leads to the same result as
obtained from the power series expansion above, φL ∼ rψL. Instead, it is necessary
to obtain the asymptotic expansion from (15.23),

φLr ∼ rγ−1e−Zr
(

1 + γ − 1

Zr
+ · · ·

)
, r > 0. (15.25)

Taking the limit c → ∞ gives the correct nonrelativistic wave function, but the limit
is valid only for r > 0, that is, the nonrelativistic limit is obtained only asymptotically.
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It is apparently this discontinuity that causes the problems in defining the nonrela-
tivistic limit. This point has been raised by Kutzelnigg (1989) in his discussion of
perturbation theories based on the Dirac equation, where he shows that the limits
c → ∞ and r → 0 do not necessarily commute, and for certain kinds of relativistic
Hamiltonians there is no well-defined nonrelativistic limit. No such problem occurs for
the finite nucleus.

15.3 Modified One-Electron Operators

One way of viewing the modification of the Dirac Hamiltonian is to consider that the
wave function has been written as the product of a transformation operator T̂ and a
new wave function:

ψ = T̂ ψ̃ ≡
(

ψL

ψS

)
=
(

I2 02
02 (σ · p)/2mc

)(
ψL

φL

)
. (15.26)

This transformation has to be applied to the left and the right of the Dirac Hamiltonian
to obtain the modified Hamiltonian. The same applies to operators for various molecular
properties, which must also be modified: the unmodified form is simply multiplied on
the left and the right by the transformation operator T̂ to obtain the modified form. We
consider here both an operator defined by a scalar potential and an operator defined by
a vector potential.

For a scalar potential W the modified form is exactly analogous to the nuclear
potential V , and separates into a spin-free and a spin-dependent term,

W̃ =
(
W 02

02 (σ · p)W(σ · p)/4m2c2

)

=
(
W 02

02 (pW · p)/4m2c2

)
+
(

02 02

02 (iσ · pW × p)/4m2c2

)
.

(15.27)

For a vector potential A the unmodified operator is Ŷ = ecα · A, and the modified
operator is

Ỹ = e

2m

(
02 (σ · A)(σ · p)

(σ · p)(σ · A) 02

)

= e

2m

(
02 A · p

p · A 02

)
+ e

2m

(
02 iσ · A × p

iσ · p × A 02

)
.

(15.28)

If we are working in the Coulomb gauge, then ∇ · A = 0. We also have ∇ × A = B,
and the operator may be rewritten as

Ỹ = e

2m

(
02 I2
I2 02

)
A · p + ie

2m

(
02 I2

−I2 02

)
Σ · A × p + e

2m

(
02 02

σ · B 02

)
. (15.29)
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This operator looks a little unsymmetrical due to the term involving the magnetic field.
The lack of symmetry is apparent rather than real, because the unmodified operator
had no such asymmetry. The spin-free term in Ŵ is also unsymmetrical in form, if we
apply the momentum operator to the potential:

pW · p = −�
2
[
(∇W) · ∇ +W∇2

]
. (15.30)

In practice, it is not the bare operators that we are dealing with, but the integrals,
which can be written as

W̃ab = 〈ψL
a |W |ψL

b 〉 − �
2

4m2c2
〈φLa |(∇W) · ∇ |φLb 〉 − �

2

4m2c2
〈φLa |W∇2 |φLb 〉

+ �

4m2c2
〈φLa |σ · (∇W)× p |φLb 〉

(15.31)

for the scalar potential, and

Ỹab = − ie�

2m

[〈ψL
a |A · ∇ |φLb 〉 + 〈φLa |A · ∇ |ψL

b 〉]
+ e�

2m

[〈ψL
a |σ · A × ∇ |φLb 〉 − 〈φLa |σ · A × ∇ |ψL

b 〉

+ 〈φLa |σ · B |ψL
b 〉] (15.32)

for the vector potential. The basis functions here are in general 2-spinors. The reason the
unsymmetrical form appears is because we are making all of the momentum operators
operate to the right. It is a simple exercise in integration by parts to show that, despite
the asymmetry in the operators, the integral matrices are Hermitian. For computational
purposes, the most useful way of evaluating the integrals is to make the gradient
(or momentum) operator always operate on the basis functions rather than the operator,
for then the “normal” form of the operators may be used. With this approach, the scalar
potential integrals are

W̃ab = 〈ψL
a |W |ψL

b 〉 + �
2

4m2c2
〈∇φLa |W · |∇φLb 〉 − i�2

4m2c2
〈∇φLa | ·Wσ × |∇φLb 〉

(15.33)

and the integrals over the vector potential are

Ỹab = − ie�

2m

[〈ψL
a |A · |∇φLb 〉 + 〈∇φLa | · A |ψL

b 〉]
+ e�

2m

[〈ψL
a |σ · A × |∇φLb 〉 − 〈∇φLa | × A · σ |ψL

b 〉]. (15.34)

These are manifestly symmetric integrals.
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While for practical purposes these last expressions are of more use, the unsymmet-
rical form (15.32) gives more insight into the contributions to the integral. In (15.34)
the interaction of the spin with the magnetic field is obscured. If we insert into (15.32)
the nonrelativistic limit of the wave function, φ → ψ, the first and second terms
become identical and the third and fourth terms cancel, to give an integral

ỸNR
ab = e

m
〈ψNR

a |A · p |ψNR
b 〉 + e�

2m
〈ψNR

a |σ · B |ψNR
b 〉. (15.35)

For the case of a uniform magnetic field, A = 1
2 B × r, the scalar operator can be

rewritten as A · p = 1
2 B · �, and with �σ = 2s the integral becomes

ỸNR
ab = e

2m
〈ψNR

a |(� + 2s) · B |ψNR
b 〉. (15.36)

Here we see that the spin-dependent term of the modified vector potential is in fact
describing the interaction of the spin with the magnetic field, and the scalar term is
describing the interaction of the orbital angular momentum with the magnetic field.
These terms are the spin and orbital Zeeman terms respectively. In (15.32) there are
also relativistic corrections that arise from the difference between φ and ψ.

One further step is usually taken in the evaluation of the integrals (Vahtras et al.
1992). The basis functions are functions of the relative coordinates of the atomic center,
r − RA, and the differentiation can therefore be transferred from the electronic to the
nuclear coordinate, because

∂φa

∂x
= − ∂φa

∂XA

. (15.37)

The differentiation can be taken outside the integral, converting it into a derivative
integral with respect to nuclear displacements. The scalar potential integrals are then

W̃ab = 〈ψL
a |W |ψL

b 〉 + �
2

4m2c2
∇A · ∇B〈φLa |W |φLb 〉

− i�2

4m2c2
∇A × ∇B · 〈φLa |Wσ |φLb 〉 (15.38)

and the integrals over the vector potential are

Ỹab = − ie�

2m

[∇B · 〈ψL
a |A |φLb 〉 + ∇A · 〈φLa |A |ψL

b 〉]
+ e�

2m

[∇B · 〈ψL
a |σ × A |φLb 〉 + ∇A · 〈φLa |σ × A |ψL

b 〉]. (15.39)

It is also possible to use the transformed magnetic perturbation operator of
section 13.7. The use of this operator is discussed in section 19.5.
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15.4 Modified Two-Electron Operators

So far we have only considered the modification of the one-electron terms. The modified
two-electron terms are derived in a straightforward manner from a consideration of the
two-electron integrals, in much the same way as the one-electron property operators
were derived. To proceed we define the projection operators onto the large (positive
sign) and small (negative sign) components,

P̂± = 1

2

[
I4 ± β

] ≡ P̂+ =
(

I2 02
02 02

)
, P̂− =

(
02 02
02 I2

)
. (15.40)

These operators are idempotent, as all projection operators should be: P̂±P̂± = P̂±.
In addition, they commute with the four-component spin operator Σ—a property
that is important in the developments below. Using these projection operators, the
transformation operator for electron i can be written as

T̂i = P̂+
i + 1

2mc
(Σ · p)P̂−

i . (15.41)

With this definition, we can write the modified two-electron operators as

g̃ij = T̂i T̂j gij T̂j T̂i . (15.42)

The three cases of interest for gij are the Coulomb interaction, the Gaunt interaction,
and the Breit interaction.

The unmodified Coulomb interaction has no spin-dependent terms, and we can
straightforwardly apply the transformation operator and use the idempotency of the
projection operators to obtain the modified Coulomb operator,

g̃C = P̂+
i P̂+

j (ĝ00
ij )+ 1

4m2c2
P̂+
i P̂−

j (ĝ02
ij )+ 1

4m2c2
P̂−
i P̂+

j (ĝ20
ij )

+ 1

16m4c4
P̂−
i P̂−

j (ĝ22
ij ). (15.43)

Here, we have defined four operators with superscripts that describe the dependence
on Σ and p of the densities involving electrons i and j . These four operators are

ĝ00
ij = 1

rij
(15.44a)

ĝ02
ij = (Σj · pj )

1

rij
(Σj · pj ) (15.44b)

ĝ20
ij = (Σi · pi )

1

rij
(Σi · pi ) (15.44c)

ĝ22
ij = (Σi · pi )(Σj · pj )

1

rij
(Σj · pj )(Σi · pi ). (15.44d)
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The first of the four operators is the normal Coulomb operator. The second and third
are related by index interchange, and have their analogies in the one-electron terms:

ĝ20
ij = pi

1

rij
· pi + �Σi ·

(
∇i

1

rij

)
× pi . (15.45)

The gradient term can be written

∇i

1

rij
= −rij

r3
ij

(15.46)

to show that the spin-dependent term is a spin–orbit interaction,

�Σi ·
(

∇i

1

rij

)
× pi = − 1

r3
ij

�Σi · rij × pi = − 2

r3
ij

si · �ij . (15.47)

We can compare this expression with the one-electron spin–orbit term from the nuclear
potential, which for a point nucleus is

�σ i ·
(

∇i

−Z
ri

)
× pi = +2Z

r3
i

si · �i . (15.48)

The two-electron term is the interaction of the spin of electron i with its orbital angular
momentum around electron j , sometimes called the spin-own-orbit interaction. It is of
the opposite sign to the nuclear term and therefore acts as a screening term. The fourth
operator in (15.43) contains four terms, which are rather difficult to represent cleanly.
Instead, it is simpler to consider the integrals of these operators in terms of derivatives
with respect to nuclear coordinates, as we did in the previous section. Then, we have
the four integrals

g00
abcd = (ab|cd)
g20
abcd = (∇A · ∇B)(ãb̃|cd)+ i(∇A × ∇B ·)(ãσ b̃|cd)
g02
abcd = (∇C · ∇D)(ab|c̃d̃)+ i(∇C × ∇D·)(ab|c̃σ d̃)
g22
abcd = (∇A · ∇B)(∇C · ∇D)(ãb̃|c̃d̃)+ i(∇A · ∇B)(∇C × ∇D·)(ãb̃|c̃σ d̃)

+ i(∇C · ∇D)(∇A × ∇B ·)(ãσ b̃|c̃d̃)
− (∇A × ∇B ·)(∇C × ∇D·)(ãσ b̃|c̃σ d̃) (15.49)

where the scalar products in the last integral are taken to apply to the appropriate spin
density in the integral, and the tildes distinguish the pseudo-large component from
the large component. The appearance of σ rather than Σ in these integrals is due to the
fact that the projection operators have been applied. We have also omitted � in these
expressions.
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The modified operators for the Gaunt and Breit interactions can be derived in an
analogous manner. The derivation is somewhat more involved than for the Coulomb
interaction due to the presence of the α matrices. Here we derive the Gaunt terms,
but the gauge term for the Breit interaction is considerably more complicated (and
the derivation may be found in appendix F).

We start the derivation of the modified Gaunt interaction by examining the effect
of sandwiching α between two projection operators:

P̂+αP̂+ = 0

P̂+αP̂− =
(

02 σ

02 02

)
= Σ

(
02 I2
02 02

)

P̂−αP̂+ =
(

02 02
σ 02

)
= Σ

(
02 02
I2 02

)

P̂−αP̂− = 0.

(15.50)

This result makes sense because the α matrices connect large and small components.
The two new matrices introduced in the second and third equations are similar to
the projection operators, but they also perform an interchange of the large and small
components. We define the “raising” and the “lowering” operators in the component
space,

Q̂+ =
(

02 I2
02 02

)
, Q̂+

(
ψL

ψS

)
=
(

ψS

02

)
;

Q̂− =
(

02 02
I2 02

)
, Q̂−

(
ψL

ψS

)
=
(

02

ψL

)
.

(15.51)

We can therefore write

P̂+αP̂− = Q̂+Σ, P̂−αP̂+ = Q̂−Σ . (15.52)

Note that Q̂± commutes with Σ .
Inserting gij = −αi · αj /rij into (15.42) and making use of the above definitions,

we get the modified Gaunt interaction,

g̃G = − 1

4m2c2

[
Q̂+
i Q̂+

j (g++
ij )+ Q̂+

i Q̂−
j (g+−

ij )+ Q̂−
i Q̂+

j (g−+
ij )+ Q̂−

i Q̂−
j (g−−

ij )
]
,

(15.53)

where the superscripts on the g operators have been chosen to match the product of
projection operators. Each of these operators contains four Σ matrices, two for electron
i and two for electron j , in three scalar products. The reduction to spin-free and
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spin-dependent parts using the Dirac relation (4.14) follows a similar pattern for each
of these operators:

g++
ij = 1

rij
(Σi ·Σj )(Σi ·pi )(Σj ·pj )

= 1

rij

[
pi ·pj −i(Σi−Σj )·(pi×pj )−(Σi×pi )·(Σj ×pj )

]
,

(15.54a)

g+−
ij = (Σj ·pj ) 1

rij
(Σi ·Σj )(Σi ·pi )

= [pj 1

rij
·pi+i(Σi+Σj )·(pj 1

rij
×pi )+(Σj ×pj

1

rij
)·(Σi×pi )

]
, (15.54b)

g−+
ij = (Σi ·pi )(Σi ·Σj )

1

rij
(Σj ·pj )

= [pi 1

rij
·pj +i(Σi+Σj )·(pi 1

rij
×pj )+(Σi×pi

1

rij
)·(Σj ×pj )

]
, (15.54c)

g−−
ij = (Σi ·pi )(Σj ·pj )(Σi ·Σj )

1

rij

= [pi ·pj +i(Σi−Σj )·(pi×pj )−(Σi×pi )·(Σj ×pj )
] 1

rij
. (15.54d)

Each operator thus reduces to a spin-free part involving a scalar product of momentum
operators, a spin–orbit term involving the spin of both electrons, and a spin–spin
interaction term. Because of the projection operators, no further simplifications can be
made in general in these expressions apart from rearrangement of the scalar and vector
products into other forms.

We may collect the integrals over the operators according to the three kinds of term.
The spin-free integrals are

g
G,sf
abcd = −∇A · ∇C(ãb|c̃d)+ ∇A · ∇D(ãb|cd̃)+ ∇B · ∇C(ab̃|c̃d)− ∇B · ∇D(ab̃|cd̃),

(15.55)

the spin–orbit integrals are

g
G,so
abcd = −i∇A × ∇C[(ãσb|c̃d)− (ãb|c̃σd)] + i∇A × ∇D[(ãσb|cd̃)+ (ãb|cσ d̃)]

+ i∇B × ∇C[(aσ b̃|c̃d)+ (ab̃|c̃σd)] − i∇B × ∇D[(aσ b̃|cd̃)− (ab̃|cσ d̃)],
(15.56)

and the spin–spin integrals are

g
G,ss
abcd = (∇A×) · (∇C×)(ãσb|c̃σd)− (∇A×) · (∇D×)(ãσb|cσ d̃)

− (∇B×) · (∇C×)[(aσ b̃|c̃σd)] + (∇B×) · (∇D×)[(aσ b̃|cσ d̃)], (15.57)
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where the vector products apply to the appropriate spin density and the scalar product is
taken between the resultant two vector products. These integrals are in reality integrals
over 4-spinors.

In terms of the large and pseudo-large components, the integrals can be classified
into three basic integral types,

∇A · ∇C(ãb|c̃d),
∇A × ∇C(ãσb|c̃d),
(∇A×) · (∇C×)(ãσb|c̃σd).

(15.58)

The scalar quadruple product in the spin–spin operator can be rewritten as

(σ i × pi ) · (σj × pj ) = (σ i · σj )(pi · pj )− (σ i · pj )(σj · pi ) (15.59)

to remove the vector product. The integrals from the first term on the right-hand side
are then identical in form to the spin-free integrals, except that they are taken over
spin densities instead of charge densities. The second term is not related to any of the
previous terms. Ultimately, the integrals involve combinations of all nine Cartesian
second-derivative integrals.

The gauge term, which is the difference between the Gaunt interaction and the
Breit interaction, produces a spin-free operator that can be interpreted as an orbit–orbit
interaction. Thus, both the Gaunt interaction and the gauge term of the Breit interaction
give rise to spin-free contributions to the modified Dirac operator. We will use the
developments of this section in chapter 17 to derive the Breit–Pauli Hamiltonian.

15.5 Practical Implications of Spin Separation

One important advantage of the modified Dirac equation is that, since the large com-
ponent and the pseudo-large component have the same symmetry, we can use the same
primitive basis set for both. However, if we want to use a contracted basis set, the
contraction coefficients for these functions will differ. We will therefore distinguish the
basis sets for the components when we expand them, which we do now:

ψL =
∑
k

aLk χLk ; φL =
∑
k

aPk χPk (15.60)

We use the superscript P for the pseudo-large component, which represents both the
initial letter, and also the fact that it is related to the small component through the
momentum operator p. The one-electron modified Dirac equation in this basis set is
then

(
VLL TLP

TPL VPP/4m2c2−TPP

)(
aL

aP

)
=
(

SLL 0
0 TPP/2mc2

)(
aL

aP

)
E (15.61)
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There are three kinetic energy matrices, all of which can be calculated with the
same primitive integrals, contracted appropriately. VPP is the matrix of (σ ·p)V (σ ·p),
or of pV · p if we are choosing the spin-free version. The integrals over the potential
can be evaluated as derivatives of regular integrals, just as was done for the electric
properties in section 15.3. Likewise, the two-electron integrals can be evaluated as
derivative integrals, and their form follows from (15.49).

At the beginning of this chapter it was asserted that a considerable amount of work
could be saved by performing a spin separation in the Dirac equation, using the spin-
free part variationally, then treating the spin-dependent terms as a perturbation. We are
now in a position to assess the reduction of work that would actually be obtained by
performing a spin-free calculation.

We also want to compare the amount of work in a spin-free modified Dirac cal-
culation with that in a nonrelativistic calculation. One of the reasons given for the
development of relativistic effective core potentials (RECPs) was the expense of four-
component Dirac–Fock calculations. RECPs are often used in spin-free form, but the
comparison is made with the spin-dependent unmodified Dirac approach. The compar-
ison of the cost of a spin-free all-electron calculation with a nonrelativistic calculation
will give a more realistic indication of the relative cost of the incorporation of spin-free
relativistic effects.

We will evaluate the numbers of integrals required for a calculation with the unmod-
ified Dirac Hamiltonian, and compare them with the number of integrals required for
a calculation with the spin-free modified Dirac Hamiltonian, and with the number
required for a nonrelativistic calculation. The spin-free Hamiltonian is formed by sum-
ming all the spin-free terms defined above, but we will consider the Coulomb term and
the Gaunt and Breit terms separately. For the purpose of this evaluation, we make the
following assumptions and definitions:

• The system has no spatial symmetry.
• There is a 1:1 ratio of large- and small-component functions, that is, the

restricted kinetic balance relation applies between the primitive large- and
small-component 2-spinor basis sets.

• The number of orbitals in the basis set is n, that is, there are n Kramers pairs in
the unmodified approach, and n real orbitals in the spin-free modified approach.

In the analysis of the numbers of integrals, there are several distinctions that need
to be made. First, the integrals over the unmodified Dirac Hamiltonian are given in
a 2-spinor basis, whereas the spin-free modified Dirac integrals are given in a scalar
basis. Second, the large and small components will have different basis sets in the
unmodified Dirac method, regardless of whether the basis is contracted or not, whereas
in the spin-free modified Dirac method, the primitive basis sets are the same for the
large and pseudo-large components, so that only in a contracted basis are the large and
pseudo-large basis sets different.

We start by comparing the one-electron matrices, of which there are three types to
consider:

• Overlap matrices: SLL and SSS in the unmodified Dirac method, SLL and TPP in
the modified Dirac method, S in the nonrelativistic method.
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• Potential energy matrices: VLL and VSS in the unmodified Dirac method, VLL

and VPP in the modified Dirac method, V in the nonrelativistic method.
• Kinetic energy matrices: ΠLS in the unmodified Dirac method, TLP in the

modified Dirac method, T in the nonrelativistic method.

The overlap and potential energy matrices are matrices of dimension n2 for each com-
ponent, both in the modified and unmodified Dirac method, and both are Hermitian.
The unmodified Dirac matrices are quaternion matrices, and there are n(2n−1) unique
quantities (real numbers) in each matrix. The modified spin-free Dirac matrices are real,
with n(n + l)/2 unique quantities. The reduction in the number of unique quantities is
a factor of approximately 4.

The kinetic energy matrix is a full matrix of dimension n2 in both cases. As for the
other two, the unmodified Dirac kinetic energy matrix is a quaternion matrix, with 4n2

unique quantities, whereas the spin-free modified Dirac kinetic energy matrix is a real
matrix with n2 unique quantities, and the resultant reduction is a factor of 4. However,
if an uncontracted basis is used, the spin-free modified Dirac kinetic energy matrix is
symmetric, and is the same as the pseudo-large-component overlap matrix.

Overall, there are approximately 12n2 unique quantities in the unmodified Dirac
one-electron matrices. There are 3n2 unique quantities in the modified spin-free Dirac
one-electron matrices if the basis is contracted, and 2n2 quantities if the basis is uncon-
tracted. In a nonrelativistic calculation, where there is no small component, the number
of unique quantities is approximately 3/2n2. Thus, the spin-free modified Dirac method
has twice as many one-electron integrals in a contracted calculation and only 33% more
integrals in an uncontracted calculation than a nonrelativistic calculation.

Similar considerations apply to the two-electron Coulomb integrals. The densities
scale in exactly the same way as the one-electron integrals, and therefore the reduction
from the unmodified Dirac integral set to the spin-free modified Dirac integral set is a
factor of 16. Similarly, the increase from the nonrelativistic integral set is a factor of 4.
In other words, where the full Dirac–Coulomb integral set is 64 times the nonrelativistic
set, and therefore the SCF calculation is 64 times the cost, a spin-free modified Dirac-
Coulomb SCF calculation is only four times the cost of a nonrelativistic calculation.
It is no surprise that the same scaling factors apply to the integrals from the Gaunt
and the Breit interactions, which can be combined into a single integral set since the
two have the same permutational symmetry. A spin-free modified Dirac–Breit SCF
calculation is then eight times the cost of a nonrelativistic SCF calculation. These
factors apply regardless of whether the basis functions are contracted or uncontracted,
so that as far as the integral count is concerned, contraction is a minor issue.

The costs evaluated so far relate only to the number of integrals. The expense of
evaluating the integrals is also a consideration. Because the integrals over the pseudo-
large component involve gradients, the cost is essentially the same as that of the small-
component integrals. Thus, the integral cost does not change on going from the original
Dirac equation to the modified Dirac equation.

Another important issue in performing the spin separation is whether this would
give any advantage in a calculation that included all the spin-dependent terms.
We might then choose to work in the modified representation of the Dirac equation
rather than the unmodified representation.
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The spin-free one-electron integrals comprise a quarter of the number of integrals
from the unmodified Dirac operators. The remaining integrals are the spin–orbit inte-
grals, which would be generated and stored as the spatial integrals ∇A × ∇B〈 ã |V | b̃ 〉.
For each index pair ab there are three integrals, and these are antisymmetric to inter-
change of the indices, making a total of 3n(n − 1)/2 integrals. When added to the
spin-free pseudo-large-component potential energy integrals, this gives n(2n − 1)
unique integrals, which is exactly the same as for the unmodified small-component
potential energy integrals. The number of large-component potential energy integrals,
kinetic energy and overlap integrals is the same as before. If an uncontracted basis set
is used, the count of modified integrals is approximately 7/2n2.

Before drawing any conclusions about the one-electron matrices, we make the
following observation. If a contracted basis set is to be used in a spin-dependent
calculation, the spin-orbit components of the atomic functions with � > 0 should be
contracted separately, rather than using a single function determined, for example, in
a spin-free atomic calculation. Otherwise, there is a risk of a large contraction error
in the calculations, particularly for heavy elements where the spin–orbit components
can have significantly different radial functions, even in the valence shell. Under these
circumstances the number of modified integrals for functions with � > 0 is quadrupled
in the modified approach, and the advantage of the representation in terms of scalar
functions is to a large extent lost. We could of course transform the modified integrals
to a 2-spinor basis, but then there would be the same number as in the unmodified
approach, and any advantages gained by the modified approach would again be lost.

Turning to the two-electron terms, we find a similar situation. We consider only the
Coulomb interaction, where the spin-free integrals constituted 1/16th of the full unmod-
ified set, or four times the nonrelativistic set. The spin–orbit integrals are antisymmetric
to the interchange of the two indices involved in the vector product, and symmetric to
the interchange of the other two indices. We therefore have n(n − 1)/2 ∗ n(n + 1)/2
integrals for each spin–orbit component, which amounts to six times the nonrelativistic
set. The integrals from four pseudo-large-component functions amount to six times the
nonrelativistic set for those involving a single spin operator, and nine times for those
involving two spin operators. The overall factor for the spin-dependent integrals is 21.
Summing all the contributions gives a factor of 25 relative to the nonrelativistic set.
This is a factor of about 2.5 reduction from the full relativistic set, which has 64 times
as many independent quantities as in the nonrelativistic integral set.

In a contracted basis set, the advantage is again lost when the spin–orbit components
are contracted separately. The doubling of the number of basis functions for � > 0
means that there will be sixteen times as many integrals for these basis functions.
In a typical basis set there would therefore be no advantage from the point of view
of integral storage in keeping the integrals in modified Dirac form over scalar basis
functions.



16

Unitary Transformations of the
Dirac Hamiltonian

The separation of the spin-dependent terms in the Dirac Hamiltonian enables us to make
an approximation in which the spin-free terms are included in the orbital optimization
and the spin-dependent terms may be treated later as a perturbation. In this process,
the parameter space required to treat the large and small components has not changed.
Even with the extraction of (σ ·p) from the small component, we still have to calculate
integrals involving pφL, which essentially regenerates the original small component
space and so the integral work has not really changed. What has been achieved is the
ability to use the machinery of spin algebra from nonrelativistic theory, but we are left
with a large and a small component.

The obvious next step is to separate the large and small components, or the positive-
and negative-energy states. The small component can be eliminated from the Dirac
equation by algebraic manipulation, but this leaves the energy in the denominator.
It would be preferable to obtain an energy-independent Hamiltonian that acted only
on positive-energy states and that could therefore be represented as two-component
spinors. If, following this separation, it were possible to separate out the spin-free and
spin-dependent terms, we would have a spin-free Hamiltonian that would operate on a
one-component wave function, and we would then be able to use all the machinery of
nonrelativistic quantum chemistry but with modified one- and two-electron integrals.

The matrix form of the Dirac Hamiltonian suggests that we should seek a unitary
transformation that will make it diagonal with respect to the large- and small-component
spinor spaces. Such a transformation is called a Foldy–Wouthuysen transformation
(Foldy and Wouthuysen 1950). Although in their original paper only the free-particle
transformation was derived, together with an iterative decoupling procedure that will be
described later in this chapter, the term Foldy–Wouthuysen transformation has come to
mean any unitary transformation that decouples the large and small components, either
exactly or approximately, and we will use it in this sense.

295
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16.1 The Foldy–Wouthuysen Transformation

We start from the time-independent Dirac equation in two-component form,

ĤD =
(

V c(σ · p)
c(σ · p) V − 2mc2

)
. (16.1)

Here we are not considering the time dependence, which was done in the original paper
by Foldy and Wouthuysen (1950). It turns out that the results of the transformation are
essentially the same. We are looking for a transformation Ω̂ that transforms a 4-spinor
to a 2-spinor, such that

Ω̂

(
ψL

ψS

)
=
(

ψFW

0

)
. (16.2)

This means that the lower row elements of Ω̂ must fulfill the relation

Ω̂21ψ
L + Ω̂22ψ

S = 0. (16.3)

To achieve this, we introduce the operator X̂ , which connects ψL and ψS

ψS = X̂ψL. (16.4)

This relation indicates that a suitable form of Ω̂ might be

Ω̂ =
(
Ω̂11 Ω̂12

−X̂ 1

)
. (16.5)

For an orthogonal transformation we must have

Ω̂ =
(

1 X̂†

−X̂ 1

)
. (16.6)

To make this transformation unitary, we determine the norm from

Ω̂†Ω̂ =
(

1 −X̂†

X̂ 1

)(
1 X̂†

−X̂ 1

)
=
(

1 + X̂†X̂ 0
0 1 + X̂ X̂†

)
. (16.7)

We thus find that a formal decoupling of the large and small components may be
effected by the unitary Foldy–Wouthuysen transformation (see Kutzelnigg 1989),

Û =




1√
1 + X̂†X̂

1√
1 + X̂†X̂

X̂†

− 1√
1 + X̂ X̂†

X̂ 1√
1 + X̂ X̂†


. (16.8)
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Applying this transformation to the Dirac Hamiltonian (16.1) we get the formal
decoupling

ÛĤDÛ−1 =
(

Ĥ+ 0
0 Ĥ−

)
, (16.9)

where the Hamiltonian for the positive-energy states is

Ĥ+ = 1√
1 + X̂†X̂

[
V + c(σ · p)X̂ + cX̂†(σ · p) + X̂†(V − 2mc2)X̂

] 1√
1 + X̂†X̂

.

(16.10)

This operator operates on 2-spinors. The wave function for the positive-energy states is

ψFW = 1√
1 + X̂†X̂

(
ψL + X̂†ψS

)
. (16.11)

Substituting for ψS using (16.4) we get an expression for the 2-component transformed
wave function in terms of the large component,

ψFW =
√

1 + X̂†X̂ ψL. (16.12)

We may derive an expression for X̂ from the off-diagonal element of the transformed
Hamiltonian, which must be zero. With some rearrangement, this expression is

2mc2X̂ = c(σ · p) + [
V, X̂

]− X̂ c(σ · p)X̂ . (16.13)

The solution of this equation is not known in analytic form for a general potential
because it is clear that X̂ must at least involve the operator c(σ · p) and therefore does
not commute with V . It should also be noted that X̂ does not commute with X̂†. This
may be verified by considering the relationship between the large and small component
for any given eigenstate of the Dirac Hamiltonian with energy E, for which we may
write

X̂ = (2mc2 + E − V )−1c(σ · p); X̂† = c(σ · p)(2mc2 + E − V )−1. (16.14)

The order of the operators X̂ and X̂† must therefore be maintained in any manipulations.
Even though we have an equation for X̂ , we are no better off for it, because of the

complicated nature of the equation. If we make the approximation X̂ = (σ · p)/2mc,
which is essentially the nonrelativistic limit of X̂ , and commence an iterative process
using (16.13), the first cycle will generate derivatives of the potential from the second
term and third derivative operators from the third term. The next cycle will generate
third derivatives of the potential and fifth derivative operators. This process therefore
generates highly singular operators, and it is difficult to see how it could be otherwise.
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There appears to be no alternative: we may have to be content with some sort of
approximation.

There is one situation in which the solution for X̂ is known, and that is for a
constant potential, such as for a free particle. The second term in (16.13) disappears
and it may be assumed that X̂ is a function of (σ · p) only and therefore commutes
with (σ · p). The quadratic equation for X̂ is now

c(σ · p)
[
X̂ 2 − 1

]+ 2mc2X̂ = 0. (16.15)

Substituting X̂ = c(σ · p)/Ŷ we get a simple equation

Ŷ 2 − 2mc2Ŷ − c2p2 = 0 (16.16)

that has the solution Ŷ = mc2 +√
m2c4 + c2p2, and thus

X̂ = c(σ · p)

mc2 +√
m2c4 + c2p2

= c(σ · p)

mc2 + Êp
(16.17)

where the square root is recognized as the classical energy of a relativistic free particle
and defines the free-particle Dirac energy operator:

Êp =
√
m2c4 + c2p2. (16.18)

We recall that it was the desire to find an expansion of this square root operator that led
to the development of the Dirac equation (see chapter 4). We see also that the assump-
tion that X̂ commutes with (σ · p) was justified. The free-particle Foldy–Wouthuysen
transformation can now be written

Û = 1√
2Êp(Êp +mc2)

(
Êp +mc2 c(σ · p)
−c(σ · p) Êp +mc2

)
=
√√√√ Êp +mc2

2Êp

[
I4 + cβα · p

Êp +mc2

]
.

(16.19)

The transformed free-particle Hamiltonian is

ĤFPFW = βÊp =
(
Êp 0
0 −Êp

)
. (16.20)

The operators in the transformation now involve square roots of the square root operator,
and it is much easier to use these in momentum space than in position space, where
their interpretation is problematic.

It is clear from this section that in eliminating the small component by a
Foldy–Wouthuysen transformation we have arrived at operators that are much more
difficult to handle than those of either the original Dirac equation or the modified
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Dirac equation. This method of eliminating the small component is not a procedure
that leads to a simplification. It does, however, have some motivation, both physical
and practical. First, it projects out the negative-energy states, and leaves a Hamiltonian
that may have a variational lower bound, avoiding the potential problem of variational
collapse. Second, it removes from explicit consideration the small component, and
with the use of the Dirac relation (4.14) it yields a one-component operator that can
be used in nonrelativistic computer programs.

One final note is necessary before proceeding to some approximations. The defini-
tion of X̂ , and consequently of the transformed Hamiltonian, depends on the potential.
We have considered here only a scalar potential, but it is straightforward to include a
vector potential as well. This dependence on the potential means that any other oper-
ator to which we apply the transformation—such as a property operator—will not in
general be diagonal. Calculation of properties in the transformed representation using
the two-component wave function defined in (16.12) will therefore be approximate,
even if the energy and wave function are exact. This issue will be considered further
in the sections on properties.

16.2 Approximate Foldy–Wouthuysen Transformations

If it is not possible to obtain the Foldy–Wouthuysen transformation in closed form, the
best that we might be able to do is to find a transformation that decouples the large
and small components, or the positive- and negative-energy states, to some order in a
suitable coupling parameter. This means that our approximations will all be based on
perturbation theory in a general sense. Before examining some specific transformations,
we need to develop the formal theory of transformations so that we can have some
information about the order to which the components are decoupled.

To do this, we first note that the operators in the Dirac equation can be divided into
even and odd operators, Ê and Ô. Even operators connect components of the same
type—large with large, small with small—and so only have elements on the diagonal
blocks of the 4×4 matrices. They are sometimes called diagonal operators. An operator
that is composed entirely of even operators therefore has no coupling between large
and small components. Odd operators connect the large and small components, and are
sometimes called nondiagonal or off-diagonal operators. It is the odd operators that
we wish to remove from the Dirac Hamiltonian in order to bring it into a diagonal,
and hence decoupled, form. In the Dirac Hamiltonian, the potential and βmc2 are even
operators and α · p is an odd operator. The Hamiltonian can be written symbolically as

Ĥ = βmc2 + Ô + Ê (16.21)

where the rest mass term has been retained explicitly for later convenience. The
commutation properties of the even and odd operators are

[
Ê, β

] = 0; [
Ô, β

]
+ = 0, (16.22)

that is, even operators commute with β, odd operators anticommute.
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We now make a unitary transformation of the wave function using an exponential
ansatz,

ψ1 = eiŜψ (16.23)

where Ŝ is Hermitian. The transformed Hamiltonian is

Ĥ1 = eiŜĤe−iŜ (16.24)

and we may use the exponential expansion to write the new Hamiltonian in terms of
the commutator series,

Ĥ1 = Ĥ + i
[
Ŝ, Ĥ

]− 1

2

[
Ŝ,
[
Ŝ, Ĥ

]]− i

3!
[
Ŝ,
[
Ŝ,
[
Ŝ, Ĥ

]]]+ . . . , (16.25)

involving powers of the operator Ŝ, which can therefore be used to define an expansion
parameter. The operator Ŝ is chosen to make some commutator or commutators cancel
with the terms from the Dirac Hamiltonian, thereby reducing the contribution of odd
operators to the transformed Hamiltonian by some power of the expansion parameter.

The obvious expansion parameter is 1/c, which should generate the nonrelativistic
Hamiltonian and operators for relativistic corrections to various orders. In terms of this
parameter, the three operators in the Dirac Hamiltonian, βmc2, Ô = cα ·p, and Ê = V ,
are of orders −2, −1, and 0, respectively. It is for this reason that the rest mass term
was not included in the even operator. If we choose

Ŝ = −iβÔ/2mc2 = −iβα · p/2mc (16.26)

we have an operator that has 1/c as the expansion parameter. Considering the first
commutator, we find

i
[
Ŝ, βmc2

] = −Ô,

i
[
Ŝ, Ô

] = βÔ2/mc2,

i
[
Ŝ, Ê

] = β
[
Ô, Ê

]
/2mc2,

(16.27)

where we have left the even operator—the potential—unspecified for the present. These
three terms are of order −1, 0, and +1 in the expansion parameter, respectively. The
first of them cancels the odd operator in the Dirac Hamiltonian. The second term is
an even term, but the third term is an odd term. Before we draw any conclusions, we
must consider the next commutator, which will reduce the order of the Dirac operators
by 2, contributing terms of orders 0, 1, and 2 in the expansion parameter:

[
Ŝ,
[
Ŝ, βmc2

]] = βÔ2/mc2,[
Ŝ,
[
Ŝ, Ô

]] = Ô3/m2c4,[
Ŝ,
[
Ŝ, Ê

]] = [
Ô,
[
Ô, Ê

]]
/4m2c4.

(16.28)
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In fact, we also need to consider the next commutator to obtain the full term of order 1,
which is the highest-order odd operator in the transformed Hamiltonian—and if we
wish to go further and obtain all the terms of order 2 to determine the lowest-order
relativistic correction to the Hamiltonian we need to consider the next two commutators.
Iterating the previous results, we find that

−i[Ŝ, [Ŝ, [Ŝ, βmc2
]]] = Ô3/m2c4,

−i[Ŝ, [Ŝ, [Ŝ, Ô]]] = −βÔ4/m3c6,

−i[Ŝ, [Ŝ, [Ŝ, Ê]]] = −β[Ô, [Ô, [Ô, Ê]]]/8m3c6,

(16.29)

[
Ŝ,
[
Ŝ,
[
Ŝ,
[
Ŝ, βmc2

]]]] = βÔ4/m3c6,[
Ŝ,
[
Ŝ,
[
Ŝ,
[
Ŝ, Ô

]]]] = Ô5/m4c8,[
Ŝ,
[
Ŝ,
[
Ŝ,
[
Ŝ, Ê

]]]] = [
Ô,
[
Ô,
[
Ô,
[
Ô, Ê

]]]]
/16m4c8.

(16.30)

With these expressions, the transformed Hamiltonian correct to order 2 in 1/c is

Ĥ1 = βmc2 + 1

2mc2
βÔ2 − 1

3m2c4
Ô3 − 1

8m3c6
βÔ4 + . . .

+ Ê + 1

2mc2
β
[
Ô, Ê

]− 1

8m2c4

[
Ô,
[
Ô, Ê

]]+ . . . .

(16.31)

The odd operator of order −1 in 1/c has now been removed, and the lowest-order even
operators are of order −2 and 0. Substituting for Ô and Ê the term of order 0 is just

Ĥ(0) = β
p2

2m
+ V =

(
T + V 0

0 −T + V

)
. (16.32)

The portion that operates on the electron solutions is just the nonrelativistic
Hamiltonian. This should be no surprise, because we are applying a decoupling
procedure in powers of 1/c.

The highest-order odd operator is now of order 1. To remove it, we repeat the
process of defining odd and even operators and selecting Ŝ to eliminate the lowest
term in the new odd operator. The new odd and even operators are

Ô1 = − 1

3m2c4
Ô3 + 1

2mc2
β
[
Ô, Ê

]+ . . . ,

Ê1 = Ê − 1

8m2c4

[
Ô,
[
Ô, Ê

]]+ 1

2mc2
βÔ2 − 1

8m3c6
βÔ4 + . . . ,

(16.33)

and we take Ŝ ≡ Ŝ1 from the lowest terms of Ô1,

Ŝ1 = i

6m3c6
Ô3 − i

4m2c4

[
Ô, Ê

]
. (16.34)
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Ŝ1 is now of order 3. The commutator relations derived above hold for the new operators
as well. The commutator with βmc2 produces a term that cancels the odd operator of
order 1. The next commutator, with Ô1, generates a term of order 4, which we neglect
since we are concerned with an expansion to order 2. The commutator with Ê1 produces
terms of which the highest order is 3, which again we neglect. The Hamiltonian correct
to order 2 is therefore given by the lowest terms of Ê1,

Ĥ(2) = Ê − 1

8m2c4

[
Ô,
[
Ô, Ê

]]+ 1

2mc2
βÔ2 − 1

8m3c6
βÔ4

= β

(
mc2 + p2

2m
− p4

8m3c2

)
+ V − 1

8m2c2

[
α · p,

[
α · p, V

]]
.

(16.35)

Here we see a relativistic correction to the kinetic energy, which is commonly called
the mass–velocity operator, and a relativistic correction to the potential. The latter term
reduces using the equivalent of (4.14) to

[
α · p,

[
α · p, V

]] = −�
2(∇2V )+ 2�Σ · p × (∇V ) (16.36)

where as before

Σ =
(

σ 02
02 σ

)
. (16.37)

The scalar operator is called the Darwin operator and the spin-dependent operator the
spin–orbit operator. We will meet these again in the chapter on perturbation theory
(chapter 17). The Hamiltonian correct to order 2 in 1/c can then be written as

Ĥ(2) = β

(
mc2 + p2

2m
− p4

8m3c2

)
+ V + �

2(∇2V )

8m2c2
+ �Σ · (∇V )× p

4m2c2
. (16.38)

This is the four-component form of the Pauli Hamiltonian.
It is clear that this approach of successive transformations in the expansion param-

eter 1/c yields operators that involve higher and higher powers of p: the commutator
series is in fact a series in p/mc. Powers of the momentum operator higher than 2 are
not bounded, and when operating on the potential V produce highly singular operators.
This makes it problematic to use any but the lowest-order terms in a calculation, and
since the mass–velocity operator is unbounded from below, this form of the relativistic
corrections must be used in perturbation theory only.

16.3 The Douglas–Kroll Transformation

If the expansion in powers of p/mc produces operators that can only be used in per-
turbation theory, is there an expansion that will produce operators that can be used
variationally? Such a transformation would have to provide an expansion in powers
of the potential energy rather than the momentum. The Douglas–Kroll transformation
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(Douglas and Kroll 1974) is one such transformation, and its application has been
developed by Hess and coworkers (Hess 1985, 1986, Hess et al. 1986).

The first step is the application of the free-particle Foldy–Wouthuysen transforma-
tion to the Dirac operator. As in the previous section, we use the Dirac Hamiltonian
without subtracting the rest mass,

ĤD = cα · p + βmc2 + V. (16.39)

Defining the operators

Â =
(
Êp +mc2

2Êp

)1/2

= O(c0),

D̂ = 1

Êp +mc2
= O(c−2)

R̂ = D̂cα · p = O(c−1)

(16.40)

we may write the free-particle Foldy–Wouthuysen transformation of (16.19) as

ÛFPFW = Â(I + βR̂). (16.41)

Applying this to the Dirac Hamiltonian, and comparing to the free-particle transformed
Hamiltonian of (16.20) above, we see that the only additional terms are those involving
the potential

Ĥ1 = ÛFPFWĤD(ÛFPFW)−1 = βÊp + Â
(
V + β

[
R̂, V

]+ R̂V R̂
)

Â

=
(
Êp 0
0 −Êp

)
+ Â

(
V + R̂2V R̂2

[
R̂2, V

][
V, R̂2

]
V + R̂2V R̂2

)
Â

(16.42)

where we have used the fact that β anticommutes with R̂, and the operator R̂2 is the
2-spinor version of R̂

R̂2 = D̂cσ · p. (16.43)

We can split the R̂2V R̂2 term into scalar and spin–orbit operators, which makes it pos-
sible to define a spin-free one-electron Hamiltonian. The two-component Hamiltonian
for the positive-energy states can then be written

Ĥ+
1 = Êp + Â

(
V + c2D̂pV · pD̂ + c2D̂�σ · (∇V )× pD̂

)
Â

= Êp + ÂV Â + 1

m2c2
Q̂
(

pV · p + �σ · (∇V )× p
)
Q̂

(16.44)
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where we have introduced the dimensionless kinematic factor Q̂,

Q̂ = mc2D̂Â = mc2

[2Êp(Êp +mc2)]1/2
= O(c0). (16.45)

The Hamiltonian Ĥ+
1 is bounded from below, and can therefore be used variationally.

The spin-free Hamiltonian is

Ĥsf
1 = Êp + ÂV Â + 1

m2c2
Q̂pV · pQ̂. (16.46)

Provided we can find some way of evaluating the effect of the operators Â and Q̂ on
the wave function, the matrix elements of this Hamiltonian would not be too difficult
to calculate. This question is addressed later on in this chapter. But is this a useful
place to stop the transformation process, and how accurate are the results we get from
this Hamiltonian?

For purposes of further analysis we partition Ĥ1 into the kinetic term βÊp, which
only involves the momentum, and an even and an odd operator, both of which depend
on the potential,

Ê1 = Â(V + R̂V R̂)Â,

Ô1 = βÂ
[
V, R̂

]
Â.

(16.47)

Comparing the transformed Hamiltonian with the original Dirac Hamiltonian, we note
that the new even operator including the kinetic energy has terms of O(c2), O(c0),
and O(c−2), whereas the original even operator has terms of O(c2) and O(c0). The
new odd operator is O(c−1), whereas the original is O(c1). The coupling between
the large and small components has therefore been reduced by O(c2). It is still larger
than the relativistic correction to the potential, which is essentially the term of O(c−2),
ÂR̂V R̂Â. However, the influence of the off-diagonal term is only O(c−4), as may be
seen by the following perturbation analysis.

If we use this partitioning of the transformed Hamiltonian to define a perturbation
theory, with a zeroth-order Hamiltonian Ĥ0 = βÊp + Ê1 and a perturbation Ĥ′ = Ô1,
the energy expressions for the first few terms are

E(0) = 〈0 |βÊp + Ê1 |0 〉,
E(1) = 〈0 |Ô1 |0 〉,

E(2) =
∑
k−

〈0 |Ô1 |k− 〉〈k− |Ô1 |0 〉
E0 − Ek−

+
∑
k+

〈0 |Ô1 |k+ 〉〈k+ |Ô1 |0 〉
E0 − Ek+

,

(16.48)

where we have split the sum in the second-order energy into sums over the positive-
and negative-energy states. The zeroth-order wave function has a nonzero large com-
ponent but a zero small component. Since the perturbation connects large and small



UNITARY TRANSFORMATIONS OF THE DIRAC HAMILTONIAN 305

components, the first-order energy must be zero and the first-order wave function must
involve a sum over the negative-energy states only, which have zero large components
and nonzero small components. The sum over positive-energy states in the second-order
energy is therefore zero. The denominator in the negative-energy sum is O(c−2) and
must be positive. The perturbation operator is O(c−1), making the second-order energy
O(c−4) and positive. The zeroth-order Hamiltonian therefore contains the lowest-order
relativistic corrections, those of O(c−2), and produces energies that are too low.

It is instructive to compare the 2-component Hamiltonian Ĥ+
1 with the Pauli

Hamiltonian, which was derived in the previous section. The term βÊp contains the
relativistic free-particle energy, which is well-behaved for all values of the momentum.
Êp, which is the kinetic energy operator for the positive-energy states, is a positive
definite operator. In the Pauli Hamiltonian we see that this operator is expanded in
powers of p/mc, which does not converge if p/mc > 1—a situation that will occur in
any potential if the electron is sufficiently close to the nucleus. As mentioned above,
the mass–velocity term is not bounded from below and so cannot be used variationally.

To compare the operator Ê1 with the terms from the Pauli Hamiltonian, we need
to expand the various kinematic factors in powers of 1/c up to second order, as
follows:

Â = 1 − p2

8m2c2
+ O(c−4); Q̂ = 1

2
+ O(c−2). (16.49)

Substituting these expressions into Ĥ+
1 , we get

Ê+
1 = V − 1

8m2c2

[
p2, V

]
+ + 1

4m2c2

(
pV · p + iσ · (pV )× p

)+ O(c−4). (16.50)

Expanding and collecting terms, we get the Darwin and spin–orbit operators from the
Pauli Hamiltonian. The transformed Hamiltonian therefore contains all the terms of the
Pauli Hamiltonian—as might be expected since it is correct to O(c−2).

The variational problems with the Pauli Hamiltonian stem not only from the mass–
velocity operator, which is negative, but also from the spin–orbit operator, which
behaves as 1/r3 and can be negative. In the Hamiltonian Ĥ+

1 , as p becomes larger
the kinematic factors Â and D̂ become progressively smaller, with the result that the
potential energy terms are reduced as the momentum increases. In the large momentum
limit, when the electron is close to the nucleus, Êp → cp, Â → 1/2, and R̂ → α ·p/p.
The relativistic correction to the potential is no more singular than the potential itself
in this limit and therefore will support bound states. In the small momentum limit,
when the electron is far from the nucleus, the potential goes as 1/r3 and is therefore
a short-range potential. It can be seen that the kinematic factors provide a cutoff to
the potential that is absent in the Pauli approximation and that permits variational
calculations with the free-particle Foldy–Wouthuysen transformed Hamiltonian.

The Hamiltonian Ĥ+
1 has been used by Almlöf et al. (1985), and also by Buenker

et al. (1984). As we showed in the perturbation analysis above, the energies in this
approximation are too low at O(c−4). To remedy this deficiency, we may apply a
transformation derived by Douglas and Kroll (1974) to further reduce the magnitude
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of the odd operator. Instead of using an exponential ansatz for a unitary operator, the
unitary operator is written as

Û1 = (1 + Ŵ2
1 )

1/2 + Ŵ1 (16.51)

where Ŵ1 is anti-Hermitian. A power series in Ŵ1 is used to expand Û1,

Û1 = 1 + Ŵ1 + 1

2
Ŵ2

1 + 1

8
Ŵ4

1 + . . . . (16.52)

Note that the expansion is the same as the exponential ansatz up to the second-order
term, so that for a low-order approximation it makes no difference which we use.

We now apply this transformation to Ĥ1 from (16.42),

Ĥ2 = Û1Ĥ1Û−1
1 =Ĥ1+[Ŵ1,Ĥ1

]+ 1

2

[
Ŵ1,

[
Ŵ1,Ĥ1

]]+. . .
=βÊp+Ê1+Ô1+[Ŵ1,βÊp

]+[Ŵ1, Ê1
]+[Ŵ1,Ô1

]
+ 1

2

[
Ŵ1,

[
Ŵ1,βÊp

]]+. . . ,
(16.53)

and choose the highest-order term to cancel Ô1,

Ô1 + [
Ŵ1, βÊp

] = 0. (16.54)

Since βÊp is an even operator, Ŵ1 must be odd and therefore must anticommute
with β. Multiplying through by β and extracting β from the commutator, we may
write the equation for Ŵ1 as

Ŵ1Êp + ÊpŴ1 = βÔ1. (16.55)

The solution to this equation is most easily expressed in momentum space, where Ŵ1
is an integral operator with the kernel

Ŵ1(p,p′) = ÂR̂V (p,p′)Â′ − ÂV (p,p′)R̂′Â′

(Êp + Êp′)
. (16.56)

The potential V in momentum space also becomes an integral operator. The kernel of
this operator for an atom is

V (p,p′) = −Ze2
(

2�

π

)1/2 1

|p − p′|2 . (16.57)
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The factor in parentheses depends on the definition of the Fourier transform; here we
have adopted the convention (Messiah 1961)

f (p) = (2π�)3/2
∫
d3re−ip·r/�f (r). (16.58)

Ŵ1 is a linear function of the potential energy, so the expansion of the transformation
operator is an expansion in powers of the potential: in fact, since Êp ∼ mc2 and
Ô1 ∼ pV/2mc, Ŵ1 ∼ pV/4m2c3. Both Ô1 and Ê1 are of first order in the potential.

Having eliminated the first-order odd term, the remaining terms must be of order 2
or higher in the potential. There are three terms of order 2,

[
Ŵ1, Ê1

]
,
[
Ŵ1, Ô1

]
,

and 1
2

[
Ŵ1,

[
Ŵ1, βÊp

]]
. The first of these is odd, and may be removed by a further

transformation. To obtain the Hamiltonian correct to second order it is not necessary
to do this because another transformation cannot generate any more terms of second
order. The remaining two terms give the second-order correction to the Hamiltonian.
From (16.54), the first of these is[

Ŵ1, Ô1
] = −[Ŵ1,

[
Ŵ1, βÊp

]]
. (16.59)

The Hamiltonian correct to second order is then

Ĥ2 = βÊp + Ê1 − 1

2

[
Ŵ1,

[
Ŵ1, βÊp

]]
. (16.60)

Extracting the β matrix from the last double commutator, the Hamiltonian may be
written

Ĥ2 = βÊp + Ê1 − β

(
Ŵ1ÊpŴ1 + 1

2

[
Ŵ2

1 , Êp
]
+
)
. (16.61)

Further details on the content of this second-order operator may be found in appendix G,
where it is shown that the term in parentheses is negative, and therefore the contribution
to the energy is positive.

We can classify the Douglas–Kroll expansion in terms of the leading power of c
as well as in terms of V . The off-diagonal operator in the zeroth order (free-particle
Foldy–Wouthuysen) expansion is O(c−1). Its elimination in the first Douglas–Kroll
transformation leaves an odd operator of O(c−3), and even terms that are correct
to O(c−4). When this odd operator is also eliminated, by a second Douglas–Kroll
transformation, the remaining odd operator is of O(c−5), and the even terms are correct
to O(c−6). Thus the Douglas–Kroll transformation can be seen as an expansion in
powers of V/c2.

One issue raised by the use of an expansion in powers of the potential is that of
electric gauge invariance. If we add a constant to the potential, we should obtain a
constant shift in the energy, if the potential is gauge-invariant. Terms that are of second
order in the potential would be expected to give rise to a quadratic term in the added
constant. Looking at the free-particle Foldy–Wouthuysen transformed Hamiltonian,
(16.42), it is apparent that the added constant only survives in the even operator:
the odd operator involves a commutator that eliminates the constant. Consequently, the
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higher-order Douglas–Kroll transformations do not contain the constant, and since they
are unitary transformations (as is the free-particle Foldy–Wouthuysen transformation)
the constant may simply be taken out. The transformed Hamiltonians are therefore all
gauge-invariant.

The second-order one-electron Douglas–Kroll Hamiltonian has found wide appli-
cation in quantum chemistry programs through approximations that are discussed
in the next two sections. Although it is a considerable improvement on the first-
order Hamiltonian, for some heavy elements the error is significant. Hamiltonians
through fifth order have been derived by Nakajima and Hirao (2000). The third-order
Hamiltonian is given by

Ĥ3 = Ĥ2 + [
Ŵ1,

[
Ŵ1, Ê1

]]
. (16.62)

Notice that the additional term only involves Ŵ1. This is an instance of the familiar
“2n+1 rule” of perturbation theory. Here, the operators up to Ŵn are all that are needed
to determine the Hamiltonian of order 2n+ 1. Higher-order transformations have also
been derived and examined by Wolf et al. (2002), to which the reader is referred for
details. The Douglas–Kroll Hamiltonian of order n is often written as ĤDKn or ĤDKn.

16.4 Two-Electron Terms and the Douglas–Kroll–Hess
Approximation

So far we have made no reference to the two-electron terms of the Hamiltonian.
Performing the free-particle Foldy–Wouthuysen transformation took the potential from
an even operator to a combination of even and odd operators. The same will be true
of the two-electron terms, except that a transformation must be performed on both
electron coordinates. For the Coulomb interaction the resulting operator is

Ûi Ûj gij Û−1
j Û−1

i = ÂiÂj

[
gij + R̂igij R̂i + R̂j gij R̂j + R̂iR̂j gij R̂j R̂i

]
Âj Âi .

(16.63)

To be entirely consistent with the one-particle terms, a second transformation should
be applied to this operator. However, it has been found that this first transformation of
the two-electron operators is about as important in scalar relativistic calculations as the
transformations of the one-electron operators up to fifth order (Wolf et al. 2002). The
second transformation of the two-electron operators is therefore unlikely to be of great
significance. The reason is the strength of the nuclear potential, which is a factor of Z
larger than the electron–electron interaction and is attractive rather than repulsive.

The transformed two-electron operator bears a striking resemblance to the operator
from the modified Dirac equation given in (15.43). We need only define ψL = ÂψFW

and φL = [c2/(Êp+mc2)]ÂψFW and the identity is complete. The analysis of the terms
of the modified Dirac equation into scalar and spin–orbit terms in section 15.4 can then
be transferred directly to the above equation. The kinematic factors are reintroduced at
the end to obtain the final expressions.
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The resemblance between the operators is no accident. In the modified Dirac equa-
tion, the small component has been modified by extracting (σ · p)/2mc to define
a pseudo-large component. In the Douglas–Kroll transformation, the small compo-
nent has been eliminated to a certain order by unitary transformations. In both cases,
the two-electron operators include products of (σ · p), which essentially regenerate
the original small component. The physical content of the Dirac equation does not
really change in the transformation, and hence the work done to evaluate the rela-
tivistic electron–electron interaction does not decrease either. The main advantage of
the Douglas–Kroll-transformed Hamiltonian is that the spin-free version can be fairly
readily implemented in nonrelativistic programs by substituting the transformed one-
and two-electron integrals.

Even though the number of transformed integrals is no larger than in a nonrela-
tivistic calculation, the cost of the integral evaluation remains. What we would like
is an approximation that is no more severe than the truncation of the transformed
one-electron operator and that reduces the integral evaluation work.

We can extract the untransformed two-electron operator from (16.63), as follows:

Ûi Ûj gij Û−1
j Û−1

i = gij + [
Ûi , gij

]
Û−1
i + [

Ûj , gij
]
Û−1
j + [

Ûi ,
[
Ûj , gij

]]
Û−1
j Û−1

i .

(16.64)

The commutators in this expression must yield operators of O(c−2) and O(c−4). How-
ever, the order in 1/c does not tell us anything about their size. If the commutators are
small, we could neglect them and use the untransformed Coulomb operator. Evaluating
these commutators involves some lengthy algebra, the techniques for which are outlined
in appendix H. Even without this algebra, though, it is obvious that the spin-dependent
operators are entirely contained within the commutators. Neglecting the commutators
can therefore only be done in a spin-free Hamiltonian. This approach was pioneered
by Hess (1985, 1986), and the spin-free Douglas–Kroll-transformed Hamiltonian with
the bare Coulomb operator is termed the Douglas–Kroll–Hess (DKH) Hamiltonian.

The neglect of the commutators of the transformation with the two-electron operator
eliminates the extra two-electron integral work for the relativistic corrections entirely.
All that is left is a set of modified one-electron integrals, for which the amount of
work required is negligible in comparison to the two-electron work. The work relative
to a nonrelativistic calculation is now also negligible. Tests comparing the results of
this approximation to the two-electron integrals with results using the full expression
for the two-electron integrals (Samzow et al. 1992, Park and Almlöf 1994) indicate
that the approximation is very good for lighter elements, and even for the Au atom.
However, calculations for Au2 and Pt2 suggest that there is a non-negligible contribution
from the correction to the bare Coulomb operator. Nevertheless, this approximation has
been widely used with considerable success.

16.5 Implementation of the Douglas–Kroll Transformation

The remaining issue to be considered is that of implementation. Performing all the
integrations in momentum space is a tedious business, even given that the operators
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are now algebraic functions of the momentum. Indeed, the complicated functions of the
momentum make it difficult to obtain closed-form expressions for the momentum-space
integrals, and therefore one would have to resort to numerical integration. However,
the task of evaluating the integrals becomes quite easy if a matrix representation of
the operators in momentum space is used. This is the approach adopted by Hess and
coworkers.

The evaluation of the matrix elements of the momentum-dependent operators is
achieved using a theorem for functions of a matrix. If we have a matrix B whose eigen-
values b form a diagonal matrix represented by [b] and whose eigenvectors are X, any
function of the matrix can be expressed in terms of the function of the eigenvalues by

f (B) = X[f (b)]X†. (16.65)

If we choose B to be the matrix of p2, it is straightforward to generate the matrix
of any algebraic function of p2—for example, the kinematic factors Â and D̂. If we
transform the integrals to the basis of the eigenvectors of the matrix of p2, all the
kinematic factors become diagonal matrices, and it then becomes simple to apply
these to the remaining nondiagonal matrices, which are those of the potentials V and
(σ · p)V (σ · p). Moreover, since the operator p2 belongs to the totally symmetric
irreducible representation (irrep) of any group, any function of p2 also belongs to the
totally symmetric irrep. The expansion basis functions can then be chosen to have the
same symmetry as the basis functions on which the kinematic factors are operating.

The key issue here is the accuracy of the representation of p2. If the basis set is
too small, there could be a serious loss of accuracy. However, for a reasonably large
primitive basis, the same basis could be used for the representation of p2 as for the
molecular calculations. Even more usefully, since the kinematic factors do not change
the symmetry of the atomic basis functions, they can be used to redefine the contraction
coefficients. This redefinition essentially generates a contracted basis set in the modified
Dirac representation,

aL = S−1Aa, aP
′ = (1/mc)S−1Qa, (16.66)

where A is the matrix of Â, Q is the matrix of Q̂, a is the original matrix of con-
traction coefficients, and aL and aP

′
are the coefficients of the large and pseudo-large

components. The prime indicates that we have absorbed the factor of 1/2mc into the
pseudo-large component. The integrals of the first-order transformed potential energy
in this basis are

V̄ij � 〈aLi |V |aLj 〉 + 〈aPi ′ |(σ · p)V (σ · p) |aPj ′ 〉. (16.67)

Redefining the contraction coefficients does involve a further level of approximation,
but for a reasonably large basis set this approximation should not be too severe.

One point of caution in this method is that for a sufficiently dense basis for the
representation of p2, there may be problems with linear dependence, and it is possible
for numerical rounding to accumulate to such an extent in the sequence of matrix
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operations needed to define the operators that the final integrals may have significant
inaccuracies.

16.6 The Barysz–Sadlej–Snijders Transformation

The complicated nature of the operator Ŵ1 raises the question of whether a simpler
alternative can be found. Barysz, Sadlej, and Snijders (1997) devised an approach
which starts from the free-particle Foldy–Wouthuysen transformation, just as the
Douglas–Kroll transformation does. Whereas the Douglas–Kroll approach seeks to
eliminate the lowest-order odd term from the transformed Hamiltonian, their approach
seeks to be correct to a particular order in 1/c2, and it provides a ready means for defin-
ing a sequence of approximations of increasing order in 1/c2. It is important to note
that, while the expansion in powers of 1/c2 that resulted from the Foldy–Wouthuysen
transformation in section 16.2 generates highly singular operators, this is not true per
se of expansions in 1/c2. What multiplies 1/c2 is all-important. In the case of the
Foldy–Wouthuysen transformation it is p2/m2, and due to the fact that p can become
infinite the series is not convergent. If 1/c2 multiplies a well-defined operator then an
expansion might indeed be found that is well-behaved.

The first stages of the procedure are precisely the same as for the exact
Foldy–Wouthuysen transformation, which we will follow here. The definitions in the
paper by Barysz et al. differ by a sign in the lower row of the transformation matrix, but
the results obviously do not depend on this sign. We write the transformation matrix
in similar form to the formal unitary Foldy–Wouthuysen transformation:

Û1 =




1√
1 + X̂1

†X̂1

1√
1 + X̂1

†X̂1

X̂1
†

− 1√
1 + X̂1X̂1

†
X̂1

1√
1 + X̂1X̂1

†



. (16.68)

The operator X̂1 is defined by setting the off-diagonal term of the Hamiltonian to zero,
resulting in the operator equation

(Ĥ1)22X̂1 = −(Ĥ1)21 + X̂1(Ĥ1)11 + X̂1(Ĥ1)12X̂1. (16.69)

Ĥ1 is defined by the free-particle Foldy–Wouthuysen transformation, (16.42). For the
purpose of better analyzing the transformation and the resultant Hamiltonians, we will
make some new definitions of various operators, extracting powers of 1/c. First, the
free-particle energy will be written

Êp = mc2êp (16.70)

using the dimensionless quantity

êp =
√

1 + p2/m2c2. (16.71)
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Second, we will shift the energy scale by subtracting the rest energy, and define the
kinetic energy operator by

T̂p = mc2(êp − 1) = Êp −mc2. (16.72)

The operator Â needs no redefinition because it involves a ratio of quantities of the
same order in c. The operator R̂2 is redefined in terms of another operator B̂ that is of
order c0. Â and B̂ may be written in terms of êp and other operators as

Â =
√
êp + 1

2êp
, B̂ = (σ · p)

êp + 1
= 1

mc
R̂2. (16.73)

Using these definitions, we may write the blocks of the Hamiltonian after the free-
particle Foldy–Wouthuysen transformation as

(Ĥ1)11 = T̂p + Â
(
V + 1

m2c2
B̂V B̂

)
Â,

(Ĥ1)21 = 1

mc
Â
[
V, B̂

]
Â = (Ĥ1)12

†,

(Ĥ1)22 = −2mc2 − T̂p + Â
(
V + 1

m2c2
B̂V B̂

)
Â.

(16.74)

Equation (16.69) can now solved by an iterative procedure, making use of the orders
of the various terms in powers of 1/c to define a procedure that should be convergent.
Since (Ĥ1)22 is of order c2 and (Ĥ1)21 is of order c−1, the maximum order of X̂1 is
c−3 (as was found for Ŵ1 in the Douglas–Kroll transformation). The three terms on
the right-hand side of (16.69) are then of order c−1, c−3, and c−7, respectively. The
iteration is started by neglecting the second and third terms of (16.69). As (Ĥ1)22 is of
order c2, this gives a transformation that is correct to order c−3:

X̂ (0)
1 = −[(Ĥ1)22

]−1
(Ĥ1)21

= 1

2m2c3

(
1 + 1

2mc2

(
T̂p − Â(V + B̂V B̂/m2c2)Â

))−1

Â
[
V, B̂

]
Â

=
(

1

2m2c3
− 1

4m3c5
(T̂p − ÂV Â)+ . . .

)
Â
[
V, B̂

]
Â,

(16.75)

where in the last line we have expanded the inverse operator. To obtain a Hamiltonian
correct to O(c−4) we only need the transformation correct to order 1/c3, which
results in

Û1 �
(

1 Â
[
B̂, V

]
Â/2m2c3

Â
[
B̂, V

]
Â/2m2c3 1

)
. (16.76)
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The transformed Hamiltonian is now

Ĥ2 = Û1Ĥ1Û1
†. (16.77)

The upper left block of this transformed Hamiltonian is the Hamiltonian for positive-
energy states to second order,

Ĥ+
2 = (Ĥ2)11 = T̂p + Â(V + B̂V B̂/m2c2)Â − Â

[
V, B̂

]
Â2
[
V, B̂

]
Â/2m3c4.

(16.78)

This is the equivalent of the second-order Douglas–Kroll operator, but it only involves
operators that have been defined in the free-particle Foldy–Wouthuysen transformation.
As for the Douglas–Kroll transformed Hamiltonian, spin separation may be achieved
with the use of the Dirac relation to define a spin-free relativistic Hamiltonian, and an
approximation in which the transformation of the two-electron integrals is neglected,
as in the Douglas–Kroll–Hess method, may also be defined. Implementation of this
approximation can be carried out in the same way as for the Douglas–Kroll approxi-
mation: both approximations involve the evaluation of kinematic factors, which may
be done by matrix methods.

16.7 Transformation of Electric Property Operators

The transformed Hamiltonians that we have derived allow us to calculate intrinsic
molecular properties, such as geometries and harmonic frequencies. We would like
to be able to calculate response properties as well, with wave functions derived from
the transformed Hamiltonian. If we used a method such as the Douglas–Kroll–Hess
method, it would be tempting to simply evaluate the property using the nonrelativistic
property operators and the transformed wave function. As we saw in section 15.3,
the property operators can have a relativistic correction, and for properties sensitive
to the environment close to the nuclei where the relativistic effects are strong, these
corrections are likely to be significant. To ensure that we do not omit important effects,
we must derive a transformed property operator, starting from the Dirac form of the
property operator.

It would also be tempting to use the transformation from the unperturbed Dirac
Hamiltonian to derive the property operator. Again, doing so risks the neglect of terms
that might be significant. The proper starting point is to derive a transformation for
the perturbed Hamiltonian and then to attempt to separate the transformed Hamiltonian
into a zeroth-order part and a perturbation. We already have the zeroth-order part from
the transformation of the unperturbed Hamiltonian. What might prove to be difficult is
getting an expression for the perturbation.

For electric perturbations, deriving the appropriate perturbation operator turns out to
be relatively straightforward because the four-component operator is even. The rest of
this section is devoted to derivation and discussion of transformed electric perturbation
operators. Magnetic perturbations are a different story, because the four-component
operator is odd and therefore enters into the lowest order of the transformation. We will
deal with magnetic perturbations in the next section.
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As well as deriving the appropriate forms of the electric perturbation operators, we
would like to be able to express them in terms of the nonrelativistic operators plus a
relativistic correction. This we can do by writing ĤFW, the transformed Hamiltonian
including the perturbation, as a sum of the untransformed operator Ĥ plus a correction,

ĤFW = ÛĤÛ−1 = Ĥ + [
Û, Ĥ

]
Û−1. (16.79)

The commutator will (in general) change the order of the perturbation with respect
to some expansion parameter and will introduce cross-terms between the unperturbed
Hamiltonian and the perturbation.

The electric perturbation operator may be represented as

Ĥ′ = W I4 (16.80)

where W is the scalar potential corresponding to the perturbation.1 The electric per-
turbation operators behave in exactly the same way as the nuclear Coulomb potential,
so we may simply substitute V + W for V in all the expressions given above to
derive the transformations including the perturbation, and hence obtain the transformed
perturbation operators.

In the Pauli approximation, the Hamiltonian correct to second order is linear in the
potential, and the separation of the zeroth-order Hamiltonian from the perturbation is
trivial. The perturbation operator is

ŴPauli = W + �
2

8m2c2
(∇2W)+ �

4m2c2
σ · (∇W)× p (16.81)

which has a spin-free and a spin-dependent relativistic correction to the nonrelativistic
operator.

External electric fields transform as the regular solid spherical harmonics,
r�Y�m(ϑ, ϕ), for which the Laplacian vanishes, ∇2r�Y�m(ϑ, ϕ) = 0. There is therefore
no spin-free correction of O(c−2) to the property operator, and the operator can be
written as

Ŵ ext,Pauli = W + �

4m2c2
σ · (∇W)× p. (16.82)

For closed-shell molecules, the spin-dependent correction will only affect the property
in second order. As an example of the operators, the perturbation for a constant electric
field eE · r is

ŴE,Pauli = eE ·
(

r − �

4m2c2
σ × p

)
. (16.83)

Point nuclear electric fields transform as the irregular solid spherical harmonics
r−(�+1)Y�m(ϑ, ϕ), for which the Laplacian is a generalized delta function. For finite

1. In this section, we use W for the electric perturbation. It should not be confused with the operators Ŵn

used in the Douglas–Kroll transformation.
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nuclei the Laplacian does not vanish either. The spin-free relativistic correction for
nuclear electric fields is therefore nonzero.

The absence of a spin-free relativistic correction to the external field property oper-
ator means that we could in fact use the nonrelativistic operator with the transformed
wave function for external electric field properties. For nuclear electric fields, this
would not be a reliable procedure because the effects of relativity are most pronounced
near the nucleus.

The other transformations that we have considered, the Douglas–Kroll trans-
formation and the Barysz–Sadlej–Snijders transformation, start with a free-particle
Foldy–Wouthuysen transformation. This transformation is independent of V and it is a
simple matter to separate the perturbation. The transformed perturbation operator can
be written down directly from (16.44)

ŴFPFW = Â(W + R̂2WR̂2)Â = ÂW Â + 1

m2c2
Q̂(σ · p)W(σ · p)Q̂. (16.84)

Implementation of this operator is no more difficult than implementing the nuclear
Coulomb potential, especially if the momentum operators are made to act on the wave
function.

Before considering how to separate this operator into a nonrelativistic operator and
a relativistic correction, we should examine the effect of the next transformation, Û1.
In both the Douglas–Kroll transformation and the Barysz–Sadlej–Snijders transforma-
tion, the result of using Û1 is of second order in the potential. When we substitute
V + W for V , we would expect to get terms in V 2, terms in VW , and terms in W 2.
This transformation therefore produces a perturbation operator that is linear in the
field strength and one that is quadratic in the field strength. Obviously, higher-order
transformations will yield higher powers of the field strength.

To illustrate, we use the second-order Barysz–Sadlej–Snijders transformation,
which is more transparent than the Douglas–Kroll transformation. Introducing a
perturbation parameter λ, the Hamiltonian including the electric perturbation is

Ĥ+
2 = T̂p + Â(V + λW + B̂(V + λW)B̂/m2c2)Â

− Â
[
V + λW, B̂

]
Â2
[
V + λW, B̂

]
Â/2m3c4

= T̂p + Â(V + B̂V B̂/m2c2)Â − Â
[
V, B̂

]
Â2
[
V, B̂

]
Â/2m3c4

+ λ
(
Â(W + B̂W B̂/m2c2)Â − Â

[
V, B̂

]
Â2
[
W, B̂

]
Â/2m3c4

− Â
[
W, B̂

]
Â2
[
V, B̂

]
Â/2m3c4

)
− λ2Â

[
W, B̂

]
Â2
[
W, B̂

]
Â/2m3c4.

(16.85)

The terms that come from the second-order transformation are of O(c−4), and for
external field perturbations we can expect these terms to be small. For nuclear electric
field perturbations, these terms could be large and should not be neglected.

We would now like to express the electric perturbations as an untransformed oper-
ator plus a correction, using (16.79), and we will consider only the free-particle
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Foldy–Wouthuysen transformation, (16.19), which may be cast in the form

ÛFPFW =
(

Â Q̂(σ · p)/mc
−Q̂(σ · p)/mc Â

)
(16.86)

using the operators Â and Q̂ = mc2D̂Â introduced previously. The perturbation
operator is given in (16.84). The first term is easily transformed into a commutator
expression,

ÂW Â = [
Â,W

]
Â +W ÂÂ. (16.87)

The term involving the Q̂ operators may be expanded using the Dirac relation (4.14)

Q̂(σ · p)W(σ · p)Q̂ = Q̂W(σ · p)(σ · p)Q̂ + Q̂[σ · (pW)](σ · p)Q̂

= Q̂Wp2Q̂ + Q̂[(pW) · p]Q̂ + Q̂iσ · [(pW)× p]Q̂.
(16.88)

These three terms may each be turned into commutator expressions, as was done for
the terms in Â above. Using the fact that the transformation is unitary and therefore

W ÂÂ +W
p2

m2c2
Q̂Q̂ = W (16.89)

we arrive at an expression of the desired form

ŴFPFW = W + [
Â,W

]
Â + [

Q̂,W
] p2

m2c2
Q̂

+ 1

m2c2
(pW) · pQ̂2 + 1

m2c2

[
Q̂, (pW) · p

]
Q̂

+ �

m2c2
σ · (∇W)× pQ̂2 + �

m2c2

[
Q̂, σ · (∇W)× p

]
Q̂.

(16.90)

Although we have an expression with W plus some correction term, we still have
commutators of Â and Q̂ with W that are not exactly transparent. Using the techniques
described in appendix H, we can simplify these expressions to arrive at an expression
expanded in leading powers of 1/c2 to O(c−4):

ŴFPFW =W+ �
2

m2c2
(∇2W)

1

4êp(1+ êp)+
�

m2c2
σ ·(∇W)×p

1

2êp(1+ êp)

+ �
4

m4c4

[∇2,(∇2W)
] 6ê2

p+4êp+1

32ê4
p(1+ êp)2 + �

4

m4c4

[∇2,(∇W)·∇] 2ê2
p+2êp+1

16ê4
p(1+ êp)2

+ �
3

m4c4

[∇2,σ ·(∇W)×p
] 2êp+1

8ê3
p(1+ êp)2 . (16.91)
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The terms of leading order 1/(mc)2 comprise a Darwin-like term and a spin–orbit
term, and reduce to the Pauli expressions in the limit êp → 1. These terms are therefore
regularized, just like the nuclear potential terms. The leading spin-free term is a term in
∇2W , which vanishes for external electric fields, just as it does in the Pauli Hamiltonian.

Expressions for the corrections due to the Douglas–Kroll and Barysz–Sadlej–
Snijders transformations may be derived in the same way. However, since these
operators are only correct to O(c−4) and have their leading term at O(c−4), we only
need the lowest-order corrections. The Barysz–Sadlej–Snijders correction is

∆ŴBSS = �
2

2m3c4

(
2(∇V ) · (∇W)+ (∇W)2

) 1

4ê2
p

. (16.92)

This is a scalar term: the spin-dependent terms that are second order in the potential
have a higher leading power of 1/(mc)2. The Douglas–Kroll correction including the
nuclear potential term can be derived from the lowest-order part of the Ŵ2

1 term,

Ŵ2
1 =�

2c2ÂD̂∇
(
Ṽ (p,p′)+W̃ (p,p′)

)
·(Â′)2D̂′∇

(
Ṽ (p′,p′′)+W̃ (p′,p′′)

)
Â′′+. . . ,

(16.93)

where W̃ is similarly defined to Ṽ . Insertion of the factors of êp is straightforward.
As an example from this class of transformation, the Barysz–Sadlej–Snijders operator
correct to O(c−4) for a constant electric field is

ŴBSS,E = eE ·
(

r + �

m2c2

σ × p
2êp(1 + êp)

+ �
2

2m3c4
(2∇V + eE)

1

4ê2
p

)
. (16.94)

The fact that there is a relativistic correction to the property operators is a manifes-
tation of what has been called the “picture change” (see for example Kellö and Sadlej
1998). The Dirac operator and the corresponding Schrödinger operator do not have the
same meaning. For the example given above, the position operator r does not have the
same content in the Dirac picture as in the Schrödinger picture. More information on
the interpretation of the picture change can be found in Moss (1973), for example.

16.8 Transformation of Magnetic Property Operators

If applying a transformation derived from the decoupling of the unperturbed Dirac
Hamiltonian was potentially unreliable for electric properties, for magnetic properties
it simply will not work. The reason is that magnetic perturbations enter through the
vector potential A and thus are odd operators,

Ĥ′ = ecα · A. (16.95)

None of the transformations we have considered will transform this operator completely
into an even operator. If we use the exponential ansatz of (16.23), the first term in the
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commutator series is the untransformed Hamiltonian. The first commutator is meant
to cancel the odd term in the untransformed Hamiltonian, but if we use the definition
of Ŝ in (16.26), only cα · p is canceled, and not ecα · A. This makes sense: A does
not appear anywhere in the transformation. We fare no better with the free-particle
Foldy–Wouthuysen transformation, which yields

Ĥ′
1 = ecÂ

(
α · A + β

[
R̂ , α · A

]
+ − R̂α · AR̂

)
Â. (16.96)

Only the second term of this operator is even; the other two are odd.
We must therefore derive a transformation that includes the vector potential. In

whichever way we define the sequence of transformations, we are using a momentum-
dependent operator in the first step—and indeed in subsequent steps as well. The vector
potential A enters the Dirac equation in the same way as the momentum p. Conse-
quently, any transformation that contains the momentum must also contain the vector
potential. The correct procedure is to replace p with π = p+ eA in the transformation,
and transform the Hamiltonian with this new transformation operator.

From our experience to date with the transformations, we can immediately foresee
a problem. If the transformation is some complicated function of the momentum, we
might not be able to separate out the perturbation from the zeroth-order Hamiltonian.
This would be unfortunate, because magnetic operators break Kramers symmetry and
we would be forced to perform calculations without spin (or time-reversal) symmetry.
We might also be forced to perform finite-field calculations. We will address this
problem as it arises.

First we consider the Pauli Hamiltonian, and replace p with p + eA in the operator
Ŝ, which defines the first-order transformation, (16.26). Because Ŝ is linear in the
momentum, it is easy to separate the perturbation and the zeroth-order Hamiltonian. The
odd operator in the Dirac Hamiltonian with the inclusion of the vector potential is now

Ô = cα · (p + eA). (16.97)

The transformation operator Ŝ becomes

Ŝ = −iβα · (p + eA)/2mc. (16.98)

The substitution does not affect the formal expressions for the commutators, and we
may replace the operators in (16.35) with their perturbed forms.

Considering first the term involving the square of Ô, and making use of the Dirac
relation, we have

Ô2

2mc2
= 1

2m
α · (p + eA)α · (p + eA)

= p2

2m
+ e

2m
(p · A + A · p)+ e2

2m
A2 + ie

2m
Σ · (p × A + A × p).

(16.99)

Here, we have dropped the factor of β because we are only interested in the positive-
energy states. The first term in this equation is the only one we obtained without the
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vector potential. The remaining terms clearly all belong to the perturbation supplied
by the vector potential, and one of them is quadratic in the vector potential. In the
Coulomb gauge ∇ · A = 0, and from Maxwell’s equations ∇ × A = B, so we may
rewrite this expression as

Ô2

2mc2
= T̂ + e

m
A · p + e2

2m
A2 + e�

2m
Σ · B. (16.100)

The introduction of a vector potential therefore introduces at order c0 the interaction of
the spin with a magnetic field, as well as the scalar operators. For a constant magnetic
field, the second term may be rewritten as (e/2m)B · r × p, and with the replacement
of �Σ with 2s we have

Ô2

2mc2
= T̂ + e2

2m
A2 + e

2m
(2s + �) · B. (16.101)

The magnetic field term gives rise to the Zeeman effect. These terms all arise from the
nonrelativistic spin Hamiltonian, (4.22).

The relativistic corrections to the magnetic perturbation come from the remaining
two terms in (16.35). The commutator term involving the even operator produces a
cross-term between the nuclear potential and the magnetic perturbation:

− 1

8m2c4

[
Ô,
[
Ô, Ê

]] = �
2

8m2c2
(∇2V )+ �

4m2c2
Σ · (∇V )× (p + eA). (16.102)

There is no spin-free part to the cross-term, only a spin–orbit part. For a constant
magnetic field, A = 1

2 B × r, and a point nuclear potential for which ∇V = (eZ/r3)r,
the cross-term becomes

e�

4m2c2
Σ · (∇V )× A = e2Z�

4m2c2r3
Σ × r · B × r

= e2
�

4m2c2

Z

r

[
Σ · B − (Σ · r)(B · r)

r2

]
.

(16.103)

Here we have expanded the scalar quadruple product. The dominant term is the first
term, which is a relativistic correction to the spin Zeeman term. The corrected spin
Zeeman operator is

e�

2m
Σ · B

(
1 + 1

2mc2

eZ

r

)
= e�

2m
Σ · B

(
1 − V

2mc2

)
. (16.104)



320 APPROXIMATIONS TO THE DIRAC EQUATION

The term in Ô4 from (16.35) produces kinematic corrections and terms that are of
higher order in A:

− 1

8m3c6
Ô4 = − 1

8m3c2

[
p2 + 2eA · p + e2A2 + e�Σ · B

]2

= − 1

8m3c2

[
p4 + 2e(p2A · p + A · pp2)+ e�(Σ · Bp2 + p2Σ · B)

+ e2
(

p2A2 + 4(A · p)2 + A2p2
)

+ e2
�

2(Σ · B)2

+ 2e2
�(Σ · BA · p + A · pΣ · B)

+ 2e3
�Σ · BA2 + e4A4

]
. (16.105)

Again, only the p4 operator comes from the unperturbed Hamiltonian, and all the
remaining terms originate in the perturbation. We can therefore make a clean separation
of the zeroth-order Hamiltonian and the perturbation from the external field and treat the
field-dependent terms analytically. This term provides the kinetic relativistic corrections
to the magnetic field perturbation. Of most interest are the linear terms. It is easy to
show that p2 commutes with A ·p for a constant magnetic field. The Zeeman term with
the kinetic relativistic correction is then

e

2m
(� + 2s) · B

(
1 − p2

2m2c2

)
. (16.106)

Notice that the kinetic relativistic correction applies to both the spin and orbital Zeeman
terms, but the relativistic correction from the potential only affects the spin Zeeman
term. These corrections are only the first in a truncated expansion, and for a better
description of relativistic corrections we turn to the free-particle Foldy–Wouthuysen
transformation and the higher transformations that are based on it.

The magnetic terms for the free-particle Foldy–Wouthuysen transformation are
more complicated because the operator is not linear in the momentum. It is possible
nevertheless to define the field-dependent transformation by the same procedure used
in section 16.1. We arrive at a two-component field-dependent operator corresponding
to êp, which we will call ε̂p,

ε̂p =
√

I + (σ · π)2/m2c2 =
√

I + (σ · (p + eA))2/m2c2. (16.107)

Note that we cannot simply replace (σ ·π)2 with π2 because the interaction of the spin
with the magnetic field would not be included.

We may now substitute ε̂p for êp in the kinematic factors in the transformed
Hamiltonian of (16.44), and we will add a prime to indicate that they include the vector
potential. In addition, we have to substitute σ · π for σ · p in R̂ (or B̂). The result is

Ĥ+
1

′ = mc2ε̂p + Â′V Â′ + 1

m2c2
Q̂′σ · πV σ · πQ̂′

= mc2ε̂p + Â′V Â′ + 1

m2c2
Q̂′(pV · p + �σ · ∇V × p

)
Q̂′
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+ e

m2c2
Q̂′(VA · p + A · pV + �σ · BV + �σ · ∇V × A

)
Q̂′

+ e2

m2c2
Q̂′VA2Q̂′ (16.108)

where we have expanded the terms involving σ · π from B̂. The expansion separates
out some of the vector potential terms, but we still have a problem because the vector
potential is tied up in complicated ways in the kinematic factors.

To proceed, we will have to expand this expression in powers of the perturbation.
A general approach to this problem is given in appendix H, and here we will only quote
the results for the terms linear in the vector potential and correct to lowest order in an
expansion in 1/m2c2:

Ĥ+
1

′ = mc2êp + ÂV Â + 1

m2c2
Q̂
(

pV · p + �σ · ∇V × p
)
Q̂

+ e

2m
(2A · p + �σ · B)

1

êp
+ e

m2c2
Q̂�σ · ∇V × AQ̂ + . . . .

(16.109)

The perturbation operator to lowest order is the last line of this expression. For a
constant magnetic field and a point nucleus, this perturbation operator is

e

2m
(� + 2s) · B

1

êp
+ e2

m2c2
Q̂Z

r

[
2s · B − 2(s · r)(B · r)

r2

]
Q̂. (16.110)

As for the Pauli Hamiltonian, there is a kinematic correction to the entire Zeeman
term, but only the spin Zeeman term has a relativistic correction from the potential.
Expanding the kinematic factors to order p2/m2c2, we have êp � 1 − p2/2m2c2 and
Q̂ � 1/2, and on substitution this perturbation operator reduces to the Pauli operator
to O(c−2).

Terms of higher leading order in 1/m2c2 arise from the free-particle
Foldy–Wouthuysen transformation; the terms of leading order 1/m4c4 are given
in appendix H. The terms from the corrections in the Douglas-Kroll and
Barysz–Sadlej–Snijders transformations are of leading order 1/m6c6, and for most
purposes can therefore be neglected.

The complicated nature of the magnetic operators means that the transformed
Hamiltonians based on the free-particle Foldy–Wouthuysen transformation are not
particularly well suited to calculation of magnetic properties. An alternative is to use
the transformed magnetic operator developed in section 13.7, which is also expanded
in powers of 1/c2, but in terms of even operators, which behave like electric field
operators.
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Perturbation Methods

Perturbation theory has been one of the most frequently used and most powerful tools
of quantum mechanics. The very foundations of relativistic quantum theory—quantum
electrodynamics—are perturbative in nature. Many-body perturbation theory has been
used for electron correlation treatments since the early days of quantum chemistry,
and in more recent times multireference perturbation theories have been developed to
provide quantitative or semiquantitative information in very complex systems.

In the beginnings of relativistic quantum mechanics, perturbation methods based
on an expansion in powers of the fine structure constant, α = 1/c, were used exten-
sively to obtain operators that would provide a connection with nonrelativistic quantum
mechanics and permit some evaluation of relativistic corrections, in days well before
the advent of the computer. This seems a reasonable approach, considering the small
size of the fine structure constant—and for light elements it has been found to work
remarkably well. Relativity is a small perturbation for a good portion of the periodic
table.

Perturbation expansions have their limitations, however, and as well as successes,
there have been failures due to the highly singular or unbounded nature of the operators
in the perturbation expansions. Therefore, in recent times other perturbation approaches
have been developed to provide alternatives to the standard Breit–Pauli approach.

This chapter is devoted to the development of perturbation expansions in powers of
1/c from the Dirac equation. In the previous chapter, the Pauli Hamiltonian was devel-
oped using the Foldy–Wouthuysen transformation. While this is an elegant method,
it is probably simpler to make the derivation from the elimination of the small com-
ponent with expansion of the denominator, and it is this approach that we use here.
Another convenient approach is to make use of the modified Dirac equation in the
limit of equality of the large and pseudo-large components. This approach enables us
to draw on results from the modified Dirac approach in developing the two-electron
terms of the Breit–Pauli Hamiltonian. We then demonstrate how the use of pertur-
bation theory for relativistic corrections requires that multiple perturbation theory be
employed for correlation effects and for properties. The last sections of this chapter are

322
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devoted to the direct perturbation approach of Rutkowski and coworkers (Rutkowski
1986, Rutkowski et al. 1988, 1992) and Kutzelnigg (1989, 1990), in which the small
component is retained in the expansion. These techniques circumvent some of the
mathematical difficulties inherent in Pauli perturbation theory.

Before we begin, a note about terminology is needed. Conventionally, the expan-
sion parameter used for the relativistic perturbation is 1/c, to maintain the connection
between the order of perturbation theory and the powers of c. In the relativistic
Hamiltonian and the relativistic expansion of the energy, the powers of 1/c are all
even.1 Thus, the corrections labeled with a “2” are O(c−2) and are the lowest-
order perturbation corrections. In terms of an ordinary perturbation expansion these
would be called first-order corrections. When a comparison with other perturbations
is needed, we will try to make the order in perturbation theory clear as well as the
order in 1/c. Otherwise, the relativistic corrections are labeled with the power of 1/c
as “second-order,” “fourth-order,” and so on.

17.1 The Pauli Hamiltonian

To develop the Pauli Hamiltonian via perturbation theory we start from the Dirac
equation in two-component form,

(V − E)ψL + c(σ · p)ψS = 0 (17.1a)

c(σ · p)ψL + (V − E − 2mc2)ψS = 0. (17.1b)

The first step is to eliminate the small component using the second of these equations,

ψS = (2mc2 − V + E)−1 c(σ · p)ψL, (17.2)

and then substitute it into the first, to get

(V − E)ψL + 1

2m
(σ · p)

[
1 − V − E

2mc2

]−1

(σ · p)ψL = 0. (17.3)

Here, a factor of 2mc2 has been taken out of the denominator term of (17.2). As an
equation in its own right, this equation has two major problems. First, it is nonlinear
in the energy, which appears in the denominator. Second, it has the potential in the
denominator also, making it hard to evaluate integrals. Since we are interested in a
perturbation theory that starts from a nonrelativistic Hamiltonian, the obvious thing to
do is to expand the expression in square brackets in powers of 1/2mc2. The validity
of this expansion depends on |V −E| being less than 2mc2—a point to which we will
return later.

1. The exception is the Lamb shift, which we treat briefly and is O(c−3).
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Performing the expansion of the term in square brackets,

[
1 − V − E

2mc2

]−1

= 1 + (V − E)

2mc2
+ (V − E)2

4m2c4
+ · · · , (17.4)

and substituting into (17.3), we get the operator ĤESC, defined by

[
ĤESC−E]ψL=

[
V −E+ 1

2m
(σ ·p)(σ ·p)+ 1

4m2c2
(σ ·p)(V −E)(σ ·p)+. . .

]
ψL=0.

(17.5)

From the Dirac relation (4.14), (σ · p)(σ · p) = p2, and the first term in the series
gives p2/2m = T̂ , the nonrelativistic kinetic energy operator. Making use of the Dirac
relation in the second term gives

(σ · p)(V − E)(σ · p) = (V − E)p2 + � [σ · (∇V )× p − i(∇V ) · p] . (17.6)

There is a clear connection of these operators with those of the modified Dirac equation,
except that they are operating on the large component ψL rather than on the pseudo-
large component φL.

The development is not complete, because the large component of the Dirac wave
function is not normalized: it is the four-component wave function that is normalized.
Of course, in the limit c → ∞, the large component goes over to the nonrelativistic
wave function and is therefore normalized, but we are interested in finite c and a
perturbation expansion correct to O(c−2). We therefore need to make the replacement

ψN = ÔψL (17.7)

where ψN is now normalized. Writing the normalization condition as

l =
∫

dτψN†ψN =
∫

dτψL†Ô†ÔψL =
∫

dτ
[
ψL†ψL + ψS†ψS

]
(17.8)

and inserting the relation between the large and small components, we find

Ô†Ô = 1 + 1

4m2c2
(σ · p)

[
1 − V − E

2mc2

]−2

(σ · p). (17.9)

The simplest solution to this equation is to require Ô to be Hermitian, and take the
square root, to produce an operator

Ô =
[

1 + 1

4m2c2
(σ · p)

[
1 − V − E

2mc2

]−2

(σ · p)

]1/2

. (17.10)
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This operator is expanded in a double power series, first for the square root and then
for the inverse square operator:

Ô = 1 + 1

8m2c2
(σ · p)

[
1 + 2(V − E)

2mc2
+ · · ·

]
(σ · p) + · · ·

= 1 + 1

8m2c2
p2 + O

(
c−4).

(17.11)

The inverse of the operator is simply the inverse square root, and has the expansion

Ô−1 = 1 − 1

8m2c2
p2 + O

(
c−4). (17.12)

The usual procedure for applying a transformation Ô would be to insert Ô−1Ô between
the wave function and the Hamiltonian and premultiply by Ô. Using (17.5) this
procedure gives

ÔĤESCÔ−1ÔψL = EÔψL = EψN. (17.13)

Unfortunately, this leads to some problems and inconsistencies, not the least of which
is that the energy is still present in the Hamiltonian. These may be circumvented by
premultiplying (17.13) with Ô−2 to obtain

Ô−1ĤESCÔ−1ψN = EÔ−2ψN. (17.14)

We write the Hamiltonian to O(c−2) as

ĤESC = V + T̂ + 1

4m2c2
(σ · p)(V − E)(σ · p) (17.15)

from which, upon application of Ô−1, we get

(
T̂ + V + 1

4m2c2

(
(σ · p)V (σ · p) − Ep2 − T̂ p2 − 1

2 (p
2V + V p2)

))
ψN

=
(
E − 1

4m2c2
Ep2

)
ψN. (17.16)

Now, the term involving the energy on the left-hand side cancels with an identical term
on the right, and the energy dependence is eliminated. The last term on the left can be
expanded to

1
2

(
p2V + V p2) = −�

2( 1
2 (∇2V )+ (∇V ) · ∇ + V∇2) (17.17)

and the first term in the inner parentheses expands to

(σ · p)V (σ · p) = −�
2((∇V ) · ∇ + V∇2)+ �σ · (∇V )× p. (17.18)
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With the cancellations from these two expressions, we get the Pauli Hamiltonian

ĤPauli = T̂ + V − 1

8m3c2
p4 + �

2

8m2c2
(∇2V )+ �

4m2c2
σ · (∇V )× p, (17.19)

which we met in the previous chapter. For a point nuclear potential in Hartree atomic
units,

V = −Z

r

∇V = Z

r3
r

∇2V = 4πZδ(r)

(17.20)

and noting that �σ = 2s and � = r × p, the Pauli Hamiltonian is

ĤPauli = T̂ + V − 1

8m3c2
p4 + π�

2Z

2m2c2
δ(r)+ Z

2m2c2r3
s · �. (17.21)

The first of the relativistic correction terms is called the mass–velocity operator. If we
expand the square root operator in the classical relativistic Hamiltonian for a free
particle, we find

mc2

√
1 +

( p
mc

)2 = mc2 + p2

2m
− p4

8m3c2
+ · · · . (17.22)

The mass–velocity term is therefore the lowest-order term from the relativistic
Hamiltonian that comes from the variation of the mass with the velocity. The second
relativistic term in the Pauli Hamiltonian is called the Darwin operator, and has no clas-
sical analogue. Due to the presence of the Dirac delta function, the only contributions
for an atom come from s functions. The third term is the spin–orbit term, resulting from
the interaction of the spin of the electron with its orbital angular momentum around
the nucleus. This operator is identical to the spin–orbit operator of the modified Dirac
equation.

It has been stressed in many places that this operator should only be used in per-
turbation theory—even though we have made no assumptions about the nature of the
wave function and its relation to the nonrelativistic wave function, except that it must
be normalized. The reason is not hard to find: it is because of the mass–velocity oper-
ator. If we were to try to minimize the energy of a system with the Pauli Hamiltonian,
there would be a region close to the nucleus where the mass–velocity term would
dominate over the kinetic energy term. For a classical particle with zero energy, this
would happen for r < (Z/2mc2)a0. Since the kinetic energy is positive in this region,
and the mass–velocity term is negative, the effect would be to cause the wave function
to collapse, both spatially toward the nucleus and in energy toward −∞. The Darwin
term, being positive, provides a balance to the mass–velocity term, but the different
magnitudes of the two terms still produces a collapse.
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We may also view this from the point of view of the expansion of the classical
relativistic energy. For any atom there will always be a region of space in which
|p| > mc, and therefore the expansion of the square root will not be convergent in this
region. Some have drawn the conclusion from this problem that one should not use
the Pauli Hamiltonian at all (Farazdel and Smith 1986). This point of view has been
disputed, and from the many calculations performed with the mass–velocity and Darwin
operators—albeit as a first-order perturbation (second order in 1/c)—it would appear
that the objection to the use of the operator solely on the grounds of the expansion is not
justified. What is important is that, even though the operator expansion itself is invalid
in a small region of space around the nuclei, the expectation values of the operators
appear to be well-behaved because of the form of the wave function in that region and
because of the very small volume of that region. The wave function is nonrelativistic:
it does not have the relativistic contraction and so is smaller near the nucleus than the
Dirac wave function. The small size of the coefficients of the basis functions near the
nucleus serve as a cutoff to the large relativistic operators.

Nonetheless, care needs to be exercised in calculations of the one-electron scalar
relativistic correction by perturbation theory using these operators. It has been found
that the magnitude of the correction is quite sensitive to the contraction of the basis
set. This follows from the fact that the operators weight the region near the nucleus.
If a basis function is taken out of the contraction the nonrelativistic wave function may
not change very much, but a small change in the coefficient of the core function can
have a big effect on the relativistic correction.

17.2 The Breit–Pauli Hamiltonian

The success of the first-order Pauli results for one-electron systems suggests that it is
worth considering the two-electron terms also—and in fact the two-electron terms are
necessary to obtain accurate fine-structure splittings for light elements. We may derive
the necessary expressions by setting φL = ψL in the modified Dirac equation and
introducing the renormalization term. In doing this, the operators in the modified Dirac
equation that operated on different functions now operate on the same function and
may be collected. An alternative is to apply the transformation derived in the previous
chapter. We will only consider terms of order 1/c2: thus, the terms from the (SS|SS)
integrals are neglected.

From the Coulomb interaction we get the operator

ĝC = 1

2

∑
i 
=j

{
1

rij
− 1

8m2c2

[
p2
i

1

rij
+ 1

rij
p2
i + p2

j

1

rij
+ 1

rij
p2
j

]

+ 1

4m2c2

[
(σ i · pi )

1

rij
(σ i · pi ) + (σ j · pj )

1

rij
(σ j · pj )

]}
.

(17.23)

The terms in the first square bracket come from the renormalization operator. The terms
in the second square bracket are not renormalized because they are already of order
1/c2. The renormalization terms cancel with the terms in the second square bracket,
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in exactly the same way as for the one-electron operators, to give a two-electron Darwin
term and a two-electron spin–orbit term:

ĝC = 1

2

∑
i 
=j

{
1

rij
+ �

2

8m2c2

[
(∇2

i

1

rij
)+ (∇2

j

1

rij
)

]

+ �

4m2c2

[
σ i · (∇i

1

rij
)× pi + σ j · (∇j

1

rij
)× pj

]}
.

(17.24)

Since the operators are symmetric in i and j we may reindex and combine the terms,
and substitute ∇2

i (1/rij ) = −4πδ(rij ) and ∇i (1/rij ) = −rij /r3
ij to give the operator

ĝC = 1

2

∑
i 
=j

[
1

rij
− π�

2

m2c2
δ(rij )− �

2m2c2r3
ij

σ i · rij × pi

]
. (17.25)

As for the one-electron term we may write �ij = rij × pi and �σ = 2s, and hence

ĝC = 1

2

∑
i 
=j

[
1

rij
− π�

2

m2c2
δ(rij )− 1

m2c2r3
ij

si · �ij

]
. (17.26)

The spin–orbit term involves the interaction of the spin of the electron with its
own orbital angular momentum around the other electrons, and is often called the
spin–own–orbit interaction or spin–same–orbit interaction.

We now turn to the Gaunt interaction, and use the terms from the modified Dirac
representation in (15.54) to derive the Breit–Pauli operators. These terms need no
renormalization, because they are all of order 1/c2. The three classes of operators
defined in (15.54) are considered in turn.

The first class contains the spin-free operators,

pi · pj
1

rij
+ pi

1

rij
· pj + pj

1

rij
· pi + 1

rij
pi · pj

= 4

rij
pi · pj + 2i�

r3
ij

rij · pj − 2i�

r3
ij

rij · pi − �
2(∇i · ∇j

1

rij

)
.

(17.27)

Since ∇i (1/rij ) = −∇j (1/rij ), the term in parentheses may be rewritten as
−∇2

i (1/rij ), which yields a delta function. Introducing the factor of −1/4m2c2 gives

ĝG,sf = − 1

2m2c2

∑
i 
=j

[
1

rij
pi · pj − i�

2r3
ij

rij · pi + i�

2r3
ij

rij · pj − π�
2δ(rij )

]
.

(17.28)

These operators will be considered again later, when all the spin-free terms will be
accumulated. We note here only that the Darwin term from the Gaunt interaction
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cancels the Darwin term from the Coulomb interaction, so that the Coulomb–Gaunt
interaction has no two-electron Darwin term, but it does nevertheless have a scalar
relativistic interaction.

In the second class, which contains the spin–orbit operators, the only terms that
survive are those in which the momentum operator operates on 1/rij :

i(σ i − σ j ) · (pi × pj )
1

rij
+ i(σ i + σ j ) ·

(
pi

1

rij
× pj

)

+ i(σ i + σ j ) ·
(

pj
1

rij
× pi

)
− i

1

rij
(σ i − σ j ) · (pi × pj )

= �(σ i − σ j ) ·
(

pi × ∇j

1

rij

)
+ �(σ i − σ j ) ·

(
∇i

1

rij
× pj

)
(17.29)

+ �(σ i + σ j ) ·
(
∇i

1

rij
× pj

)
+ �(σ i + σ j ) ·

(
∇j

1

rij
× pi

)

= 2

r3
ij

�σ j · (rij × pi )− 2

r3
ij

�σ i · (rij × pj ).

Introducing the factor of −1/4m2c2 and combining the two terms with index
interchange gives

ĝG,so = − 1

m2c2

∑
i 
=j

1

r3
ij

�σ j · (rij × pi ). (17.30)

This term involves the interaction of the spin of electron j with the orbital angu-
lar momentum of electron i around electron j , and is called the spin–other–orbit
interaction.

The third class comprises the spin–spin operators,

− (σ i × pi ) · (σ j × pj )
1

rij
+
(
σ i × pi

1

rij

)
· (σ j × pj )

+
(
σ j × pj

1

rij

)
· (σ i × pi )− 1

rij
(σ i × pi ) · (σ j × pj ).

(17.31)

As for the second class, there is a cancellation of many of the terms. In fact the only one
that survives is the contribution from the first term in which both momentum operators
operate on 1/rij . Expansion of the scalar quadruple product gives

−(σ i × pi ) · (σ j × pj )
1

rij
= �

2(σ i · σ j )
(
∇i · ∇j

1

rij

)
− �

2
(
σ i · ∇j

)(
σ j · ∇i

1

rij

)
.

(17.32)

The spatial part of the first term can be rewritten in terms of a delta function, as was
done for the scalar operators. In the second term, we need the individual derivatives
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of 1/rij with respect to the coordinates. Provided r 
= 0, we have

∂2

∂qi∂q
′
j

1

rij
= δq,q′

1

r3
ij

− 3qij q ′
ij

r5
ij

(17.33)

where q and q ′ are any of x, y, and z. For r = 0, however, we have

∑
q

∂2

∂qi∂qj

1

rij
= 4πδ(rij ). (17.34)

We may deduce from the fact that the delta function must be isotropic that

∂2

∂qi∂qj

1

rij
= 4π

3
δ(rij ). (17.35)

Combining these two gives an expression for all r,

∂2

∂qi∂q
′
j

1

rij
= δq,q′

[
1

r3
ij

+ 4π

3
δ(rij )

]
− 3qij q ′

ij

r5
ij

. (17.36)

The spin–spin operator may now be written as

ĝG,ss = �
2

8m2c2

∑
i 
=j

[
σ i · σ j

r3
ij

− 3(σ i · rij )(σ j · rij )

r5
ij

− 8π

3
(σ i · σ j )δ(rij )

]
. (17.37)

The delta function term is known as the Fermi contact interaction, the remaining terms
comprise the spin–spin dipole interaction.

The contributions to the two-electron operator from the gauge term of the Breit
interaction may be developed in the same manner, using the representation for the
modified Dirac operator. The derivation is more complicated, and details may be found
in appendix I. The only term that contributes to O(c−2) is a spin-free term:

ĝgauge,sf = 1

2m2c2

∑
i 
=j

[
1

2rij
(pi · pj )− 1

2r3
ij

(rij (rij · pj ) · pi )

− i�

2r3
ij

(rij · pi )+ i�

2r3
ij

(rij · pj )− π�
2δ(rij )

]
.

(17.38)

The first two terms combine to give the orbit–orbit interaction, mentioned at the end
of section 15.4, but they have been written in the present form so that the cancellation
with the terms in the Gaunt interaction is more obvious.

We may now combine all the spin-free contributions from the Coulomb, Gaunt,
and gauge terms. As noted before, the delta functions from the Coulomb and Gaunt
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interactions cancel—or alternatively, the delta functions from the Gaunt and the gauge
terms cancel. The third and fourth terms from the expression for the gauge term cancel
with the corresponding terms from the Gaunt interaction, and the first term partially
cancels, leaving

ĝsf = 1

2

∑
i 
=j

[
1

rij
− 1

2m2c2

(
1

rij
pi · pj + 1

r3
ij

(rij (rij · pj ) · pi )
)

− π�
2

m2c2
δ(rij )

]
.

(17.39)

Note that we would have a very different operator if we did not include the contributions
from the gauge term. However, this says little about the magnitude of the gauge term,
which is usually small.

Combining all the terms, the final form of the Breit–Pauli Hamiltonian for a point
nucleus can be written as follows:

ĤBP =
∑
i

[
p2
i

2m
− Z

ri
− p4

i

8m3c2
+ π�

2Z

2m2c2
δ(ri )+ Z

2m2c2r3
si · �i

]

+ 1

2

∑
i 
=j

[
1

rij
− 1

2m2c2

(
1

rij
pi · pj + 1

r3
ij

(rij (rij · pj ) · pi )
)

− π�
2

m2c2
δ(rij )

− 1

m2c2r3
ij

(si + 2sj ) · rij × pi − 8π

3m2c2
(si · sj )δ(rij )

+ 1

m2c2

(
(si · sj )

r3
ij

− 3(si · rij )(sj · rij )

r5
ij

)]
. (17.40)

This expression is for a single atom: for a molecule, we would need to sum the terms
involving the nuclear potential over the nuclei in the molecule. These are the nuclear
potential itself, and the one-electron Darwin and spin–orbit terms.

17.3 Perturbative Treatment of the Lamb Shift

In chapter 5 we mentioned the Lamb shift in passing and the difficulty of calculating
it due to the renormalizations required. In fact, there is a well-developed perturbation
theory of the Lamb shift in the same framework as Breit–Pauli theory. We do not
propose to derive the expressions here, for which the reader is referred to Bethe and
Salpeter (1957). Instead, we report the results for the lowest-order terms, which turn out
to be expressible as corrections to the Darwin and spin–orbit one-electron operators.
The combined operators may be written

ĤPauli+Lamb = T̂ +V − 1

8m3c2
p4− �

2

8m2c2
(1+f1)(∇2V )+ �

4m2c2
(1+f2)σ ·(∇V )×p

(17.41)
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where f1 and f2 are quantities given by

f1 = 8

3πc

[
ln
mc2

2K0
+ 19

30

]
, f2 = 1

πc
. (17.42)

The Bethe logarithm, lnK0, is a number that is independent of Z but depends on n,
the principal quantum number of the atomic electron. This would be awkward for
quantum chemical calculations, but since the most important differential effects for
chemistry would come from the valence shell, a good approximation is to use the
value for the valence shell (Pyykkö et al. 2001). Bethe logarithms have been tabulated
by Drake and Swainson (1990). The correction to the spin–orbit interaction is small,
being less than 0.25%, but the correction to the Darwin term varies from nearly 10%
for hydrogen down to 1% for heavier elements. There is also a perturbative correction
to the two-electron Darwin term, which we write as

ĝDarwin+Lamb
ij = − π

m2c2

[
1 + 14

3πc
ln c
]
δ(rij ). (17.43)

The correction is a little more than 5%.
Unfortunately, the one-electron formulas cannot be used for very high Z because

the perturbation expression diverges from the real value reasonably soon. A safe limit is
probably Ar, Z = 18. A semiempirical extension suggested by Pyykkö et al. (2001) is
to use the fully relativistic values of the hydrogenic self-energy term, which are given
in a number of places as a tabulation of factors Fnκ(Z/c), for which the self-energy is
given by

ESE
nκ = Z4

πn3c3
Fnκ(Z/c). (17.44)

The multiplying factor is clearly related to the expectation of the Dirac delta function
or of the spin–orbit operator, both of which scale as Z3/n3, and hence we can derive
a correction factor for the Darwin operator of

f1 = 2

πc
Fns(Z/c)− 8

15πc
(17.45)

and a correction to the spin–orbit term for p electrons of

f2 = 4

πc

[
Fnp3/2(Z/c)− Fnp1/2(Z/c)

]
. (17.46)

A more elaborate treatment of the Lamb shift for general polyatomic molecules is not
at present available.
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17.4 Multiple Perturbation Theory for Many-Electron
Systems and Properties

In the previous two sections, we have presented the Breit–Pauli perturbation
Hamiltonian for one- and two-electron relativistic corrections of order 1/c2 to the
nonrelativistic Hamiltonian. But there is a problem for many-electron systems. For the
perturbation theory to be valid, the reference wave function must be an eigenfunction
of the zeroth-order Hamiltonian. If we take this to be the nonrelativistic Hamiltonian
and the perturbation parameter to be 1/c, we do not have the exact solutions of the
zeroth-order equation.

To overcome this problem, we can use double perturbation theory. The zeroth-order
Hamiltonian is then normally some one-particle operator, such as the Fock opera-
tor, and the two perturbations are correlation and relativity. Formally, we write the
Hamiltonian as

Ĥ = Ĥ0 + λĤ10 + µ2Ĥ02 (17.47)

where λ is the perturbation parameter for correlation and µ = 1/c is the perturbation
parameter for relativity. The expansion in µ is an expansion in even powers. Here, we
will call the lowest-order term, which is O(c−2), the “first-order” correction, to make
the correspondence with the correlation perturbation clear.

The correlation and relativistic Hamiltonians can be written as

Ĥ10 = ĤNR − F̂NR,

Ĥ02 = Ĥrel.
(17.48)

In principle, we should have an infinite series in µ because there are relativistic cor-
rections to the Hamiltonian at all orders in µ, but since we are developing a method
appropriate for the Breit–Pauli approximation, we need only consider the lowest-order
terms. Technically, we ought to write Ĥ0 as Ĥ00 to indicate that it is of zeroth order
in both perturbations, but we will omit the second zero.

The energy and the wave function are expanded in infinite series in both
perturbations,

E =
∞∑

k,m=0

λkµmE(km),

Ψ =
∞∑

k,m=0

λkµmΨ (km),

(17.49)

and m is even. We use intermediate normalization,

〈Ψ (00) |Ψ 〉 = 1, ⇒ 〈Ψ (00) |Ψ (00) 〉 = 1, 〈Ψ (00) |Ψ (km) 〉 = 0. (17.50)
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The lowest-order correction in λ simply yields the Hartree–Fock energy (for a closed-
shell reference),

EHF = E(00) + E(10). (17.51)

The lowest-order correction in µ is the expectation of the relativistic Hamiltonian over
the reference wave function,

E(02) = 〈Ψ (00) |Ĥrel |Ψ (00) 〉. (17.52)

This is the correction to the Hartree–Fock energy. Obviously, only the terms that are
diagonal in the spin and are spatially totally symmetric will contribute. These terms are
the scalar relativistic corrections: the mass–velocity term, the one- and two-electron
Darwin terms, and the orbit–orbit term. Other terms such as the spin–spin term and
the z component of the spin–orbit interaction contribute for open-shell systems, where
the spin is nonzero.

However, this is not the entire correction of order c−2. There are mixed terms of
O(c−2) that involve the correlation perturbation. The lowest order of these is

E(12) = 〈Ψ (00) |Ĥ02 |Ψ (10) 〉 + 〈Ψ (00) |Ĥ10 |Ψ (02) 〉. (17.53)

If we expand the lowest-order perturbed wave functions for both perturbations in a set
of determinants Φk we can write this correction as

E(12) = 2 Re
∑
k 
=0

〈Φ0 |Ĥ02 |Φk 〉〈Φk |Ĥ10 |Φ0 〉
E0 − Ek

. (17.54)

There are several observations we may make about this correction. First, as for the pure
relativistic correction, it vanishes for all except the scalar relativistic terms because the
correlation perturbation is totally symmetric and hence the determinants Φk must have
the same symmetry as the ground state.

Second, if only the one-electron mass–velocity and Darwin terms are included in the
relativistic perturbation—a common choice since they are relatively easy to evaluate—
the relativistic first-order wave function (which is O(c−2)) must consist only of the
Brillouin single excitations. But these have a zero matrix element of the correlation
perturbation with the ground state, and hence the correction is zero. It would then
be necessary to include the two-electron terms to get a correction at this order to the
ground state. This is true for both closed-shell and open-shell systems.

An alternative way of analyzing this term is to consider that the first-order correlated
wave function for a closed-shell system consists entirely of doubly excited configu-
rations, and therefore the matrix elements of the one-electron relativistic operators
between the reference and these configurations will be zero. The contribution of these
operators will therefore only enter through the second-order wave function in either
perturbation. We should not assume that this contribution will be small, however: the
relativistic perturbation is large in the core region and could produce significant effects
even at higher order.
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Third, since this term mixes relativity and correlation, a nonzero value means that
relativity and correlation are not additive. If the term is small, the degree of non-
additivity will be small, and it may be negligible for the purposes of the calculation in
hand. The fact that the lowest cross-term is zero for the one-electron scalar relativistic
corrections implies that at least for light elements the neglect of the cross-term is
reasonably well justified.

The spin-dependent relativistic effects only enter for a closed-shell system at
O(c−4) because the operators change the spatial or the spin symmetry, or both.
The treatment of the spin–orbit interaction will be deferred to chapter 21, where the
symmetry aspects can be treated in fuller detail.

We now turn to the treatment of properties, for which we introduce a third per-
turbation, along with an associated parameter that is related to the field strength of
the perturbation. As we saw in the previous chapter, the perturbation may also have a
relativistic correction. Working only at the lowest order again, the Hamiltonian can be
written

Ĥ = Ĥ0 + λĤ100 + µ2Ĥ020 + ηĤ001 + µ2ηĤ021. (17.55)

Expanding the energy and wave function in the three parameters,

E =
∞∑

k,m,i=0

λkµmηiE(kmi)

Ψ =
∞∑

k,m,i=0

λkµmηiΨ (kmi),

(17.56)

with m even, and using intermediate normalization, we differentiate with respect to η
at η = 0 to obtain the first-order property,

∂E

∂η

∣∣∣∣
η=0

=
∞∑

k,m=0

λkµmE(km1). (17.57)

We are interested in the relativistic correction to the property, of which the lowest-order
term is E(021):

E(021) = 〈Ψ (000) |Ĥ021 |Ψ (000) 〉 + 〈Ψ (000) |Ĥ001 |Ψ (020) 〉 + 〈Ψ (000) |Ĥ020 |Ψ (001) 〉

= 〈Φ0 |Ĥ021 |Φ0 〉 + 2 Re
∑
k 
=0

〈Φ0 |Ĥ001 |Φk 〉〈Φk |Ĥ020 |Φ0 〉
E0 − Ek

. (17.58)

Apart from the expectation of the relativistic correction to the property operator, we get
a mixed expression, like the mixed relativistic–correlation correction above. The scalar
relativistic correction to the property operator is zero for external electric fields but
nonzero otherwise, as we saw in chapter 16. If the property is a first-order property, that
is, 〈Ψ (000) |Ĥ001 |Ψ (000) 〉 does not vanish, the mixed correction will also be nonzero
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because both the scalar relativistic operator and the property operator have the same
symmetry.

The lowest-order mixed relativistic–correlation correction to the property is

E(121) = 〈Ψ (000) |Ĥ021 |Ψ (100) 〉 + 〈Ψ (000) |Ĥ001 |Ψ (120) 〉
+ 〈Ψ (000) |Ĥ020 |Ψ (101) 〉 + 〈Ψ (000) |Ĥ100 |Ψ (021) 〉

=
∑
k 
=0

〈Φ0 |Ĥ021 |Φk 〉〈Φk |Ĥ100 |Φ0 〉
E0 − Ek

+ 2 Re
∑
k,m
=0

〈Φ0 |Ĥ001 |Φk 〉〈Φk |Ĥ020 − E(020) |Φm 〉〈Φm |Ĥ100 |Φ0 〉
(E0 − Ek)(E0 − Em)

+ 2 Re
∑
k,m
=0

〈Φ0 |Ĥ020 |Φk 〉〈Φk |Ĥ100 − E(100) |Φm 〉〈Φm |Ĥ001 |Φ0 〉
(E0 − Ek)(E0 − Em)

+ 2 Re
∑
k,m
=0

〈Φ0 |Ĥ100 |Φk 〉〈Φk |Ĥ001 − E(001) |Φm 〉〈Φm |Ĥ020 |Φ0 〉
(E0 − Ek)(E0 − Em)

.

(17.59)

The first sum is zero for a closed-shell system because Ĥ021 is a one-electron operator
and the correlation perturbation only connects the reference state to doubly excited
configurations. None of the remaining sums is necessarily zero. The mixed relativistic–
correlation correction to a property can therefore be nonzero even if the corresponding
correction to the energy is zero.

Spin-dependent corrections to an electric property for a closed-shell system only
enter at O(c−4), but of course they may enter at O(c−2) for an open-shell system. For
magnetic properties, relativistic corrections to the interaction with a magnetic field can
enter at O(c−2) because both the perturbation operator and the relativistic correction
operator have a spin dependence.

The multiple perturbation approach to relativistic corrections has been developed
and applied extensively by Kellö and Sadlej et al. (1990, 1998), from whose papers
the reader may gain additional information.

17.5 Direct Perturbation Theory

If we proceed from the elimination of the small component, the expansion of the Dirac
equation in powers of 1/c2 to give the Pauli Hamiltonian produces operators for which
the integrals are readily evaluated but are highly singular. Moreover, there are doubts
about the validity of the expansion in the region close to the nucleus. Is there an
alternative that would give simple integrals but still have a valid expansion? Such an
alternative has been developed by Rutkowski and coworkers (1986, 1988, 1992) and
Kutzelnigg (1989, 1990), and is termed direct perturbation theory (DPT).
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We may consider making the perturbation partitioning in the Dirac equation itself,
without eliminating the small component, but first we have to write the Dirac equa-
tion in a form involving 1/c rather than c. This is simply achieved by redefining the
small component, much as we did in the modified Dirac equation. Here we make the
replacement

φS = cψS, (17.60)

which may be regarded as a transformation on the original Dirac wave function,

(
ψL

ψS

)
=
(

I2 02
02 1/cI2

)(
ψL

φS

)
. (17.61)

Applying the transformation to the Dirac Hamiltonian, we may now partition it into a
zeroth-order term and a perturbation of O(c−2),

Ĥ′
D =

(
V I2 (σ · p)
(σ · p) −2mI2

)
+ 1

c2

(
02 02
02 V I2

)
= Ĥ0 + 1

c2
Ĥ2. (17.62)

The transformed metric may similarly be partitioned into a zeroth-order term and a
perturbation,

Ĝ =
(

I2 02
02 02

)
+ 1

c2

(
02 02
02 I2

)
= Ĝ0 + 1

c2
Ĝ2. (17.63)

Here we are explicitly taking into account the fact that the metric has a relativistic
correction, a feature that in the Pauli approximation was avoided with the consequence
of the appearance of pathological operators. The metric in fact is a combination of
projectors onto the large and small components. Using the definitions from (15.40),

P̂+ = (I4 + β)/2 =
(

I2 02
02 02

)
, P̂− = (I4 − β)/2 =

(
02 02
02 I2

)
, (17.64)

we see that the metric is simply

Ĝ = P̂+ + 1

c2
P̂−. (17.65)

Using these projection operators, the perturbation Ĥ2 may be written in the form

Ĥ2 = P̂−V P̂− = P̂−V. (17.66)

The zeroth-order Hamiltonian is the Lévy-Leblond Hamiltonian (Lévy-Leblond
1967, 1970). For small components chosen to obey

φS = (σ · p)ψL/2m, (17.67)
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that is, to satisfy the kinetic balance condition of section 11.2, the Lévy-Leblond
equation becomes bounded below, with the same solutions as the Schrödinger equation.
These solutions are the positive-energy solutions. Negative-energy solutions exist but
these are pathological: their form may be inferred by making the redefinition of the
small component in the Dirac solutions for the atom and taking the limit c → ∞.

We now have an apparently well-behaved operator, in which no expansion has been
made that is invalid at small r . That is not to say that the magnitude of the perturbation
is always small, because we still have V/c2 as the perturbation, which becomes infinite
at r = 0 for a point nucleus. The rate of convergence of the perturbation series will
still be related to this feature. However, the fact that the perturbation operator is large
in some region of space does not mean that the integrals over the operator are also
large in value, as discussed above in relation to the Pauli Hamiltonian.

We start by writing the transformed Dirac equation as

(
Ĥ0 + 1

c2
Ĥ2

)(
ψL

φS

)
= E

(
Ĝ0 + 1

c2
Ĝ2

)(
ψL

φS

)
(17.68)

with the zeroth-order equation as

Ĥ0

(
ψL(0)

φS(0)

)
= E0

(
ψL(0)

φS(0)

)
. (17.69)

The perturbation parameter is chosen to be µ = 1/c, and the expansion performed in
even powers. The metric must also be included in the perturbation expansion, so we
have

(Ĥ0 + µ2Ĥ2)

∞∑
k=0

µ2kψ(2k) = (Ĝ0 + µ2Ĝ2)

∞∑
m=0

µ2mψ(2m)
∞∑
k=0

µ2kE(2k). (17.70)

Writing out the expressions up to fourth order, we have

(
Ĥ0 − Ĝ0E

(0)
)

ψ(0) = 0,(
Ĥ0 − Ĝ0E

(0)
)

ψ(2) =
(
Ĝ0E

(2) + Ĝ2E
(0) − Ĥ2

)
ψ(0),(

Ĥ0 − Ĝ0E
(0)
)

ψ(4) =
(
Ĝ0E

(2) + Ĝ2E
(0) − Ĥ2

)
ψ(2) +

(
Ĝ0E

(4) + Ĝ2E
(2)
)

ψ(0).

(17.71)

The zeroth-order equation has been discussed above. The kinetic balance relation
holds between the large and small components of the zeroth-order wave function.
Intermediate normalization has been chosen for the zeroth-order wave function,

〈ψ(0) | Ĝ0 |ψ 〉 = 1. (17.72)
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It follows from this choice that

〈ψ(0) | Ĝ0 |ψ(0) 〉 = 1, 〈ψ(0) | Ĝ0 |ψ(2k) 〉 = 0

〈ψL(0) |ψL(0) 〉 = 1, 〈ψL(2k) |ψL(0) 〉 = 0.
(17.73)

that is, the nonrelativistic wave function is normalized to unity and is orthogonal to
the higher corrections to the large component.

Premultiplying (17.71) by ψ(0)† and integrating we get the relativistic corrections
to the energy,

E(2)〈ψ(0) | Ĝ0 |ψ(0) 〉 = 〈ψ(0) |Ĥ2 − E(0)Ĝ2 |ψ(0) 〉,
E(4)〈ψ(0) | Ĝ0 |ψ(0) 〉 = 〈ψ(0) |Ĥ2 − E(0)Ĝ2 − E(2)Ĝ0 |ψ(2) 〉 − 〈ψ(0) |E(2)Ĝ2 |ψ(0) 〉.

(17.74)

Making use of the intermediate normalization relations and the definitions of the
operators, we can write the energies as

E(2) = 〈φS(0) |V − E(0) |φS(0) 〉,
E(4) = 〈φS(0) |V − E(0) |φS(2) 〉 − E(2)〈φS(0) |φS(0) 〉.

(17.75)

Now, with the relation between the large and small components for the zeroth-order
wave function, we may write the second-order energy as

E(2) = 1

4m2
〈ψL(0) |(σ · p)(V − E(0))(σ · p) |ψL(0) 〉. (17.76)

This is precisely the same energy as we would have obtained from (17.5) if we had
expanded both the energy and the wave function in a perturbation series, without trying
to define an energy-independent Hamiltonian. It is also the same as the Pauli energy, a
point that may be demonstrated as follows:

〈ψL(0) |(σ ·p)V (σ ·p) |ψL(0) 〉−E(0)〈ψL(0) |p2 |ψL(0) 〉
=〈ψL(0) |pV ·p+�σ ·(∇V )×p |ψL(0) 〉−〈ψL(0) | T̂ +V |ψL(0) 〉〈ψL(0) |p2 |ψL(0) 〉
=〈ψL(0) |pV ·p+�σ ·(∇V )×p |ψL(0) 〉−〈ψL(0) |p4/2m+V p2 |ψL(0) 〉.

(17.77)

The last step follows from the fact that ψL(0) is an eigenfunction of T̂ + V , and we
may replace the projector onto the ground state |ψL(0) 〉〈ψL(0) | by a projector onto
the complete set of states, and hence remove it. With the addition of the factor of
1/4m2c2, the mass–velocity and spin–orbit terms are now obvious in this expression,
and the remaining two terms can be shown by integration by parts to be equal to the
Darwin term. However, the equivalence of the DPT and Pauli energy depends on the
validity of the removal of the ground state projector. This will not be the case in general,



340 APPROXIMATIONS TO THE DIRAC EQUATION

and we conclude that it applies strictly only to exact wave functions. We return to the
distinction between exact and approximate wave functions later.

The fact that we have obtained the Pauli energy without using an expansion of the
inverse or square root of an operator in powers of 1/c2 means that, regardless of the
validity of this expansion, the expectation value may nevertheless have a convergent
series expansion (Kutzelnigg 1990). We know already that the expansion of the Dirac
energy of a hydrogenic atom in powers of Z/c is convergent for Z < c. The pertur-
bation expansion of the energy must therefore also be convergent. The problem lies
in the form of the operators. In Pauli theory one obtains highly singular operators that
give divergent terms, but these terms nevertheless, by carefully controlled cancellation,
may be made to sum to the correct finite result (Morrison and Moss 1980) at least up
to O(c−6). In DPT, on the other hand, the operators are much more well-behaved.

We can trace this difference a little further by looking at the higher-order energies.
Here, we will only be concerned with the momentum terms. The energy at each order
2k contains a term involving the energy at the next lowest order,

E(2k) = E(2k−2)〈ψL(0) |p2/4m2 |ψL(0) 〉 + · · · . (17.78)

Substituting successively for the energy at each order we get

E(2k) = E(0)
(
〈ψL(0) |p2/4m2 |ψL(0) 〉

)k + · · · . (17.79)

With the factor of 1/c2k we see that we have an expression involving the kth power of
the expectation value of p2/m2c2. Because ψL(0) is not an eigenfunction of p2 we can-
not make the same substitution as we did above, replacing the projector |ψL(0) 〉〈ψL(0) |
by the infinite expansion and remove it to obtain the expectation of the kth power of
p2/m2c2. That is,

(
〈ψL(0) |p2/4m2 |ψL(0) 〉

)k 
= 〈ψL(0) |p2k/(2m)2k |ψL(0) 〉. (17.80)

So, in the convergent theory, the high powers of the momentum are evaluated only as
powers of the expectation of p2, which is always finite.

The singular nature of the Pauli operators can in fact be traced to the normalization
of the wave function. When we renormalized the large component, we introduced
operators that canceled the energy-dependent term and produced the mass–velocity
term. This connection between the singular operators and the normalization has been
made in another way by Kutzelnigg (1999).

Since the operators in direct perturbation theory are not singular, we can continue to
evaluate energies to higher order. The evaluation of the fourth-order (and sixth-order)
energy requires the second-order perturbed wave function, for which the equation is
given in component form by

(
V − E(0)

)
ψL(2) + (σ · p)φS(2) = E(2)ψ(0)

(σ · p)ψL(2) − 2mφS(2) + (
V − E(0)

)
φS(0) = 0.

(17.81)
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We may eliminate φS(2) from the first equation using the second and use the relation
between φS(0) and ψL(0) to yield

(
T̂ + V − E(0)

)
ψL(2) =

[
E(2) − 1

4m2
(σ · p)

(
V − E(0)

)
(σ · p)

]
ψL(0) (17.82)

on which we still have to impose orthogonality of ψL(2) to ψL(0). We now have a
second-order differential equation to solve.

However, for a hydrogenic atom with a point nucleus we know the solution to the
Dirac equation, and we can expand it in powers of 1/c. Although this may be done in
general, we consider here only the 1s ground state. The critical term is rγ−1, which
we may write as e(γ−1) ln r . Expanding γ and then expanding the exponential, we get

rγ−1 = 1 − Z2

2c2
ln r − Z4

8c4
ln r(1 − ln r)+ · · · . (17.83)

To obtain the full expression for the wave function, we must also expand the normal-
ization term, (7.40), but the radial properties of the expansion do not depend on it.
This expression must be multiplied by the exponential term e−Zr to obtain the wave
function. The expansion of rγ−1 is convergent for all r because the exponential has
an infinite radius of convergence. This does not mean that the convergence is uniform.
The convergence will be slow for very large and very small r . At large r this is not a
problem because of the factor of e−Zr , but at small r there will be slow convergence.
Taking the term of O(c−2) for the second-order wave function, we find that apart from
a normalization, ψL(2) = ln r e−Zr . The correctness of this expression may be verified
by substitution of this and ψL(0) = e−Zr into (17.82).

We see then that the lowest-order relativistic correction to the wave function
involves a term that is logarithmic in r , and hence is singular at the origin, and in fact
more singular than the Dirac wave function. Any expansion in terms of the complete
set of zeroth-order functions is bound to be problematic because it cannot adequately
represent the logarithmic singularity. It might then be concluded that, although we may
obtain an expansion for a hydrogenic atom because we know the form of the wave
function, the method will not be of practical value beyond second order in 1/c for more
complex systems. Such a conclusion would be premature, as we will see in the next
section. This problem of course only exists for a point nucleus. For a finite nucleus
there is no singularity and the wave function is well-behaved at the origin.

17.6 Stationary Direct Perturbation Theory

The problem raised at the end of the last section, that the exact solutions to the second-
order perturbation equations are not known except for very simple cases, is not the only
problem in the application of direct perturbation theory. The major problem is that the
exact solutions of the zeroth-order problem, that is, of the Schrödinger equation, are
not known except for the same simple cases. As a consequence, the zeroth-order wave
function is not the eigenfunction of the zeroth-order Hamiltonian and the perturbation
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theory is not strictly valid. This is true not only for direct perturbation theory but also for
Breit–Pauli theory. One way of addressing this problem is to partition the zeroth-order
Hamiltonian and use multiple perturbation theory, as described in section 17.4.

Another way of averting this problem is to confine the expansion space for the
perturbed wave functions to a set of approximate functions, for which the matrix of the
zeroth-order Hamiltonian may be made diagonal. The perturbation expansion must then
be done on the matrix level, not on the operator level. In essence, we are performing
a projection onto a finite space, which is what we are always doing when we solve in
a finite basis set.

It is possible to proceed a step further than a simple expansion, and make the energy
stationary with respect to variations of the approximate functions. This is already
implicit in the derivation of the zeroth-order wave function: diagonalization of the
zeroth-order Hamiltonian is a variational procedure that makes the energy stationary
with respect to changes in the wave function. The same can be done in higher order,
leading to a stationary perturbation theory. Stationary direct perturbation theory (SDPT)
for relativistic corrections was developed by Rutkowski and coworkers (Rutkowski
1986, Rutkowski et al. 1988, 1992) and by Kutzelnigg (1996). In this section, we
will develop this theory, considering the zeroth-order problem as well as the higher
orders since the zeroth-order problem has some peculiarities of its own. We will use
the modified Dirac representation, which makes some of the analysis easier.

In this representation both the Hamiltonian and the metric partition transparently
into zeroth-order operators and a perturbation,

Ĥ′ = Ĥ′
0 + 1

c2
Ĥ′

2 =
(
V T̂

T̂ −T̂
)

+ 1

c2

(
0 0
0 V̂ p

)

Ĝ′ = Ĝ′
0 + 1

c2
Ĝ′

2 =
(

1 0
0 0

)
+ 1

c2

(
0 0
0 T̂ /2m

) (17.84)

where the primes have been added to signify the use of modified operators and where
V̂ p = (σ · p)V (σ · p)/4m2.

What we wish to do is to make the energy stationary at various orders of perturbation
theory by expanding the expectation of the Dirac operator,

E = 〈ψ̃ |Ĥ′ |ψ̃ 〉
= 〈ψL |V |ψL 〉 + 〈ψL | T̂ |φL 〉 + 〈φL | T̂ |ψL 〉 − 〈φL | T̂ |φL 〉

+ 1

c2
〈φL | V̂ p |φL 〉

(17.85)

subject to unitary normalization conditions,

〈ψL |ψL 〉 + 1

2mc2
〈φL | T̂ |φL 〉 = 1. (17.86)
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It is useful to rewrite the zeroth-order Hamiltonian as

Ĥ′
0 =

(
T̂ + V 0

0 0

)
+
(−T̂ T̂

T̂ −T̂
)

=
(
T̂ + V 0

0 0

)
−
(

1
−1

)
T̂
(
1 −1

)
, (17.87)

which can be seen to be a nonrelativistic Hamiltonian operating only on the large
component and a kinetic correction term. The form of the last term shows that the
expectation value always appears with a difference between ψL and φL, which we
define to be

χL(n) = (
1 −1

)
ψ(n) = ψL(n) − φL(n). (17.88)

Thus, the kinetic corrections can all be expressed in terms of χL.
Developing the perturbation expansion gives the same basic expressions as before

for the various orders of the energy, but in terms of the modified operators:

E(0) = 〈ψL(0) | T̂ + V |ψL(0) 〉 − 〈χL(0) | T̂ |χL(0) 〉,
E(2) = 2 Re〈ψL(0) | T̂ + V |ψL(2) 〉 − 2 Re〈χL(0) | T̂ |χL(2) 〉 + 〈φL(0) | V̂ p |φL(0) 〉,
E(4) = 2 Re〈ψL(4) | T̂ + V |ψL(0) 〉 − 2 Re〈χL(4) | T̂ |χL(0) 〉

+ 〈ψL(2) | T̂ + V |ψL(2) 〉 − 〈χL(2) | T̂ |χL(2) 〉 + 2 Re〈φL(0) | V̂ p |φL(2) 〉.
(17.89)

The normalization conditions at the various orders of perturbation are

〈ψL(0) |ψL(0) 〉 = 1,

2 Re〈ψL(0) |ψL(2) 〉 + 〈φL(0) | T̂ /2m |φL(0) 〉 = 0,

2 Re〈ψL(0) |ψL(4) 〉 + 〈ψL(2) |ψL(2) 〉 + 2 Re〈φL(0) | T̂ /2m |φL(2) 〉 = 0.

(17.90)

This is not quite the same as the intermediate normalization conditions above, but
necessary because the normalization would otherwise be expanded with the energy.

We want to consider variations of the wave function at the different orders. The
functional to vary for the zeroth-order wave function is obviously the zeroth-order
energy, with the zeroth-order orthogonality condition as a constraint. Note that there
is no orthogonality condition involving χ(0), which is determined solely from the
variation equations. The zeroth-order variation equation is then

δ
(
〈ψ(0) |Ĥ′

0 |ψ(0) 〉 − E(0)〈ψ(0) | Ĝ′
0 |ψ(0) 〉

)
= 0 (17.91)

where E(0) is the Lagrange multiplier for the constraint. The zeroth-order functional is
the expression in parentheses, which we can write as

F0(ψ
L(0),χL(0)) = 〈ψL(0) | T̂ + V − E(0) |ψL(0) 〉 − 〈χL(0) | T̂ |χL(0) 〉. (17.92)
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The first term is positive since E(0) is a lower bound to the approximate energy.
The second term is negative. Because of this, it is not possible to simply perform
a minimization of the functional with respect to arbitrary variations in ψL(0) and χL(0)

without getting variational collapse. Instead, stationarity conditions are applied to the
two parts independently, leading to

〈δψL(0) | T̂ + V − E(0) |ψL(0) 〉 = 0,

〈δχL(0) | T̂ |χL(0) 〉 = 0.
(17.93)

We are solving these equations in a finite basis set, so the first equation gives the matrix
form of the Schrödinger equation. The second gives the matrix version of the Laplace
equation. We require all eigenvalues of this matrix to be zero, which means that the
matrix itself must be zero. Now T̂ is a positive semi-definite operator, and in a finite
basis the diagonal elements are zero only if the function is zero. Thus, for all functions
in the variational space, only the trivial solution χL(0) = 0 is admissible. Consequently,
ψL(0) = φL(0) for all solutions of the zeroth-order problem.

The implication of the above arguments is that we have taken the maximum of the
second part of F0 and the minimum of the first part. F0 is called the Lévy-Leblond
functional because the solutions of the Lévy-Leblond equation make this functional
stationary. The Lagrange multiplier E(0) is simply the nonrelativistic energy.

We may make use of the variation conditions and the normalization condition
to reduce the second-order energy expression. Provided ψL(2) is restricted to the
variational space of ψL(0), we may write

2 Re〈ψL(2) | T̂ + V |ψL(0) 〉 = 2E(0) Re〈ψL(2) |ψL(0) 〉. (17.94)

The normalization condition may now be used to reduce the right-hand side to an
expression involving only φL(0). With χL(0) = 0, the second-order energy is

E(2)=〈φL(0) | V̂ p−E(0)T̂ /2m |φL(0) 〉=〈ψL(0) |(σ ·p)(V −E(0))(σ ·p)/4m2 |ψL(0) 〉
(17.95)

which we recognize as the same expression as in the exact theory.
The variation equation for the second-order wave function comes from the fourth-

order energy. If we were to make the variation of the second-order wave function in
the second-order energy expression we would only get the zeroth-order equation again,
so we need a functional that is quadratic in the second-order wave function. Variation
of the fourth-order energy subject to the normalization conditions gives the equation

δ
(

2 Re〈ψL(4) | T̂ + V |ψL(0) 〉 − 2 Re〈χL(4) | T̂ |χL(0) 〉
+ 〈ψL(2) | T̂ + V |ψL(2) 〉 − 〈χL(2) | T̂ |χL(2) 〉 + 2 Re〈φL(0) | V̂ p |φL(2) 〉
− E(2)

[
〈φL(0) | T̂ /2m |φL(0) 〉 + 2 Re〈ψL(2) |ψL(0) 〉

]
−E(0)

[
〈ψL(2) |ψL(2) 〉 + 2 Re〈φL(2) | T̂ /2m |φL(0) 〉 + 2 Re〈ψL(4) |ψL(0) 〉

])
= 0.

(17.96)



PERTURBATION METHODS 345

The functional, which is called the Rutkowski–Hylleraas functional, is the expression
in parentheses. The fourth-order wave function can be eliminated by invoking the
zeroth-order variational conditions, with ψL(4) restricted to the variational space of
ψL(0). This causes the first and last terms to cancel, and the second term is zero due to
χL(0) = 0. We may also insert ψL(0) = φL(0), and replace φL(2) with ψL(2) − χL(2),
to obtain

F4 = 〈ψL(2) | T̂ + V − E(0) |ψL(2) 〉 + 2 Re〈ψL(2) | V̂ p − E(0)T̂ /2m− E(2) |ψL(0) 〉
− 〈χL(2) | T̂ |χL(2) 〉 − 2 Re〈χL(2) | V̂ p − E(0)T̂ /2m |ψL(0) 〉
− E(2)〈ψL(0) | T̂ /2m |ψL(0) 〉.

(17.97)

It can be seen that this functional divides into a part that depends on ψL(2), a part that
depends on χL(2), and a part that depends on neither.

F4(ψ
L(2), χL(2)) = F4a(ψ

L(2))+ F4b(χ
L(2))+ F4c. (17.98)

Making the functional stationary with respect to variations in the components of the
second-order wave function ψL(2) and χL(2) we find

〈δψL(2) |(T̂ + V − E(0))ψL(2) + (V̂ p − E(0)T̂ /2m− E(2))ψL(0) 〉 = 0

〈δχL(2) | T̂χL(2) + (V̂ p − E(0)T̂ /2m)ψL(0) 〉 = 0.
(17.99)

This applies to all possible variations. If we let δψL(2) = ψL(0), the first variation
equation gives us the same expression as before for the second-order energy E(2),
which functions here as a Lagrange multiplier. If we let δψL(2) = ψL(2), then we get
the expression

〈ψL(2) | T̂ + V − E(0) |ψL(2) 〉 = − Re〈ψL(2) | V̂ p − E(0)T̂ /2m− E(2) |ψL(0) 〉.
(17.100)

The right-hand side must be real because the left-hand side is real. Using this expression
in the first part of the functional we find that

F4a = −〈ψL(2) | T̂ + V − E(0) |ψL(2) 〉. (17.101)

The integral must be positive, so this term has a negative value. In the second variation
equation we let δχL(2) = χL(2) and find that

〈χL(2) | T̂ |χL(2) 〉 = − Re〈χL(2) | V̂ p − E(0)T̂ /2m |ψL(0) 〉 (17.102)

from which the second part of the functional can be written

F4b = 〈χL(2) | T̂ |χL(2) 〉 (17.103)
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which must be positive. The third part must also be positive because E(2) is negative.
With these expressions we may finally write the fourth-order energy as

E(4) = −〈ψL(2) | T̂ + V − E(0) |ψL(2) 〉 − E(2)〈ψL(0) | T̂ /2m |ψL(0) 〉
+ 〈χL(2) | T̂ |χL(2) 〉. (17.104)

Like the zeroth-order functional, the fourth-order functional has both negative and
positive terms. The question is, do these have bounds, and if so what are the condi-
tions? To determine the bounds, we consider an approximate and an exact solution to
the variation equations for the second-order wave function. Placing a tilde over the
approximate solution, we can write the difference for the first functional as

F4a(ψ̃
L(2))− F4a(ψ

L(2)) = 〈ψ̃L(2) | T̂ + V − E(0) |ψ̃L(2) 〉
+ 2 Re〈ψ̃L(2) | V̂ p − E(0)T̂ /2m− E(2) |ψL(0) 〉
+ 〈ψL(2) | T̂ + V − E(0) |ψL(2) 〉. (17.105)

Now the variation equation must be satisfied for δψL(2) = ψ̃L(2), so the second term
can be written

〈ψ̃L(2) | V̂ p − E(0)T̂ /2m− E(2) |ψL(0) 〉 = −〈ψ̃L(2) | T̂ + V − E(0) |ψL(2) 〉
(17.106)

and hence the difference in functionals becomes

F4a(ψ̃
L(2))− F4a(ψ

L(2)) = 〈ψ̃L(2) − ψL(2) | T̂ + V − E(0) |ψ̃L(2) − ψL(2) 〉.
(17.107)

This must be a positive quantity, so F4a , which is negative, is bounded from below by
the exact value. By a similar procedure we may show that

F4b(χ̃
L(2))− F4b(χ

L(2)) = −〈 χ̃L(2) − χL(2) | T̂ | χ̃L(2) − χL(2) 〉, (17.108)

which is negative. As for the zeroth-order functional, we may not perform an uncon-
strained variation of each of the parts without risk of collapse. However, if we choose
χL(2) to satisfy the variation equation exactly, that is,

T̂χL(2) + (V̂ p − E(0)T̂ /2m)ψL(0) = 0 (17.109)

then the fourth-order energy is bounded from below. This choice is problematic for
a point nucleus because it makes φL(2) too singular at the origin and consequently
the sixth-order energy becomes infinite (Kutzelnigg 1996). In this respect the choice
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made for χL(2) differs markedly from the choice for χL(0). Here, it is better to expand
φL(2) in the space of functions used to expand φL(0) and use the variation condition in
matrix form.

Several comments are worth making at this point. First, the expressions for the
energy from the stationary perturbation theory are exactly the same as one would obtain
from the normal procedure of expanding the wave function in the zeroth-order solutions.
The use of the stationary theory nevertheless has some advantages, particularly in the
analysis of the energy and wave function. The use of the zeroth-order solutions is
not the only choice that can be made, and in fact some choices give a lower bound
to the energy functionals. The second comment is that using the set of zeroth-order
solutions as an expansion basis is not in fact a serious restriction. From the chapter on
the modified Dirac equation (chapter 15) we see that we may expand both large and
pseudo-large components in the same basis, and in a finite basis the set of all solutions
for the large component can be used to represent the pseudo-large component without
further approximation. There is therefore no need to use the pathological negative-
energy states from the Lévy-Leblond equation for the perturbation expansion. Third,
the use of a finite nuclear size gets rid of many of the problems of the expansion,
such as the attempt to represent the logarithmic terms in the exact second-order wave
function. There is now no singularity at the nucleus and the large and pseudo-large
components are finite and have the same behavior at the origin.

17.7 Stationary Direct Perturbation Theory for
Many-Electron Systems

In section 17.4, we developed a double perturbation theory approach for many-electron
systems, and we would expect to do the same for direct perturbation theory. The devel-
opment follows entirely analogous lines to that section. However, it is possible to use
the stationarity principle on other functionals than the one-electron energy, which was
implicit in the developments of the previous section. Stationary direct perturbation
theory has been developed for DHF energies (Kutzelnigg et al. 1995) and for mul-
ticonfiguration DHF energies (Sundholm and Ottschofski 1997). In this section, we
wish to illustrate the general approach for the closed-shell DHF energy. The reader
may follow the analogy for other energy expressions. The development will follow the
lines of the previous section rather than that of the original papers, where the DPT of
the eigenvalues of the Fock matrix is given first.

The energy expression is the usual (unrestricted) expression for a closed-shell state,

EDHF =
∑
i

〈ψi |Ĥ′ |ψi 〉 + 1
2

∑
ij

(〈ψiψj |g′ |ψiψj 〉 − 〈ψiψj |g′ |ψjψi 〉
)

=
∑
i

〈ψi |Ĥ′ + 1
2 (Ĵ

′ − K̂′) |ψi 〉 (17.110)

where the primes indicate that we are using the modified Dirac operators. Ĵ ′ and K̂′
are the usual direct and exchange operators in terms of modified Dirac 4-spinors.
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This energy is to be expanded as a perturbation series in 1/c and the appropriate
functionals varied subject to the unitary normalization conditions to arrive at stationarity
conditions. The stationarity conditions naturally lead to the DHF equations, so we
expect the variation of the perturbation functionals to involve an expansion of the DHF
operators.

To perform the variation of the energies at various orders, we need the expansion of
the one- and two-electron modified Dirac operators in terms of the components, which
are found in (17.84) and (15.43). From these we can define two-component direct and
exchange operators,

Ĵ kl
p0 =

∑
r

∫
dr ψL(k)

r
†(j)ĝ

p0
ij ψL(l)

r (j)/(2m)p

Ĵ kl
p2 =

∑
r

∫
dr φL(k)r

†(j)ĝ
p2
ij φL(l)r (j)/(2m)p+2

(17.111)

K̂kl
00ψ

L(i) =
∑
r

∫
dr ψL(k)

r
†(j)ĝ00

ij ψL(j) ψL(l)
r (i)

K̂kl
02ψ

L(i) =
∑
r

∫
dr φL(k)r

†(j)ĝ02
ij φL(j) ψL(l)

r (i)/4m2

K̂kl
20φ

L(i) =
∑
r

∫
dr ψL(k)

r
†(j)ĝ20

ij ψL(j) φL(l)r (i)/4m2

K̂kl
22φ

L(i) =
∑
r

∫
dr φL(k)r

†(j)ĝ22
ij φL(j) φL(l)r (i)/16m4.

(17.112)

The superscripts give the order in perturbation theory of the spinor, the subscripts
correspond to the superscripts on the operators and determine whether ψ or φ is used
for the density, and may take the values 0 and 2. The second and third of the exchange
operators exchange the component types as well as the electron indices; this is merely
a convenient form of expression that reflects the fact that the spinors contributing to
the density for any electron in the Dirac–Coulomb approximation must have the same
component type.

As before, we expand the energy and the one-electron functions in powers of 1/c,
which gives the energy expressions to fourth order,

E(0) =
∑
i

(
〈ψL(0)

i | T̂ + V + 1
2 (Ĵ

00
00 − K̂00

00) |ψL(0)
i 〉 − 〈χL(0)i | T̂ |χL(0)i 〉

)
,

(17.113)

E(2) =
∑
i

(
2 Re〈ψL(2)

i | T̂ + V + Ĵ 00
00 − K̂00

00 |ψL(0)
i 〉 − 2 Re〈χL(2) | T̂ |χL(0) 〉

+ 〈φL(0)i | V̂ p + Ĵ 00
20 − K̂00

20 |φL(0)i 〉
)
, (17.114)
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E(4) =
∑
i

(
2 Re〈ψL(4)

i | T̂ + V + Ĵ 00
00 − K̂00

00 |ψ(0)
i 〉 − 2 Re〈χL(4)i | T̂ |χL(0)i 〉

+ 〈ψL(2)
i | T̂ + V + Ĵ 00

00 − K̂00
00 |ψL(2)

i 〉 − 〈χL(2)i | T̂ |χL(2)i 〉

+ Re〈ψL(2)
i | Ĵ 20

00 − K̂20
00 + Ĵ 02

00 − K̂02
00 + 2(Ĵ 00

02 − K̂00
02) |ψL(0)

i 〉

+ 2 Re〈φL(2)i | V̂ p + Ĵ 00
20 − K̂00

20 |φL(0)i 〉 + 1
2 〈φL(0)i | Ĵ 00

22 − K̂00
22 |φL(0)i 〉

)
,

(17.115)

and as before, we vary the zeroth- and fourth-order energy subject to the unitary nor-
malization conditions (17.90). Using ε(0) as the Lagrange multiplier for this constraint,
the zeroth-order variation equations in component form are

〈δψL(0)
i | T̂ + V + Ĵ 00

00 − K̂00
00 − ε

(0)
i |ψL(0)

i 〉 = 0,

〈δχL(0)i | T̂ |χL(0)i 〉 = 0.
(17.116)

The second of these is the same as for the one-electron case, and the first has merely
added the Coulomb and exchange operators to the one-electron operator to give the
Hartree–Fock equation for spinor i. As before, all variations are valid, and we may
use these equations and the unitary normalization conditions (17.90) to reexpress the
second-order energy as

E(2) =
∑
i

〈φL(0)i | V̂ p − ε
(0)
i T̂ /2m+ Ĵ 00

20 − K̂00
20 |φL(0)i 〉. (17.117)

Since φL(0) = ψL(0), the second-order energy is simply an expectation value over the
nonrelativistic wave function. The one-electron term is, as we would expect, the term
we obtained in the one-electron theory.

The variation of the second-order wave function is done using the fourth-order
energy, from which we first eliminate the fourth-order wave function using the zeroth-
order variation equation with δψL(0) = ψL(4) and the normalization conditions. The
fourth-order functional is then

F4 =
∑
i

(
〈ψL(2)

i | T̂ +V −ε(0)i +Ĵ 00
00−K̂00

00 |ψL(2)
i 〉−〈χL(2)i | T̂ |χL(2)i 〉

+Re〈ψL(2)
i | −2ε(2)i +Ĵ 20

00−K̂20
00+Ĵ 02

00−K̂02
00+2(Ĵ 00

02−K̂00
02) |ψL(0)

i 〉

+2Re〈φL(2)i | V̂ p−ε(0)i T̂ /2m+Ĵ 00
20−K̂00

20 |φL(0)i 〉

+〈φL(0)i | −ε(2)i T̂ /2m+ 1
2 (Ĵ

00
22−K̂00

22) |φL(0)i 〉
)
. (17.118)
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Substituting ψL(2) − χL(2) for φL(2), the variation equations in component form are

〈δψL(2)
i | T̂ +V −ε(0)i +Ĵ 00

00−K̂00
00 |ψL(2)

i 〉+〈δψL(2)
i | V̂ p−ε(0)i T̂ /2m−ε(2)i |ψL(0)

i 〉

+〈δψL(2)
i | Ĵ 20

00−K̂20
00+Ĵ 02

00−K̂02
00+Ĵ 00

02−K̂00
02+Ĵ 00

20−K̂00
20 |ψL(0)

i 〉=0,

〈δχL(2)i | T̂ |χL(2)i 〉+〈δχL(2)i | V̂ p−ε(0)i T̂ /2m+Ĵ 00
20−K̂00

20 |φL(0)i 〉=0. (17.119)

With δψL(2) = ψL(2) and δχL(2) = χL(2) these equations yield expressions that may
be used to simplify the fourth-order energy functional to

F4 =
∑
i

(
− 〈ψL(2)

i | T̂ + V − ε
(0)
i + Ĵ 00

00 − K̂00
00 |ψL(2)

i 〉 + 〈χL(2)i | T̂ |χL(2)i 〉

− Re〈ψL(2)
i | Ĵ 20

00 − K̂20
00 + Ĵ 02

00 − K̂02
00 |ψL(0)

i 〉

+ 〈φL(0)i | − ε
(2)
i T̂ /2m+ 1

2 (Ĵ
00
22 − K̂00

22) |φL(0)i 〉
)
. (17.120)

Other expressions may be obtained by eliminating different terms in the original expres-
sion. To complete the development, we need the expansion of the orbital eigenvalues
to second order. The development follows exactly the same lines as the one-electron
development that allows us to write

ε
(0)
i = 〈ψL(0) | T̂ + V + Ĵ 00

00 − K̂00
00 |ψL(0)

i 〉

ε
(2)
i = 〈φL(0)i | V̂ p − ε

(0)
i T̂ /2m+ Ĵ 00

20 − K̂00
20 |φL(0)i 〉

+ 〈ψL(0)
i | Ĵ 20

00 − K̂20
00 + Ĵ 02

00 − K̂02
00 + Ĵ 00

02 − K̂00
02 |ψL(0)

i 〉.

(17.121)

Alternatively, the eigenvalues may be obtained from the zeroth- and second-order
variation equations. We can now use the simplified fourth-order energy functional to
define a set of equations to solve in our finite basis for the second-order wave function.

17.8 Direct Perturbation Theory of Properties

The calculation of properties using direct perturbation theory follows exactly the same
lines as we used for Breit–Pauli theory. As we noted above, stationary direct perturba-
tion theory leads to precisely the same equations we would have obtained by simply
expanding the perturbed wave functions in the set of eigenfunctions of the zeroth-
order Hamiltonian, and on this basis we proceed with the development of multiple
direct perturbation theory for properties.

The main difference between the direct and the Breit–Pauli perturbation schemes is
that in the former we have to expand the metric as well as the Hamiltonian. To illustrate
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the differences between the two we will confine ourselves to the one-electron case, so
we will be dealing with a double perturbation expansion in relativity and the applied
field. We will perform the development in parallel, to compare the two schemes.

As in section 17.4, we use the parameters µ and η for relativity and the external
field, with µ = 1/c and η the field strength. The Hamiltonian we write as

Ĥ = Ĥ0 + µ2Ĥ20 + ηĤ01 + µ2ηĤ21. (17.122)

The two perturbations will have a different form for direct and Breit–Pauli perturbation
theory. The wave function also will be different in form: two components in Breit–Pauli
theory and four components in direct perturbation theory. In addition, the metric must
be expanded in the direct scheme,

Ĝ = Ĝ0 + µ2Ĝ2. (17.123)

The energy and wave function are expanded in both perturbation parameters,

E =
∞∑

m,i=0

µ2mηiE(2mi)

Ψ =
∞∑

m,i=0

µ2mηiΨ (2mi).

(17.124)

Writing out the lowest-order expressions, we have

BP : Ĥ0Ψ
(00) = E(00)Ψ (00)

DPT : Ĥ0Ψ
(00) = E(00)Ĝ0Ψ

(00)
(17.125)

BP : Ĥ0Ψ
(01) + Ĥ01Ψ

(00) = E(00)Ψ (01) + E(01)Ψ (00)

DPT : Ĥ0Ψ
(01) + Ĥ01Ψ

(00) = E(00)Ĝ0Ψ
(01) + E(01)Ĝ0Ψ

(00)
(17.126)

BP : Ĥ0Ψ
(20) + Ĥ20Ψ

(00) = E(00)Ψ (20) + E(20)Ψ (00)

DPT : Ĥ0Ψ
(20) + Ĥ20Ψ

(00) = E(00)Ĝ0Ψ
(20) + E(00)Ĝ2Ψ

(00) + E(20)Ĝ0Ψ
(00)

(17.127)

BP : Ĥ0Ψ
(21) + Ĥ20Ψ

(01) + Ĥ01Ψ
(20) + Ĥ21Ψ

(00)

= E(00)Ψ (21) + E(20)Ψ (01) + E(01)Ψ (20) + E(21)Ψ (00)

DPT : Ĥ0Ψ
(21) + Ĥ20Ψ

(01) + Ĥ01Ψ
(20) + Ĥ21Ψ

(00)

= E(00)Ĝ0Ψ
(21) + E(00)Ĝ2Ψ

(01) + E(20)Ĝ0Ψ
(01)

+ E(01)Ĝ0Ψ
(20) + E(01)Ĝ2Ψ

(00) + E(21)Ĝ0Ψ
(01).

(17.128)
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The first two equations are equivalent, yielding the nonrelativistic energy and the
first-order external field term,

E(00) = 〈Ψ (00) |Ĥ00 |Ψ (00) 〉, (17.129)

E(01) = 〈Ψ (00) |Ĥ01 |Ψ (00) 〉. (17.130)

The third equation gives the relativistic correction to the energy,

BP : E(20) = 〈Ψ (00) |Ĥ20 |Ψ (00) 〉

DPT : E(20) = 〈Ψ (00) |Ĥ20 − E(00)Ĝ2 |Ψ (00) 〉.
(17.131)

As we saw in section 17.5, these are the same for exact wave functions, but differ
for inexact wave functions. The fourth equation gives the lowest-order relativistic
correction to the property,

BP : E(21) = 〈Ψ (00) |Ĥ01 |Ψ (20) 〉 + 〈Ψ (00) |Ĥ20 |Ψ (01) 〉 + 〈Ψ (00) |Ĥ21 |Ψ (00) 〉

DPT : E(21) = 〈Ψ (00) |Ĥ01 |Ψ (20) 〉 + 〈Ψ (00) |Ĥ20 − E(00)Ĝ2 |Ψ (01) 〉

+ 〈Ψ (00) |Ĥ21 − E(01)Ĝ2 |Ψ (00) 〉. (17.132)

So far we have not specified the perturbation operator, nor have we expanded the
DPT wave function in components, which is necessary for the comparison of the
two theories. This we proceed to do next, considering both electric and magnetic
perturbations. We will focus on E(21) since it is here that we may see differences
between BP and DPT.

The operator for the electric perturbation, W , behaves in the same way as the
potential. Expanding the field perturbation equation (17.126) into its components in
DPT, we find

(V − E(00))ψL(01) + (σ · p)φS(01) +WψL(00) = E(01)ψL(00)

(σ · p)ψL(01) − 2mφS(01) = 0.
(17.133)

The second equation is the same as for the zeroth-order equation, and we immediately
arrive at the nonrelativistic equation by substituting the second into the first,

(T̂ + V − E(00))ψL(01) +WψL(00) = E(01)ψL(00), (17.134)

which is the same as in Pauli theory. Next we expand the DPT equation
for the relativistic correction to the perturbation using intermediate normalization
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for the large component and making use of substitutions where possible to
arrive at

E(21) = 〈ψL(00) |W |ψL(20) 〉 + 〈ψL(00) |(σ · p)(V − E(00))(σ · p) |ψL(01) 〉/4m2

+ 〈ψL(00) |(σ · p)(W − E(01))(σ · p) |ψL(00) 〉/4m2.

(17.135)

The equivalent Pauli expression is

E(21) = 〈ψ(00) |W |ψ(20) 〉 + 〈ψ(00) | − p4/2m+ [(σ · p) , σ · (pV )] |ψ(01) 〉/4m2

+ 〈ψ(00) | [(σ · p) , σ · (pW)] |ψ(00) 〉/4m2.

(17.136)

In each expression, the first two terms are equivalent, due to the interchange theorem
of double perturbation theory (Dalgarno and Stewart 1956). This may be verified by
making use of the equations for the two perturbations—but note that it is true only for
exact wave functions.

We can show that the second term in the DPT expression is the same as the second
term in the Pauli expression, by substituting 〈ψL(00) | T̂ + V |ψL(00) 〉 for E(00) as we
did for the relativistic correction to the energy and removing the projector onto ψL(00).
This is again only true for exact wave functions. Because of the equivalence of the first
and second terms, this means that the first term in each expression is also the same for
exact wave functions. Any differences must therefore be in the third term. We can no
longer convert the DPT operator into a form that is equivalent to the Pauli operator
because ψ(00) is not an eigenfunction of W . To demonstrate, we write the third integral
in the DPT expression as

〈ψL(00) |(σ · p)(W − E(01))(σ · p) |ψL(00) 〉
= 〈ψL(00) |(σ · p)W(σ · p) |ψL(00) 〉 − 〈ψL(00) |p2 |ψL(00) 〉〈ψL(00) |W |ψL(00) 〉.

(17.137)

If we could remove the projector |ψL(00) 〉〈ψL(00) | this expression would rearrange
into the Pauli expression with integration by parts, but the presence of the projector
ensures that the DPT and Pauli values of this term are different, even for exact wave
functions.

It should be noted that the equivalence for exact wave functions is further restricted
by the form of the perturbation operator. For external field perturbations, where the
operator is not singular, there is no problem, but for point nuclear fields, where the
operator is singular, the integration by parts leaves a boundary term that does not
vanish.

Now, if we expand the perturbed wave functions in both cases in the set of zeroth-
order solutions, we find again that the first and second terms are equivalent in each
case. Provided we use the exact ground state wave function, the two theories produce
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the same values for these terms, but if we are using a finite expansion, the results are
no longer the same.

A similar situation arises for the magnetic perturbations. Here there is a formal
difference, in that the perturbation operator has a relativistic correction in the Pauli
theory but in DPT there is no relativistic correction: the operator is simply

Ĥ01 = e

(
02 (σ · A)

(σ · A) 02

)
. (17.138)

Now we may write the expansion of (17.126) as

(V − E(00))ψL(01) + (σ · p)φS(01) + e(σ · A)φS(00) = E(01)ψL(00)

(σ · p)ψL(01) − 2mφS(01) + e(σ · A)ψL(00) = 0.
(17.139)

Substitution of the second equation into the first gives the usual expression for the
terms linear in A,

(T̂ + V − E(00))ψL(01) + e
[
(σ · p), (σ · A)

]
+/2mψL(00) = E(01)ψL(00). (17.140)

Expanding the DPT expression for E(21) in components and substituting for the small
components we arrive at

E(21)=〈ψL(00) |(σ ·p)(V −E(00))(σ ·p) |ψL(01) 〉/4m2

+e〈ψL(00) |[(σ ·A),(σ ·p)]+ |ψL(20) 〉/2m

+e〈ψL(00) |(σ ·p)(V −E(00))(σ ·A)+(σ ·A)(V −E(00))(σ ·p) |ψL(00) 〉/4m2

−e〈ψL(00) |[(σ ·A),(σ ·p)]+ |ψL(00) 〉〈ψL(00) |p2 |ψL(00) 〉/8m3.

(17.141)

The corresponding expression for the Pauli Hamiltonian is

E(21) = 〈ψ(00) | − p4/2m+ [
(σ · p), σ · (pV )] |ψ(01) 〉/4m2

+ e〈ψ(00) |[(σ · A), (σ · p)
]
+ |ψ(20) 〉/2m

+ e〈ψ(00) |[(σ · A), σ · (pV )] |ψ(00) 〉/8m2

− e〈ψ(00) |[[(σ · A), (σ · p)
]
+,p2]

+ |ψ(00) 〉/8m3. (17.142)

The first two terms in the DPT expression have obvious equivalents to the Pauli expres-
sions under the same conditions as given above for the electric perturbation. It is the
third and fourth terms that provide the equivalents of the relativistic corrections to the
Pauli operator. The spin–orbit correction clearly comes from the third term. The kinetic
correction is divided between the third and fourth terms. We can certainly make the
substitution for E(00) in the third term for exact wave functions and rearrange to give



PERTURBATION METHODS 355

half the kinetic correction, but the other half involves a projector and this we cannot
avoid.

The conclusion is that there are real differences between Pauli and direct pertur-
bation theory for the lowest-order relativistic corrections to both electric and magnetic
properties, which do not vanish even for exact wave functions. Direct perturbation
theory is in general to be preferred because it is convergent and therefore can be used
to higher order, in contrast to Breit–Pauli theory.



18

Regular Approximations

Perturbation theory is a useful tool for evaluating small corrections to a system, and
as we noted in the preceding chapter, relativity is a small correction for much of
the periodic table. If we can use perturbation theory based on an expansion in 1/c
we assign much of the work associated with a more complete relativistic treatment
to the end of an otherwise nonrelativistic calculation. The problems with the Pauli
Hamiltonian—the singular operators and the questionable validity of an expansion
in powers of p/mc—are essentially circumvented by the use of direct perturbation
theory. For systems containing heavier atoms it is necessary to go to higher order
in 1/c perturbation theory, and possibly even abandon perturbation theory altogether.
If we could perform an expansion that yielded a zeroth-order Hamiltonian incorporating
relativistic effects to some degree and that was manifestly convergent, it might be
possible to use perturbation theory to low order for heavy elements.

If we wish to incorporate some level of relativistic effects into the zeroth-order
Hamiltonian, we cannot start from Pauli perturbation theory or direct perturbation
theory. But can we find an alternative expansion that contains relativistic corrections
and is valid for all r: that is, can we derive a regular expansion that is convergent for
all reasonable values of the parameters? The expansion we consider in this chapter has
roots in the work by Chang, Pélissier, and Durand (1986) and Heully et al. (1986),
which was developed further by van Lenthe et al. (1993, 1994). These last authors
coined the term “regular approximation” because of the properties of the expansion.

The Pauli expansion results from taking 2mc2 out of the denominator of the equation
for the elimination of the small component (ESC). The problem with this is that both
E and V can potentially be larger in magnitude than 2mc2 and so the expansion is not
valid in some region of space. In particular, there is always a region close to the nucleus
where |V − E|/2mc2 > 1. An alternative operator to extract from the denominator

356
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is the operator 2mc2 − V , which is always positive definite for the nuclear potential
and is always greater than 2mc2. Moreover, since the potential becomes infinite at a
point nucleus, having V in the denominator regularizes the expansion at the nucleus.
With this choice we may eliminate the small component by writing

(V − E)ψL + 1

2m
(σ · p)

2mc2

2mc2 − V

[
1 + E

2mc2 − V

]−1

(σ · p)ψL = 0. (18.1)

The power series expansion of the inverse has now been converted from one that
depends critically for its convergence on the magnitude of the potential to one that
depends on the magnitude of the energy. The minimum magnitude of the potential is
zero, so the power series is now valid everywhere for energies |E| < 2mc2. This range
covers all the electron bound states, and free (continuum) states up to an energy of
2mc2. For most quantum chemical purposes, such a restriction on the virtual orbitals
will present little if any problem. For energies outside this range, there is a region from
zero to some value of r inside which the series is convergent. Contrast this to the Pauli
approximation, where it is the region from zero to some value of r inside which the
series is divergent. Since this is the region where relativistic effects are most important,
the new expansion ought to be superior to the Pauli expansion.

This expansion has some further interesting properties. Close to the nuclei where
the potential is large, it is an expansion in inverse powers of the potential. The closer
we are to the nucleus, the smaller the inverse is and the better the expansion becomes.
Far from the nucleus, where the potential is effectively zero, the expansion becomes
an expansion in powers of 1/c2. The magnitude of the terms is also dependent on the
energy, and so the expansion will be more rapidly convergent for small energies than
for large energies—a useful property for chemistry, which is concerned with the small
energies of the valence region. Finally, not the least of the interesting properties of this
expansion, is the zeroth-order Hamiltonian, which we examine in the next section.

18.1 The CPD or ZORA Hamiltonian

In the development of the Pauli Hamiltonian in section 17.1, truncation of the power
series expansion of the inverse operator after the first term yielded the nonrelativistic
Hamiltonian. In (18.1), the zeroth-order term is the Hamiltonian first developed by
Chang, Pélissier, and Durand (1986), often referred to as the CPD Hamiltonian. The
name given by van Lenthe et al. is the zeroth-order regular approximation, ZORA,
which we will adopt here. The zeroth-order Hamiltonian is

ĤZORA = V + (σ · p)
c2

2mc2 − V
(σ · p). (18.2)

The fact that this Hamiltonian includes relativistic corrections can be demonstrated
by expanding (2mc2 − V )−1 in a series, to give

ĤZORA = V + 1

2m
(σ · p)

[
1 + V

2mc2
+ V 2

4m2c4
+ . . .

]
(σ · p). (18.3)
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The first term is simply T̂ , the nonrelativistic kinetic energy. Commuting (σ · p) to
the right and using the Dirac relation (4.14), the second term gives

(σ · p)(V )(σ · p) = V p2 + (pV ) · p + �σ · (∇V )× p. (18.4)

This operator contains the Pauli spin–orbit operator and part, but not all, of the spin-
free relativistic correction. What is missing, compared with the 1/c2 expansion in
(17.5), is the term involving the energy, (σ · p)(−E0)(σ · p), which gives rise to the
mass–velocity correction and part of the Darwin term. We conclude from this that the
ZORA Hamiltonian should reproduce spin–orbit splittings well but will be deficient
in the spin-free relativistic corrections. This is potentially serious because the spin-
free relativistic corrections are usually the largest. Since the missing term is positive
for bound states, we conclude that ZORA will give energies that are too low. This
conclusion will be verified later.

We could also partition ĤZORA by commuting (σ · p) to the right, to give

ĤZORA = V + 2mc2

2mc2 − V
T̂ + c2

(2mc2 − V )2

[
(pV ) · p − �σ · (∇V )× p

]
. (18.5)

Here we see a modified kinetic energy term that is cut off near the nuclei, a spin-
free relativistic correction, and a spin–orbit term, both of which are regularized and
behave as 1/r for small r . We may compare this with the regularization of the free-
particle Foldy–Wouthuysen or Douglas–Kroll transformed Hamiltonian of section 16.3.
The regularization clearly corrects the overestimation of relativistic effects that
plagues the Pauli Hamiltonian. There is another consequence of the small r behavior.
Since the relativistic correction operator behaves like 1/r , it ought to be possible to use
ĤZORA variationally—and in fact we may demonstrate that there is a variational lower
bound.

There are several ways to demonstrate the lower bound. The spectrum of an atomic
or a molecular Hamiltonian in which the potential goes to zero at large distances can
be determined by considering the eigenstates in this same region of space. At large dis-
tances, where the potential is effectively zero, the factor c2/(2mc2−V ) reduces to 1/2m
and the ZORA Hamiltonian reduces to the nonrelativistic Schrödinger Hamiltonian.
It therefore has the same eigenvalue spectrum, with oscillatory (continuum) states for
E > 0 and exponentially decaying (bound) states for E < 0. This means that the
lowest state must be a bound state, unlike the states of the Dirac Hamiltonian, where
the lowest state is a negative-energy continuum state.

We can obtain more detailed information, not only on the spectrum but also on a
number of properties, from the relationship between the ZORA and the Dirac equations.
For an atomic Coulomb potential (i.e., for a point nucleus) we can write the Dirac
equation with the small component eliminated as

[
−Z

r
+ (σ · p)

c2

2mc2 + ED + Z/r
(σ · p)

]
ψL(r) = EDψL(r). (18.6)
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We now define a scaled coordinate r ′ = λr , where λ is an energy-dependent parameter.
For the momentum operator we have p = λp′. Substituting into (18.6) we get

[
−Z

r ′
+(σ ·p′) c2

(2mc2+ED)/λ+Z/r ′ (σ ·p′)
]
ψL

(
r ′

λ

)
= ED

λ
ψL

(
r ′

λ

)
. (18.7)

If we choose λ = (2mc2 + ED)/2mc2 and substitute into (18.7) we get

[
−Z

r ′
+ (σ · p′) c2

2mc2 + Z/r ′
(σ · p′)

]
ψL

(
r ′

λ

)
= 2mc2ED

2mc2 + ED
ψL

(
r ′

λ

)
. (18.8)

This is the ZORA equation for an atomic Coulomb potential with rZORA = r ′, and
the ZORA wave function is the large component of the Dirac wave function in the
scaled coordinate system. Note that even though we have used a single nucleus in the
derivation we could equally well have used a sum over nuclei for the nuclear potential.
The results therefore apply to molecules as well as atoms, but we have to scale the
nuclear coordinates as well as the electronic coordinates. Clearly, for most “atomic”
values of ED λ will be close to 1, but for heavy atoms the deviation will be significant.

From (18.8) we get a relation between the ZORA and the Dirac eigenvalues,

EZORA = 2mc2ED

2mc2 + ED
= ED

[
1 + ED

2mc2

]−1

= 2mc2
[

1 + 2mc2

ED

]−1

. (18.9)

Since we know the behavior of the Dirac spectrum, this immediately gives us informa-
tion about the ZORA spectrum. For positive energies ED, the ZORA energy is always
smaller than the Dirac energy. As ED → ∞ the ZORA energy approaches 2mc2. The
positive-energy spectrum is therefore compressed from the interval (0,∞) to (0, 2mc2).
For the Dirac bound states, which lie in the interval (−mc2, 0), the ZORA energies
spread out to the interval (−2mc2, 0), lying below the Dirac energies. This is what we
concluded earlier from qualitative considerations. If the Dirac energy were to approach
−2mc2 from above, the corresponding ZORA energy would approach −∞. The Dirac
negative-energy states get translated to appear above the positive-energy states: they
are mapped from (−∞,−2mc2) to (2mc2,∞). The singular point at ED = −2mc2 is
one for which the large component is zero and the ZORA wave function corresponds
to the trivial solution of the eigenvalue equation, ψZORA = 0. The ZORA equation is
therefore bounded from below and is variational—the ground state is the variational
minimum. A more rigorous proof has been provided by van Lenthe (1996).

In the derivation of the ZORA equation, we made the assumption that |E| < 2mc2

so that we could do the expansion of the inverse operator. However, the ZORA equation
has a valid spectrum for all E. It is therefore not necessarily the case that the use of
a truncated expansion is invalid outside the strict radius of convergence. We could
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equally have made a partitioning using the operator relation

(A+ B)−1 = A−1 − (A+ B)−1BA−1. (18.10)

This partitioning is valid for all values of the operators provided the inverses exist. For
the case we have just considered, that is, A = 2mc2 −V , B = E with V = −Z/r , the
partitioning is valid for all E > −2mc2. For E < −2mc2 the left-hand side is always
singular for some value of r , as pointed out in chapter 4; however, the partitioning
remains valid. As a further note, it can be shown (van Lenthe 1996) that the ZORA
Hamiltonian is only bounded below for Z < c, due to the fact that the Dirac equation
has no bound solutions for Z > c for a point nucleus.

To extend the bound to a general potential, we simply add a term to the Coulomb
potential of the nucleus,

V (r) = −Z

r
+ V1(r), (18.11)

where V1(r) is positive for all r but V (r) is always negative. This will be the case for a
finite nuclear size correction, or for the electron repulsion in a Hartree–Fock potential,
for example—the most important cases for relativistic quantum chemistry. We now
partition the inverse using (18.10), giving

ĤZORA = −Z

r
+ (σ · p)

c2

2mc2 + Z/r
(σ · p)

+ V1 + (σ · p)
c2V1

(2mc2 + Z/r)(2mc2 + Z/r − V1)
(σ · p). (18.12)

The first two terms are the point nucleus ZORA Hamiltonian. In the last term, the
expression between the (σ · p) operators is positive because V1 < 2mc2 + Z/r , and
therefore the expectation value of this operator is positive. We can conclude that the
energy for a general potential is always greater than for the bare Coulomb potential.
Even if V1 is negative somewhere, such as in a negative ion or a polar molecule, the
last two terms may still have a positive expectation value and the bound will still be
valid.

It is interesting to note that for the bound states, the Dirac eigenvalue is an upper
bound to the ZORA eigenvalue, which is bounded from below—even though the Dirac
operator itself is not bounded from below. What the latter statement really means is
that the lowest Dirac eigenvalue has no bound, because it is in the negative continuum.
The boundedness of the electron states is a different question, and here we see that we
can provide a rigorous bound for the Dirac bound-state eigenvalues.

It has probably not escaped the attention of the reader that methods based on the
ZORA Hamiltonian will be difficult to implement because the potential appears in the
denominator. There are two possible approaches that could be taken to the evaluation of
the inverse terms. One is to use numerical integration techniques where the potentials
are tabulated on a grid. Formation of a function of the potential such as an inverse
power is then a trivial problem. This kind of approach is suited to density functional
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techniques where the exchange-correlation potential is usually evaluated on a grid, and
tabulation of the Coulomb potential on the same grid is also feasible. The second is to
use matrix techniques and perform a matrix inversion (Filatov 2002). This essentially
involves the insertion of the resolution of the identity in various places. The resolution
for the inverse powers, however, has to be performed in the small-component basis set
as there is always a (σ · p) connecting the inverse operators with the large-component
function. The elimination of the small component therefore does not eliminate the
small-component basis set.

A second and more serious consequence of the appearance of the potential in the
denominator is that the ZORA Hamiltonian is not invariant to the choice of electric
gauge. Adding a constant to the potential should result in the addition of a constant to
the energy, which is indeed the case for the Dirac equation. For ZORA, the relation
between the ZORA and the Dirac eigenvalue for a one-electron system is given by
(18.9). If we add a constant, ∆, to the Dirac energy in this equation, we get

EZORA(V +∆)= 2mc2(ED+∆)
2mc2+ED+∆

=EZORA +∆
(

1−EZORA

2mc2

)(
1−EZORA(V +∆)

2mc2

)
. (18.13)

Since EZORA and EZORA(V + ∆) are negative for ∆ < |ED|, the factor multiplying
∆ is positive and greater than 1. Therefore, the addition of a constant to the potential
in ZORA does not result in a constant energy shift: the ZORA energy has an electric
gauge-dependence, that is, it depends on where the zero of the potential is chosen.

This gauge dependence turns out to be serious for calculations of energies of most
processes because it is almost invariably the case that the potential changes. The prob-
lem is most serious for the core orbitals because the factor multiplying ∆ increases
as the magnitude of the eigenvalues increase. In molecular processes, the tail of the
potentials from neighboring atoms provides an almost constant, negative shift, which
results in a net attractive potential. The shift in the core eigenvalues is not insignificant
(van Lenthe et al. 1994).

Several methods have been proposed to alleviate this problem. The first is to freeze
the core orbitals for some suitable state, such as the isolated atom, and perform the
calculation in the valence space only, where the gauge problem is not as serious because
the eigenvalues are smaller (van Lenthe et al. 1994). Such restrictions may prove to
be too limiting for widespread applications—but no less serious than those made in
pseudopotential or model potential methods, where the core is frozen. The second is to
freeze the potential that appears in the denominator. To do this some approximations
must be made. Several criteria for a valid frozen potential have been proposed by van
Wüllen (1998) which are that the potential (a) has the correct behavior near the nuclei,
(b) does not depend on the orbitals, and (c) has no contribution from distant atoms
or molecules. In addition, the potential must represent the real system fairly well or it
will be of no value. Probably the most obvious choice are to take a superposition of
atomic potentials or to construct the potential from a superposition of atomic densities.
These two differ for a density functional method only in the exchange-correlation
potential. A third approach is to add terms from neighboring atoms to the potential in the



362 APPROXIMATIONS TO THE DIRAC EQUATION

denominator to cancel the erroneous attraction due to the neighboring centers (Filatov
and Cremer 2005). A fourth approach, which scales the eigenvalues, is presented in a
later section.

The distortion of the ZORA eigenstates from the Dirac eigenstates proves not to
be insignificant for chemical purposes. It is easy to show from (18.9) that the ZORA
energy differs from the Dirac energy by O(c−2), which is of the same order as the
lowest relativistic correction to the nonrelativistic Hamiltonian. Although a lot can
be gained from the ZORA equation, for any sort of quantitative results it is usually
necessary to go beyond zeroth order. This could be achieved either by perturbation
theory or by seeking a correction that can be treated variationally. We will consider
both possibilities: the perturbative corrections in the next section and the variational
corrections in section 18.3.

18.2 Perturbative Corrections to the ZORA Hamiltonian

There are several ways in which we can develop a perturbation series for the ZORA
equation. The first is simply to ignore the normalization—a perfectly valid procedure
since the wave function is only defined up to a multiplicative constant. This we will
do later in the present section. The second is to follow the same procedure as in the
development of the Pauli Hamiltonian in chapter 17, and the third is to start from the
Foldy–Wouthuysen transformation, as in the development of chapter 16. The last two
of these both explicitly involve the normalization. We will commence here with the
procedure used in chapter 17.

Just as in the Pauli approximation, we will expand the normalization operator in a
series. The normalized wave function is given by (17.7), and the normalization operator
from (17.10) expressed in the new expansion parameter is

Ô =
[

1 + (σ · p)
c2

(2mc2 − V )2

[
1 + E

2mc2 − V

]−2

(σ · p)

]1/2

. (18.14)

The expansion of this operator is again a double series, one for the square root and
one for the inverse square. Before we proceed, we must consider what we are to
use as a perturbation parameter. The power series expansion of the inverse is in
E/(2mc2 − V ), and if we neglected the normalization we would simply multiply
this term by a formal perturbation parameter. Here however we want to include the
normalization and eliminate the energy dependence, so we are really considering an
expansion in 1/(2mc2 −V ), of which the terms up to order 1 comprise the zeroth-order
Hamiltonian. The expansion of the normalization operator (and its inverse) therefore
gives us

Ô = 1 + 1

2
(σ · p)

c2

(2mc2 − V )2
(σ · p) + . . . ;

Ô−1 = 1 − 1

2
(σ · p)

c2

(2mc2 − V )2
(σ · p) + . . . . (18.15)
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Following the Pauli development from the elimination of the small component, we
may write

Ô−1ĤESCÔ−1ψN =
[
ĤZORA − 1

2

[
(σ · p)

c2

(2mc2 − V )2
(σ · p), ĤZORA

]
+

−E(σ · p)
c2

(2mc2 − V )2
(σ · p) + . . .

]
ψN

= E

[
1 − (σ · p)

c2

(2mc2 − V )2
(σ · p) + . . .

]
ψN.

(18.16)

The energy-dependent term on the left cancels with the corresponding term on the right,
and we end up with

ĤRA = ĤZORA − 1

2

[
(σ · p)

c2

(2mc2 − V )2
(σ · p), ĤZORA

]
+ + . . .

= ĤZORA + ĤFORA + . . . .

(18.17)

FORA stands for first-order regular approximation, and is the first-order correction to
the ZORA Hamiltonian.

What is the magnitude of the first-order perturbation correction obtained with
ĤFORA? We may write it as

E(1) = −1

2
〈ψZORA |

[
(σ · p)

c2

(2mc2 − V )2
(σ · p), ĤZORA

]
+ |ψZORA 〉

= −EZORA〈ψZORA |(σ · p)
c2

(2mc2 − V )2
(σ · p) |ψZORA 〉.

(18.18)

To evaluate the integral, we may make use of the scaled coordinate system that was
used to relate the Dirac and the ZORA equations in the previous section to show that

〈ψZORA |(σ · p)
c2

(2mc2 − V )2
(σ · p) |ψZORA 〉 = 〈ψS |ψS 〉

〈ψL |ψL 〉 . (18.19)

From the solutions of the Dirac equation for a hydrogenic atom in chapter 7 we can show
that the ratio of the norms of the small and large components is −ED/(2mc2 + ED),
which is equal to −EZORA/2mc2. The first-order energy is thus

EFORA = (
EZORA)2/2mc2. (18.20)
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With the use of (18.9) we may write the sum of the zeroth- and first-order energies in
terms of the Dirac energy as

E(0+1) = EZORA
(

1 + EZORA

2mc2

)
= ED

[
1 −

(
ED

2mc2 + ED

)2
]
. (18.21)

The Dirac eigenvalue is the shifted eigenvalue in which the negative continuum
starts at −2mc2, and which has −Z2/2 as its leading term. So, E(0+1) is correct to
O(c−2), and the first-order correction has removed the error of O(c−2) in the ZORA
energy.

There is a slight inconsistency in the preceding development of the perturbation,
which is that the labeling of the orders of perturbation in powers of 1/(2mc2 −V ) does
not strictly work because there are already terms of two different orders in the zeroth-
order Hamiltonian. What we must do is to label the terms in each of the expansions
of inverse or square root operators. It is in fact easier to define the perturbation series
if we start from the unnormalized equation (18.1) and simply multiply E/(2mc2 − V )

by the formal perturbation parameter, to give

[
V +(σ ·p) c2

2mc2−V (σ ·p)
]
ψL+(σ ·p) c2

2mc2−V
∞∑
k=1

[ −λE
2mc2−V

]k
(σ ·p)ψL

=EψL. (18.22)

The zeroth-order Hamiltonian is obviously ĤZORA. Expanding ψL and E in a series
in λ and collecting terms we have

λ0 : ĤZORAψ(0)=E(0)ψ(0);

λ1 : ĤZORAψ(1)−(σ ·p) c2

(2mc2−V )2 (σ ·p)E(0)ψ(0)=E(0)ψ(1)+E(1)ψ(0);

λ2 : ĤZORAψ(2)−(σ ·p) c2

(2mc2−V )2 (σ ·p)(E(0)ψ(1)+E(1)ψ(0))

+(σ ·p) c2

(2mc2−V )3 (σ ·p)(E(0))2ψ(0)

=E(0)ψ(2)+E(1)ψ(1)+E(2)ψ(0). (18.23)

Premultiplying the first-order equation by ψ(0)† and integrating, we get the first-order
energy expression

E(1)=−E(0)〈ψ(0) |(σ ·p) c2

(2mc2−V )2 (σ ·p) |ψ(0) 〉/〈ψ(0) |ψ(0) 〉, (18.24)
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which is precisely the FORA energy obtained above, on the assumption that ψ(0) is
normalized. If we expand the operator c2/(2mc2−V )2 in powers of V/2mc2,

E(1)=−E(0)〈ψ(0) |(σ ·p) 1

4m2c2

[
1+ V

mc2
+. . .

]
(σ ·p) |ψ(0) 〉

=−E(0)〈ψ(0) |(σ ·p)(σ ·p) |ψ(0) 〉/4m2c2+. . . ,
(18.25)

we see that the first-order energy provides the term that was missing from the ZORA
Hamiltonian expansion in (18.3). This missing term contains the rest of the relativistic
correction of O(c−2).

Assuming that the wave functions in each order are orthogonal, the second-order
energy can be written as

E(2)=
(
E(1)

)2
E(0)

+
(
E(0)

)2 〈ψ(0) |(σ ·p) c2

(2mc2−V )3 (σ ·p) |ψ(0) 〉

−E(0)〈ψ(0) |(σ ·p) c2

(2mc2−V )2 (σ ·p) |ψ(1) 〉
(18.26)

where we have used (18.24) to eliminate one of the integrals. We can expand the first-
order wave function in the zeroth-order states as usual to arrive at an expression for
the last term, with the result for the second-order energy

E(2)=
(
E(1)

)2
E(0)

+
(
E(0)

)2 〈ψ(0) |(σ ·p) c2

(2mc2−V )3 (σ ·p) |ψ(0) 〉

−E(0)
∑
k

∣∣∣∣〈ψ(0) |(σ ·p) c2

(2mc2−V )2 (σ ·p) |ψ(0)
k 〉

∣∣∣∣
2

/(E
(0)
k −E(0)).

(18.27)

The first term in this expression is negative and the second and third terms are positive.
It is consequently difficult to say a priori whether the second-order energy is positive
or negative.

The magnitude of the perturbation corrections is related to the magnitude
of the integral 〈ψ(0) |(σ ·p)c2/(2mc2−V )k+1(σ ·p) |ψ(0) 〉. The value of 2mc2−V
will always be greater than 2mc2, and thus the integral will always be less
than 〈ψ(0) | T̂ |ψ(0) 〉/(2mc2)k . The terms in the perturbation will be less than
(E/2mc2)k〈T̂ 〉, which will at least converge for |E|<2mc2.

One final approach to the development of a regular perturbation series is worth
examining, and that is the renormalization perturbation theory of Sadlej et al. (1994,
1995). This approach follows the line of direct perturbation theory, but the formal
perturbation is different. Writing the Dirac equation with 1/c extracted from the small
component according to (17.60) and replacing 1/c2 in the metric with µ2, we have

(
V (σ ·p)

(σ ·p) V/c2−2m

)(
ψL

φS

)
=
(

I2 02

02 µ2I2

)(
ψL

φS

)
E. (18.28)
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Now, making a perturbation series in µ2 with the physical value µ=1/c, the zeroth-
order equation is

(
V (σ ·p)

(σ ·p) V/c2−2m

)(
ψL

φS

)
=
(

I2 02
02 02

)(
ψL

φS

)
E. (18.29)

This is similar to the Lévy-Leblond equation, in that there is a zero in the metric and the
negative-energy solutions would be pathological. From the second row in the matrix
equation we have

φS = c2

2mc2−V (σ ·p)ψL (18.30)

which on substitution into the first row gives the ZORA equation.
To consider the perturbation expansion we write formally

Ĥ′ψ= (Ĝ′
0+µ2Ĝ′

2

)
ψE (18.31)

where the primes indicate the extraction of 1/c from the original Dirac Hamiltonian,
as in section 17.5. Making the expansion in even powers of µ, the lowest-order
perturbation equation is

Ĥ′ψ(2)= Ĝ′
0ψ

(0)E(2)+Ĝ′
0ψ

(2)E(0)+Ĝ′
2ψ

(0)E(0). (18.32)

Premultiplying by ψ(0)† and integrating,

E(2)=−〈ψ(0) | Ĝ′
2 |ψ(0) 〉E(0), (18.33)

which on substitution of (18.30) for the zeroth-order wave function gives us, as we
would expect, the FORA energy. Expressions for higher orders are easily derived.

18.3 Nonperturbative Improvements of the ZORA Equation

The perturbation series discussed so far start from the ZORA Hamiltonian as the zeroth-
order approximation. We already know that this Hamiltonian has relativistic corrections
in it but is missing some terms of O(c−2). These terms in fact come from the cor-
rection to the metric, as we saw in the previous section. Is there a way to obtain
an improved zeroth-order approximation? In this section, we consider two possible
improvements.

Our line of development here is to return to the exact Foldy–Wouthuysen trans-
formation, presented in section 16.1 and used above to develop a perturbation series.
There, we chose 1/(2mc2−V ) as the perturbation and expanded both the square root
and the inverse powers. Here, we choose the perturbation parameter as E/(2mc2−V )
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and essentially expand only the inverse powers. The zeroth-order approximation
corresponds to setting E to zero in the operator X̂ ,

X̂0 = (2mc2−V )−1c(σ ·p). (18.34)

The zeroth-order Hamiltonian in this approximation is

Ĥ0 = 1√
1+X̂0

†X̂0

[
V +c(σ ·p)X̂0+cX̂0

†(σ ·p)+X̂0
†(V −2mc2)X̂0

] 1√
1+X̂0

†X̂0

=
[

1+(σ ·p) c2

(2mc2−V )2 (σ ·p)
]−1/2[

V +(σ ·p) c2

2mc2−V (σ ·p)
]

×
[

1+(σ ·p) c2

(2mc2−V )2 (σ ·p)
]−1/2

. (18.35)

The operator in the second bracket is the ZORA Hamiltonian, and it is sandwiched
by normalization operators. If we expand these operators as we did above, we get the
FORA Hamiltonian as the first term. The higher terms differ, however, because the final
energy in the previous series must be the Dirac energy, whereas here it is the energy
for the approximate Hamiltonian. Inclusion of the normalization terms corresponds
to a resummation of certain parts of the ZORA perturbation series to infinite order,
and the name coined by Dyall and van Lenthe (1999) is IORA—infinite-order regular
approximation.

The IORA Hamiltonian still presents some problems, because there are momentum
operators in the inverse square roots of the normalization operators. Defining a modified
wave function,

φ=
[
1+X̂0

†X̂0

]−1/2
ψ, (18.36)

the zeroth-order approximate equation for the positive energy states becomes

ĤZORAφ=E
[
1+X̂0

†X̂0

]
φ, (18.37)

which is an equation with a modified metric. Now all the momentum operators are in
the numerator, and it is as easy to solve this equation as the ZORA equation. The extra
term in the metric is the operator that appears in the FORA Hamiltonian, and if we were
to expand this equation in a perturbation series we would see that the FORA correction
is included. The IORA energy is therefore correct to O(c−2). Another way of looking
at this equation is that we have taken the lowest-order perturbation correction from
(18.22) and included it in the zeroth-order Hamiltonian. Since the term is linear in the
energy this presents no problem. Before continuing, it should be noted that it is not
trivial to obtain ψ from φ because of the square root.
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The spectrum of the IORA Hamiltonian can be derived by considering the
asymptotic region for large r , where V →0 and the IORA equation goes to

T̂ φ=E

[
1+ T̂

2mc2

]
φ. (18.38)

Rearranging this equation we find that the wave function is φ=Nek·r, where N is a
normalization constant and k is given by

k2 =−E 4m2c2

2mc2−E . (18.39)

For E<0, k2 is positive, k is real, and choosing k<0 we get wave functions that
are exponentially decaying, that is, they are bound-state wave functions.1 For 0<E<
+2mc2, k2 is negative, k is imaginary, and the wave functions are oscillatory. This is
the continuum region. For E>+2mc2, k2 is again positive and this region can only
contain bound states. We will see later that this region is empty. The curious result
is an inversion of the Dirac spectrum, which has a region of bound states between
0 and −2mc2, flanked on either side by a region of free or continuum states. The
IORA spectrum has a region of free or continuum states between 0 and +2mc2 with
bound-state regions on either side.

What is the relation between the IORA energies and the ZORA and Dirac energies?
There is a correspondence at E=0 and we expect that the correspondence continues in
the vicinity of this point. Unlike the ZORA equation, we cannot perform a scaling to
obtain a relation with the Dirac ESC equation, and therefore we cannot obtain a direct
relation with the Dirac eigenvalues. What we can do is to make use of the Rayleigh
quotient for (18.37) to obtain a relation between the ZORA and IORA eigenvalues,
since ZORA and IORA have the same Hamiltonian but a different metric. For an
arbitrary wave function ψ,

E(ψ)= 〈ψ |ĤZORA |ψ 〉
〈ψ |1+X̂0

†X̂0 |ψ 〉 . (18.40)

If we take ψ to be the IORA wave function but normalize it on the unit metric (which
is the ZORA metric), the energy E(ψ) is EIORA, and the denominator is greater than 1.
The numerator is the expectation of the ZORA Hamiltonian for a wave function that
is not the ground state wave function and therefore 〈ψ |ĤZORA |ψ 〉>EZORA. Since
both energies are negative this means that EIORA>EZORA, and the IORA energy is
bounded below by the ZORA energy.

We may also evaluate the quotient with the ZORA wave function. In that case, the
numerator is the ZORA energy, and the denominator contains the term we evaluated for
the FORA energy. We are interested in the entire range of eigenvalues, so we must use

1. Choosing k≥0 results in unphysical solutions.
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the absolute value of this term, |−ED/2mc2−ED|. The denominator of the Rayleigh
quotient can then be expressed as

1+
∣∣∣∣ −ED

2mc2+ED

∣∣∣∣=1− ED

2mc2+ED
= 2mc2

2mc2+ED
, 0>ED>−2mc2;

=1+ ED

2mc2+ED
= 2mc2+2ED

2mc2+ED
, ED<−2mc2 and ED>0.

(18.41)

With the expression for the ZORA energy in terms of the Dirac energy from (18.9),
the Rayleigh quotient is

E(ψZORA)= 2mc2ED

2mc2+ED
· 2mc2+ED

2mc2
=ED, 0>ED>−2mc2;

= 2mc2ED

2mc2+ED
· 2mc2+ED

2mc2+2ED
= mc2ED

mc2+ED
, ED<−2mc2,ED >0.

(18.42)

Since the IORA equation is variational and the ZORA wave function is not the ground
state wave function for the IORA Hamiltonian, the quotient must be an upper bound
to the IORA energy for the bound states. We can summarize as follows:

ED>EIORA>EZORA. (18.43)

For the states withED>0, the spectrum is compressed to the range 0<EIORA<+mc2,
half the range of the corresponding states for ZORA. The negative-energy states of the
Dirac spectrum, ED<−2mc2, lie in the range +mc2<EIORA<+2mc2, and there are
no states that lie in the region above +2mc2.

To improve on the IORA energies, a perturbation series may be developed based
on the IORA equation. This is most simply done by comparing with the perturbation
series for ZORA, (18.22). As we mentioned above, IORA corresponds to putting the
term that is linear in the energy into the metric to make it part of the zeroth-order
equation. Because of this, the first-order energy and the first-order wave function are
zero. The second-order energy is

E(2)=
(
E(0)

)2 〈φ(0) |(σ ·p) c2

(2mc2−V )3 (σ ·p) |φ(0) 〉, (18.44)

which is positive and should bring the IORA energy closer to the Dirac energy. Other
improvements have been developed by Filatov and Cremer (2003).

IORA has one practical problem compared with ZORA. For a hydrogenic atom,
where the potential is fixed, the metric is also fixed, but for a general potential, such
as a Hartree–Fock or Kohn–Sham potential, the metric will change as the density
changes. This means a reorthogonalization in each iteration. One way to circum-
vent this problem is to reevaluate the potential only at certain intervals: for instance,
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one might start by solving the ZORA equation and then use the converged poten-
tial to construct a new metric, then converge this approximation and repeat until the
potential does not change. Another option is to use the potential of the nuclei or the
superposition of atomic Coulomb potentials in the metric, much like van Wüllen pro-
posed to solve the gauge problem. This would also have the advantage of solving
the gauge problem for IORA, which is still present at O(c−4) but is less serious than
in ZORA.

The fact that the Rayleigh quotient for the ZORA wave function yields the Dirac
eigenvalue logically leads into another, even simpler, approach than IORA to the
improvement of ZORA, and one that preceded IORA: the scaled ZORA method
(van Lenthe et al. 1994). It is the renormalization terms in the IORA Hamiltonian
that present the main difficulty. But for any given function, renormalization may be
achieved by a simple scaling. We therefore make the approximations

[
1+X̂0

†X̂0

]−1/2
ψi �

[
1+〈ψi | X̂0

†X̂0 |ψi 〉
]−1/2

ψi ,

ψi
†X̂0

†X̂0ψi �〈ψi | X̂0
†X̂0 |ψi 〉ψi

†ψi .

(18.45)

The renormalization terms commute with the ZORA Hamiltonian and simply give a
scaling factor. The IORA equation now becomes

ĤZORAψi =Ei

[
1+〈ψi | X̂0

†X̂0 |ψi 〉
]
ψi , (18.46)

which is the ZORA equation with a scaled energy. It is therefore only necessary to
solve the ZORA equation and scale the eigenvalues to get the energies.

The scaled ZORA energies for a one-electron system can easily be evaluated.
We already know that the integral in the metric is equal to −ED/(2mc2+ED). The
scaling factor is therefore

1+〈ψi | X̂0
†X̂0 |ψi 〉= 2mc2

2mc2+ED
. (18.47)

Since the ZORA eigenvalue is 2mc2ED/(2mc2+ED), the scaled ZORA eigenvalue Ei
must be simply ED, the Dirac eigenvalue, as we suggested above.2 Due to this fact,
the scaled ZORA energy is gauge-independent, but only for a hydrogenic system. For
other systems, there will be a small gauge dependence.

Finally, we mention the regular modified Dirac equation of Sadlej and Snijders
(1994), which is exact and follows the lines of chapter 15. The regular transformation
of the small component,

φL= (2mc2−V )−1c(σ ·p)ψS, (18.48)

2. This relation applies only to the Dirac bound states, which have energies 0>ED>−2mc2. For continuum
states, the eigenvalue is given by (18.43).
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yields the regular modified Dirac equation,

(
V ĤZORA

ĤZORA −ĤZORA

)(
ψL

φL

)
=
(

I2 02

02 X̂0
†X̂0

)(
ψL

φL

)
E. (18.49)

This equation is exact just as the modified Dirac equation of chapter 15 is exact. It can
also be separated into spin-free and spin-dependent terms, but now the separation must
be done in both the Hamiltonian and the metric. Visscher and van Lenthe (1999) have
shown that the spin separation gives different results for the two modified equations,
and therefore the spin separation is not unique. This regular modified Dirac equation
can be used in renormalization perturbation theory, with ZORA as the zeroth-order
Hamiltonian.

18.4 Many-Electron Systems

While one-electron systems provide a good formal testing ground for an approxi-
mate theory, for quantum chemistry we need a theory that encompasses many-electron
systems. Formally, we can treat the regular approximations as a Foldy–Wouthuysen
transformation with a particular choice of X̂ , and then we can write the transformed
two-electron operator as

ĝRA
ij = Ô−1

i Ô−1
j

(
gij +X̂i

†gij X̂i+X̂j
†gij X̂j +X̂i

†X̂j
†gij X̂j X̂i

)
Ô−1
j Ô−1

i (18.50)

where the normalization operator Ô is

Ô=
√

1+X̂†X̂ . (18.51)

The operator X̂ is given in (18.34) which we repeat here without the subscript:

X̂ = (2mc2−V )−1c(σ ·p). (18.52)

This operator is very similar to the R̂2 operator of the free-particle Foldy–Wouthuysen
transformation: it has a regularizing factor multiplied by (σ ·p). We can derive spin-free
and spin-dependent operators from the Coulomb, Gaunt, and Breit interactions in an
entirely analogous fashion to the Foldy–Wouthuysen transformation. As an example,
the two-electron spin–orbit interaction in the regular approximation is

ĝRA,so =
∑
i 
=j

Ô−1
i Ô−1

j �σ i ·∇i

(
1

rij

c2

(2mc2−Vi)2
)

×pi Ô−1
j Ô−1

i . (18.53)

This operator is complicated by the inclusion of the regularization terms, which must
be differentiated in addition to 1/rij .
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The biggest problem that we now face is that the potential V is in the denominator,
and we have to decide what to include in V . Obviously, including gij =1/rij would
make the two-electron terms impossibly complicated, even if we were tabulating V on
a grid. We are therefore forced to make some kind of approximation.

We could of course proceed as we did for the Douglas–Kroll transformation and
use a transformation that depends only on the nuclear potential. This would remove
the awkwardness of having 1/rij in the denominator, but we still have the product of
c2/(2mc2−Vi)2 with 1/rij to deal with. If we are only interested in spin-free relativis-
tic effects, we could neglect the transformation of the electron–electron interaction,
as we did in the Douglas–Kroll–Hess approximation. This approximation yields the
Hamiltonian

ĤRA =
∑
i

ĥRA
i + 1

2

∑
i 
=j

gij , (18.54)

where

ĥRA
i = Ô−1

i

[
V nuc
i +(σ i ·pi ) c2

2mc2−V nuc
i

(σ i ·pi )
]
Ô−1
i (18.55)

and we can choose Ôi for the particular regular approximation we want to use—ZORA,
scaled ZORA, or IORA.

If we wish to use IORA in this approximation and absorb the normalization factors
into the wave function, the two-electron operator is no longer gij but

ĝmodIORA
ij = ÔiÔj ĝij Ôj Ôi . (18.56)

This operator is not so convenient. We cannot simply ignore the normalization oper-
ators, because they change the magnitude of the electron–electron interaction, which
accounts for some of the relativistic effects. It would then be necessary to abandon the
approximation and include the effects arising from the transformation of gij with X̂ .
The alternative is to evaluate the normalization operators in a matrix representation,
which is relatively easy since they are one-electron operators.

If we want to construct a more rigorous approach to the electron–electron interaction
we need to address the inclusion of at least part of the electron–electron interaction
in the denominator. In a many-electron system, using just the nuclear potential for V
in the denominator neglects the screening from the electrons, with the result that the
denominator is too large and the regularized operators are too small. The energies are
consequently too low. This can be seen by setting V1 to zero in the last term of (18.12)
which is positive.

The question is how do we include the two-electron contributions to V ? The oper-
ator X̂ was derived by neglecting the energy in the exact expression for the small
component in terms of the large component. Since this expression was derived from
the Dirac equation, we should turn to a mean-field Dirac equation to derive an expres-
sion that includes the two-electron contributions. Because much of the development
of regular approximations has been made in the context of density functional theory,
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we will consider both the Dirac–Hartree–Fock (DHF) equation and the Dirac–Kohn–
Sham (DKS) equation as starting points. We write these equations in unrestricted spinor
form as

DHF :
(
V nuc+J tot −K̂LL c(σ ·p)−K̂LS

c(σ ·p)−K̂SL V nuc+J tot −K̂SS−2mc2

)(
ψL

ψS

)
=E

(
ψL

ψS

)
(18.57)

DKS :
(
V nuc+J tot +V xc c(σ ·p)

c(σ ·p) V nuc+J tot +V xc−2mc2

)(
ψL

ψS

)
=E

(
ψL

ψS

)
(18.58)

where V nuc is the nuclear potential, J tot =JLL+J SS is the electronic Coulomb poten-
tial and V xc is the exchange-correlation potential. To simplify the expressions a little,
we write the total Coulomb potential as

V Coul =V nuc+J tot. (18.59)

The potential in the Dirac–Kohn–Sham equation is diagonal, so we can write

V DKS =V nuc+J tot +V xc. (18.60)

The Dirac–Kohn–Sham equation reduces to

(
V DKS c(σ ·p)
c(σ ·p) V DKS−2mc2

)(
ψL

ψS

)
=E

(
ψL

ψS

)
, (18.61)

which is of the same form as the one-particle Dirac equation. This suggests that we
can simply replace V with V DKS in the one-electron ZORA equation. Unfortunately,
it is not quite so simple: there are some hidden complexities in this substitution that
we will address below. The exchange potential in the Dirac–Hartree–Fock equation is
nonlocal and nondiagonal, but we can still eliminate the small component and make a
regular approximation by neglecting E. In this way, we arrive at the operator X̂0 from
the approximate Foldy–Wouthuysen transformation for both equations:

X̂ DHF
0 =

[
2mc2−V Coul+K̂SS

]−1 [
c(σ ·p)−K̂SL

]
; (18.62)

X̂ DKS
0 =

[
2mc2−V DKS

]−1
c(σ ·p). (18.63)

With these definitions we can write the transformed one-electron Fock operators in
analogy to (18.35) as

f̂ RegDHF =
[
ÔDHF

0

]−1
[
V Coul−K̂LL+

(
c(σ ·p)−K̂SL†

)

×
(

2mc2−V Coul+K̂SS
)−1(

c(σ ·p)−K̂SL
)][

ÔDHF
0

]−1
(18.64)
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f̂ RegDKS =
[
ÔDKS

0

]−1
[
V DKS+(σ ·p) c2

2mc2−V DKS
(σ ·p)

][
ÔDKS

0

]−1
(18.65)

where Ô0 =
√

1+X̂0
†X̂0 is the normalization term in each case. These equations as

they stand represent the IORA approximation: scaled ZORA is obtained by replacing
X̂0

†X̂0 by its expectation value, and ZORA is obtained by replacing Ô0 with 1.
So far we have made no approximations to the Coulomb and exchange terms in

the potential, which are still expressed in terms of the large and small components.
In an actual calculation we would not have the large and small components, only the
approximate transformed wave function. The potentials must therefore be expressed
in terms of the transformed wave functions and the transformed operators, taking into
account that these are not exact.

We first consider the relationships between the original and transformed wave
functions and the effects of the approximations. The relationships for a general
transformation defined by (16.8), which is unitary by construction, are


ψFW

δFW


=




Ô−1+
[
ψL+X̂†ψS

]

Ô−1−
[
−X̂ψL+ψS

]

;


ψL

ψS


=


Ô−1+ ψFW −X̂†Ô−1− δFW

X̂ Ô−1+ ψFW +Ô−δFW


 (18.66)

where Ô+ =
√

1+X̂†X̂ ≡ Ô and Ô− =
√

1+X̂ X̂†. We will henceforth use X̂ for any
approximation, but when a regular approximation is intended, one of the X̂0 expressions
given above should be substituted.

The approximation we make in the transformation process is to neglect both the
off-diagonal terms in the transformed Hamiltonian and the residual coupling in the
wave function. At the same time as neglecting δFW, we also renormalize ψFW. This
will introduce a scaling factor, which we will absorb into the definition of ψFW and Ô.
With these approximations, the relations between the wave functions become

ψFW � Ô−1
[
ψL+X̂†ψS

]
;

ψL

ψS


�


 Ô−1ψFW

X̂ Ô−1ψFW


. (18.67)

The second of these relations also implies that we are setting ψS = X̂ψL. The effect of
this approximation can be seen if we construct the density from the transformed wave
function,

ρFW =ψFW†ψFW =
[
ψL†+ψS†X̂

][
1+X̂†X̂

]−1 [
ψL+X̂†ψS

]

=
[
ψL†+ψS†X̂

][
1+X̂†X̂

]−1 [
ψL+X̂†X̂ψL

]
=
[
ψL†+ψS†X̂

]
ψL

=ψL†ψL+ψS†ψS =ρ

(18.68)
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where we have used ψS = X̂ψL twice. The exact transformed density is ρ=
ψFW†ψFW +δFW†δFW, so the approximations in (18.67) correspond to the neglect of
the second term in the density and the renormalization of the first.

We turn now to consider the potentials. It would be tempting to apply (18.68)
immediately to the electronic Coulomb potential, since it can be expressed in terms of
the integral of the density with the electron–electron interaction. We must be careful
because, as we saw in (18.50), the transformation introduces operators that do not
necessarily commute with the interaction. The electronic Coulomb potential is

J tot =
∑
j

∫
dr
[
ψL
j

† g ψL
j +ψS

j
† g ψS

j

]

=
∑
j

∫
drj ψFW

j Ô−1
j

[
g+X̂j

† g X̂j

]
Ô−1
j ψFW

j . (18.69)

If we assume that the electron–electron interaction g commutes with X̂ then we may
write the Coulomb potential as

J tot,sf =
∑
j

∫
dr g ψFW

j Ô−1
j

[
1+X̂j

†X̂j

]
Ô−1
j ψFW

j =
∑
j

∫
drj g ρFW

j . (18.70)

The neglect of the commutator of the transformation with the two-electron operator is
precisely what we did above to obtain a spin-free relativistic equation, and is therefore
only valid in a spin-free formalism.

The problem with this approximation is that we have only neglected the commu-
tator for one electron coordinate. The commutator for the other electron coordinate
is embedded in the mean-field equation, and it still gives rise to a spin-free and a
spin–orbit operator. Neglecting for the moment the normalization terms, if we use the
partitioning in (18.5) and substitute V Coul =V nuc+J tot,sf for V , we get

f̂ Coul =V nuc+J tot,sf + 2mc2

2mc2−V Coul
T̂

+ c2(
2mc2−V Coul

)2 [p(V nuc+J tot,sf )·p+�σ ·∇(V nuc+J tot,sf )×p
]
, (18.71)

where we have expanded out only the numerator terms involving V Coul. Even with the
spin-free approximation to the Coulomb potential, the last term includes a contribution
from the two-electron spin–orbit interaction and from a spin-free relativistic correction
to the potential. This term includes only half of the contribution from these operators.
The other half was discarded when we neglected the commutator in the approximation
to J tot.

We see then that the contributions from the regularized two-electron relativistic
operators to the Fock operator are split between two terms. If we want the screening
contribution in the denominators, we cannot write the Coulomb potential as an integral
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over the density. What we must do is construct a density that includes the X̂ operators,
and not approximate it. For a spin-free calculation this density can be given in terms
of the modified wave function of (18.36) as

ρ̃FW =
∑
j

φFW
j

†φFW
j +(pφFW

j )† · c2

(2mc2−Vj )2 (pφFW
j ). (18.72)

For the spin–orbit interaction we must add a spin-density term to this expression. In
essence, we are reconstructing the small component and calculating the sum of the
large- and small-component densities. In a density-functional calculation, the density
that we must construct is therefore no longer simply the density from the transformed
wave function.

In the Dirac–Hartree–Fock case, we have to consider in addition the inclusion
of the exchange operators in the transformation. It can quite reasonably be argued
that, given the other approximation, neglecting them is reasonable. Since the small
component is O(c−1), the relative size of K̂SS in the denominator term is O(c−4)

and therefore negligible, especially since the IORA approximation itself has errors of
O(c−4). Likewise, K̂LS is O(c−2) smaller than c(σ ·p), and with its neglect, X̂ DHF

0
reduces to

X̂ DHF
0 �

[
2mc2−V nuc−J tot

]−1
c(σ ·p). (18.73)

The approximate transformed Fock operator is then

f̂ RegDHF �
[
ÔDHF

0

]−1 [
V nuc+J tot −K̂LL

+(σ ·p) c2

2mc2−V nuc−J tot
(σ ·p)

][
ÔDHF

0

]−1
. (18.74)

If we make use of the modified wave function φFW, which is approximately equal to
ψL, we can write the transformed Fock operator entirely in terms of the transformed
wave function:

f̂ RegDHF′ �V nuc+J tot −K̂+(σ ·p) c2

2mc2−V nuc−J tot
(σ ·p) (18.75)

where

K̂φFW
i =

∑
j

[∫
dr φFW

j g φFW
i

]
ψFW
j . (18.76)

Along with the construction of J tot using (18.70) (and ignoring the inconsistency) and
a spin-free approximation, the Fock matrix built from this operator would involve
no more integrals than in a nonrelativistic calculation. This approximation was first
proposed and investigated by Faas et al. (1995).
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An alternative to the operator approach is to start from the matrix equations (Filatov
2002). Then the elimination the small-component, the construction of the transforma-
tion and the transformed Fock matrix are all straightforward. There is no difficulty with
interpretation because the inverse of a matrix is well defined. The matrix to be inverted
is positive definite so it presents no numerical problems. The drawback of a matrix
method is that the basis set for the small component must be used, at least to construct
the potentials that appear in the inverse. In that case, the same number of integrals is
required as in the full Dirac–Hartree–Fock method, and there is no reduction in the
integral work or the construction of the Fock matrix.

It should also be pointed out that the presence of the momentum operators in the
ZORA Hamiltonian generates the small-component basis set. If a numerical integration
scheme is employed, the small component must be tabulated on the grid as well as the
large component. Thus, no matter whether a matrix approach or a grid-based approach
is used, the small component is present either explicitly or implicitly.

18.5 Properties in the Regular Approximations

Since we can regard the regular approximation as a Foldy–Wouthuysen transformation,
we should be able to use a similar line of development for the property operators as
in chapter 16. There we found that it was relatively easy to deal with the electric
perturbations because they appeared as powers of the perturbation operator, with a
linear operator at lowest order. The magnetic perturbations, on the other hand, were
much more complicated because the transformation involved complicated functions of
the momentum, which must be replaced with the expression that includes the vector
potential.

In the regular approximations, the situation is reversed. Here, the scalar potential is
in the denominator of the transformation operator X̂ , whereas the vector potential is in
the numerator. The electric perturbations are therefore more complicated, and we will
address these first. In what follows, we will consider only the one-electron operators
and ignore two-electron contributions.

As in previous chapters, we represent the electric perturbation by a scalar poten-
tial W , which is added to the potential V . We must perform the transformation on the
perturbed system and then try to separate the perturbation. The perturbed transformation
operator X̂ is

X̂ = (2mc2−V −W)−1c(σ ·p) (18.77)

and the normalization operator, Ô is

Ô=
√

1+X̂†X̂ =
[

1+(σ ·p) c2

(2mc2−V −W)2
(σ ·p)

]1/2

. (18.78)

If we work in the unnormalized representation and use the modified wave function φFW

of (18.36), we do not have to deal with the square root, but rather with a metric operator.
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We can define the perturbed Hamiltonian and the perturbed metric as

Ĥ′ =V +W+(σ ·p) c2

(2mc2−V −W)
(σ ·p), (18.79)

Ĝ′ =1+(σ ·p) c2

(2mc2−V −W)2
(σ ·p). (18.80)

In this representation, we will have to work with a perturbation in both the Hamiltonian
and the metric. For the ZORA Hamiltonian, of course, the metric is unity, and the metric
perturbations can be disregarded. We can use the partitioning of (18.12) to separate the
perturbation from the zeroth-order Hamiltonian, with the result

Ĥ′ =V +(σ ·p) c2

2mc2−V (σ ·p)+W+(σ ·p) c2W

(2mc2−V )(2mc2−V −W)
(σ ·p)

=Ĥ0+Ĥ1. (18.81)

The perturbation separates nicely into a nonrelativistic perturbation and a relativistic
correction, which is O(c−2). Likewise, the perturbed metric can be separated into a
zeroth-order term and a perturbation:

Ĝ′ =1+(σ ·p) c2

(2mc2−V )2 (σ ·p)+ (σ ·p) 2c2W

(2mc2−V )(2mc2−V −W)2
(σ ·p)

−(σ ·p) c2W 2

(2mc2−V )2(2mc2−V −W)2
(σ ·p)

= Ĝ0+Ĝ1. (18.82)

The perturbation to the metric has two relativistic corrections, which are O(c−4) and
O(c−6). Since IORA has energy errors of O(c−4), the perturbation to the metric could
justifiably be neglected.

To compare the relativistic correction to the perturbation with the Pauli expression,
we let the denominators go to 2mc2, with the result

Ĥ1 →W+ 1

4m2c2
(σ ·p)W(σ ·p). (18.83)

This is not exactly the same as the Pauli operator, but we must remember that the rela-
tivistic correction to the property is a second-order property in the Pauli approximation
and includes a relativistic correction to the wave function. However, by applying the
Dirac relation we can see that it contains the spin–orbit correction to the property and
a spin-free correction as well.
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With the perturbation operators defined, we can write down the first-order energy as

E(1)=〈φ(0) |Ĥ1 |φ(0) 〉−E(0)〈φ(0) | Ĝ1 |φ(0) 〉

=〈φ(0) |W |φ(0) 〉+〈φ(0) |(σ ·p) c2W

(2mc2−V )(2mc2−V −W)
(σ ·p) |φ(0) 〉

−E(0)〈φ(0) |(σ ·p) 2c2W

(2mc2−V )(2mc2−V −W)2
(σ ·p) |φ(0) 〉

+E(0)〈φ(0) |(σ ·p) c2W 2

(2mc2−V )2(2mc2−V −W)2
(σ ·p) |φ(0) 〉. (18.84)

Evaluation of the first-order property would be done in the same way as the energy,
either by tabulation on a grid or by matrix manipulation.

If we work in the unnormalized representation, the magnetic perturbations are
simple, because (σ ·p) only occurs in the numerator. The perturbed Hamiltonian is

Ĥ′ =V +σ ·(p+eA) c2

2mc2−V σ ·(p+eA)

=V +(σ ·p) c2

2mc2−V (σ ·p)+e(σ ·A) c2

2mc2−V (σ ·p)

+e(σ ·p) c2

2mc2−V (σ ·A)+e(σ ·A) c2

2mc2−V (σ ·A)

=Ĥ0+Ĥ1. (18.85)

Using the Dirac relation (4.14), we can write the perturbation as

Ĥ1 = c2

2mc2−V
[
2eA·p+e�σ ·B+e2A2]

+ c2

(2mc2−V )2
[
e(pV )·A+e�σ ·(∇V )×A

]
. (18.86)

The first term is the Pauli operator regularized, which can be seen by setting V to zero
in the denominator. The second term contains a spin-free and a spin–orbit relativistic
correction to the operator. The spin–orbit correction is the Pauli operator regularized.
There is no spin-free relativistic correction to the Pauli operator, but as before we must
realize that the relativistic correction to the property is a second-order perturbation,
which includes a relativistic correction to the wave function.
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In the same way the perturbed metric can be separated into a zeroth-order term and
a perturbation:

Ĝ′ =1+σ ·(p+eA) c2

(2mc2−V )2 σ ·(p+eA)

=1+(σ ·p) c2

(2mc2−V )2 (σ ·p)+e(σ ·A) c2

(2mc2−V )2 (σ ·p)

+e(σ ·p) c2

(2mc2−V )2 (σ ·A)+e2(σ ·A) c2

(2mc2−V )2 (σ ·A)

= Ĝ0+Ĝ1.

(18.87)

Using the Dirac relation (4.14) again, we can write the perturbation to the metric as

Ĝ1 = c2

(2mc2−V )2
[
2eA·p+e�σ ·B+e2A2]

+ 2c2

(2mc2−V )3
[
e(pV )·A+e�σ ·(∇V )×A

]
.

(18.88)

The two contributions to the metric corrections are O(c−2) and O(c−4). When we
evaluate the first-order energy there are now two contributions of O(c−2), one from the
metric and one from the Hamiltonian. These contribute to the kinetic correction to the
magnetic perturbation in the Pauli approximation. The first-order energy expression is

E(1)=〈φ(0) |Ĥ1 |φ(0) 〉−E(0)〈φ(0) | Ĝ1 |φ(0) 〉

=〈φ(0) | c2

(2mc2−V )
[
2eA·p+e�σ ·B+e2A2] |φ(0) 〉

+〈φ(0) | c2

(2mc2−V )2
[
e(pV )·A+e�σ ·(∇V )×A

] |φ(0) 〉
−E(0)〈φ(0) | c2

(2mc2−V )2
[
2eA·p+e�σ ·B+e2A2] |φ(0) 〉

−E(0)〈φ(0) | 2c2

(2mc2−V )3
[
e(pV )·A+e�σ ·(∇V )×A

] |φ(0) 〉.

(18.89)
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Matrix Approximations

In quantum chemistry, regardless of which operators we choose for the Hamiltonian,
we almost invariably implement our chosen method in a finite basis set. The Douglas–
Kroll and Barysz–Sadlej–Snijders methods in the end required a matrix representation
of the momentum-dependent operators in the implementation, and the regular methods
usually end up with a basis set, even if the potentials are tabulated on a grid. Why
not start with a matrix representation of the Dirac equation and perform transforma-
tions on the Dirac matrix rather than doing operator transformations, for which the
matrix elements are difficult to evaluate analytically? It is almost always much easier
to do manipulations with matrices of operators than with the operators themselves.
Provided proper account is taken in the basis sets of the correct relationships between
the range and the domain of the operators (Dyall et al. 1984), matrix manipulations
can be performed with little or no approximation beyond the matrix representation
itself.

In this chapter, we explore the use of matrix approximations. We will work within
the framework of the modified Dirac equation (15.8), which we may write as

H̃D

(
ψL

φL

)
= G̃

(
ψL

φL

)
E. (19.1)

This equation has the advantages that the large and pseudo-large components have the
same symmetry and can be expanded in the same basis set, and the way in which the
speed of light appears makes it easy to identify relativistic terms of different orders.
We expand the large and pseudo-large components in a basis set

ψL =
∑
k

aLk χk; φL =
∑
k

aPk χk (19.2)

381
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and obtain the matrix modified Dirac equation

(
V T

T Vp/4m2c2 − T

)(
aL

aP

)
=
(

S 0

0 T/2mc2

)(
aL

aP

)
E (19.3)

where V and T are the usual matrices of the nuclear potential and kinetic energies, S is
the overlap matrix of the basis functions with elements Sij = 〈χi |χj 〉, and Vp is the
matrix of (σ · p)V (σ · p), or of pV · p if we are choosing the spin-free version. For
the purposes of the development it does not matter which we choose at this point. The
Hamiltonian matrix will be denoted H and the metric (or overlap) matrix G:

H =
(

V T

T Vp/4m2c2 − T

)
; G =

(
S 0

0 T/2mc2

)
. (19.4)

Note that, since we are working in a nonorthogonal basis, we always have to take
account of the overlaps. We therefore need to insert the appropriate overlap, or metric,
matrix wherever it is needed.

The process of making approximations starts with either a partitioning of the
Hamiltonian and the metric, as in direct perturbation theory, or, for variational approx-
imations, the elimination of the small component. This can be done either directly or
via a Foldy–Wouthuysen transformation. Here, we are interested first and foremost in
variational approximations, so we will focus on the elimination of the small component
and the Foldy–Wouthuysen transformation. Before considering the approximations, we
first outline some theory for the exact solutions.

19.1 The Matrix Elimination of the Small Components

The theory for the matrix elimination of the small component follows closely the lines
of the operator elimination of the small component, but there are some subtleties that
arise from the fact that we have a metric matrix that is not the unit matrix. We will
first perform the direct elimination, and subsequently discuss the Foldy–Wouthuysen
transformation.

In the direct elimination, we invert the second line of (19.3) to obtain a relation
between the large- and pseudo-large-component coefficient vectors,

aP =
[
T(1 + E/2mc2)− Vp/4m2c2

]−1
TaL ≡ XaL. (19.5)

This is a valid procedure for E > −2mc2 because Vp is negative definite and T is
positive definite. Substituting into the first line of (19.3), we get an equation for the
large-component coefficient vector,[

V + T
[
T(1 + E/2mc2)− Vp/4m2c2

]−1
T
]

aL = SaLE. (19.6)

This equation can be solved iteratively to obtain the eigenvalue E and eigenvector aL.
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There is a problem with this equation, which turns out to be a major one. We have
to perform the inversion and solution for each eigenstate because the energy is in
the denominator and each eigenstate has a different energy. This means that each
eigenvector corresponds to a different Hamiltonian matrix, and the eigenvectors aL

are not orthogonal on the metric matrix, which here is just S. The same is true for the
operator elimination of the small component: the large components are not orthogonal
on the unit metric. Since we are ultimately interested in a procedure for many-electron
systems, requiring iterative solutions for the eigenvalue problem, we would like to
solve the matrix equation only once to obtain all eigenstates and have a properly
orthonormal set.

The issue of different energies in the denominator of (19.6) is a soluble problem.
Consider the whole set of exact, positive-energy solutions, whose large- and pseudo-
large-component vectors are AL and AP and whose eigenvalues are collected into a
diagonal matrix E. The matrix equations are

VAL + TAP = SALE (19.7a)

TAL + (Vp/4m2c2 − T)AP = T/2mc2APE. (19.7b)

Substituting AP = XAL, we have to use the first equation to define X rather than the
second,

X = AP (AL)−1 = T−1
[
SALE(AL)−1 − V

]
. (19.8)

The matrix AL consists of linearly independent vectors and hence is invertible. Having
already used the first equation we must now use the second to perform the elimination,
which we do with a premultiplication by X† to give

[
(X†T − X†TX)+ 1

4m2c2
X†VpX

]
AL = 1

2mc2
X†TXALE. (19.9)

We now have an equation that in principle applies to all solutions. But the problem
of orthonormality remains. The vectors AL are the large-component vectors, and these
are not orthonormal on the metric in this equation either.

There is fortunately a solution to this dilemma. We need only substitute AP = XAL

into (19.7a) and add it to this equation to obtain an equation with the proper metric,

[
(TX + X†T − X†TX)+ (V + 1

4m2c2
X†VpX)

]
AL =

(
S + 1

2mc2
X†TX

)
ALE.

(19.10)

The eigenvector orthogonality is given by the expectation value of the metric over AL:

AL†
(

S + 1

2mc2
X†TX

)
AL. (19.11)
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But AL and AP come from exact solutions of the modified Dirac equation, for which
we have the orthonormality relation

I = (
AL† AP†

)
G
(

AL

AP

)
= (

AL† AP†
) (S 0

0 T/2mc2

)(
AL

AP

)

= AL†SAL + AP†TAP /2mc2

(19.12)

Substituting AP = XAL, we get

AL†(S + 1

2mc2
X†TX)AL = I, (19.13)

proving the orthonormality of AL on this metric. Because of the properties of the
metric, (19.10) has been called normalized elimination of the small component, or
NESC (Dyall 1997). The usual method defined in (19.6), which we write here with the
use of X,

(V + TX)AL = SALE, (19.14)

has been termed unnormalized elimination of the small component, or UESC.
Both equations, UESC and NESC, fit naturally into a nonrelativistic environment.

We have a modified potential energy matrix, a modified kinetic energy matrix, and
a modified overlap or metric matrix. For UESC these are

ṼUESC = V

T̃UESC = TX

S̃UESC = S

(19.15)

which differ from the nonrelativistic matrices only in the kinetic energy1. For NESC
the matrices are

ṼNESC = V + X†VpX/4m2c2

T̃NESC = TX + X†T − X†TX = T − (I − X)†T(I − X)

S̃NESC = S + X†TX/2mc2

(19.16)

which have relativistic corrections for all three matrices. The potential and the metric
in both cases have the correct nonrelativistic limit. To obtain the correct limit for the
kinetic energy, we should have X → I. Clearly this is so from (19.5), but for the entire
set we must use (19.8). In the nonrelativistic limit,

(T + V)AL = SALE, (19.17)

1. The UESC kinetic energy matrix is not Hermitian for the X derived for all eigenvalues (Kutzelnigg and
Liu 2005).
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and substitution into (19.8) gives us the desired nonrelativistic limit, X = I. It follows
that for the physical value of c, X = I + O(c−2). With this relation, we can examine
the relativistic corrections to the matrices. In UESC, all the relativistic corrections
are lumped into a correction to the kinetic energy that is O(c−2), but in NESC, the
potential and metric both have relativistic corrections that are O(c−2). The kinetic
energy correction is O(c−4), and is negative. There is an interesting parallel here
with direct perturbation theory. The relativistic corrections to the operators in direct
perturbation theory are in the potential and the metric, and there is no kinetic energy
correction. In NESC, there are explicit relativistic corrections to the potential and the
metric. X represents the correction to the wave function, and hence the kinetic energy
correction is a pure wave function effect.

19.2 Properties of the NESC and UESC Equations

There are other differences between UESC and NESC that give further reasons for pre-
ferring the latter. To examine these differences, we use perturbation theory and exploit
the fact that NESC may in fact be obtained by an unnormalized Foldy–Wouthuysen
transformation of the Dirac Hamiltonian and metric matrices. The transformation can
be written in terms of X as

U′ =

 I X†

−TXS−1/2mc2 I


 (19.18)

where the prime indicates that the matrix is orthogonal but not unitary. The matrix X
can be arbitrarily chosen here—it is not necessarily the matrix defined in (19.8) but it
will be taken to be the appropriate matrix for the method, NESC or UESC. The lower
left corner of U′ follows from the requirement that use of this transformation on the
metric matrix G should preserve the block-diagonal structure, a property that will be
useful later on.

The transformed Hamiltonian and metric are symbolically represented as

H′ =

H′++ H′+−

H′−+ H′−−


 G′ =


G′++ 0

0 G′−−


, (19.19)

with

H′++ = V + X†VpX/4m2c2 + TX + X†T − X†TX,

H′−+ = −TXS−1(V + TX)+ T − TX + VpX/4m2c2 = (H′+−)†,

H′−− = Vp/4m2c2 + XVX† − T − XT − TX†,

(19.20)
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and

G′++ = S + X†TX/2mc2 ≡ G̃,

G′−− = T/2mc2 + TXS−1X†T/4m2c4.

(19.21)

The NESC Hamiltonian is just H′++, and the NESC metric is G′++. These arise naturally
from the transformation of the Hamiltonian.

We now make use of the transformed Hamiltonian to develop a perturbation theory
for both NESC and UESC. The NESC partitioning is

HNESC
0 =


H′++ 0

0 H′−−


 HNESC

1 =

 0 H′+−

H′−+ 0


 (19.22)

GNESC
0 =


G′++ 0

0 G′−−


 GNESC

1 = 0 (19.23)

and the UESC partitioning is

HUESC
0 =


H′++ − Y++ 0

0 H′−− − Y−−


 HUESC

1 =

Y++ H′+−

H′−+ Y−−


 (19.24)

GUESC
0 =


G′++ − Q++ 0

0 G′−− − Q−−


 GUESC

1 =

Q++ 0

0 Q−−


 (19.25)

where

Y++ = X†VpX/4m2c2 + X†T(I − X) (19.26)

Q++ = X†TX/2mc2 (19.27)

and for the present purposes the choice of Y−− and Q−− is arbitrary. Note that both
Y++ and Q++ are O(c−2). In both cases we have a block-diagonal zeroth-order
Hamiltonian, and the solutions have nonzero components in either the positive- or
the negative-energy space,

c′+ =
(

aL

0

)
, c′− =

(
0

aP

)
. (19.28)

The reference state is one of the positive-energy states, which we will denote c′
0. The

remaining states will be indexed with k+ or k− for positive- and negative-energy
states, respectively.
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The energies at the first and second order are given by

E(1) = c′
0
†(H1 − G1E0)c′

0 (19.29)

E(2) =
∑
k+

c′
0
†(H1 − G1E0)c′

k+c′
k+†(H1 − G1E0)c′

0

E0 − Ek+

+
∑
k−

c′
0
†(H1 − G1E0)c′

k−c′
k−†(H1 − G1E0)c′

0

E0 − Ek−
.

(19.30)

The first-order energy is zero for NESC because the perturbation is purely off-diagonal
and hence only connects positive- and negative-energy states. For UESC, there is a
first-order energy correction, which is the expectation of

X†
[
Vp/4m2c2 − T(1 + E0/2mc2)

]
X + X†T (19.31)

which is zero only if X is defined by (19.5) with E = E0. Otherwise, it is nonzero.
In the second-order energy, UESC has contributions from both the positive- and the

negative-energy states. The contributions from the positive-energy states are O(c−2),
and the contributions from the negative-energy states are O(c−4). NESC only has
contributions from the negative-energy states, of O(c−4), and these are positive because
E0 > Ek−. This shows that the NESC energy is below the Dirac energy and in an
iterative procedure would converge on it from below. It does not necessarily mean that
there is variational collapse.

What we learn from this analysis is that the traditional elimination of the small
components (i.e., UESC) presents some issues that make its application to many-
electron systems difficult. The center of the problem is the neglect of the normalization
terms along with the corresponding terms in the Hamiltonian. The consequence is that
either a separate Hamiltonian has to be set up for each one-particle state, or we must
be content with a set of states that are in error by O(c−2). It is much better to start
from a theory in which the normalization is properly incorporated, such as NESC, for
which all one-particle states can be obtained from the same Hamiltonian and the error
is O(c−4). NESC is not without its drawbacks, the main one being that the metric
is energy-dependent,2 and it would therefore be necessary to solve the generalized
eigenvalue problem for each iteration. This need only be done once per iteration,
compared with multiple operations to obtain separate solutions for UESC. We will
therefore base the developments of this chapter on NESC or the Foldy–Wouthuysen
transformation, and will not be concerned any further with UESC. For this reason, we
simplify the notation by dropping the superscript NESC such that for any operator Ω̂ we

set Ω̃ = Ω̃
NESC

.
There is a parallel between UESC and NESC on the one hand and ZORA and IORA

on the other hand. If we set the energy in X to zero, we get the matrix versions of

2. Kutzelnigg and Liu (2005) have shown how X can be obtained iteratively without using the energy.
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the ZORA and IORA equations. Like UESC and NESC, ZORA has errors of O(c−2),
while the errors in IORA are of O(c−4). The reasons are the same: ZORA neglects
the normalization term that makes the wave function orthogonal on the chosen metric,
whereas IORA includes it.

Having shown that NESC may be formulated as an unnormalized Foldy–
Wouthuysen transformation, it appears natural to proceed to a normalized Foldy–
Wouthuysen transformation. The normalization must be defined on the appropriate
metric, here denoted G′′, for which the positive–positive block must be S. As we are
no longer concerned with the negative-energy states, we can choose the negative–
negative block arbitrarily. The normalized transformation can then be expressed in
terms of the unnormalized transformation by

U′′ = (G′′)1/2(G′)−1/2U′. (19.32)

To obtain the one-electron matrices for the normalized modified Foldy–Wouthuysen
(NMFW) transformation we must therefore premultiply the NESC matrices by
(G′′)1/2

++(G′)−1/2
++ = S1/2S̃−1/2 and postmultiply by the transpose, S̃−1/2S1/2:

ṼNMFW = S1/2S̃−1/2(V + X†VpX/4m2c2)S̃−1/2S1/2

T̃NMFW = S1/2S̃−1/2(TX + X†T − X†TX)S̃−1/2S1/2

S̃NMFW = S1/2S̃−1/2(S + X†TX/2mc2)S̃−1/2S1/2 = S.

(19.33)

Likewise, the NMFW eigenvectors AN are related to the eigenvectors of the
unnormalized Foldy–Wouthuysen transformation, AL, by

AN = S−1/2S̃1/2AL. (19.34)

These transformations are in fact nothing more than the application of a symmetric
orthonormalization followed by a transformation to the new metric.

In practical terms, these transformations require two diagonalizations and back-
transformations, so because the unnormalized expressions are more straightforward
and entirely equivalent, these are to be preferred in general. Later, we will present an
approximation that requires the normalized coefficients.

19.3 Inclusion of the Two-Electron Terms

For many-electron systems we wish to incorporate the two-electron terms of the
Hamiltonian into the model. As for the one-electron terms, we may perform an unnor-
malized Foldy–Wouthuysen transformation on the two-electron integrals to obtain a
transformed set of integrals,

(µ̃ν̃|τ̃ ρ̃) = (µν|τρ)+X∗
κµ(Π̂κΠ̂λ|τρ)Xλν/4m2c2

+X∗
κτ (µν|Π̂κΠ̂λ)Xλρ/4m2c2 +X∗

κµX
∗
ζ τ (Π̂κΠ̂λ|Π̂ζ Π̂η)XλνXηρ,

(19.35)
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where the Einstein convention of summation over repeated indices has been used, and
will continue to be used in this section. Π̂ is p or (σ · p) depending on whether the
spin-free or spin-dependent Hamiltonian is used. The spin-free modified two-electron
integrals can be used in an otherwise nonrelativistic code, just as the modified one-
electron integrals could replace the nonrelativistic integrals.

Naturally, we also need a new expression for X that includes the two-electron terms,
and this we get from the Dirac–Hartree–Fock equations, which we represent here in
unrestricted form,

[
V + JLL − KLL

]
AL +

[
T − KLP

]
AP = SALE (19.36a)[

T − KPL
]

AL +
[
(Vp + JPP −KPP )/4m2c2 − T

]
AP = T/2mc2APE. (19.36b)

The direct and exchange matrices are defined by

JLLµν = (µν|κλ)DLL
λκ + (µν|Π̂κΠ̂λ)DPP

λκ

JPPµν = (Π̂µΠ̂ν|κλ)DLL
λκ + (Π̂µΠ̂ν|Π̂κΠ̂λ)DPP

λκ

(19.37)

KLL
µν = (µλ|κν)DLL

λκ

KLP
µν = (µλ|Π̂κΠ̂ν)DLP

λκ

KPL
µν = (Π̂µΠ̂λ|κν)DPL

λκ

KPP
µν = (Π̂µΠ̂λ|Π̂κΠ̂ν)DPP

λκ

(19.38)

and the density matrices by

DLL = aLi aLi
† ≡ D̃

DLP = aLi aPi
† = DLLX†

DPL = aPi aLi
† = XDLL

DPP = aPi aPi
† = XDLLX†.

(19.39)

To obtain an expression for X, we insert AP = XAL into (19.36a) and invert it:

X = [T − KLP ]−1[SALEAL† − (V + JLL − KLL)] (19.40)

The definition we end up with is recursive because both JLL and KLP contain X if we
replace AP with XAL throughout. In an iterative scheme this would not be a serious
problem because we could use the value of X from the previous iteration to construct
the J and K matrices, and at convergence the input and output X matrices would be
the same to the required numerical precision.
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With the expressions for the density, the direct and the exchange matrices,
and the definition of the transformed integrals, we can write down the NESC SCF
equation as (

T̃ + Ṽ + J̃ − K̃
)

AL = S̃ALE (19.41)

which is just like a nonrelativistic SCF equation but with modified matrices. The NESC
direct and exchange matrices are defined by

J̃µν = (µ̃ν̃|κ̃ λ̃)D̃λκ , K̃µν = (µ̃λ̃|κ̃ ν̃)D̃λκ . (19.42)

We have so far only considered the Coulomb interaction, but it is straightforward to
incorporate the Gaunt or Breit interactions.

The modified two-electron terms contain all the relativistic integrals, which means
that the integral work is no different from that in the full solution of the Dirac–Hartree–
Fock equations. It would save a lot of work if we could approximate the integrals, in the
same way as we did for the Douglas–Kroll–Hess approximation. To do so, we must use
the normalized Foldy–Wouthuysen transformation. The DKH approximation neglects
the commutator of the transformation with the two-electron Coulomb operator, and in
so doing removes all the spin-dependent terms. We must therefore also use a spin-free
one-electron Hamiltonian. The approximate Hamiltonian (in terms of operators rather
than matrices) is

Ĥ �
∑
i

Ô−1
i

[
Vi + X̂ †

i pV · pX̂i/4m2c2 + TiX̂i + X̂ †
i Ti − X̂ †

i TiX̂i

]
Ô−1
i +

∑
i>j

1

rij

(19.43)

where

Ôi =
[
1 + X̂ †

i TiX̂i/4m2c2
]1/2 (19.44)

The parallels between the one-electron operator and the NMFW one-electron matrices
in (19.33) are obvious. It turns out that insertion of the resolution of the identity in
a nonorthogonal basis does not strictly lead to the NMFW matrices. These matrices
are rather to be regarded as the result of a symmetric reorthonormalization. However,
given the approximation to the two-electron operator, the difference betwen the two is
not likely to be serious. Armed with the NMFW one-electron matrices, we can write
down the NMFW SCF equation,(

T̃NMFW + ṼNMFW + J̃NMFW − K̃NMFW
)

AN = SANE (19.45)

which again is just like a nonrelativistic SCF equation, but with modified matrices.
The NMFW direct and exchange matrices are defined by

J̃NMFW
µν = (µν|κλ)D̃NMFW

λκ , K̃NMFW
µν = (µλ|κν)D̃NMFW

λκ (19.46)

where

D̃NMFW = aNi aN†
i (19.47)
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19.4 Atom-Centered Approximations

The elimination of the small component as a method for solving the Dirac equation
gives very little advantage over the original. It merely reduces the size of the one-
electron matrices that must be diagonalized, and unless the two-electron integrals are
approximated there is no reduction of work in the most time-consuming part of the
procedure. Part of the reason at least is the presence of the energies, or spinor eigen-
values, in the expression for X. What would be really useful is some approximations
in which the energies were not present, or at least not varying.

Neglecting the energy in the definition of X in (19.5), we have

X0 =
[
T − Vp/4m2c2

]−1
T. (19.48)

Substitution of X0 for X in (19.14) gives the ZORA equation in the modified Dirac
representation

(
V + T

[
T − Vp/4m2c2

]−1
T
)

AL = SALE. (19.49)

The expression in square brackets is the matrix of 2mc2 − V evaluated over the set
of basis functions {((σ · p)/2mc)χµ}, which is essentially the small-component basis
set. Likewise, T can be regarded as the integral over (σ · p) between the small- and
large-component basis set. This makes it clear that the denominator in ZORA must be
evaluated over the small-component basis functions.

Similarly, if we substitute X0 for X in (19.10), we get the IORA equation in the
modified Dirac representation,

(
V + T

[
T − Vp/4m2c2

]−1
T
)

AL

=
(

S + T
[
T − Vp/4m2c2

]−1
T
[
T − Vp/4m2c2

]−1
T
)

ALE.

(19.50)

We have discussed ZORA and IORA at length in chapter 18, and will not pursue these
approximations here.

It is even possible to define a free-particle transformation from which we could
continue to develop a matrix Douglas–Kroll–Hess or Barysz–Sadlej–Snijders approx-
imation. But with the matrix formalism we now have available, there is the oppor-
tunity to take a different approach, one that centers around the properties of the
matrix X.

For the purpose of the development, we will use (19.5) and expand X into the unit
matrix and a residue,

X = I + 1

4m2c2
T−1(Vp − 2mET)

[
I − T−1(Vp − 2mET)/4m2c2

]−1
. (19.51)
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The size of the off-diagonal matrix elements of X will be determined by the size
of the corresponding matrix elements of Vp and T, so we need some way to esti-
mate the size of these matrix elements. The expression in parentheses is the matrix
of (σ · p)(V − E)(σ · p). If we approximate E with the nonrelativistic energy, this
is the operator from direct perturbation theory that gives the lowest-order relativistic
correction to the energy, given in (17.76). Replacing E with the operators from the
nonrelativistic energy expression E = T + V we find that

Vp − 2mET � 2mT2. (19.52)

The size of the off-diagonal matrix elements of X will therefore approximately scale
as the off-diagonal elements of T. These matrix elements will be largest for pairs of
basis functions that describe the core of the same atom, and will be smallest for basis
functions on different centers, due to the overlap. It is then a reasonable approximation
to set the elements of X that connect basis functions on different centers to zero.

In this approximation, X will be block-diagonal, with each block corresponding to
an atom in the molecule. We can now do a full four-component calculation for each
atom A in the molecule and use the solutions to define the atomic matrices XA. It is not
necessary for this purpose to use the second part of (19.8): we may simply invert the ALA
and postmultiply the APA by the inverses to obtain the XA. This we do once and for all in
a given basis set and store XA. The practical advantage of this procedure is that there is
no energy dependence in the molecular X: it is all in the atomic XA, and the molecular
X can be set up once and used to transform the integrals at the beginning of the
calculation.

What has actually happened in this approximation? X is the matrix that connects
the large and small components. In the approximation, we have fixed the relation
between the large and small components so that this no longer varies in the molecule.
We have therefore projected the molecular solutions onto the positive-energy states
of the isolated atoms. The missing term is the change of the small/large ratio when
the molecule is formed, which we saw in chapter 5 corresponds to the polarization of
the vacuum. The energy involved in molecular formation is very small compared with
2mc2, so the neglected term will be very small. Tests for molecules containing heavy
atoms show that it is of the order of a few microhartrees. Note that the neglected term
itself is O(c−2), but the coefficient multiplying c−2 is small.

The development so far has been in terms of a primitive, or uncontracted, basis
set. In molecular calculations it is often the case that we wish to use contracted basis
sets, which are defined for each atom type and are derived from some atomic calcu-
lation. When contracting the basis set for NESC, we must use a general contraction
based on the positive-energy atomic solutions, because we have made a projection
onto the positive-energy states. If we use any other kind of contraction, we could be
mixing in negative-energy states, which might create problems if these states were
occupied. Of course, we can make further approximations with the contractions, for
example to obtain a set of SCF functions with uncontracted primitives, but we must
ensure that the basis does not contain significant contamination from negative-energy
states.

The contraction is in fact a transformation of the basis, which can be represented
by a rectangular matrix. The transformation matrix for the contraction is taken from AL
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by choosing the vectors corresponding to the occupied spinors and a selection of the
virtual spinors. If we apply the atomic X to these, we generate the vectors from AP .
All the integrals can then be represented in terms of a transformation of the primitive
integrals using a selection from AL and AP , and there is no need to generate X at all.
The contracted one-electron integral matrices can be written

ṼNESC,cnt = AL†VAL + AP†VpAP /4m2c2

T̃NESC,cnt = AL†TAP + AP†TAL − AP†TAP = AL†TAL − (AL − AP )†T(AL − AP )

S̃NESC,cnt = AL†SAL + AP†TAP /2mc2 (19.53)

where we now take AL and AP to be the rectangular matrices of contraction coeffi-
cients. What we do in practice then is to store two sets of contraction coefficients, AL

and AP .
If we make the two-electron approximation given above, we will need to obtain

AN , and for this we will need X for each atom. AN will be used to contract the primitive
two-electron integrals, but we can still use AL and AP for the one-electron integrals
because the contracted one-electron integrals are independent of the representation we
choose for the calculation. This can be seen by performing the contraction, for example
with the potential energy matrix:

ṼNMFW,cnt = AN†S1/2S̃−1/2(V + X†VpX/4m2c2)S̃−1/2S1/2AN

= AL†VAL + AP†VpAP /4m2c2 = ṼNESC,cnt
(19.54)

where we have used (19.34) to back-transform AN . In this approximation, we have
three sets of contraction coefficients, AL, AP , and AN .

As we have already discussed, the largest amount of work will be expended in
the evaluation of the two-electron relativistic integrals. One method for reducing the
work was presented in the previous section, but we cannot use this approximation
if we are interested in retaining the spin–orbit effect or if the spin-free two-electron
contribution to the energy is not adequately represented. If the molecules we want
to perform calculations on are composed entirely of heavy atoms we probably have
no alternatives. If, on the other hand, we are interested in coordination chemistry, in
which we have a few heavy atoms surrounded by large organic ligands, it would be
convenient to include the relativistic effects only for the heavy atoms and not for the
ligands. We do not expect relativistic effects to be large for organic molecules.

One possible scheme for doing this is to classify the atoms into two groups:
“relativistic” and “nonrelativistic” (Dyall and Enevoldsen 1999). Relativistic effects
are included only for the relativistic atoms and interactions between the relativistic and
nonrelativistic atoms. We have already made a block-diagonal atomic approximation
for X, and we now make a further approximation. What distinguishes relativistic from
nonrelativistic is the speed of light. If we classify atoms into these two groups, we are
selecting a value of the speed of light for each atom: for relativistic atoms it has the
physical value, and for nonrelativistic atoms it is infinite, or alternatively the inverse
is zero.
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The effect of setting 1/c = 0 on the one-electron integrals, (19.16), is to zero out
the relativistic correction. For Ṽ and S̃ this follows immediately; for T̃ it follows from
the fact that X → I and therefore the correction vanishes. This is just the nonrelativistic
limit, which we have already discussed. When the basis functions in the integral come
from one nonrelativistic and one relativistic center, we must consider that one factor of
1/2mc belongs to each basis function, because it came from the transformation from the
small component to the pseudo-large component. Therefore, the relativistic corrections
will also be zero in this case. The integral will just be the nonrelativistic integral over
the large components, which in the nonrelativistic case is simply the nonrelativistic
wave function. The same applies to the two-electron integrals. The general principle
is that the relativistic correction survives only when all the pseudo-large components
come from relativistic centers. So, for example, if we have a single relativistic center,
the only relativistic corrections to the two-electron integrals that will survive are the
one-center integrals and those with two pseudo-large components on the relativistic
center.

When combined with a frozen core, this approximation is equivalent to pseudopo-
tential or ab initio model potential methods, which are developed in chapter 20. These
methods incorporate relativistic effects into a one-electron operator for heavy atoms,
and the rest of the molecule is treated nonrelativistically.

The remaining issue is the dividing line between “relativistic” and “nonrelativistic.”
Where the line is drawn will depend on the purpose and the desired accuracy of the
calculations. For “chemical accuracy” of 4 kJ/mol, atoms to the end of the third period,
that is, up to Ar, can probably be treated nonrelativistically. These include all the
common elements used for ligands. But a caution must be sounded also, because
polarization of sulfur- and phosphorus-containing ligands by a metal can result in
relativistic corrections of a few kilojoules per mole. In the long run, where the line can
be drawn will have to be determined by careful testing. Ultimately, this approximation
will be useful for calculations in which high accuracy is not demanded.

19.5 Properties in the Matrix Approximations

The calculation of first-order properties in the atom-centered matrix approximations
is almost absurdly simple, particularly for contracted basis sets. What we have done
in the approximations is to expand the molecular wave function in a set of atomic
positive-energy one-particle functions. So all we need do for the first-order properties
is to evaluate the primitive property integrals and transform them. In an uncontracted
basis, the electric and magnetic property matrices are given by

W̃ = W + X†WpX/4m2c2

Ỹ = YX + X†Y†
(19.55)

where W is the matrix of the electric operator W , Wp is the matrix of the operator
(σ · p)W(σ · p) or pW · p, and Y is the matrix of the operator (σ · A)(σ · p)/2m, all
in the primitive basis. In the contracted basis we can express the property matrices in
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terms of AL and AP :

W̃cnt = AL†WAL + AP†WpAP /4m2c2

Ỹcnt = AL†YAP + AP†Y†AL.
(19.56)

For second-order properties there is a further approximation we must make, because
the sum for the first-order wave function extends over both positive- and negative-
energy states and we have discarded the negative-energy states. This will not matter
very much for electric properties because the contribution from the negative-energy
states is O(c−4). But this will not be the case for the magnetic properties, where the
contributions from the positive-energy states and the negative-energy states are both
O(c0), as we saw in chapter 13. We must therefore find a strategy for second-order
magnetic properties.

The problem arises because the magnetic property operator is an odd (off-diagonal)
operator, that is, it connects large and small components. One way to solve this problem
is to convert it to an even operator using the approach outlined in section 13.7. The
magnetic operator correct to O(c0) is

M̂ = e

2m
β(2A · p + �Σ · B)+ e2

2m
βA2. (19.57)

This is essentially the nonrelativistic operator multiplied by β. We must transform
this operator to the modified Dirac representation, in which we have

Ỹ ′ =
(
M̂2 02

02 −(σ · p)M̂2(σ · p)/4m2c2

)
(19.58)

where M̂2 is the nonrelativistic two-component magnetic property operator,

M̂2 = e

2m
(2A · p + �σ · B)+ e2

2m
A2. (19.59)

The magnetic perturbation Hamiltonian Ỹ ′ now behaves like an electric perturbation,
which is what we want for the approximations of this chapter. We can evaluate the
matrix elements of this new operator in the same way as we did for the electric pertur-
bations. There is a relativistic correction to the magnetic operator M̂ , but it requires a
second transformation of the perturbed Hamiltonian, and is discussed in section 13.7.
As stated for the approximations to the energy, these approximations are useful where
high accuracy is not required.



20

Core Approximations

When we think of chemical bonding, we usually think only of the valence orbitals. It is
these orbitals that form bonds, and the core orbitals are not involved in the chemistry.
To be sure, this is only a qualitative picture, but it raises the question of whether we
really need to consider the core orbitals in our calculations.

For heavy elements, the number of core orbitals is not small. An element such
as platinum, from the third transition series, has 30 orbitals in the first four shells
that could be classed as core orbitals. If these remain essentially atomic over some
region of the molecular potential energy surface, they might as well be fixed in their
atomic form. That is, we would make a frozen-core approximation, and all that the
core orbitals are doing is supplying a nonlocal static potential that could be evaluated
once and used for the remainder of the calculation. As relativistic effects are to a large
extent localized in the core region, they could be included in the frozen-core potential.
We could then treat the valence orbitals and the orbitals on the light atoms nonrelativis-
tically, as we did in the previous chapter. This would save all the work of calculating
the relativistic integrals, and the calculation would be as cheap as a nonrelativistic
calculation.

There is one main difficulty with this idea, and that is the orthogonality of the rest
of the orbitals to the frozen core. The basis sets we use in molecular calculations are
not automatically orthogonal to the core of any one atom: we must make them so by
some procedure, such as Schmidt orthogonalization. But this involves taking linear
combinations of the core and valence orbitals, and then we not only have to calculate
all the integrals involving the core, we also have to transform them to the orthogonal
basis. The reintroduction of the core integrals means that we have to calculate all the
relativistic contributions that we had previously put into the frozen-core potential.
Obviously, this is not a satisfactory state of affairs.

Two solutions to this problem are in common use. One is to create a pseudopotential
(PP) or effective core potential (ECP) that incorporates the core orthogonality terms
along with the potential terms. The result is usually expressed as a combination of

396
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a local and a semilocal one-electron pseudopotential,

V PP = U(r)+
∑
�

U�(r)
∑
m

|�m 〉〈�m |. (20.1)

We will use the term pseudopotential for this kind of potential. In the second, the core
orbitals are removed to a very high energy by a level-shifting procedure. As a result,
any tendency of the valence orbitals to gain core character is energetically unfavorable.
This second method was developed under the name ab initio model potentials (AIMP),
though in some quarters this method is also referred to as an effective core potential
or pseudopotential method. We will refer to these potentials as model potentials. The
form of the potential is

VMP = Ĵ c − K̂c +
∑
k

Bk|k〉〈k| (20.2)

where Ĵ c and K̂c are the core direct and exchange operators, and Bk is the level shift
for core orbital k. In both approaches, the core orbitals are left out of the calculations,
and the core tails of the valence orbitals can be approximated to remove the need for
core-like basis functions.

Where do we draw the line between the core and the valence orbitals? If we take
the valence orbitals to be those with the highest principal quantum number and assign
the rest to the core, the further down the periodic table the element is, the more
polarizable the core is. Thus, for those elements where the use of a core approximation
is most desirable, the core orbitals are also most easily influenced by changes in valence
shell electronic structure. Again, there are two main options: include more orbitals in
the valence space or introduce a potential to describe the core polarization.

To formalize these concepts, we first develop the frozen-core approximation, and
then examine pseudoorbitals or pseudospinors and pseudopotentials. From this founda-
tion we develop the theory for effective core potentials and ab initio model potentials.
The fundamental theory is the same whether the Hamiltonian is relativistic or nonrela-
tivistic: the form of the one- and two-electron operators is not critical. Likewise with the
orbitals: the development here will be given in terms of spinors, which may be either
nonrelativistic spin–orbitals or relativistic 2-spinors derived from a Foldy–Wouthuysen
transformation. We will use the terminology “pseudospinors” because we wish to be
as general as possible, but wherever this term is used, the term “pseudoorbitals” can
be substituted. As in previous chapters, the indices p, q, r , and s will be used for any
spinor, t , u, v, and w will be used for valence spinors, and a, b, c, and d will be used
for virtual spinors. For core spinors we will use k, l, m, and n, and reserve i and j for
electron indices and other summation indices.

In our exposition of effective core potentials, we follow one particular line of
development, represented by the work of Kahn, Baybutt, and Truhlar (1976) and the
developments that followed from it. We recognize, however, that there have been many
lines of developments, some earlier, such as that of Durand and Barthelat (1975),
some in parallel with this one, and many procedures for obtaining pseudopotentials.
Fortunately, there have been many reviews of pseudopotentials, which can be located
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either in Pyykkö’s bibliographies (Pyykkö 1986, 1993, 2000) or in a review by Pyykkö
and Stoll (2000). An excellent overview of both pseudopotentials and model potentials
is provided by Seijo and Barandiarán (1999).

20.1 The Frozen-Core Approximation

From a formal point of view, we can represent the spinors of any system of interest in
terms of a complete orthonormal set of spinors located on a single center. These spinors
include both bound state and continuum spinors and range over all angular momenta.
In an application, the particular choice of spinors will be determined by the state of the
atom whose core we wish to freeze. But for the purpose of analysis, it does not matter
which spinors we choose provided the set is complete and orthonormal.

The nc core spinors selected from this set are occupied in all possible configurations.
The many-electron wave function is partitioned into a core and a valence part,

Ψ (1, . . . , n) = ÂΨ c(1, . . . , nc) Ψ
v(nc + 1, . . . , n), (20.3)

where Â is the antisymmetrizer and the core wave function is

Ψ c(1, . . . , nc) = Â
nc∏
k

ψk. (20.4)

Next, we integrate the contribution due to the core electrons out of the Hamiltonian,
and work with a valence Hamiltonian and a valence wave function. The valence
Hamiltonian (from which we exclude the core energy) is

Ĥv =
nv∑
i

f̂ c(i)+ 1

2

nv∑
i 
=j

1

rij
. (20.5)

The sums now range over the nv valence electrons. The one-electron operator has been
replaced by the core Fock operator,

f̂ c = ĥ+
nc∑
k

(Ĵk − K̂k), (20.6)

with Ĵk and K̂k the operators of the direct (“Coulomb”) and exchange potentials for
spinor k. This Hamiltonian is precisely the Hamiltonian we would use in a correlated
calculation with the same frozen core. If we maintain orthogonality to the core at all
times, this is as far as we need to go. The direct potential is a local potential, which
could be accurately fitted, and the exchange potential is at most a three-index quantity.
But, orthogonality to the core introduces the core spinors into the valence through the
orthogonalization procedure, so we need to go further.
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In order to be able to relax the constraints of orthogonality to the core, we must
now introduce projection operators. The core projection operator is

P̂c =
nc∑
k

|ψk 〉〈ψk | (20.7)

and the valence projection operator is obtained from the closure requirement,

P̂v = 1 − P̂c. (20.8)

Every operator must now be bracketed by valence projection operators, including the
metric operator, so we must insert the valence projection operator in every place where
we would normally compute an overlap integral. This converts every one-electron
operator into an N -electron operator,

ĥ(i) → P̂v(i)ĥ(i)P̂v(i)
∏
j 
=i

P̂v(j). (20.9)

and every two-electron operator similarly into an N -electron operator. In the present
case, N = nv .

This is not as bad as it sounds. If we ensure that the spinors are orthonormal on the
valence projection operator,

〈ψp | P̂v |ψq 〉 = δpq, (20.10)

then the orthogonality requirements are automatically satisfied. We need no longer
explicitly consider the projection operators inserted for orthogonality, and we can write
the operators as

ĥv(i) = P̂v(i)ĥ(i)P̂v(i)

ĝv(i, j) = P̂v(i)P̂v(j)ĝ(i, j)P̂v(j)P̂v(i)

Ĝv(i) = P̂v(i)

(20.11)

where we have also included the metric operator Ĝv , which is unity in the full ortho-
normal set of spinors including the core but deviates from unity here because of the
frozen core.

Once the projection operators have been introduced we may remove the requirement
that the valence spinors should be orthogonal to the core spinors. From the properties
of determinants, we know that we can always add a linear combination of the core
spinors to the valence spinors without changing the total wave function. The resulting
spinor we term a pseudospinor,

φv = ψv +
∑
k

akvψk. (20.12)
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This pseudospinor is normalized on the metric Ĝv and is orthogonal to other pseu-
dospinors on the same metric. The coefficients can be determined to minimize the
density of the pseudospinor in the core region. For this reason, we will call the sum of
core spinors the core tail,

ψct
v =

∑
k

akvψk. (20.13)

At this point, we have a valence wave function given in terms of pseudospinors
that have little or no core contribution, and a set of valence operators that only operate
on the valence space. We do however have explicit use of the valence projection
operators, which are composed of infinite sums. What we would like to do is to write
the Hamiltonian in terms of the “normal” Hamiltonian and a correction, which is termed
a pseudopotential. This we can do by replacing P̂v with 1 − P̂c and extracting out the
unprojected Hamiltonian,

Ĥv =
∑
i

ĥ(i)+ 1
2

∑
ij

g(i, j)+ V̂ FCPP. (20.14)

The sums are over the valence electrons only, and the frozen-core pseudopotential is

V̂ FCPP =
∑
i

[
V̂ c(i)−P̂c(i)V̂ c(i)−V̂ c(i)P̂c(i)+P̂c(i)V̂ c(i)P̂c(i)

]

+ 1

2

∑
i 
=j

[
−P̂c(i)−P̂c(j)+P̂c(i)P̂c(j)

]
g(i,j)

+g(i,j)
[
−P̂c(i)−P̂c(j)+P̂c(i)P̂c(j)

]

+
[
−P̂c(i)−P̂c(j)+P̂c(i)P̂c(j)

]
g(i,j)

[
−P̂c(i)−P̂c(j)+P̂c(i)P̂c(j)

]

(20.15)

where the core potential V̂ c is

V̂ c =
nc∑
k

(Ĵk − K̂k). (20.16)

and the sum is over all core spinors. This complicated frozen-core pseudopotential
contains both one- and two-electron terms, and the core spinors remain in the projection
operators both in the pseudopotential and in the metric operator. And in fact, applied
just as it is, it does not solve any of the problems of the number of integrals or the
inclusion of relativistic effects in a potential.
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Before concluding this section, we should add that frozen-core approximations of
various (often ad hoc) forms have a well-established place in quantum chemistry. These
are, however, not the central theme of this chapter. Here, we have used the frozen-core
approximation only as a necessary precursor to the discussion of pseudopotentials.

20.2 The Generalized Philips–Kleinman Pseudopotential

What we would like to do is to remove all explicit reference to core spinors and to core
basis functions from the Hamiltonian, incorporating their effect into some kind of local
or nonlocal potential. The foundation for all such approaches is the Philips–Kleinman
(1959) procedure, which was generalized by Weeks and Rice (1968). It starts from
the all-electron self-consistent field (SCF) equation, which we will assume here is
converged,

f̂ψp =
n∑

q=1

εqpψq, (20.17)

where f̂ is the Fock operator,

f̂ = ĥ+
n∑

q=1

(Ĵq − K̂q), (20.18)

and the εqp are Lagrange multipliers, introduced to ensure orthogonality. They are
defined by

〈ψq |f̂ |ψp〉 = fqp = εqp. (20.19)

If ψp is a valence spinor, we may insert the valence projection operator as defined
by (20.8) into (20.17) to obtain a projected equation that is satisfied for any valence
spinor,

(1 − P̂c)f̂ (1 − P̂c)ψv =
nv∑
u=1

εuv(1 − P̂c)ψu. (20.20)

The sum on the right is restricted to the valence spinors because the terms involving
the core spinors vanish. Now that we have introduced the projection operators, the
equation is satisfied by the valence pseudospinors φv of (20.12) as well. This is the
SCF equation we would get from the projected frozen-core Hamiltonian.

If there is only one valence spinor, and we substitute the pseudospinor φv for the
spinor ψv , (20.20) simplifies to

(1 − P̂c)f̂ (1 − P̂c)φv = εv(1 − P̂c)φv. (20.21)



402 APPROXIMATIONS TO THE DIRAC EQUATION

To write this equation in terms of the normal operator plus a correction, we move the
projector from the right-hand side and rearrange,

f̂φv +
[
εvP̂c − P̂cf̂ − f̂ P̂c + P̂cf̂ P̂c

]
φv = εvφv. (20.22)

The term in the square brackets is the generalized Philips–Kleinman pseudopotential,
V̂ GPK
v ,

V̂ GPK
v = εvP̂c − P̂cf̂ − f̂ P̂c + P̂cf̂ P̂c (20.23)

and we may write (20.22) as

(f̂ + V̂ GPK
v )φv = εvφv. (20.24)

Since the core spinors are eigenfunctions of f̂ , the generalized Philips–Kleinman
pseudopotential can be written

V̂ GPK
v =

∑
k

(εv − εk)|ψk 〉〈ψk |. (20.25)

We would also like to partition the Fock operator into a valence and a core part:
this we will do later. In the rest of this section, we explore the development of the
generalized Philips–Kleinman pseudopotential for many valence electrons and many
valence spinors.

The generalized Philips–Kleinman pseudopotential depends on the eigenvalue of
the spinor v, unlike the frozen-core pseudopotential, which depends only on the core
spinors. The appearance of the εv term in the pseudopotential came about because we
transferred a term from right-hand side of (20.21). This means that we have changed
the metric, which has implications for orthogonality that we pursue later. The new
operator makes the core spinors degenerate with the valence spinor:

(f̂ + V̂ GPK
v )ψk = εvψk. (20.26)

The formation of a pseudospinor follows naturally: we can always mix degenerate
spinors. There is a danger here as well. If a reasonable representation of a core spinor
could be made from the basis set, it too would have an eigenvalue equal to the valence
spinor. Moreover, neither the overlap nor the one-electron matrix element between
the core spinor and the valence pseudospinor would be zero. This would complicate
matters in a real system, and it is therefore imperative to keep core-like functions out
of the basis set.

An atom in which we can only have one spinor in the valence region is not very
interesting. We need a theory in which there are a number of valence spinors, and
perhaps more than one of any given symmetry. Furthermore, we are interested not
only in the occupied spinors but also in the virtual spinors or some combination of
them, since it is these that will be used to provide the needed basis set flexibility in a
molecular calculation.
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For spinors of different symmetries there is no problem: we simply construct the
pseudospinors in the same way for each symmetry. For an atomic shell the radial fac-
torization and spinor degeneracy enable us to construct a single radial pseudopotential
for the entire shell. And because there is rarely more than one symmetry in what we
consider to be the valence spinors, this permits us to construct valence pseudopotentials
for most atoms in the periodic table.

If we want pseudopotentials for more than one spinor of the same symmetry, includ-
ing the virtual spinors needed for flexibility in molecular calculations, we need to start
from the more general equation, (20.20), with pseudospinors substituted for spinors,

(1 − P̂c)f̂ (1 − P̂c)φv =
nv∑
u=1

εuv(1 − P̂c)φu. (20.27)

To construct a pseudopotential, we must transfer the core projection operator with the
Lagrange multipliers to the left side. The question is, how do we do this?

Since the off-diagonal Lagrange multipliers are zero at convergence, we could
neglect them. Each spinor would satisfy an equation of the form (20.22) with a pseu-
dopotential of the form (20.23). These pseudopotentials are different for each spinor
because they contain the spinor eigenvalue. In addition, the pseudospinors are no longer
orthogonal because the transfer of the core projection operators into the pseudopotential
changes the metric: the overlap of two pseudospinors on the new, unit metric is

〈φv |φu 〉 = δvu + 〈ψct
v |ψct

u 〉 = δvu +
∑
k

akvaku. (20.28)

To fix this problem, we could impose a new orthogonality constraint by introducing
new Lagrange multipliers λuv ,

(f̂ + V̂ GPK
v )φv =

nv∑
u=1

λuvφv. (20.29)

Multiplying from the left by φuP̂c and integrating we get

εv〈φu | P̂c |φv 〉 = λuv〈φu | P̂c |φv 〉 (20.30)

If we interchange v and u in the above derivation and require that the matrix of Lagrange
multipliers be Hermitian, we get the equation

εv〈φu | P̂c |φv 〉 = εu〈φv | P̂c |φu 〉. (20.31)

The integral is the overlap of the core tails, and we conclude that either this must be
zero or εv = εu. The core tail overlap cannot in general be zero—the case of a single
core spinor demonstrates this point—so the spinors must be degenerate. But because
the spinors are of the same symmetry (and of the same row in a degenerate irrep),
this is not possible. Moreover, the eigenvalues are the eigenvalues of the Hartree–Fock
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spinors, which are definitely not degenerate. We conclude that the pseudospinors cannot
be made orthogonal on the new metric by a simple rotation. Not only that, we also
have a pseudopotential for each spinor, which would be impractical. To implement
such a scheme we would have to use projection operators onto each spinor, so the
pseudopotential would be

V PP =
∑
nκm

|nκm 〉〈nκm |V PP
nκm|nκm 〉〈nκm |, (20.32)

and the only information in the pseudopotential is the matrix element for a given spinor.
This is essentially a spectral representation of the pseudopotential.

An alternative is to transfer the original Lagrange multipliers εuv to the pseudopo-
tential. This can be done by writing the Lagrange multipliers in terms of matrix elements
of the pseudospinors,

〈φu|(1 − P̂c)f̂ (1 − P̂c)|φv〉 = εuv. (20.33)

Splitting the projector 1 − P̂c on the right-hand side of (20.27), and substituting for
εuv , we get

(1 − P̂c)f̂ (1 − P̂c)φv =
nv∑
u=1

φuεuv −
nv∑
u=1

P̂c|φu 〉〈φu|(1 − P̂c)f̂ (1 − P̂c)φv

=
nv∑
u=1

φuεuv − P̂cP̂ ṽ(1 − P̂c)f̂ (1 − P̂c)φv, (20.34)

where we have defined the projector onto the valence pseudospinors, P̂ ṽ ,

P̂ ṽ =
nv∑
u=1

|φu 〉〈φu |. (20.35)

Transferring the last term on the right-hand side to the left-hand side, the pseudospinor
equation becomes

(1 + P̂cP̂ ṽ)(1 − P̂c)f̂ (1 − P̂c)φv =
nv∑
j=1

εjiφu. (20.36)

Now we can define a single pseudopotential, but it is no longer Hermitian. This is a
drawback for practical purposes. The pseudospinors are still not orthogonal, and cannot
be made orthogonal and eigenfunctions of the pseudooperator by a simple rotation.

We conclude that regardless of how we construct the pseudopotential, for sev-
eral pseudospinors of the same symmetry we cannot construct a potential that makes
the pseudospinors orthogonal. We do not wish to have a pseudopotential for every
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pseudospinor, virtual and occupied,1 or to have a non-Hermitian pseudopotential. These
constraints lead to a further approximation: the pseudopotential for all spinors of a given
symmetry is chosen to be the pseudopotential for the lowest spinor. It is this approxi-
mation that ultimately permits us to write the pseudopotential in the semilocal form of
(20.1).

For the main group elements, the lowest spinor is usually one of the valence spinors,
which means that at least the valence pseudospinors for the atom will not be approxi-
mated, and these are the most important spinors in a molecular calculation. However,
for the transition metals, it is often important to have both the ns and the (n + 1)s
spinors in the valence space. The pseudopotential must then be chosen for the ns

pseudospinor, and this choice will affect the (n+ 1)s pseudospinor.
To examine how this choice affects the pseudospinors, we need to find the

eigenvalues and eigenvectors of the pseudospinor equation

[
(1 − P̂c)f̂ (1 − P̂c)+ εvP̂c

]
φ̃ = ε̃φ̃. (20.37)

This equation is the SCF equation for the lowest pseudospinor, φv , and so φ̃ = φv is
an eigenfunction of this equation with eigenvalue εv . What we are interested in is the
other eigenfunctions of this equation.

We expand the solutions of the above equation in terms of the nonorthogonal
pseudospinors,

φ̃ =
∑
u

c̃uφu, (20.38)

and set up and diagonalize the Fock matrix with the chosen pseudopotential. The
elements of the Fock matrix in this basis are

f̃uw = 〈φu |(1 − P̂c)f̂ (1 − P̂c)+ εvP̂c |φw 〉 = εuδuw + εvS
ct
uw. (20.39)

The overlap matrix is

S̃uw = 〈φu |φw 〉 = δuw + Sct
uw (20.40)

where the overlap of the core tails is

Sct
uw =

∑
k

akuakw. (20.41)

We want to solve the generalized eigenvalue equation f̃ c̃ = S̃c̃ε̃. We already know
that φv is the lowest eigenfunction with eigenvalue εv . We can shift the energy scale
by subtracting εv from the eigenvalue matrix, ε̃′ = ε̃ − εvI, and we must therefore

1. An approach that includes a few pseudopotentials for each symmetry has been developed by Titov and
Mosyagin (1999).
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subtract εvS̃c̃ from the Fock matrix. The new Fock matrix f̃ ′ is now diagonal, because
the core tail term cancels:

f̃ ′
uw = 〈φu |(1 − P̂c)f̂ (1 − P̂c)+ εvP̂c − εv |φw 〉 = (εu − εv)δuw. (20.42)

Although the Fock matrix is now diagonal, the overlap matrix remains the same.
There are two important conclusions that can be drawn. First, the fact that the

overlap matrix is nondiagonal means that the higher eigenfunctions must mix in some of
the lowest pseudospinor to maintain orthogonality. Second, since the diagonal elements
of the overlap matrix are greater than 1, the eigenvalues ε̃ are lower than the all-electron
eigenvalues ε. The amount of the lowering of the eigenvalues depends on the magnitude
of the core tail overlaps. The compression of the spectrum has consequences for the
calculation of the correlation energy, for example: smaller denominators in an MP2
calculation will result in an overestimation of the correlation energies.

20.3 Shape-Consistent Pseudospinors and Pseudopotentials

The removal of the core projectors from the metric to the potential is only the first step
in the removal of all references to the core spinors. The next step is the partitioning of
the Fock operator into core and valence parts.

Our goal is to write the pseudopotential in a form that looks like an all-electron
operator plus a one-electron correction term. We would also like to ensure that the
pseudopotential has no long-range terms. To do this we partition the nuclear attraction
terms as well as the electron repulsion terms into a core and a valence part,

f̂ = T̂ − Zcf nuc(r) − Zvf nuc(r) +
∑
k

(Ĵk − K̂k) +
∑
v

(Ĵv − K̂v) (20.43)

where Zc is equal to the number of core electrons, Zv is equal to the number of valence
electrons, and f nuc(r) is the potential for a single charge. For a point nucleus it is 1/r ,
while for a Gaussian nucleus it is erf (η1/2r)/r . The part of the nuclear potential that
cancels the Coulomb potential of the core electrons is put in the pseudopotential. The
one-electron operator is redefined with the remainder of the nuclear potential,

ĥ′ = T̂ − Zvf nuc(r). (20.44)

The valence repulsion terms also need to be partitioned because these are expressed
in terms of the spinors, not the pseudospinors. Expanding the spinors using (20.12)
and (20.13), the direct potential is

Ĵv(i) =
∫

d3rj
1

rij

[
φv(j)

†φv(j)− φv(j)
†ψct

v (j)− ψct
v (j)

†φv(j)+ ψct
v (j)

†ψct
v (j)

]

= Ĵṽ(i)+ Ĵ Rv (i). (20.45)
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The first term is the potential for the pseudospinor; the remainder, which includes all
the core tail terms, goes into the pseudopotential. We can make a similar partitioning
for the exchange potential.

So far, we have not normalized the pseudospinors, but we must do so now because
we are using the unit metric with the pseudopotential. As we noted at the end of the
previous section, the diagonal elements of the overlap matrix, which are the norms of
the pseudospinors, are greater than 1. From (20.40), the normalized pseudospinor is
given by

χv = 1√
1 + Sct

vv

φv. (20.46)

The density for the normalized pseudospinor is

ρv = 1

1 + Sct
vv

φv
†φv, (20.47)

and it is this density that will be used to construct the potential for the normalized
valence pseudospinors. We must therefore partition the direct potential further:

Ĵv(i) = 1

1 + Sct
vv

Ĵṽ(i)+
[

Sct
vv

1 + Sct
vv

Ĵṽ(i)+ Ĵ Rv (i)

]
. (20.48)

The exchange terms can be partitioned in an analogous fashion. The final form of the
pseudopotential for the normalized pseudospinors is

V̂ PP =−Zcf nuc(r) +
∑
k

(Ĵk−K̂k) + V̂ GPK +
∑
v

[
Sct
vv

1+Sct
vv

(Ĵṽ−K̂ṽ)+(Ĵ Rv −K̂R
v )

]
.

(20.49)

The first two terms are the core potential part, the third term is the orthogonality part,
and the last term comes from the valence pseudospinors and their core tails.

The presence and form of this last term has some important consequences. The
first is that the definition of the pseudopotential is determined to some extent by the
definition of the pseudospinors. This means that the pseudospinors and the pseudo-
potentials are not independent. The only dependence on the valence spinors in V̂ GPK

comes from the spinor eigenvalue, but the remainder terms and the term that came
from the renormalization contain the valence pseudospinors, and therefore the detailed
shape of the potential is dependent on the shape of the valence pseudospinors.

The second consequence is that the pseudopotential has a long-range part that
comes from the renormalization term. Beyond the range of the core spinors, the valence
electron density from the normalized pseudospinors is less than the Hartree–Fock den-
sity because of the normalization. The reduced density results in a reduced Coulomb
repulsion from the valence electrons, and the reduction in the Coulomb repulsion is
compensated for in the pseudopotential. The decrease in electron density in the outer
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region has a corresponding increase in density within the range of the core spinors,
and the pseudopotential must be attractive in this inner region.

When the number of valence electrons is the same as in the Hartree–Fock state
for which the pseudopotential was derived, these shifts in density and corresponding
attractive and repulsive regions of the pseudopotential have no net effect. However,
in a molecule, the valence electron occupation is almost always different from the
atomic Hartree–Fock occupation, and these attractive and repulsive regions of the
pseudopotential cause problems such as bond lengths that are too short and potential
wells that are too deep.

This effect presents some serious problems for the development of pseudopotentials.
A pseudopotential that depends critically on the shape of the pseudospinor and for which
the results are sensitive to the valence occupation is of no value. The problem was
overcome (Christiansen et al. 1979) by the definition of the so-called shape-consistent
pseudospinors and the corresponding pseudopotentials.

The shape-consistent pseudospinor is defined to be equal to the Hartree–Fock spinor
outside a certain radius rC , and inside this radius it falls smoothly to zero,

φSC
v (r) = ψv(r), r > rC

= gv(r), r ≤ rC. (20.50)

Alternatively, the shape-consistent pseudospinor can be written in terms of the
Hartree–Fock spinor and a function that is confined inside the chosen radius rC ,
fv(r) = 0, r > rC ,

φSC
v (r) = ψv(r)+ fv(r). (20.51)

To ensure that there is no renormalization problem, this pseudospinor must itself be
normalized,

1 =
∫
r2dr |φSC

v (r)|2

=
∫
r2dr |ψv(r)|2 + 2 Re

∫
r2dr ψv(r)

†fv(r)+
∫
r2dr |fv(r)|2.

(20.52)

The spinor ψv is normalized, so we deduce that

2 Re
∫
r2dr ψv(r)fv(r) = −

∫
r2dr |fv(r)|2 (20.53)

and the overlap between the function fv and the spinor ψv must be negative.
Because we have a complete orthonormal set of spinors, we can expand the function

fv in this set:

fv =
∑
p

dvpψp. (20.54)

Although fv is confined to the core region, it cannot be composed only of core spinors.
If it were, the overlap with the spinor ψv would be zero, and that would make fv zero.
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In fact, the only way that the overlap with the spinor ψv can be nonzero is if fv contains
ψv , and then the overlap is

∫
r2dr ψv(r)fv(r) = dvv = − 1

2

∫
r2dr |fv(r)|2. (20.55)

The negative sign for the coefficient of ψv implies a reduction in the amplitude of the
pseudospinor in the valence region. So, if fv only contains core and valence spinors,
we are in the same situation as for the Philips–Kleinman pseudospinor, with a reduction
in the valence density outside the chosen radius and the resultant problems with the
pseudopotential. This means that fv must contain virtual spinors as well as occupied
spinors, and the sum of virtual spinors must compensate for the reduction in the valence
spinor outside the radius of the core spinors (which is not necessarily the same as rC).

In practice, it is not the function fv(r) but the function gv(r) that is used to deter-
mine the pseudospinor, by polynomial expansion in r . The coefficients are determined
by equating the derivatives of the polynomial and the Hartree–Fock spinor at the match-
ing point, rC , with the constraints that the pseudospinor has the minimum number of
turning points and is normalized. Further details on the methodology for generating
pseudopotentials is given later.

The introduction of shape-consistent pseudospinors solved the problems in the
pseudopotential that were caused by the use of the Philips–Kleinman pseudospinors.
However, the other characteristics of pseudospinors that were discussed in the previous
section still apply to shape-consistent pseudospinors. The inclusion of virtual spinors in
the expansion of the core tail does not alter the conclusions drawn: all but the lowest
pseudospinor mix, and the eigenvalue spectrum is compressed.

The inclusion of virtual spinors in the pseudospinors also represents a departure
from the strict frozen-core approximation. Mixing in virtual spinors means that the
valence wave function is no longer equivalent to the all-electron version, and that
the valence energy is no longer the same. However, we can always project out the
appropriate linear combinations of the virtual spinors, as well as the core spinors, to
remove their effect, and replace the core projector with a projector that includes these
virtual spinors.

20.4 Energetics of Pseudopotentials

We have so far discussed the theory and characteristics of pseudospinors and the cor-
responding one-particle pseudopotentials. The next stage is to examine the use of these
pseudopotentials in a valence-only Hamiltonian and the properties of the energy and
the SCF equations derived from this energy. The desired form of the pseudopotential
Hamiltonian is one in which only the one-electron operator is modified,

ĤPP =
∑
i

[
ĥ′(i)+ V̂ PP(i)

]
+ 1

2

∑
ij

1

rij
. (20.56)

The sums run over valence electrons only.
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The valence energy using the frozen-core Hamiltonian can be written as

Eval =
∑
u

〈u|f̂ c|u〉 + 1
2

∑
uv

(Juv −Kuv)

=
∑
u

εu − 1
2

∑
uv

(Juv −Kuv).

(20.57)

The direct and exchange integrals are given in Mulliken notation by

Juv = (uu|vv), Kuv = (uv|vu). (20.58)

The valence energy using the pseudopotential Hamiltonian can be written as

EPP =
∑
u

〈ũ|ĥ′ + V̂ PP|ũ〉 + 1
2

∑
uv

(Jũṽ −Kũṽ)

=
∑
u

εu − 1
2

∑
uv

(Jũṽ −Kũṽ)

(20.59)

where, as before, the tilde distinguishes pseudospinors from spinors. The valence spinor
energies are the same whether or not the pseudopotential is used, provided that there
is not more than one valence spinor in any symmetry. The difference between the two
energy expressions is

∆Eval = EPP − Eval

= 1
2

∑
uv

[
(Juv − Jũṽ)− (Kuv −Kũṽ)

]
.

(20.60)

Obviously, this difference is not necessarily zero. It would be fairly straightforward to
add the condition that this difference must be zero to the equations to determine the
pseudospinors. Reproducing the valence energy is, however, only one consideration
in obtaining a pseudopotential. More important is the ability of the pseudopotential to
reproduce excitation energies, dissociation energies, and potential energy surfaces.

The SCF equations derived for the pseudopotential from the valence energy are
exactly equivalent to the original SCF equations, provided that the spinor space is
restricted to noncore spinors. In the atom, it is possible to exclude core spinors from
the calculation, but in molecules, basis functions on one atom can provide a core-
like component on the atom where the pseudopotential resides. In addition, we need
to know what happens if the basis set contains a reasonable representation of a core
spinor. We must therefore examine what happens when a core spinor is mixed in with
a valence pseudospinor.

Consider a valence space containing two electrons in a single orbital (Kramers pair)
outside a closed-shell core. We form pseudospinors for the valence space and a pseu-
dopotential for the core. Then, we permit an arbitrary spinor φr to mix with the
pseudospinor. When we have developed the theory, we will examine the case in which
the function is a core spinor and the case in which the function is some other spinor
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with a small amount of a core spinor mixed in. The arbitrary spinor is not orthogonal
to the pseudospinor, and we write the mixed pseudospinor as follows:

φ′
v = (φv + λφr )/

√
1 + 2λS + λ2 (20.61)

where

S = 〈φv |φr 〉. (20.62)

Note that we are using normalized pseudospinors.
The question we are asking is this: “Is the gradient of the energy with respect to

the mixing parameter λ zero when λ = 0?” That is, is the energy a stationary point at
λ = 0? And further, is it a minimum or a maximum? If it is not stationary, the SCF
process will mix in the function. If it is a stationary point but a maximum, it will be
unstable and mix in the function. If the function is a core spinor, mixing could have
serious consequences if it can lower the energy significantly.

Making use of time-reversal symmetry, the energy expression for the two-electron
state with the mixed pseudospinor can be written to order λ2 as follows:

E = 2
hPP
vv + λhPP

vr + λhPP
rv + λ2hPP

rr

1 + 2λS + λ2

+ (vv|vv)
(1 + 2λS + λ2)2

+ λ
(vr|vv)+ (rv|vv)+ (vv|vr)+ (vv|rv)

(1 + 2λS + λ2)2

+ λ2 (rr|vv)+ (vv|rr)+ (vr|vr)+ (vr|rv)+ (rv|vr)+ (rv|rv)
(1 + 2λS + λ2)2

= 2
hPP
vv + 2λhPP

vr + λ2hPP
rr

1 + 2λS + λ2

+ (vv|vv)+ 4λ(vr|vv)+ 2λ2(rr|vv)+ 4λ2(vr|rv)
(1 + 2λS + λ2)2

.

(20.63)

Here, and subsequently, we drop the tilde on the pseudospinor index in the matrix
elements and integrals. Since we are dealing with an atom, it is no restriction to
make λ and the integrals real.

We now differentiate with respect to λ and set λ to zero, with the following result:

dE

dλ

∣∣∣∣
λ=0

= 4[hPP
rv + (rv|vv)] − 4S[hPP

vv + (vv|vv)]. (20.64)

Because the pseudopotential and the all-electron SCF equations are equivalent, we can
write

ĥPP + Ĵv = (1 − P̂c)f̂ (1 − P̂c)+ εvP̂c, (20.65)
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and the combinations of integrals can be expressed as

hPP
vv + (vv|vv) = fvv = εv

hPP
rv + (rv|vv) = εvS.

(20.66)

Note that we would not normally write the Fock operator as ĥPP + Ĵv but as
ĥPP + 2Ĵv − Kv . For the gradient, it does not matter because the matrix elements
are the same.

Substituting these expressions into the derivative, we find that the gradient at λ = 0
is indeed zero, and therefore this point is a stationary point. But is it a minimum or a
maximum, and under what conditions?

The second derivative expression is

d2E

dλ2

∣∣∣∣
λ=0

= 4hPP
rr + 4(rr|vv)+ 8(rv|vr)− 4hPP

vv − 4(vv|vv)

− 16S[hPP
rv + 2(rv|vv)] + 8S2[2hPP

vv + 3(vv|vv)]. (20.67)

The largest terms are those that are of zeroth order in S, which can be written as

4[f PP
rr − εv + 3(rv|vr)− (rr|vv)], (20.68)

or as

4[f PP
rr − εv + 2(rv|vr)], (20.69)

depending on how we define the Fock operator.
In a molecular environment we now need to consider two different cases, depending

on whether φr has contributions from a neighboring atom or not. If φr is a core spinor,
φk say, then

f PP
rr ≡ f PP

kk = εv (20.70)

and the first two terms of zeroth order in S cancel, leaving some core–valence direct
and exchange integrals. The second derivative at λ = 0 is

d2E

dλ2

∣∣∣∣
λ=0

� 4[3(kv|vk)− (kk|vv)] (20.71)

or

d2E

dλ2

∣∣∣∣
λ=0

� 8(kv|vk) (20.72)

depending on how we define the Fock operator. It is usually the case that the direct
integral is more than three times larger than the exchange integral for core–valence
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interactions, so the second derivative term is negative in the first case. The exchange
integral is positive, so in the second case the derivative term is positive. The details of
the two-electron contributions therefore determine whether this point is a minimum or
a maximum. Either way, the surface is not flat, as it is in the frozen-core approximation
(section 20.1), and it is advisable to keep core basis functions out of the basis set.

We next consider the case of a neighboring atom providing a representation of the
core. For this purpose, we can expand the function φr in a set of eigenfunctions of the
pseudopotential Fock operator plus a core contribution, and for simplicity of notation
we limit the expansion to one member, φw:

φr = ωφw + γψk (20.73)

from which we get

f PP
rr = ω2ε′

w + (1 − ω2)εv (20.74)

where ε′
w is the eigenvalue of the pseudopotential Fock operator for pseudospinor w.

The lowest-order terms in the second derivative expression are

d2E

dλ2

∣∣∣∣
λ=0

� 4[ω2(ε′
w − εv)+ 3(rv|vr)− (rr|vv)]. (20.75)

Now, ε′
w > εv , and the one-electron contribution is positive. The same issue of the

definition of the Fock operator exists for the two-electron terms, but it is most likely that
the one-electron contribution is larger that the two-electron contribution. The Hessian
is therefore positive, the stationary point is a minimum, and there is no danger of
collapse from basis functions on a neighboring atom providing a representation of a
core spinor on the atom with the pseudopotential.

Some other issues arise for the use of pseudopotential methods in calculations
that go beyond the Hartree–Fock approximation. The lack of nodes changes the radial
overlap of the pseudospinors, and hence changes the two-electron integrals. If the
SCF spinors have nodes that reduce the radial density and these nodes are not present
in the pseudospinors, it is possible to overestimate the off-diagonal elements of the
Hamiltonian matrix. Combined with the closer spacing of spinor eigenvalues, the cor-
relation energy could be overestimated. This problem has in fact been observed for
the Pt atom, where the node in the 6s occurs near the radial maximum of the 5d and
the correlation energies are overestimated (Rohlfing et al. 1986). One solution to this
problem is to make the core smaller so that the 6s orbital has the radial node in the
right place. Other solutions are discussed in the next section.

20.5 Generation of Pseudopotentials

The generation of a pseudopotential involves several choices: the number of spinors to
be included in the valence space and the method for determining the pseudospinors and
pseudopotentials. The partitioning between the core and the valence space determines
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to some extent the accuracy of the approximation. Too small a valence space can yield
inaccurate results because of the magnitude of the core polarization. For the heavy
elements, it is usually necessary to include at least the next outermost shell or shells
below the valence shells: for the p block this is usually the (n− 1)d shell, and for the
transition metals, the shells with the same n as the d shell must be included for results
of reasonable accuracy. Some groups have generated both small-core and large-core
pseudopotentials so that a faster result can be obtained with a larger core where higher
accuracy is not needed.

The two principal approaches for generating pseudopotentials are inversion methods
and fitting methods. The inversion methods rely on having a radial function with-
out nodes. Then, the SCF equation for the pseudospinor can be inverted to obtain a
pseudopotential:

V PP
v = εv − (ĥ′ + Jv −Kv)φv

φv
. (20.76)

This inversion is only valid if the pseudospinor is nodeless; otherwise singularities
would arise in the pseudopotential. The inversion is usually done on a radial grid with
tabulated potentials and pseudospinors. The resulting pseudopotential is then fitted to
a form involving Gaussian functions,

r2V PP
v =

∑
p

∑
i

cpir
pe

γpi r
2
. (20.77)

The sum over p usually includes only the values 0, 1, and 2. This form of the pseu-
dopotential contains a pseudo-angular-momentum term that prevents the penetration of
the pseudospinors to the nucleus, which also helps prevent core spinors from mixing
into the pseudospinors.

In some of the early studies, the pseudospinors were obtained by minimizing
a function involving the kinetic energy (Kahn et al. 1976). The shape-consistent
pseudopotentials of Hay and Wadt (Hay and Wadt 1985, Wadt and Hay 1985) and
Christiansen, Ermler, and coworkers (Pacios and Christiansen 1985, Hurley et al. 1986,
La John et al. 1987, Ross et al. 1990, 1994, Ermler et al. 1991) are obtained by fitting
a polynomial function to the core tail with the requirements that it have no nodes and
the minimum number of inflection points and must match the derivatives to the order
of the polynomial at the join point. While this procedure guarantees the smoothness of
the function, especially after the pseudospinor is expanded in a Gaussian basis set, the
choice of the join point must be made with care. If it is too far out, the results can be
unsatisfactory, as was found for the 6p elements (Wildman et al. 1997).

The fitting methods start directly with the form of (20.77), and fit the pseudospinors
to minimize some measure of the error in the pseudopotential, the pseudospinor, or
the properties of the atomic system. The method of Durand and Barthelat (1975) is
one such method. If the goal is to be able to reproduce the energetics of the unfrozen
atomic system, a natural approach would be to fit the parameters to minimize the
discrepancy between the all-electron energies and the pseudopotential energies for a
wide variety of atomic states (see Dolg 2002). Pseudopotentials of this kind are known
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as energy-consistent. One advantage of fitting to atomic energies is that the effect of
the compression of the eigenvalue spectrum inherent in the approximation of a single
pseudopotential for a given angular symmetry is minimized.

In both cases, the angular expansion in the representation of the pseudopotential, as
given by (20.1), is truncated. The expansion must include all angular momenta repre-
sented in the core, but is usually truncated at that point, or possibly one or more units of
angular momentum higher. For spinors that are not occupied in the core, the content
of the pseudopotential is only the exchange interaction with the core and the screening
of the nuclear charge by the Coulomb potential of the core. If the local term in (20.1)
is zero, functions that have higher angular momentum than represented in the angular
expansion are assumed not to penetrate the core—a quite reasonable assumption—and
therefore have zero matrix elements. If the local term is not zero, the assumption is that
the pseudopotential is the same for all angular momenta higher than explicitly included
in the angular expansion.

20.6 Relativistic Effects in Pseudopotentials

So far we have made no mention of relativistic effects, apart from a development
in terms of pseudospinors rather than pseudoorbitals. Since the intended use of most
pseudopotentials is in code based on a nonrelativistic formulation of quantum chemistry,
the separation of the spin-free and spin–orbit terms is essential. Two approaches are
again possible.

One is to use for the development of the pseudopotential a spin-free relativistic
equation, such as the Cowan–Griffin equation2 (Cowan and Griffin 1976), in which
the spin–orbit terms have been already neglected. This approach results directly in
a spin-free relativistic pseudopotential. There are also other methods for including
spin-free relativity directly, the easiest being a direct fit to (atomic) four-component
results. However, once a pseudopotential is developed using a spin-free approach, it
is not usually possible to add an appropriate spin–orbit operator. An exception is the
Wood–Boring equation3 (Wood and Boring 1978), for which the spin–orbit term is
an addition to the Cowan–Griffin equation and the spin–orbit term can be inverted to
obtain a spin–orbit pseudopotential.

What we must not do is to add an all-electron spin–orbit operator, such as the
Breit–Pauli or Douglas–Kroll operator, because the effect of the core is not included
in these operators, nor is the removal of the core tail. The all-electron spin–orbit
operators behave as 1/r3, and since the pseudospinors have minimal core amplitude,
the spin–orbit effect will be grossly underestimated.

The other approach is to use a spin-dependent equation, such as the
Dirac–Hartree–Fock or Wood–Boring equation, to obtain spin-dependent pseudopoten-
tials, and take the appropriate averages and differences to obtain a spin-free relativistic
pseudopotential and a spin–orbit pseudopotential. The formalism for the latter approach
is as follows.

2. See appendix K for details of this equation.

3. See appendix K for details of this equation.
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A pseudopotential obtained from a spin-dependent equation may be written as an
expansion in � and j ,

V PP =
∑
�j

U�,j (r)
∑
mj

|�jmj 〉〈�jmj |. (20.78)

Here we are only concerned with the angular expansion, so we have dropped the local
potential U(r). The angular spinors can be expanded into orbital and spin parts:

|�jmj 〉 =
∑
m�,ms

|�m� 〉|sms 〉〈�m�sms |jmj 〉 (20.79)

where 〈�m�sms |jmj 〉 is a Clebsch–Gordan coefficient. The contribution to the
pseudopotential for a given � value is therefore

V PP
� =

∑
m�,m

′
�

|�m� 〉〈�m′
� |

∑
ms,m

′
s

|sms 〉〈sm′
s |
∑
j,mj

U�,j 〈�m�sms |jmj 〉〈jmj |�m′
�sm

′
s 〉.

(20.80)

We now define spin-free and spin–orbit potentials,

U sf
� = �U�,�−1/2 + (�+ 1)U�,�+1/2

(2�+ 1)
; U so

� = 2(U�,�+1/2 − U�,�−1/2)

(2�+ 1)
. (20.81)

Here we note that U sf
� appears as a weighted average of what may be regarded as the

potentials for two spin–orbit split levels, and U so
� is related to the difference between

these two potentials. The factor of 2 in the numerator of the spin–orbit potential
is included for representation of the final expression in terms of the spin operator.
Rearranging these expressions, we can write

U�,�−1/2 = U sf
� − 1

2 (�+ 1)U so
� ; U�,�+1/2 = U sf

� + 1
2�U

so
� . (20.82)

We substitute in (20.80) and collect the terms in the spin-free and spin–orbit potentials
to get

V PP
� =

∑
m�,m

′
�

|�m� 〉〈�m′
� |

∑
ms,m

′
s

|sms 〉〈sm′
s |
[∑
j,mj

U sf
� 〈�m�sms |jmj 〉〈jmj |�m′

�sm
′
s 〉

+
∑
mj

U so
�

�

2
〈�m�sms |(�+ 1

2 )mj 〉〈(�+ 1
2 )mj |�m′

�sm
′
s 〉

−
∑
mj

U so
�

�+1

2
〈�m�sms |(�− 1

2 )mj 〉〈(�− 1
2 )mj |�m′

�sm
′
s 〉
]
, (20.83)

exploiting the fact that �+ 1
2 and �− 1

2 are the only possible values of j . The Clebsch–
Gordan coefficients for the spin-free term reduce to a product of delta functions: this
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follows from the orthogonality properties of Clebsch–Gordan coefficients, or it may be
demonstrated by reversing the expansion used above∑
j,mj

〈�m�sms |jmj 〉〈jmj |�m′
�sm

′
s 〉 = 〈�m� |〈sms |

[∑
j,mj

|jmj 〉〈jmj |
]
|�m� 〉|sms 〉

= δm�,m
′
�
δms,m′

s
. (20.84)

The sum in brackets is just an identity operator. The spin operator
∑

ms
|sms 〉〈sms |

is also an identity operator, so it can be omitted, and the spin-free potential is

V PP,sf =
∑
�m�

U sf
� |�m� 〉〈�m� |. (20.85)

The spin-free potential derived in this way is also known as an averaged relativistic
effective potential, or AREP.

To obtain a similar simplification for the spin–orbit potential, we note that

� · s|(�+ 1
2 )mj 〉 = �

2
|(�+ 1

2 )mj 〉; � · s|(�− 1
2 )mj 〉 = −�+ 1

2
|(�− 1

2 )mj 〉.
(20.86)

This enables us to write the various terms involving the spin–orbit potential as

∑
mj

U so
� 〈�m�sms |� · s |(�+ 1

2 )mj 〉〈(�+ 1
2 )mj |�m′

�sm
′
s 〉

+
∑
mj

U so
� 〈�m�sms |� · s |(�− 1

2 )mj 〉〈(�− 1
2 )mj |�m′

�sm
′
s 〉

= U so
�

∑
jmj

〈�m�sms |� · s |jmj 〉〈jmj |�m′
�sm

′
s 〉

= U so
� 〈�m�sms |� · s

[∑
jmj

|jmj 〉〈jmj |
]
|�m′

�sm
′
s 〉

= U so
� 〈�m�sms |� · s |�m′

�sm
′
s 〉.

(20.87)

Using this expression, we can write the spin–orbit potential as

V PP,so =
∑
�

U so
�

∑
m�m

′
�

∑
msm

′
s

|�m�sms 〉〈�m�sms |� · s|�m′
�sm

′
s 〉〈�m′

�sm
′
s |

=
∑
�

U so
�

∑
m�m

′
�

∑
msm

′
s

|sms 〉〈sms ||�m� 〉〈�m� |� · s|�m′
� 〉〈�m′

� ||sm′
s 〉〈sm′

s |

=
∑
�

U so
�

∑
m�m

′
�

|�m� 〉〈�m� |� · s|�m′
� 〉〈�m′

� | (20.88)
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where we have exploited the fact that the spin operator
∑

ms
|sms 〉〈sms | is an identity

operator and can be omitted. We can extract s to separate the spin and orbital parts,
and express the spin–orbit potential as

V PP,so = s ·
∑
�

U so
�

∑
m�m

′
�

|�m� 〉〈�m� |�|�m′
� 〉〈�m′

� |. (20.89)

This potential is also known as a spin–orbit relativistic effective potential, or SOREP.
Finally, we can write the entire spin-dependent pseudopotential as

V PP = V PP,sf + V PP,so

= U(r)+
∑
�

U sf
�

∑
m�

|�m� 〉〈�m� | + s ·
∑
�

U so
�

∑
m�m

′
�

|�m� 〉〈�m� |�|�m′
� 〉〈�m′

� |,

(20.90)

where we have reintroduced the local potential, which is spin free.
By far the majority of relativistic pseudopotential calculations include only the

spin-free pseudopotential at the SCF stage, and add the spin–orbit potential afterwards
if they add it at all. There are a few where both the spin-free and spin–orbit effects are
included at the SCF stage and the calculations performed with double-group symmetry,
just like four-component calculations.

20.7 Model Potentials

In parallel with the development of pseudopotentials, a second approach to the frozen-
core model has been taken. In this approach, the core orthogonality is retained, and the
model includes an explicit representation of the core spinors. The rationale for retaining
the core tail in the valence functions is that the cost of the primitive integrals is less
important than the cost of retaining all the core basis functions. Some approximations
to the core tails are generally made because the integral cost is still significant.

If the core orthogonality is retained, there is no necessity to insert the projection
operators around the core Fock operator in (20.5), but we must still ensure that core
spinors are kept out of the valence space. In an atom it is easy to maintain the orthog-
onality, but in a molecule the basis functions on another center expand into a linear
combination of functions on the frozen-core center, including core spinors.

The equation that is used to ensure that the core spinors are projected out is the
Huzinaga–Cantu equation (Huzinaga and Cantu 1971, Huzinaga et al. 1973), which
we will now derive. Instead of writing the Fock equations for the valence spinors in
terms of Lagrange multipliers and imposing the criterion that the overlaps must be zero
at convergence, we can introduce projection operators into the Fock operator:

[
f̂ − P̂cf̂ − f̂ P̂c

]
ψv = εvψv. (20.91)
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Premultiplying by ψk and integrating yields

−fkkSkv = εvSkv (20.92)

which holds only if Skv = 0. Premultiplying by ψv and integrating yields

fvv − 2
∑
k

fkvSkv = εv (20.93)

which gives the desired result, fvv = εv if Skv = 0. It is also easy to show that for any
other valence spinor, fuv = 0, provided that Suv = 0.

If the core spinors are chosen to be eigenfunctions of the Fock operator, we can
replace the Fock operators multiplying the projectors by the core eigenvalues,

[
f̂ − 2

∑
k

εk|ψk 〉〈ψk |
]

ψv = f̂MPψv = εvψv. (20.94)

This is the Huzinaga–Cantu equation. It has similar properties to (20.91), but instead
of fkv being indeterminate it is zero. The projector term in the Fock operator functions
as a level shift: core spinors are moved up by 2|εk|. The advantage of this is that there
is an energetic cost for any core spinors that come from other centers to mix into the
valence spinors, and therefore the mixing is not likely. We will return to this point later.

The model potential is defined by partitioning the Fock operator into core and
valence parts, just as in (20.43), and defining the modified one-electron operator as in
(20.44). The model potential is

VMP = −Zcf nuc(r)+
∑
k

(Ĵk − K̂k)+
∑
k

Bk|ψk 〉〈ψk |. (20.95)

The level shift has been generalized, but the usual value taken is Bk = −2εk .
If no further approximations are made to the valence spinors, this potential should

yield results exactly equivalent to the frozen-core approximation. Often, some approx-
imation is made to the core tails because the number of basis functions used to describe
the core tail can be large: typically, there are as many functions used to describe the
first antinode of a noncore orbital as there are functions to describe all the remaining
antinodes. Approximating the core has the potential to save up to half the number of
basis functions, resulting in a saving of a factor of up to 16 in the primitive integrals.
It is usually the inner core that is approximated, because a good description of the outer
core, including the outermost nodes, is essential for accurate valence energetics.

One useful approximation to the core part of a valence spinor is to describe each
antinode, with the possible exception of the subvalence antinode, by a single Gaussian
function. The coefficients of these functions are determined by requiring the approx-
imated valence spinor to be orthogonal to the core spinors. This approximation has
the advantage of retaining strict core orthogonality. In terms of the analysis of pseu-
dospinors made earlier in this chapter, the approximation corresponds to adding a linear
combination of virtual spinors to the valence spinor. It is possible to make further
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approximations, which sacrifice the strict core orthogonality but retain the correct
shape and nodal structure in the outer-core region.

20.8 Energetics of Model Potentials

Using the formalism developed in section 20.4, we can analyze the behavior of the
approximations to the valence spinors in the AIMP method. The purpose of this exer-
cise is to determine whether the approximations to the one-electron Hamiltonian and
the pseudospinors are likely to cause any undesirable behavior, such as collapse when
a core spinor is mixed in. As before, the model we use is the simplest: an atom with
two valence electrons. We have three separate cases to consider.

In the first case, no approximation is made to the valence spinor. Then there is no
approximation to the Fock matrix apart from the addition of the projector term. The
gradient for mixing an arbitrary function into the valence spinor is deduced from (20.64)

dE

dλ

∣∣∣∣
λ=0

= 4〈ψv | f̂ + B̂ |ψr 〉 − 4S〈ψv | f̂ + B̂ |ψv 〉 = 4[fvr + Bvr − S(fvv + Bvv)]
(20.96)

where

B̂ =
∑
k

Bk|ψk 〉〈ψk |. (20.97)

The matrix elements of B̂ are zero, and fvr = Sεv , so the gradient is zero and λ = 0
is a stationary point. The terms that are of zeroth order in S in the second derivative
expression, equation (20.67), can be written

4[frr + Brr − fvv + 3(rv|vr)− (rr|vv)]. (20.98)

If ψr is a core spinor, ψk say, then

frr ≡ fkk = εk. (20.99)

With Bkk = −2εk , these terms come to

4[−εk − εv + 3(kv|vk)− (kk|vv)] (20.100)

which, since the spinor eigenvalues are negative, has a positive value. The remaining
terms of first and second order in S cannot make the second derivative negative. Thus,
the stationary point is a minimum and the valence spinor has no tendency to mix core
spinors at all. If the arbitrary spinor is some other spinor with a small admixture of a
core spinor, the projector term makes the second derivative a little more positive than
it otherwise would have been.
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In the second case, the core orthogonality is kept but approximated. The valence
pseudospinor is no longer an eigenfunction of the Fock operator or the model potential.
We can write the gradient as

dE

dλ

∣∣∣∣
λ=0

= 4[hMP
ṽr + Bṽr + (ṽṽ|ṽr)] − 4S[hMP

ṽṽ + Bṽṽ + (ṽṽ|ṽṽ)]

= 4[fMP
ṽr + Bṽr ] − 4S[fMP

ṽṽ + Bṽṽ]
(20.101)

where the tilde indicates that the spinor is no longer the all-electron spinor but a
pseudospinor. Because we did not change the model potential when we introduced the
pseudospinor, the Fock operator for this pseudospinor is no longer the same as the all-
electron Fock operator due to the two-electron terms. We can write the Fock operator
as the all-electron Fock operator with a correction term:

f̂MP = f̂ + f̂ R. (20.102)

The correction is essentially the difference in Coulomb potential between the valence
spinor and the valence pseudospinor. Now the gradient can be written

dE

dλ

∣∣∣∣
λ=0

= 4[fṽr + f Rṽr + Bṽr − S(fṽṽ + f Rṽṽ + Bṽṽ)]. (20.103)

The matrix elements of B̂ that involve the pseudospinor φv are zero because it is still
orthogonal to the core, but the matrix elements of the Fock operator are not necessarily
zero. The second derivative terms that are zeroth order in S are

4[fMP
rr + Brr − fMP

ṽṽ + 3(rṽ|ṽr)− (rr|ṽṽ)]
= 4[frr + Brr − fṽṽ + f Rrr + f Rṽṽ + 3(rṽ|ṽr)− (rr|ṽṽ)]. (20.104)

For ψr a core spinor, ψk say, the off-diagonal Fock matrix element fṽk is zero
because the pseudospinor contains no components of the core spinors. S is zero for
this case because the pseudospinor is orthogonal to the core. The gradient is therefore
4f R

ṽk
, which is not necessarily zero, though it is likely to be small. The dominant terms

in the second derivative are the same as in the previous case, fkk + Bkk = −2εk . The
curvature is therefore positive, and strongly so, and the minimum, though not at λ = 0,
is likely to be not far away. The interesting result is that even though the pseudospinor
is orthogonal to the core, it mixes a small amount of core spinors to compensate for
the change in potential due to the approximation to the core part of the pseudospinor.

For an arbitrary spinor r , we can expand the spinor into a contribution from the
pseudospinor ṽ and an orthogonal term,

φr = Sφṽ + γφv⊥ (20.105)
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where γ is a mixing factor, and should be close to 1. The gradient then becomes

dE

dλ

∣∣∣∣
λ=0

= 4[fMP
ṽr − SfMP

ṽṽ ] = 4γ 〈φv⊥ |fMP |φṽ 〉 (20.106)

which is not necessarily zero, but is likely to be small. The contribution from any core
component in φr reduces to 4f R

ṽk
. The dominant second-derivative term is

fMP
rr + Brr − fMP

ṽṽ = frr + Brr − fṽṽ + f Rrr − f Rṽṽ. (20.107)

If we expand φr in the complete orthonormal set of spinors, the contributions to frr that
come from core spinors are made positive by the terms from Brr , and the remaining
contributions sum to a value that is less negative than εv . It must also be true that
fṽṽ > εv . The terms from the residual Fock operator are small, so the second derivative
is positive and the minimum, with a small gradient, must be nearby. In this case also,
the deviation of the valence pseudospinor from the valence spinor causes mixing of
other spinors to compensate for the change.

In the third and most general case, where the valence pseudospinor is not orthogonal
to the core or to the trial function, the gradient is again given by (20.103). For ψr a
core spinor ψk , we can use the expansion of the valence pseudospinor in terms of the
complete set of spinors

φṽ =
∑
p

cvpψp (20.108)

to show that fṽk = Sεk , and Bṽk = −2Sεk . The gradient can then be written

dE

dλ

∣∣∣∣
λ=0

= 4[f Rṽk − S(εk + fṽṽ + f Rṽṽ + Bṽṽ)]. (20.109)

The second derivative is dominated by the core terms as before, and is positive. Again,
there is a minimum, but how close it is to λ = 0 depends on the size of the core
overlap S because εk is not small. The conclusion is that it is important to keep any
representation of the core out of the basis set if core orthogonality is sacrificed and to
keep the deviation from core orthogonality to a minimum.

For the case of an arbitrary trial function ψr we can use (20.105) to reduce the
gradient to

dE

dλ

∣∣∣∣
λ=0

= 4γ [fMP
ṽv⊥ + Bṽv⊥]. (20.110)

This expression contains a core projector matrix element in addition to the model
potential Fock matrix element. However, because it is off-diagonal the core projector
term could be of either sign, depending on the contribution of the orthogonal component
to the trial spinor. Whatever contributions to the Fock matrix elements come from core
spinors, their signs are changed by the projector matrix element. In any case, the
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gradient is not likely to be zero. The second derivative is dominated as before by
the terms that do not contain S, and the curvature is positive, indicating that there is a
minimum. How far it is from the point λ = 0 depends on the magnitude of the gradient.

The behavior of the SCF solutions is not the only issue of interest in the energetics
of model potentials. Because Bk is finite, the core spinors are not moved an infinite
distance from the valence space, but a finite distance. Any representation of the core
spinors remains in the molecular basis set, and can contaminate a correlated calculation,
if they are not removed (Klobukowski 1990). The result can be an overestimation of
correlation effects. Diagonalizing B̂ in the virtual spinor space should provide a means
of recognizing and removing core-like spinors.

20.9 Model Potential Implementation

The form of the model potential is much simpler than that of the pseudopotential,
and it is relatively easy to implement. The integrals over core projector terms are
overlaps, which need no special coding. The core direct potential can be fitted to a
linear combination of Gaussian functions. It is the core exchange potential that is the
hardest to represent because of its nonlocality.

The simplest approach is to ignore the nonlocality and to represent both direct and
exchange terms in a Gaussian series (Bonifacic and Huzinaga 1974, 1975, Sakai et al.
1997). This approach has the advantage that the integrals are overlaps and nuclear
attraction type integrals. The disadvantage may be the loss of nonlocality. The most
common form of the model potential in this implementation is

VMP(r) = −Z − nc

r

[∑
i

Aie
ai r

2 + r
∑
i

Bie
bi r

2
]
. (20.111)

A local form was also used for pseudopotentials, and was abandoned for the same
reasons: the lack of distinction between different symmetries.

A more sophisticated approach includes some form of angular projection. Because
the integrand for each density in the exchange integrals involves a core spinor, the
range of the core exchange term is short and projection onto a local (atomic) basis
makes sense. However, the projection must contain an infinite sum of both angular and
radial terms to be exact. Truncation of the projector to the atomic basis is one practical
approach (Andzelm et al. 1985, Huzinaga et al. 1987). Then, it is only necessary to
define the basis set and the core and fit the Coulomb potential to define the ab initio
model potential. The potential can be expressed in the form

VMP(r) = 1

r

∑
i

Aie
ai r

2 +
∑
�m

∑
pq

|p�m 〉X�;pq〈q�m | (20.112)

where for a given � the matrix X is given by

X = S−1KS−1 (20.113)
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and K is the matrix of the core exchange operator, given by

Kpq = 〈p | −
∑
k

K̂k |q 〉. (20.114)

If the basis set used for this representation is the atomic basis set that is used in the
molecule, the representation of the one-center exchange elements is exact. These are
the most important elements because of the short range of the exchange potential.

20.10 Relativistic Effects in Model Potentials

Spin-free relativistic effects are readily incorporated into the ab initio model potential
approximation by using a one-component spin-free relativistic method for the atom,
such as the Cowan–Griffin method4 or the Douglas–Kroll–Hess method.

In the case of the Cowan–Griffin method, the spin-free one-electron relativistic
operators are incorporated into the spectral representation of the exchange potential:

X = S−1MS−1. (20.115)

M is the matrix of the combined core exchange and spin-free relativistic operator,
given by

Mpq = 〈p | −
∑
k

K̂k |q 〉 + 〈p |VMVD |q 〉. (20.116)

VMVD is an angular projection onto the Cowan–Griffin mass–velocity and Darwin
potentials for the valence orbitals,

V CG−MVD =
∑
�m

|�m 〉〈�m |V CG−MVD
nl |�m 〉〈�m | (20.117)

where the sum extends over the valence symmetries, and

V CG−MVD
nl = − 1

4m2c2
(εn� − V )− 1

2mc2 + (εn� − V )

dV

dr

(
1

Pn�

dPnl
dr

− 1

r

)
.

(20.118)

The potential in this definition is the SCF potential, not merely the nuclear attraction
potential. The model potential therefore includes both one- and two-electron relativistic
corrections. The principal quantum number is that of the outermost valence orbital.
Note that this makes the model potential dependent on the valence orbitals. For model

4. See appendix K for details of this method.
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potentials where there is more than one valence orbital of a given symmetry, the
difference is apparently not large (Seijo and Barandiarán 1999).

In the case of the Douglas–Kroll–Hess method, no special treatment of relativistic
effects is required apart from the use of the one-electron Douglas–Kroll–Hess operator
for the valence electrons. The direct and exchange potentials for the core electrons
are treated in exactly the same way as in the nonrelativistic case but using the atomic
Douglas–Kroll–Hess orbitals. However, only the unmodified part of the nuclear attrac-
tion is partitioned into a core and a valence part; the core part is included with the core
direct potential just as in the nonrelativistic case.

Spin–orbit effects can be incorporated using a two-component relativistic method
for the atom such as the Wood–Boring method.5 In this case, the usual representation
is a semilocal form as is used in the pseudopotential method,

V so,MP =
∑
�

V so
�

∑
m,m′

|�m 〉〈�m |� · s|�m′ 〉〈�m′ | (20.119)

and the radial potential is expanded in a set of Gaussian functions,

V so
� =

∑
i

Di,� e
di r

2
/r2. (20.120)

The coefficients and exponents are fitted to the radial components of the Wood–Boring
spin–orbit operator, or some other suitable spin–orbit operator.

Just as for the Cowan–Griffin operator, the potential V so
� is the atomic SCF poten-

tial and so includes both one- and two-electron spin–orbit effects. In this respect the
integrals over this potential resemble the atomic mean-field spin–orbit integrals of Hess
et al. (1996).

20.11 Properties and Core Approximations

We turn finally to the calculation of molecular electric and magnetic properties in
the pseudopotential and model potential approximations. For first-order properties and
variational wave functions, we can write the property using the Hellmann–Feynman
theorem as

dE

dλ
= 〈Ψ | ∂H

∂λ
|Ψ 〉 (20.121)

where λ represents the perturbation strength. In an all-electron model this equa-
tion reduces to the sum of the expectations of the one-electron operator over the
occupied spinors for the property. The same applies to the frozen-core approxima-
tion, and we may moreover ignore the contributions from the frozen-core electrons.

5. See appendix K for details of this method.
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For electric fields, this also means using the reduced nuclear charge Zv for the nuclear
contribution, due to the cancellation of the contribution from the core electrons with
the rest of the nuclear contribution. For model potentials that are derived without
further approximation, the calculation of properties follows straightforwardly from the
frozen-core approximation.

However, if the valence spinors are modified to create pseudospinors—and this
applies to both model potentials and pseudopotentials—the expectation of the valence
wave function over the property operator is no longer the same as in the all-electron
or the frozen-core case. For external fields, where the bulk of the contribution comes
from the valence region of space, the deviation of the pseudospinor property integrals
from their unmodified counterparts will be small. However, for nuclear fields, the
approximation to the core part of the spinors will have serious consequences for the
property. Pseudospinors used with pseudopotentials are designed to have vanishing
amplitude at the nucleus, and therefore the property integrals will be much smaller
than they should be. This means that properties such as NMR shielding constants
calculated for the pseudopotential center will inevitably be erroneous.

The alternative is to derive pseudoproperty operators, which account for the fact that
the core has been approximated, or to calculate the property integrals with the original
spinors. The former has not to our knowledge been attempted; the latter has been done
by Kozlov et al. (1987), for example, in the calculation of parity nonconservation
effects.
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Spin–Orbit Configuration
Interaction Methods

In this chapter, we address the following problem: Assume that we have derived a
method that gives a good approximation to the treatment of relativistic effects in molec-
ular systems, but that leaves out any explicit references to the spin—that is, a spin-free
relativistic approximation. How can we go about getting a reliable estimate of the
spin–orbit interaction in the system?

There may be several reasons why we would want to take such an approach. One
of them is that nonrelativistic calculations are much simpler to handle with respect to
symmetry and logistics, and so if we could do the heavy computational work within
the least demanding framework, it might entail considerable savings. Another reason
might be that we are interested in light systems where the spin-free relativistic effects
are small, but where the symmetry breaking induced by spin–orbit interaction may be
of crucial importance for near-degenerate states and surface crossings.

To solve this problem, we have to answer two questions, “What?” and “How?”
The first one is concerned with finding an operator Ĥso that describes the spin–orbit
interaction that has been left out of our zeroth-order Hamiltonian, Ĥ0, making the total
Hamiltonian

Ĥ = Ĥ0 + Ĥso. (21.1)

The form of this operator may be a matter of choice, but we would preferably like to
restore the terms dropped in developing Ĥ0 from the fully relativistic Hamiltonian. This
in turn leads to different Ĥso operators depending on the approach taken towards Ĥ0.

The other question is concerned with how to treat these Ĥso operators in a com-
putationally efficient manner in a configuration interaction calculation. Although the
operators may differ, the problems inherent in their application are common for many
of the choices of zeroth-order method. A further challenge is that spin–orbit energies
are of comparable magnitude to the correlation energies for heavy elements. Thus, the
two should be treated on a reasonably equal footing. Because most of these methods

427
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ultimately rely on diagonalizing Ĥso in an N -particle basis, they fall within the family
of CI methods or CI-related perturbation methods.

Below, we start by discussing some of the Ĥso operators that may be used in the
various settings. Some of these have already been derived in the preceding chapters
on approximate methods. We also comment on the expectation values and integrals
that they give rise to. We then give examples of efficient computational algorithms
that have been developed to allow for manageable calculations using these operators.
Our account is by no means exhaustive, but our aim is to illustrate some of the central
features of spin–orbit methods and some of the more frequently employed strategies
for exploiting these methods in practical computations.

21.1 Breit–Pauli Spin–Orbit Operators

While there are a number of possible pitfalls in the application of the Breit–Pauli
Hamiltonian defined in (17.40), it does offer a convenient partitioning of the opera-
tor, where we may pick those contributions that are relevant for the applications at
hand. For the study of spin–orbit contributions, a suitable starting point is obtained by
retaining only those two-electron terms that involve direct coupling between spin and
orbital motion. This entails the neglect of orbit–orbit, spin–spin, and Fermi contact
terms, which also contribute to the electron–electron interaction energy at order c−2,
and is as such slightly inconsistent. However, the procedure may be defended on the
grounds that the spin–orbit terms are the chief terms responsible for the breaking of
the pure nonrelativistic symmetry of the system. For an atom1 of nuclear charge Z,
our Hamiltonian then becomes

ĤBP =
∑
i

[
p2
i

2m
− Z

ri
− p4

i

8m3c2
+ πZ

2m2c2
δ(ri )+ Z

2m2c2r3
i

si · �i

]

+ 1

2

∑
i 
=j

[
1

rij
− 1

m2c2r3
ij

[
(si + 2sj ) · rij × pi

]]
. (21.2)

We assume that we somehow know how to handle the spin-free terms of this equation,
and that they form a suitable H0. The spin–orbit part may be divided into a one-electron
and a two-electron operator,

ĤBPso = ĤBPso1 + ĤBPso2 =
∑
i

ĥBPso
i + 1

2

∑
i 
=j

ĝBPso
ij (21.3)

1. Obviously, for molecules there must be a sum over nuclei in the Hamiltonian expression.
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with the one-electron and two-electron operators defined by

ĥBPso
i = Z

2m2c2r3
i

si · �i ,

ĝBPso
ij = −

[
1

m2c2r3
ij

(si + 2sj ) · rij × pi

]
.

(21.4)

We may use these operators in various ways, to which we will return later. Regardless of
which computational model we choose to follow, we end up evaluating basis function
integrals over these operators. It is easy to see that this will require a somewhat different
treatment from the ordinary nonrelativistic integral handling. Ignoring the constants,
we can write the matrix element of the one-electron spin–orbit operator as

〈p|Z
r3

s · �|q〉 =
∫
φ∗
p(r)η

†
p(τ )

Z

r3
s · (r × p) φq(r)ηq(τ ) drdτ

=
∫
φ∗
p(r)

Z

r3
(r × p)φq(r) dr ·

∫
η

†
p(τ ) s ηq(τ ) dτ (21.5)

where φp is the spatial part of the one-electron function p, and ηp the corresponding
spin function with τ the spin coordinate. For real φ, the spatial matrix element is pure
imaginary because of the factor of −i� in the momentum operator. Taking out this
factor, the spatial integrals can be written in terms of a real, but antisymmetric, matrix

V BPso
pq = 〈p | Z

r3
r × ∇ |q 〉 = −〈q | Z

r3
r × ∇ |p 〉 = −V BPso

qp . (21.6)

The antisymmetry can easily be established by integration by parts. This antisymmetry
may be a little easier to see if we write the spin–orbit integral in terms of second
derivatives of the regular nuclear attraction integrals:

V BPso
pq = 〈∇p | Z

r
× |∇q 〉. (21.7)

Since the basis functions depend on relative coordinates ri − rA, we can transfer
the derivatives from the electron coordinates ri to the nuclear coordinates rA, and
demonstrate the antisymmetry:

V BPso
pq = ∇P × ∇Q 〈p | − Z

r
|q 〉 = −∇Q × ∇P 〈q | − Z

r
|p 〉 = −V BPso

qp . (21.8)

Here, P is the nucleus on which function p is centered, and likewise for Q and q. The
nuclear attraction integral is symmetric to index interchange, but the vector product is
antisymmetric.
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Likewise, for the two-electron spin–orbit integrals in a real basis with real operators,
the permutation properties are

〈pr | 1

r3
ij

rij × ∇i |qs 〉 = −〈qr | 1

r3
ij

rij × ∇i |ps 〉

= 〈ps | 1

r3
ij

rij × ∇i |qr 〉. (21.9)

The difference between the first and second line is due to the fact that the gradient oper-
ator here only acts on electron i. Also, there is no longer any permutational symmetry
between electrons i and j :

〈pr|ĝBPso|qs〉 
= 〈rp|ĝBPso|sq〉. (21.10)

As for the one-electron integrals, we can write the spatial integrals in terms of nuclear
gradients of the two-electron integrals, given in Mulliken notation as

vBPso
pqrs = ∇P × ∇Q(pq|rs), (21.11)

and then the permutational symmetry can be expressed as

vBPso
pqrs = −vBPso

qprs = vBPso
pqsr 
= vBPso

rspq . (21.12)

As we can see, the permutational symmetry of these integrals differs from that of
the ordinary spin-free two-electron integrals, a symmetry that is extensively used in the
formulation of computational algorithms. The loss of symmetry between electrons 1
and 2, combined with the fact that the operator is a vector operator, means that there are
six times as many integrals as there are ordinary two-electron integrals. This factor of
six makes up a considerable part of the difference between nonrelativistic calculations
and four-component calculations.

The other noteworthy feature of these spin–orbit operators at this stage is in the
spin part of the integrals. As we saw above, this may be extracted as∫

ηt (τ ) s ηu(τ )dτ =
∫

ηt (τ )
[
sx i + syj + szk

]
ηu(τ )dτ. (21.13)

But we have shown in (6.25) that, for instance,

sx = s+ + s−
2

(21.14)

and therefore the operators ĥso and ĝso connect α and β spin functions, which normally
are orthogonal over spin-free operators.

Both the reduced permutational symmetry and the need to account for nondiagonal
matrix elements over spin functions will complicate any computational scheme. How-
ever, the difficulties introduced at this stage are certainly less serious than the integral
handling introduced in the four-component calculations.
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21.2 Douglas–Kroll-Transformed Spin–Orbit Operators

In chapter 16, we showed how approximate relativistic spin-free Hamiltonians could be
derived using unitary transformations. For applications to molecular systems the most
frequently used model is the Douglas–Kroll–Hess model. Having successfully carried
out a spin-free Douglas–Kroll–Hess calculation, we may be faced with the challenge
of trying to account for the spin–orbit effects. In order to do this, we have to identify
the terms that have been neglected in order to arrive at a spin-free formalism.

The one-electron part of the second-order Douglas–Kroll transformed Hamiltonian
is given in (16.61) and can be expressed in two-component form for the positive-energy
states as

ĤDK2 = Ep + Â
(
V + R̂2V R̂2

)
Â +

(
Ŵ1EpŴ1 + 1

2

[
Ŵ2

1 , Ep

]
+

)
. (21.15)

The first parenthesis contains the first-order term from the free-particle Foldy–
Wouthuysen transformation, and the second parenthesis contains the second-order
Douglas–Kroll term. Both Â and Ep are spin-free, so the spin-dependence comes
from the transformations involving R̂2, which was defined as

R̂2 = c

Ep +mc2
σ · p. (21.16)

Note that Ŵ1 is linear in R̂2, and thus both terms contain spin-dependence. In practice,
we would want to include the spin–orbit operators from both terms: even though the
second-order term is O(c−4), the spin–orbit interaction behaves as 1/r3 and therefore
this term is likely to be important. For the purposes of this section, we need only
be concerned with the lowest-order spin–orbit operator, which can be identified in
(16.44) as

ĤDKso1 = 1

m2c2

∑
i

Q̂i�σ i · (∇Vi × pi )Q̂i (21.17)

where Q̂ is defined by (16.45). We label this one-electron operator (and later the two-
electron operator) with DK, even though it is only the lowest-order part of the operator.
For a point nucleus, this operator can be written as

ĤDKso1 = 1

m2c2

∑
i

Q̂i

Z

r3
i

�σ i · (ri × pi )Q̂i . (21.18)

It is easy to check that this operator goes over to the Breit–Pauli operator in the limit
p → 0, where Q̂ → 1/2:

ĤDKso1 → 1

2m2c2

∑
i

Z

r3
i

si · �i = ĤBPso1, (21.19)

where we have used the fact that �σ = 2s.
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For the two-electron terms we need to identify the spin–orbit operators in the
transformed Hamiltonian. Again, we only consider the free-particle Foldy–Wouthuysen
transformation: corrections from higher-order transformations are likely to be very
small. The transformed Coulomb interaction was written in (16.63) as

ĝ
C,FPFW
ij = ÂiÂj

[
1

rij
+ R̂i

1

rij
R̂i + R̂j

1

rij
R̂j + R̂iR̂j

1

rij
R̂j R̂i

]
Âj Âi . (21.20)

The first term in the brackets here cannot contribute any spin-containing terms. The
last term, containing a product of four R̂ operators, can only contribute to higher order
in 1/c, and will be neglected for present purposes. The terms of interest are therefore
the two middle terms of the type R̂i

1
rij

R̂i . The core of the operator expression to be
evaluated here is

(σ i · pi )
1

rij
(σ i · pi ). (21.21)

This expression is completely analogous to the one-electron operator, and with two
such terms and reindexing, the spin–orbit contribution from the Coulomb interaction is

ĝDKso = − 1

m2c2

∑
i 
=j

Q̂iÂj

1

r3
ij

σ i · (rij × pi )Âj Q̂i . (21.22)

This is the two-electron spin–orbit interaction operator, and reduces to the Breit–Pauli
form when the limit p → 0 is applied in the kinematic factors.

When we evaluate the integrals, we apply the kinematic factors to the basis func-
tions, using a resolution of the identity. Likewise, writing this operator in equivalent
form as

ĝDKso = i

m2c2

∑
i 
=j

Q̂iÂjσ i · (pi 1

rij
× pi )Âj Q̂i (21.23)

we can apply the momentum operators to the basis functions. Transferring the deriva-
tives from the electron coordinates ri to the nuclear coordinates rA, and placing a tilde
over the indices of the orbitals to which the Q̂ kinematic factors apply, we see that the
spatial integrals for this interaction can be written in Mulliken notation as

vDKso
pqrs = ∇P × ∇Q (p̃q̃|rs). (21.24)

As before, basis function p is centered on nucleus P , and so on. Note that there is an
Â kinematic factor for orbitals r and s in this integral. The permutational symmetry of
these integrals follows from the properties of the vector product and the symmetry of
the two-electron integrals:

vDKso
pqrs = −vDKso

qprs = vDKso
pqsr 
= vDKso

rspq . (21.25)

This symmetry is the same as for the Breit–Pauli integrals.
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The spin–other–orbit interaction comes from the Gaunt interaction, as shown in
chapter 15 and chapter 17. The derivation of these terms is somewhat more complicated
because the kinematic factors Q̂i can appear on either side of 1/rij and they do not
commute with it. The derivation gives us four terms,

ĝDKsoo = 1

2m2c2

∑
i 
=j

(
Q̂iQ̂j

1

r3
ij

σ i · (rij × pj )Âj Âi + Q̂iÂj

1

r3
ij

σ i · (rij × pj )Q̂j Âi

+ ÂiQ̂j

1

r3
ij

σ i · (rij × pj )Âj Q̂i + ÂiÂj

1

r3
ij

σ i · (rij × pj )Q̂j Q̂i

)
. (21.26)

The reader can easily verify that in the limit p → 0 in the kinematic factors this yields
the expression obtained in the Breit–Pauli Hamiltonian. Thus, for the Douglas–Kroll
Hamiltonian, calculating the primitive integrals over basis functions for these operators
will involve the same work as for the Breit–Pauli Hamiltonian, but at the same time
the kinematic factors will have to be accounted for.

Because of these factors, however, the final spin–orbit and spin–other–orbit inte-
grals are not the same, and cannot be made the same. To demonstrate this, we will use
the equivalent form of the spin–other–orbit operators in which we have two momentum
operators,

ĝDKsoo = −i
2m2c2

∑
i 
=j

(
Q̂iQ̂jσ · pi × pj

1

rij
Âj Âi + Q̂iÂjσ i · pi

1

rij
× pj Q̂j Âi

+ ÂiQ̂jσ i · pj
1

rij
× piÂj Q̂i + ÂiÂjσ i · 1

rij
pi × pj Q̂j Q̂i

)
. (21.27)

As for the spin–orbit interaction, we can transfer the derivatives from the electron
coordinates to the nuclear coordinates and make the operators to the left of 1/rij act
to the left. With the tilde notation, the real spatial integrals are

vDKsoo
pqrs =∇P ×∇R(p̃q|r̃s)+∇P ×∇S(p̃q|rs̃)+∇Q×∇R(pq̃|r̃s)+∇Q×∇S(pq̃|rs̃).

(21.28)

The permutational symmetry is quite different from that of the spin–orbit integrals.
Here we have

vDKsoo
pqrs = vDKsoo

qprs = vDKsoo
pqsr = −vDKsoo

rspq . (21.29)

This symmetry is a result of the linear combination of the four contributions.
The consequence is that we must treat the spin–orbit and the spin–other–orbit

interactions separately: we cannot combine them as in the Breit–Pauli Hamiltonian.
The reason is that the functions on which the momentum operators operate are derived
from the small component, and only in the nonrelativistic limit where the large and
small components are related by kinetic balance can we rewrite the spatial part of the
spin–other–orbit interaction in the same form as the spin–orbit interaction. The reader
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can verify (using integration by parts) that this can be done if we neglect the kinematic
factors.

A similar analysis can be applied to the use of the spin-free modified Dirac method,
whether in its full four-component form or in the reduced form of the matrix NESC
method. In particular, the spin–orbit and spin–other–orbit integrals have the same
properties, although different forms.

21.3 Spin–Orbit Operators for Model Potential and
Pseudopotential Methods

The overwhelming majority of calculations that have tried to account for relativistic
effects in molecular systems have used some sort of core approximation as described in
chapter 20. Spin–orbit operators for the two approaches were presented in that chapter,
but we repeat them here for completeness since they provide some of the answers to
“What?”

In keeping with the general philosophy of the model potential method, it is desirable
to express the spin–orbit operator as the spectral resolution of the operator over the
valence orbitals. One possibility is to use a semilocal potential of the form

V̂MPso =
∑
�

V so
� (r)

∑
mm′

|�m 〉〈�m |� · σ |�m′ 〉〈�m′ | (21.30)

where the radial potential V so
� (r) is given by

V so
� (r) =

∑
k

D�
k exp(−d�k r2)

r2
. (21.31)

The expansion coefficients and exponents D�
k and d�k are obtained by least-squares

fitting such that the weighted deviation between the original form of the radial part of
the spin–orbit operator and the potential representation is minimized.

Another possibility is to represent the radial part in terms of the atomic matrix
elements,

V̂MPso =
∑

lmm′tu
|t; �m〉V so

ltu〈�m |� · σ |�m 〉〈u; �m| (21.32)

where V so
ltu is the matrix element of the all-electron spin–orbit operator that corresponds

to the relativistic Hamiltonian used for the development of the model potential. Given
that spin–orbit effects are well-localized, this approach should prove quite accurate.

There is a variety of approaches to the development of pseudopotential spin–orbit
operators. The spin–orbit potential is mostly expressed in the semi-local form

V̂ PPso(r) =
∑
�

∆V�(r)

2�+ 1

∑
mm′

|�m 〉〈�m |� · σ |�m′ 〉〈�m′ |. (21.33)



SPIN–ORBIT CONFIGURATION INTERACTION METHODS 435

This is identical in content to the expression given by (21.30). In actual application of
this approach, ∆V�(r) is expressed as a suitable combination of atom-centered Gaussian
functions, analogous to what was done for the model potential approach.

These operators represent the spin–orbit operators for the atom whose core is being
replaced. In a molecule, the spin–orbit operator must be summed over all such atomic
centers.

21.4 Mean-Field Approximations for Spin–Orbit Interaction

The two-electron spin–orbit term can amount to 20 to 50% of the total spin–orbit
splitting, and has the opposite sign to the one-electron contribution. This two-electron
interaction should therefore be included in any calculation that aims at a quantitative
description of spin–orbit effects. However, the number of two-electron spin–orbit inte-
grals is larger than the number of two-electron Coulomb integrals by almost an order
of magnitude. It would therefore be useful if we could find an approximation in which
we only needed to evaluate a set of one-electron spin–orbit integrals.

The spin–orbit operators for the model potential and pseudopotential approxima-
tions are one-electron operators. These operators include the effect of the two-electron
spin–orbit interaction used in the mean-field approximation to derive the model poten-
tial or pseudopotential. Molecular calculations with these potentials therefore include,
at least at the atomic level, the two-electron spin–orbit terms. This is just the kind of
approximation we are looking for.

It would be very convenient if we could do the same for all-electron methods. One
simple approach would be to just scale the nuclear charge of the one-electron term
such that

Ĥso = Ĥso1 + Ĥso2 ≈
∑
i

Zeff

2m2c2r3
i

si · �i (21.34)

where Zeff is an effective nuclear charge (Blume and Watson 1962). Unfortunately,
this approach does not work too well: a significant part of the two-electron contribution
does not have the same functional dependence as this operator, and we may end up
with state-specific values for Zeff for the various atomic states, making the method
rather impractical.

An alternative approach is based on the application of these spin–orbit terms in a
perturbation theory (PT) or configuration interaction (CI) step following a scalar mean-
field calculation. For such an application we will need to evaluate matrix elements over
wave functions, expressed as linear combinations of Slater determinants. To do this,
we apply the usual Slater–Condon rules. We start by looking at the one-electron term,
where we may examine the elements of the operator

n∑
i=1

ĥso(xi ) =
n∑
i=1

1

r3
i

si · (ri × pi ) (21.35)
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where the variable xi includes spin as well as space coordinates. For a determinant Φ
the matrix element over this operator is given by

〈Φ|
n∑
i=1

ĥso(xi )|Φ〉 =
∑
t

n(Φ, t)〈t |ĥso(x1)|t〉 (21.36)

where the occupation number n(Φ, t) is 1 when the spin–orbital t is occupied in Φ,
and 0 otherwise. But, the operator ĥso1(x1) is clearly antisymmetric with respect to
spatial inversion, as may be verified by making the transformation r1 → −r1, and thus
this integral must vanish.

For a single excitation out of Φ from spin–orbital t to spin–orbital u, represented
by Φu

t , we get the matrix element

〈Φ|
n∑
i=1

ĥso(xi )|Φu
t 〉 = 〈t |ĥso(x1)|u〉. (21.37)

Turning now to the two-electron operator, we see that the operator from (21.4)

ĝso(x1, x2) = 1

r3
12

(s1 + 2s2) · r12 × p1 (21.38)

is not symmetric with respect to index interchange. To use the Slater–Condon rules we
therefore have to write the total two-electron operator as

1

2

∑
i 
=j

ĝso(xi , xj ) = 1

2

∑
i<j

[
ĝso(xi , xj )+ ĝso(xj , xi )

]
. (21.39)

Again, we can invoke the inversion antisymmetry of the spatial part of the operator to
establish that the diagonal matrix element vanishes

〈Φ| 1

2

∑
i<j

[
ĝso(xi , xj )+ ĝso(xj , xi )

] |Φ〉 = 0. (21.40)

Matrix elements between Φ and the singly excited determinant Φu
t take the form

〈Φ| 1

2

∑
i<j

[
ĝso(xi , xj )+ ĝso(xj , xi )

] |Φu
t 〉

=1

2

∑
m

n(Φ,m)
[
〈tm|ĝso(x1, x2)|um〉 + 〈tm|ĝso(x2, x1)|um〉

− 〈tm|ĝso(x1, x2)|mu〉 − 〈tm|ĝso(x2, x1)|mu〉
]

(21.41)

=1

2

∑
m

n(Φ,m)
[
〈tm|ĝso(x1, x2)|um〉 − 〈tm|ĝso(x1, x2)|mu〉

− 〈mt |ĝso(x1, x2)|um〉
]
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wherem runs over all occupied orbitals except t and u. The final step involves relabeling
of indices and elimination of one of the Coulomb-like contributions by exploiting
the inversion antisymmetry of the operator again. In similar fashion, matrix elements
involving the doubly excited state Φuw

tv yield

〈Φ| 1

2

∑
i<j

[
ĝso(xi , xj )+ ĝso(xj , xi )

]
|Φuw

tv 〉

= 1

2

[
〈tv|ĝso(x1, x2)|uw〉 + 〈vt |ĝso(x1, x2)|wu〉 (21.42)

− 〈tv|ĝso(x1, x2)|wu〉 − 〈vt |ĝso(x1, x2)|uw〉
]
.

It is clear from the above expressions that the inclusion of the two-electron spin–
orbit interaction may lead to the evaluation of an unpleasantly large number of two-
electron integrals. We might intuitively argue that double excitations are likely to be
of little importance for a term that is only indirectly dependent on Z, and O(c−2),
and indeed practical experience shows that these four-index integrals may be neglected
without appreciable loss of accuracy. This is not the case with the three-index integrals
arising from the matrix element with singly excited determinants, which include the
screening of the nuclear spin–orbit interaction by the core electrons. Even though
these integrals are much less numerous than the four-index integrals, we would be
very happy to replace the rather time-consuming evaluation of these integrals with
something simpler.

Assume for the moment that we are doing calculations on an atom with one electron
in a p orbital. Depending somewhat on our ground state, for the single excitation Φu

t ,
with neither t nor u in the open shell, we might get matrix elements involving in turn
each of the six spin–orbitals. It is not unreasonable to assume that instead of calculating
a new matrix element for each of these spin–orbitals, we could replace them with an
average over all six orbitals. Thus, this particular contribution to the two-electron
spin–orbit interaction could be cast in the form

1

2

∑
vεp

n(Φ, v)
[
〈tv|ĝso(x1, x2)|uv〉 − 〈tv|ĝso(x1, x2)|vu〉 − 〈vt |ĝso(x1, x2)|uv〉

]

= 1

2

∑
vεp

n(v)
[
〈t ṽ|ĝso(x1, x2)|uṽ〉 − 〈t ṽ|ĝso(x1, x2)|ṽu〉 − 〈ṽt |ĝso(x1, x2)|uṽ〉

]
(21.43)

where n(v) is an average occupation over the orbitals of an open shell (1/6 for the
example chosen here), the index v runs over the orbitals of the open shell, and the
notation ṽ indicates that the orbitals used have been suitably modified to describe a
state that is averaged over these orbitals. The argument may be extended to any type of
open shell and occupation. For closed shells, there is no problem because these appear
in all matrix elements in the same form. This means that the final operator appears as
an effective one-electron operator, analogous to the direct and exchange terms of the
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standard Fock operator. In matrix form, we can express this operator as

V so(2)
pq = 1

2

∑
i

[
〈pi|ĝso(x1,x2)|qi〉−〈pi|ĝso(x1,x2)|iq〉−〈ip|ĝso(x1,x2)|qi〉

]

+ 1

2

∑
v

n(v)
[
〈pṽ|ĝso(x1,x2)|qṽ〉−〈pṽ|ĝso(x1,x2)|ṽq〉−〈ṽp|ĝso(x1,x2)|qṽ〉

]
(21.44)

where i runs over closed-shell orbitals and v over open-shell orbitals.
Returning to the general molecular case, we see that this form makes it easier to

construct matrix elements between the determinants, but it has not really helped much
in reducing the number of integrals to be calculated. We still have to calculate all
the primitive integrals for each of the components of the average field. However, we
may introduce a second approximation, based on the form of the spin–orbit operators.
These have a radial dependence of the form r−3, and we can reasonably expect that
the main contributions to the integrals over these operators come from the region close
to the atomic nucleus. Thus, we may argue that neglect of any integrals that have
contributions from more than one atomic center in the molecule should not lead to
serious errors in calculating the two-electron spin–orbit interaction. This idea has been
confirmed in numerous calculations.

We now have an effective one-electron operator for the spin–orbit interaction, and
this operator is mostly atomic in origin. The computational savings from this last
approximation to the two-electron spin–orbit integrals are considerable: not only does
it eliminate a large number of integrals from our calculations, but also those that are
left are single-center and very easy to compute. The high symmetry of the atom may be
exploited fully to speed up these calculations. For the one-electron contribution, two-
center terms are easy to calculate, and we need introduce no further approximations. The
replacement of the two-electron spin–orbit integrals with atomic mean-field integrals
(AMFI) was introduced by Hess et al. (1996). A similar approach for AIMPs was taken
by Fedorov and Klobukowski (2002).

We could further reduce this mean-field approximation by neglecting the exchange
contributions and considering only the screening due to the spherically averaged elec-
tron distribution for each atom. We can write the effective one-electron operator, in the
Douglas–Kroll approximation, for instance, as

ĥeff ,so(ri ) = −2ÂiD̂iσ i ·
(

pi

[∫
drj

1

rij
ρj

]
× pi

)
D̂iÂi (21.45)

where

ρj =
∑
m

|Âjφm(j)|2 (21.46)

and we have made use of the fact that we can make the kinematic factors operate on
the basis functions. This density is essentially the electron density. With neglect of the
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overlap between atoms and with spherical averaging, the density is a sum of spherically
symmetric atomic densities, which we can expand in a set of s Gaussians,

ρj =
∑
S

∑
k

ckSNkS exp(−ζkS r2
kS). (21.47)

The evaluation of the spin–orbit integrals now reduces to the same form as the one-
electron spin–orbit integrals with a finite Gaussian nuclear charge distribution,

V so2
pq =

∑
kS

ckS∇P × ∇Q〈p | erf (ζ 1/2
kS rS)

rS

|q 〉. (21.48)

The implementation of this approach requires atomic all-electron calculations for
each atom of interest, which could be spin-free or full Dirac–Hartree–Fock calcula-
tions. The spherically averaged electron density is then fitted to a suitable series of s
Gaussians. This procedure only needs to be done once and the fitted density stored. In
the molecular calculation, the fitted densities are read and the integrals can be evalu-
ated using code for the one-electron spin–orbit integrals for a finite nucleus. Such an
approach has been suggested by van Wüllen (2004).

21.5 Strategies for Spin–Orbit Methods

Having arrived at a spin–orbit operator Ĥso that is consistent with our computational
approach, there are a number of paths we may explore to exploit this operator in
actual calculations. For heavy elements, spin–orbit contributions are of the same order
of magnitude as correlation effects and therefore need to be treated within a scheme
that includes correlation. One example of the importance of spin–orbit interaction is
in excitation energies, where the spin–orbit interaction results in splitting of energy
levels. But with the changing electron occupation of various levels, these spectra are
also very sensitive to correlation effects. Another example is in the calculation of
reaction surfaces, where small shifts due to spin–orbit splitting may have large kinetic
effects but where the breaking and formation of bonds clearly requires that correlation
be accounted for. Thus, we are looking for schemes that incorporate correlation as well
as spin–orbit interactions. Starting from a suitable lowest-order spin-free wavefunction,
either SCF or MCSCF, the following three approaches could be taken:

• Include correlation, then use the correlated wave function in the spin–orbit
treatment.

• Include spin–orbit interaction, then use the spin–orbit corrected wave function in
the correlation treatment.

• Include spin–orbit interaction and correlation at the same time.

The first two strategies require two distinct steps to include both correlation and spin–
orbit effects in the overall result whereas the third does both in one step. These strategies
are therefore referred to as two-step and one-step methods.
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As pointed out in the beginning of this chapter, when we talk about methods for
describing correlation in this connection, we are mainly referring to configuration
interaction (CI) or perturbation theory (PT) methods. Coupled-cluster methods have
not been used in this connection, and density functional methods have been dealt with
in a separate chapter. Great efforts have gone into developing computational methods
for correlation, and it would be desirable to carry as much of this over to the spin–
orbit case as possible. In particular, this means that we would like to avoid the use
of the double-group symmetry and complex algebra that comes with the spin–orbit
operator where possible. On this basis the second of the three approaches listed above
appears least attractive, introducing these added computational complications in two
steps instead of only in one step as with the other two approaches. And it is indeed the
first and the third approaches that have mostly been exploited for spin–orbit effects in
correlated calculations.

If the spin–orbit interaction is described by a one-electron operator, this operator
will have nonvanishing elements between the reference space and singly excited con-
figurations. The two-electron interaction responsible for the correlation, on the other
hand, connects the reference space with singly and doubly excited states. For this latter
reason, many CI schemes are formulated at the “CI with single and double excitations”
(CISD) level. It follows that the number of matrix elements required for the correlation
calculations is much larger than the number required for the spin–orbit calculation,
given the same reference space.2 On this basis, it appears reasonable to provide for
correlation in a separate first step and then include spin–orbit interaction in a subse-
quent step, something that would permit us to take advantage of the highly developed
techniques for nonrelativistic correlation calculations for the most time-intensive step
of the calculation.

This strategy, however, leads to at least two problems. First, to treat the spin–
orbit interaction properly, correlated wave functions must be obtained for all the states
that interact with the reference via the spin–orbit interaction, and as a consequence,
the number of states now involved in calculating the spin–orbit interaction matrix
may be much larger than the reference space. Second, the reference space used for
the correlation might be unrealistic or unsuitable for systems with large spin–orbit
interaction.

As already mentioned, correlation methodology is a highly technical subject, and
we do not intend to review this field here. Furthermore, even within the rather narrow
scope of spin–orbit methods there is a fair number of approaches, differing to a large
extent in their technical approaches to the problem. Here, we will try to concentrate
on the typical features of some of these methods, and refer the reader to the rather
extensive literature in the field, including a number of good review articles.

Below, we discuss specific examples of the one-step and two-step approaches.
Although most of these have been applied with pseudopotentials or model potentials,
they are by no means dependent on this, and they may also be adapted to all-electron
calculations. The discussion is not exhaustive, and among the topics not covered below
are the approaches pioneered by Yarkony (1992) (based on quasidegenerate perturbation
theory) and Ågren et al. (1996) (based on response theory), both of which have found

2. This is not true if we include the two-electron terms in the spin–orbit operator.



SPIN–ORBIT CONFIGURATION INTERACTION METHODS 441

their main applications in the study of reaction surfaces. Fortunately, good reviews of
both approaches have been provided by the respective research groups.

21.6 One-Particle and N-Particle Expansion Spaces

Although we may defer the introduction of double-group symmetry by performing
the correlated calculations first, we still need to take the symmetry of the spin–orbit
operator into account in the selection of the N -particle expansion space.

The symmetry of the spin–orbit operator was derived in section 10.3. The spatial
part of this operator transforms as the vector of rotations R = (Rx, Ry, Rz). This means
that the spin–orbit operator will connect states of different spatial symmetry. In C2v ,
for example, states of all spatial symmetries are connected by the spin–orbit operator.
In D2h, the gerade states are all connected by the spin–orbit operator, and likewise the
ungerade states, but there is no connection between gerade and ungerade states because
the spin–orbit operator commutes with the inversion operator (it is an even operator).
The spin operator transforms as a spherical tensor of rank 1; it is essentially a triplet
operator. Therefore, it can connect states whose S and MS values differ by 0 or ±1.

Both parts of the spin–orbit operator can lead to a chain of connected states. To
illustrate with the spin operator, singlet states are connected to triplet states, which
in turn are connected to quintet states, and so on. Thus, in principle, we may have
to consider all possible states in the spin–orbit CI calculation. However, the product
of the spin symmetry and the spatial symmetry must still transform as one of the
irreducible representations of the double group, and we may also make use of time-
reversal symmetry to reduce the size of the CI expansion.

The upshot is that, in a one-step spin–orbit CI calculation, the configuration expan-
sion is the same length as the expansion in an equivalent four-component calculation.
The same is true in the two-step approach: to include the same effects, the number of
determinants in the total expansion is the same as in the four-component calculation.
The set of determinants is partitioned between the single-group (boson) symmetries,
and we must perform correlated calculations for each combination of spin and spatial
symmetry that yields the required double-group symmetry.

In addition to choosing the range of N -particle states that is needed for the calcu-
lation, we would also like to make the best use of symmetry in the definition of the
one-particle and N -particle states. In particular, we would like to use real arithmetic
wherever possible, by making appropriate choices of phases.

Our basic expansion space is the set of determinants constructed from the molecular
spin–orbitals. The spin–orbitals are defined as

φpτ = φp(r)η(τ ) (21.49)

where η(τ ) are the α and β spin functions. These spin–orbitals form a basis for the
fermion irreps of the double group, but the matrix elements are in general complex.
We can at least make the matrix elements for the real irreps real by an appropriate
choice of phase. Noting that the imaginary parts of the spin–orbit operator are the x
and z components, we can introduce a factor of i to each spin–orbital that transforms
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asRx orRz. The one-particle matrix elements over the spin–orbit operator will therefore
become real, and since the two-particle matrix elements involve the same symmetries,
they will also be real. If we make the factor for the β spin–orbitals −i, the spin–orbitals
maintain the proper relations under time reversal and can be divided into Kramers pairs.
This phase factor was introduced first by Pitzer and Winter (1991).

We now have, for the real groups, a set of real integrals. The phase factors have to
be propagated into the N -particle matrix elements. This means that there will be some
sign changes in the determinants, and therefore in the coefficients in the CI calculations.
This adds a slight complication to the CI algorithm, which is offset by the ability to
use real arithmetic for the spin–orbit step. In a two-step calculation, however, we can
do a normal CI calculation, without the extra phases, then change the signs of the
coefficients before we do the spin–orbit calculation.

While these phase factors are useful for the real groups, we would like to be
able to make the Hamiltonian matrix real for any group, if possible. After all, for an
even number of electrons, we can always construct a real basis, as demonstrated in
section 9.3. In fact, we can transfer the principles from that section directly to the case
of spin–orbit CI and construct linear combinations of determinants that are symmetric
under time reversal.

21.7 One-Step Methods

One-step methods were introduced early in the development of relativistic method-
ology. In 1982, Pitzer and coworkers (Christiansen et al. 1982) applied a one-step
method to the six lowest states of TlH. The one-electron basis was taken from an SCF
calculation using an AREP. The Hamiltonian matrix was then constructed over the full
operator, including both the AREP and a SOREP of the form described above, and
treating spin–orbit and correlation on an equal footing. A reference space of seven
determinants was used to generate a slightly reduced set of single and double exci-
tations for a total space of approximately 1700 determinants. Such schemes, derived
from a list of configurations from which the Hamiltonian matrix is constructed directly,
are known as list-driven schemes.

As with most CI schemes of that period, the construction of the Hamiltonian matrix
and its direct diagonalization effectively limited the size of calculations to a few thou-
sand determinants. One possible strategy for extending the capability of this type of
calculation is to introduce some sort of selection criterion for the N -particle functions,
and to leave out those that do not contribute appreciably. Such methods had been
developed within the framework of multireference CI (MR-CI) calculations, and Hess,
Peyerimhoff, and coworkers (Hess et al. 1982) extended this to the case of spin–orbit
interactions. Their procedure was based on performing a configuration-selected non-
relativistic MR-CI, followed by extrapolation to zero threshold. This technique may
be applied in a one-step scheme, where selection criteria are introduced not only for
the correlating many-particle states, but also for those that couple to the reference
space via spin–orbit interaction. The size of the calculation that has to be performed
in the double group may thereby be reduced. The errors introduced by these selection
procedures appear to be small.
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Ultimately, however, large-scale CI calculations, which are required to treat both
spin–orbit and correlation effects, are simply not possible when the Hamiltonian is
constructed directly and stored, and it is necessary to discard the list-driven schemes in
favor of integral-driven, or direct, CI schemes. The Graphical Unitary Group Approach
(GUGA) is a very efficient method for generating the many-particle basis. This scheme
has been extended to cover spin-dependent operators (Gould and Battle 1993a, 1993b)
and has been implemented by Yabushita et al. (1993), allowing calculations of more
than 9 × 106 determinants to be carried out. However, rather than go into the more
technical details of the GUGA approach, we turn to a different one-step method that
has been developed as a direct CI scheme from the outset.

The theory of direct CI was reviewed in section 12.7. The central features of the
nonrelativistic theory for the development of spin–orbit CI are as follows. We write
the nonrelativistic Hamiltonian, ĤNR, in the form

ĤNR =
∑
ij

hij Êij + 1

2

∑
ijkl

(ij |kl)
[
Êij Êkl − δjkÊil

]
(21.50)

where we have used the generators of the unitary group, Êij , from (9.8). Using an
N -particle basis of the type discussed above, we get elements of the a vector in the form

a(IαIβ) =
∑
Jα,Jβ

〈IαIβ |ĤNR|JαJβ〉C(JαJβ). (21.51)

It can be shown that for maximum efficiency this vector should be separated into three
parts

a = aαα + aαβ + aββ (21.52)

where

aαα(IαIβ) =
∑
Jα

[∑
ij

〈Iα|ai†aj |Jα〉hij

+
∑

i>k,l>j

〈Iα|ai†ak†al aj |Jα〉 [(ij |kl)− (il|kj)]
]
C(JαJβ) (21.53)

and similar definitions apply to aαβ and aββ . We see that for aαα there are no barred
indices in the annihilation and creation operator products, and therefore excitations
only occur out of the α strings, making it possible to vectorize aαα construction over
the β strings.

The challenge is to devise an algorithm for the spin–orbit case that incorporates as
much as possible of the machinery that makes this nonrelativistic approach so efficient.
We begin by writing the spin–orbit operator in second quantization. Looking at the
one-electron contribution, we may write this as

Ĥso1 =
∑
i

v(i) · s(i) (21.54)
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where v(i) is an operator that could be derived from any of the spin–orbit Hamiltonians
we have discussed in previous sections. In the second-quantized form, this operator
becomes

Ĥso1 =
∑
ij

[
〈i|v · s|j〉ai†aj + 〈i|v · s|̄〉ai†a̄ + 〈ı̄|v · s|j〉aı̄†aj + 〈ı̄|v · s|̄〉aı̄†a̄

]
(21.55)

where spins are indicated explicitly, and the indices i, j run over spatial orbitals. The
operator v · s may be expanded using the step operators, s+ and s−, from section 6.3

v · s = vx
s+ + s−

2
+ vy

s+ − s−
2i

+ vzsz. (21.56)

If we look only at the x component of Ĥso1, this may be written

(
Ĥso1

)
x

=
∑
ij

〈i|vx |j〉
[
ai

†aj 〈α| s+ + s−
2

|α〉 + ai
†a̄ 〈α| s+ + s−

2
|β〉

+ aı̄
†aj 〈β| s+ + s−

2
|α〉 + aı̄

†a̄ 〈β| s+ + s−
2

|β〉
]

(21.57)

from which it is obvious that only the off-diagonal spin terms will contribute such that

(
Ĥso1

)
x

=
∑
ij

〈i|vx |j〉1

2

[
ai

†a̄ + aı̄
†aj

]
. (21.58)

Similar expansion of the y and z components of Ĥso1 shows that we can write the
second-quantized one-electron spin–orbit term as

Ĥso1 =
∑
i,j

vij · ŝij (21.59)

in terms of the excitation operators

(ŝij )x =1

2

[
ai

†a̄ + aı̄
†aj

]
,

(ŝij )y =−i
2

[
ai

†a̄ − aı̄
†aj

]
, (21.60)

(ŝij )z =1

2

[
ai

†aj + aı̄
†a̄

]
.

The two-electron spin–orbit term may be cast in the form

Ĥso2 =
∑
ijkl

wijkl ·
[
ŝij Êkl − δjk ŝil

]
. (21.61)
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The matrix elements vij and wijkl may be derived from Breit–Pauli or Douglas–Kroll
spin–orbit operators, or other operators that conveniently lend themselves to this type
of expression.

From the final expression for Ĥso1 above, it is clear that operators of the type ai†a̄
that move electrons from β to α orbitals destroy the structure that made it possible to
vectorize the construction of the a vectors for the nonrelativistic CI. However, the (ŝij )z
operator has the required structure, and so at least the calculations of the contributions to
aαα from the (Ĥso1)z component should be vectorizable. To transform the expressions
for the x and y components into a similar form to the z components, we note that if
we introduce the overall spin step operators Ŝ+ and Ŝ− defined by

Ŝ+ =
∑
k

ak
†ak̄ ; Ŝ− =

∑
k

ak̄
†ak (21.62)

then the following two commutation relations hold

[
Ŝ+, (ŝij )z

] = −ai†a̄[
Ŝ−, (ŝij )z

] = aı̄
†aj

(21.63)

and the excitation operators (ŝij )x and (ŝij )y may be expressed as

(ŝij )x = 1

2

([
(ŝij )z, Ŝ+

]+ [
Ŝ−, (ŝij )z

])

(ŝij )y = −i
2

([
(ŝij )z, Ŝ+

]− [
Ŝ−, (ŝij )z

])
.

(21.64)

Using these forms of the excitation operators, we may now express the various contri-
butions to the a vector in terms of matrix elements over the (ŝij )z excitation operator,
and Ŝ+ and Ŝ− operations performed on the vectors before or after accumulation of
contributions from the integrals. For instance, the contribution from the x component
to aαα takes the form

∑
Jα

[∑
ij

〈Iα|ai†aj |Jα〉(vij )x +
∑
ijkl

〈Iα|ai†ak†al aj |Jα〉(wijkl)x

]
C(Jα, Iβ). (21.65)

By introducing a symmetrized two-electron matrix element ws
ijkl , defined as

ws
ijkl = wijkl + wklij , (21.66)

we can restrict the sum over four indices, and the x contribution to aαα becomes

∑
Jα

[∑
ij

〈Iα|ai†aj |Jα〉(vij )x

+
∑

i>k,l>j

〈Iα|ai†ak†al aj |Jα〉
[
(ws

ijkl)x − (ws
ilkj )x

] ]
C(Jα, Iβ). (21.67)
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This contribution is calculated twice, in fact: once for the original CI vector, after
which the spin step operators are applied, and once for the CI vector after application
of the spin step operators.

The action of the spin step operators on a vector b can be evaluated with the
following expressions:

b+(Iα, Iβ) =
∑
iJαJβ

(−1)nα(Jα)〈Iα |ai† |Jα 〉〈Iβ |aı̄ |Jβ 〉 b(Jα, Jβ)

b−(Iα, Iβ) =
∑
iJαJβ

(−1)nα(Jα)+1〈Iα |ai |Jα 〉〈Iβ |aı̄† |Jβ 〉 b(Jα, Jβ)
(21.68)

where b± = Ŝ±b, and nα(Jα) is the number of electrons in the α string Jα . We will not
go into details of the algorithms involving Ŝ+ and Ŝ− working on the various vectors.
We only note that these operations are easily vectorized and that the operation count is
much smaller than for the construction of the matrix elements over the (ŝij )z excitation
operator.

An alternative to this approach that does not exploit the Wigner–Eckart theorem
is to factorize the products of α and β creation and annihilation operators. Such a
scheme parallels the evaluation of contributions from the first off-diagonal block of the
Hamiltonian in the four-component scheme, which is given in section 12.7.

The scheme outlined above (Sjøvoll et al. 1997) has been implemented in the
program LUCIA. The program also exploits both double-group symmetry and time-
reversal symmetry. The main computational costs over a nonrelativistic CI arise from
the presence of vector operators, from the need to use complex arithmetic, and from
the extended interaction space due to the fact that the spin–orbit operators connect
determinants of different spin multiplicity.

21.8 Two-Step Methods

The one-step methods in principle provide the most accurate treatment of spin–orbit
effects because they include both correlation and spin–orbit effects in the same com-
putational step. The configuration expansions required to do this are large and place a
practical limitation on the accuracy that can be achieved. Two-step methods promise
comparable or superior accuracy based on a more rigorous treatment of electron cor-
relation, with judicious approximations for the treatment of the spin–orbit interaction.
This is especially so if we use a one-electron approximation to the spin–orbit operator.
Two-step methods must still generate eigenvalues and eigenvectors of a Hamiltonian
matrix that includes spin–orbit and correlation effects, but the matrix is generally much
smaller than in one-step methods and the diagonalization time does not dominate the
procedure.

There are a number of nonrelativistic correlation methods that are themselves two-
step procedures. Those based on effective Hamiltonian theory provide a convenient
starting point for the discussion of the two-step treatment of spin–orbit effects. As a
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framework, we present here the “configuration interaction with perturbation includ-
ing spin–orbit coupling” (CIPSO) method developed in Toulouse by Teichteil and
coworkers (Teichteil et al. 1983). There are also other approaches that conceptually
may be cast in a similar formalism (Hess et al. 1982).

We wish to construct an appropriate effective Hamiltonian matrix Heff for a set
of M states of a system. We may make the observation that our space of N -particle
functions contains functions that will have dominant contributions to these M states or
will interact strongly with them. The remaining functions will be of less importance,
and rather than include these in the CI they might be treated in a more approximate
scheme. If we number the N -particle basis such that the first Ns functions are the
strongly contributing functions, these make up a function space S = {|I 〉; I ≤ Ns}.
Obviously, we must have Ns > M . As a first step, we diagonalize the Hamiltonian
within the subspace S. This amounts to solving the eigenvalue problem

P̂SĤP̂S |I 〉 = EI |I 〉 I ≤ Ns (21.69)

using the projector

P̂S =
Ns∑
K=1

|K〉〈K|. (21.70)

The solutions obtained from this CI in the S subspace should provide us withM realistic
zeroth-order approximations to the desired states.

In the second step, we build an M×M effective Hamiltonian matrix over the space
of these M approximate solutions, which form a subspace SM of S. We do this by now
including all N -particle functions not in S—that is, in the external space X—through
second-order perturbation theory:

[
Heff

]
KL

= 〈K|Ĥ|L〉δKL +
∑
J>Ns

〈K|Ĥ|J 〉〈J |Ĥ|L〉
EK − EJ

, K,L ≤ M. (21.71)

Diagonalization of this matrix yields the required M states. One slight complication is
that Heff is not Hermitian, but this can be easily remedied by changing the denominator
used in the perturbation expansion such that

EK − EJ → 1

2
(EK + EL)− EJ ≡ ∆EKL,J . (21.72)

Up to this point, there is nothing particularly relativistic about this approach,
and it is indeed a standard procedure for carrying out nonrelativistic correlated cal-
culations. We would like to extend this scheme to include spin–orbit interaction by
setting

Ĥ = Ĥ0 + Ĥso (21.73)
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where Ĥ0 is the chosen spin-free relativistic Hamiltonian. This entire scheme now has
to be cast in a relativistic format, carrying with it all the possible expenses of complex
arithmetic and double-group symmetry. Furthermore, the space S has to accommo-
date the functions interacting over Ĥso, and consequently must either be much larger,
or compromise on the degree to which correlation is included in the zeroth-order
space.

Regardless of the sizes of the spaces, we can formulate a number of possible ways
in which the effective Hamiltonian including spin–orbit interaction can be constructed.
In all of these, the first step remains the solution of the eigenvalue problem in the space
S for the spin-free Hamiltonian,

P̂SĤ0P̂S |I 〉 = EI |I 〉 I ≤ Ns. (21.74)

The first step therefore retains an entirely nonrelativistic symmetry treatment. Indeed,
we can treat each nonrelativistic symmetry separately as they are only mixed (by Ĥso)
in the next step.

The simplest scheme for the second step is to include spin–orbit interaction only
as a first-order effect, in which case the matrix elements of the effective Hamiltonian
would appear as

[
Heff

]
KL

= 〈K |Ĥ0 + Ĥso |L 〉 +
∑
J>Ns

〈K |Ĥ0 |J 〉〈J |Ĥ0 |L 〉
∆EKL,J

, K,L ≤ M.

(21.75)

This amounts to adding the spin–orbit matrix in the zeroth-order space to the spin-free
effective Hamiltonian. Of course, the spin-free effective Hamiltonian now consists
of blocks for each nonrelativistic symmetry, but it is not much more work than the
nonrelativistic calculation for the same set of states.

For heavy elements, where the spin–orbit interaction would be expected to be large,
the approach above may not be sufficiently accurate. After all, we have neglected
second-order contributions from Ĥso as well as any interaction over this operator
between the M states selected from the diagonalization in step one and the other
Ns −M states. A more accurate approach would be to extend the number of states for
which the spin–orbit interaction is included to the full S space,

[
Heff

]
KL

= 〈K |Ĥ0 + Ĥso |L 〉 +
Ns∑

J=N+1

〈K |Ĥso |J 〉〈J |Ĥso |L 〉
∆EKL,J

+
∑
J>Ns

〈K |Ĥ0 |J 〉〈J |Ĥ0 |L 〉
∆EKL,J

; K,L ≤ M (21.76)
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or even to the entire N -particle space including the external space,

[
Heff

]
KL

= 〈K |Ĥ0 + Ĥso |L 〉 +
Ns∑

J=N+1

〈K |Ĥso |J 〉〈J |Ĥso |L 〉
∆EKL,J

+
∑
J>Ns

〈K |Ĥ0 + Ĥso |J 〉〈J |Ĥ0 + Ĥso |L 〉
∆EKL,J

; K,L ≤ M. (21.77)

This last approach involves calculating spin–orbit matrix elements for the entire set of
N -particle states, and although this is probably less time-consuming than the one-step
methods, would nevertheless be quite time-consuming. Which one of these schemes
to use would depend on the actual system under consideration. For light elements, a
sufficiently accurate description might be obtained using the first approach.

If our aim is to obtain very accurate energy differences between the spin–orbit
split states, as for example when calculating an excitation spectrum, we might be
concerned that the energies from the CI in subspace S are not sufficiently accurate. By
its nature, the space S has to be limited, and the amount of correlation not accounted
for here will give rise to errors in the calculated state energies. This in turn will
affect the diagonal elements of the total Hamiltonian matrix H. The second-order
perturbation theory corrections from the external space might not be adequate to account
for correlation accurately enough. We may try to improve the correlation treatment by
getting better results for the spin-free calculation. For this we do not have to worry
about the spin–orbit complications, and we can use a correlated calculation with a much
larger N -particle basis. If we call this space R, and the energies obtained here ER

I , we
can shift the eigenvalue spectrum of the total Hamiltonian matrix by adding a term

Ĥ′ = Ĥ +
Ns∑
J=1

|J 〉〈J |
[(
ER
J − ER

0

)
−
(
ES
J − ES

0

)]
(21.78)

where ES
J is the energy obtained in the calculation using the S subspace and ER

0 and ES
0

are the energies for a common reference state (normally the ground state) obtained in
the respective function spaces. This correction, which was introduced by Llusar et al.
(1996), has been shown to work quite well for molecular spectra. We are therefore
constructing an effective Hamiltonian of the form

[
Heff

]
KL

= 〈K |Ĥ0 + Ĥso |L 〉 +
Ns∑

J=N+1

〈K |Ĥso |J 〉〈J |Ĥso |L 〉
∆EKL,J

+
Ns∑
J=1

|J 〉〈J |
[(
ER
J − ER

0

)
−
(
ES
J − ES

0

)]
; K,L ≤ M. (21.79)

The correlation described by second-order perturbation theory is now included
variationally by means of the energy shift operator.
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As an example, the space S might be derived from a CASSCF calculation, and
we perform internally-contracted MR-CISD calculations for the states of interest, then
evaluate the spin–orbit matrix elements over the CAS states. This reduces greatly the
amount of work needed to evaluate the spin–orbit part of the total Hamiltonian, and is
similar in cost at the spin–orbit CI stage to the second approach above.

There are several other schemes that treat correlation entirely variationally. In these
schemes, CI calculations are performed for all M states, and the spin–orbit matrix
elements are calculated between the M correlated states. The disadvantage is that
MRCI calculations are required for each state in the total Hamiltonian matrix, and
these states must span the space required for an adequate description of the spin–orbit
coupling. The balance between spin–orbit and correlation effects in these methods is
tipped towards correlation.

An alternative is to perform MRCI calculations for the key states, then extract
the natural orbitals and construct a reduced set of states for the total Hamiltonian
(Balasubramanian 1997a). In this approach, there is somewhat of a compromise on
correlation effects, but spin–orbit effects are treated to a much higher level, and occupy
a substantial part of the time taken. In any case, the diagonal can be corrected with the
energies from the MRCI calculations, according to (21.78).

These are only a few of the schemes in use for computing spin–orbit interactions
using correlated molecular wave functions. Whichever scheme is used, the balance
between correlation and spin–orbit effects will have to be assessed on a case-by-case
basis, and an appropriate method chosen.
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The Nature of the Relativistic
Chemical Bond
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22

Relativistic Effects on Molecular
Bonding and Structure

Having covered much of the theory relevant to relativistic quantum chemistry, the
logical next step would be to turn to the application of this theory in the calculation of
chemical phenomena and in the interpretation of experimental data. We shy away from
this task for the reason that research and development in the field have increased greatly
over the past decades, and with the present level of activity, even doubling the volume
of this book might not do justice to much of the excellent work being done in this
field. Also, the present publication rates and tempo of developments would probably
make much of our analysis obsolete or incomplete within a short time. Fortunately,
the specialist literature has been reviewed quite frequently, and with the theoretical
background from the previous sections of this work this wealth of information should
be accessible to the reader. A good overview can be found in the volumes edited by
Schwerdtfeger (2002, 2004). The bibliographies of Pyykkö (1986, 1993, 2000) should
also be consulted to locate the relevant literature sources.

There is, however, one area that we feel deserves some extra attention. This is the
theory of bonding and structure in molecules. So far most of what we have presented
could be regarded as pertaining as much to atomic physics as to quantum chemistry.
Molecules have mainly appeared through the discussion of the molecular point groups
and their treatment within the various schemes. Molecular orbital theory, valence bond-
ing, and hybridization are concepts that are central to our understanding of molecular
bonding and structure. In this final chapter, we therefore discuss how these concepts
are influenced by relativity and what changes this might cause in the parameters we
observe, such as valencies, bond lengths, vibrational frequencies, dissociation energies,
and reaction barriers.

22.1 Relativistic Effects on Atomic Shell Structure

Our concepts of molecules are based on our concepts of atoms. Molecular orbitals
are conveniently viewed in terms of linear combinations of atomic orbitals. Thus, our
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understanding of relativistic effects on bonding should start with an understanding of
the relativistic effects on atomic spinors.

In chapter 7, we found that the mean radius of a hydrogenic spinor decreased due
to relativistic effects. However, the radial extent of a spinor in a many-electron atom
depends on the screening provided by the other electrons as well as the attraction of
the nucleus. In a paper by Rose, Grant, and Pyper (1978), the relativistic effects on
the properties of a single electron outside a closed shell were analyzed for a range
of angular momentum values of the electron. Two sets of two cases were considered:
a relativistic (Dirac) or a nonrelativistic (Schrödinger) Hamiltonian, which define the
dynamics, combined with a relativistic or a nonrelativistic potential. These potentials
were precalculated for the singly-charged ion.

The results obtained for the spinor eigenvalues (which relate to mean spinor radii
through the virial theorem) are presented in table 22.1. For the s shell, the screening
effects have little influence on the energy. The major influence is the change from
nonrelativistic to relativistic dynamics. For the p shell, both the dynamics and the
potential are important. The contributions are almost the same for the p1/2 subshell,
but for the p3/2 subshell the effect of the dynamics is smaller by about a factor of
three. For the d shell the dominant effect is the change in potential.

The effect of the dynamics is termed the direct relativistic effect, and the effect of
the potential—the screening—is termed the indirect relativistic effect. The direct effects
dominate for s and p1/2 subshells, which both contract. Both have s-character, either in
the large or the small component. One consequence of the contraction is that for the 6p
elements, the 6s subshell stabilization contributes to the stability of the oxidation state
n−2, where n is the valence occupation. This is often termed the “inert pair” effect. The
p1/2 shells contract less, but in the superheavy 7p elements both the 7s and the 7p1/2
form inert filled shells for the later members. For the p3/2 subshell the dynamics and
screening approximately cancel, and the behavior of the late p block elements shows
little effect of relativity on many properties. For orbitals with � > 1, the screening
effect dominates and the shells are destabilized. The 5d expands, for example, and
contributes substantially to the bonding in third-row transition metals. Likewise, the
5f of the actinide series participates in bonding past the middle of the series, whereas
in the lanthanides, the 4f forms a relatively inert shell inside the 5p shell early in the
series.

Table 22.1 Effect of Dirac and Schrödinger dynamics and relativistic and nonrelativistic
potentials on orbital eigenvalues (given in eV)

Dynamics: Dirac Dirac Schrödinger Schrödinger

Potential: Rel Nonrel Rel Nonrel

Au 6s −7.94 −7.97 −6.18 −6.01
Tl 6p1/2 −5.81 −6.79 −4.58 −5.24
Tl 6p3/2 −4.79 −5.63 −4.46 −5.24
Lu 5d3/2 −5.25 −7.32 −4.74 −6.63
Lu 5d5/2 −5.01 −6.90 −4.81 −6.63

Data taken from table 2 of Rose S. J., Grant I. P., and Pyper N. C. 1978. J. Phys. B: At. Mol. Phys. 11, 1171 (IOP
Publishing Ltd).
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Table 22.2 Relativistic shifts of outer orbitals for U

Spinor rmax < r > εR εNR

6d5/2 2.503 3.290 −4.98 −7.07
6d3/2 2.389 3.152 −5.25 −7.07
7s 3.657 4.341 −5.50 −4.49
5f7/2 1.072 1.463 −8.71 −17.14
5f5/2 1.052 1.423 −9.52 −17.14
6p3/2 1.675 1.897 −26.67 −28.08
6p1/2 1.488 1.664 −36.46 −28.08
6s 1.368 1.463 −57.96 −45.71

rmax – radial maximum of spinor, < r > – expectation value of r over spinor, εR – spinor eigenvalue,
εNR – orbital eigenvalue (nonrelativistic). Lengths in a.u., energies in eV.

As an example, we consider the case of U(7s26d15f 3) discussed by Schwarz et al.
(1989) in an extensive analysis of the origin of relativistic effects on atomic spinors.
The data in table 22.2 nicely illustrate the interplay between the various effects.

The 6s and 7s spinors are both stabilized. The weighted average of the 6p spinors
is slightly stabilized, but the 6p3/2 spinor is actually destabilized, demonstrating the
poorer penetration of this subshell. The d spinors are destabilized because the indirect
effect of the contracted inner shells is stronger than the direct dynamic effect. The
really dramatic effect here is the strong destabilization of the 5f spinors. This comes
about because, although the 5f spinors are much higher in energy that the stabilized
6s and 6p spinors, all three shells have their radial maxima in the same region. The 5f
spinors are therefore much more sensitive to 6s and 6p contraction. The lesson to be
drawn from this is that relative location in space is an important factor in the interplay
of relativistic effects on different shells.

Differential screening effects are also important in the trend with Z across the
periodic table. In the filling of the d shells, the screening of the (n+1)s shell becomes
less and less effective, leading to a contraction. The contraction due to the decrease
in screening is augmented by the direct relativistic effect, and there is a maximum
in the relativistic s orbital contraction at Au (Pyykkö 1988). This effect is shown in
figure 22.1, which displays the variation of the relative eigenvalue decrease and the
relative mean radius decrease of the 6s spinor across row 6 of the periodic system. The
close similarity between the two curves should be noted. At both ends of the row, there
is the filling of 6s or 6p shells and the direct effect dominates. From La onwards, the 4f
shell starts filling, and as the shell fills, it becomes less and less effective in screening
the 6s spinor. This is even more pronounced as the 5d shell is completed from Hf to Hg.
As the 6p shell starts filling, the 5d shell becomes more core-like and the additional
stabilization from the expansion of the 5d shell diminishes.

Both figures show pronounced peaks for W, Pt, and Au, elements that all have
ground states (6s15dn+1) with a singly occupied 6s spinor. This electron has to account
for most of the direct relativistic effect normally shared by two electrons. The result
is a further shrinkage of the 6s spinor and lowering of the eigenvalue. The figure of
the relative spinor shrinkage also includes the results for the (6s25dn) configurations
for these elements. These fall into the regular pattern and do not show the peaks of the
ground state configurations. The “Au maximum” is therefore due to a combination of
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Figure 22.1 Changes in the 6s spinor due to relativity across the sixth period: (a) relative
decrease in mean radius of the 6s orbital; (b) relative increase in magnitude of the 6s eigenvalue

the direct relativistic effect, a maximum in the stabilization provided by the relativisti-
cally expanding 5d shell, and the electronic structure, which favors a singly occupied
6s spinor. If not for the latter, we would have a “Hg maximum” instead.

22.2 Spin-Free Effects on Molecular Structure

The lowest-order effect of relativity on energetics of atoms and molecules—and
hence usually the largest—is the spin-free relativistic effect (also called scalar rel-
ativity), which is dominated by the one-electron relativistic effect. For light atoms,
this effect is relatively easily evaluated with the mass–velocity and Darwin opera-
tors of the Pauli Hamiltonian, or by direct perturbation theory. For heavier atoms,
the Douglas–Kroll–Hess method or the NESC 1e method provide descriptions of the
spin-independent relativistic effect that are satisfactory for all but the highest accuracy.
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These two methods include terms beyond first order in perturbation theory that are
important for heavy elements. Spin-free relativistic effects are also well described by
relativistic effective core potentials and ab initio model potentials. In this section, we
discuss the energetic and structural changes that result from these effects.

The origin of the bond-length contraction has been the subject of some debate.
Is it due to the contraction of the atomic orbitals, or is it simply due to a change in
dynamics? It seems to make sense that the contracted atomic orbitals should form
shorter, stronger bonds. But the contraction of the orbitals involves the first-order
correction to the wave function, and therefore should only influence the bond length
in second order. The fact that the bond length contraction is already described in
first-order perturbation theory suggests that the effect is primarily dynamic. This con-
clusion is in line with the discussion of atomic relativistic effects on s orbitals given
above.

From the form of the mass–velocity and Darwin operators, it is clear that the
largest contributions to the direct scalar relativistic effect come from s electrons. Conse-
quently, sσ bonds should be strengthened by relativity. The coinage metals have s1d10

valence configurations and we would expect compounds of these elements to exhibit
such effects in their bonding properties. Table 22.3 shows the bond lengths, harmonic

Table 22.3 Bond lengths in pm, dissociation energies in eV, and harmonic frequencies
in cm−1 of CuH, AgH, and AuH

Molecule Method rSCF
e rMP2

e DSCF
e DMP2

e ωSCF ωMP2

CuH
NR 156.9 145.4 1.416 2.585 1642 2024
PT-MVD 153.9 1.485 1704
DKH 154.2 142.9 1.476 2.708 1698 2100
RECP 154.3 142.9 1.465 2.696 1690 2095
DC 154.1 142.8 1.477 2.711 1699 2101
Exp 146.3 2.85 1941

AgH
NR 177.9 166.3 1.126 1.986 1473 1699
PT-MVD 171.4 1.220 1588
DKH 170.1 158.7 1.229 2.190 1602 1870
RECP 170.0 158.4 1.224 2.189 1607 1882
DC 170.0 158.5 1.233 2.195 1605 1873
Exp 161.8 2.39 1760

AuH
NR 183.1 171.1 1.084 1.901 1464 1169
PT-MVD 162.2 1.530 1872
DKH 157.6 149.8 1.727 3.042 2045 2495
RECP 157.1 149.5 1.751 3.075 2076 2512
DC 157.0 149.7 1.778 3.114 2067 2496
Exp 152.4 3.36 2305

NR – nonrelativistic, PT-MVD – perturbative treatment of mass–velocity and Darwin operators (only SCF),
DKH – Douglas–Kroll–Hess, RECP – relativistic effective core potential, DC – four-component Dirac–Coulomb,
Exp – experiment.
Data taken from Collins C. L., Dyall K. G., and Schaefer III H. F. 1995. J. Chem. Phys. 102, 2024 (AIP).
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frequencies, and dissociation energies of the coinage metal hydrides, calculated by a
number of methods (Collins et al. 1995).

Table 22.3 demonstrates clearly that relativistic effects are indeed important, even
for the lightest member of the series, CuH. For the bond length, inclusion of relativistic
effects leads to a reduction of around 2.5 pm, a change that must be accounted for in
accurate calculations. For AuH, the nonrelativistic bond length is not even qualitatively
correct. The relativistic bond reduction is 26 pm at the SCF level and 21 pm at the
MP2 level. This difference of 5 pm between the two computational models for AuH
also demonstrates that relativity and correlation are not simply independent, additive
effects.

The simple perturbative treatment of spin-free terms from the Pauli Hamiltonian
does reasonably well for the two light members of the series, but less so for AuH.
As this approximation is extremely easy to program for SCF calculations and requires
almost no extra computational effort, it appears as an attractive qualitative approach to
relativity in medium heavy species. Only the Dirac–Coulomb (DC) results in table 22.3
account for spin–orbit interaction. The closeness of DKH and RECP results to the DC
values indicate that spin–orbit effects are of minor importance, something we would
expect in closed-shell molecules, where the bonding is dominated by s orbitals. Under
these conditions, the two approximate spin-free methods can compete with the full DC
operator. The agreement between the results from these three schemes also indicate that
the discrepancy between the calculated and experimental values is due to insufficient
description of the correlation. This observation is in line with the common experience
that MP2 calculations on transition-metal compounds frequently yield somewhat short
bond lengths.

If the dominant relativistic effect comes through the s populations, relativistic
effects on reaction energies should be large when there is a significant change in s

population. In the main group elements, such changes occur when there is a change
in the s–p hybridization. For example, in a tetrahedral group 14 molecule, such as
CF4, the hybridization of C is sp3, whereas the ground state configuration of the atom
is s2p2. Therefore, we would expect to find a relativistic effect on the atomization
energy equivalent to the effect on one 2s electron. Calculations show that the effect is
around 4 kJ/mol, which is not negligible in accurate calculations (Bauschlicher 2000).
The electronegativity of the fluorine atoms increases the effect because they withdraw
more of the s density than, say, hydrogen would. Nevertheless, there is also a sizeable
relativistic correction to the atomization energies of the group 14 hydrides.

Another example of a reaction that changes the s occupation is the reaction
XH4 → XH2 + H2, where X is again from group 14. The XH2 molecules have
sp2 hybridization, which leads to an effective population of s1.5p2.5 in the molecule.
Energies for this reaction calculated at the SCF level within several approximations
are given in table 22.4. Again, the importance of relativity increases as we move
towards the heavier elements of the series. It becomes dramatic for Pb, which yields a
solidly endothermic reaction from nonrelativistic data, but which is actually exother-
mic when relativity is taken into account. This is because the divalent species become
increasingly more stable as Z increases, so that by Pb, the tetrahydride is thermo-
dynamically unstable, though it is a local minimum on the potential energy surface.
Note that the perturbative treatment does well for the lighter members of the series,
and that the approximate RECP method competes with the full four-component DC
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Table 22.4 Equilibrium SCF reaction energies ∆Er in kJ/mol for
the reaction XH4 = XH2 + H2 with X = Si, Ge, Sn, Pb

Method Si Ge Sn Pb

NR 263 190 129 89
PT-MVD 262 174 111 30
RECP 195 102 −31
DC 261 177 97 −26

NR – nonrelativistic, PT-MVD – perturbative treatment of mass-velocity and Darwin
operators, RECP – relativistic effective core potential, DC – four-component Dirac-
Coulomb.
Data taken from Dyall K. G. 1992. J. Chem. Phys. 96, 1210 (AIP).

calculations. This is remarkable because we would expect spin–orbit effects to be of
importance through the hybridization, and a fortuitous cancellation of errors cannot be
excluded.

The stability of the divalent and tetravalent state for Pb also varies as a function
of the electronegativity of the substituent. The inorganic chemistry of Pb is dominated
by the divalent state, while the tetravalent state is dominant for organolead compounds
(Kaupp and Schleyer 1993). This has traditionally been explained in terms of the inert
pair effect: due to the low energy of the 6s spinor, it could only contribute poorly
to the overall sp3 hybridization required for the tetravalent state. From our insight
into the interplay of relativistic effects, we are able to add nuances to this picture.
Electronegative substituents withdraw electron density from the central atom and the
result is a lowering of the 6s energy and a shrinkage of the spinor radius, in analogy to
what we saw for the difference between the s2 and s1 configurations in the variation
of the 6s spinor across row 6. The 6p spinors are also affected, but the effects of
relativity act most strongly on s spinors. If we regard hybridization as a result of a
first-order perturbative mixing of 6s and 6p spinors, the interaction will depend both
on the relative location of the spinor maxima (numerator) and on the energy difference
(denominator). When relativity increases the energy gap, and pushes the spinor maxima
apart, the result is a decreased tendency towards sp3 hybridization. In this context, the
divalent compound is favored as there are only two substituents drawing charge away
from the central atom. Electron-donating substituents would have the opposite effect,
but whether the organolead compounds are thermodynamically stable or not is still an
open question. Regardless, there is a large barrier to the elimination of a hydrocarbon
from tetraalkyl lead compounds, so that organolead compounds at least have kinetic
stability.

The stabilization of the s spinors as a function of Z thus plays an important role
in hybridization. In figure 22.2, we present the variation of the valence s and p energy
levels for the elements of group 14. Nonrelativistic calculations show the valence s
and p orbital energies becoming closer as Z increases, although not evenly, due to the
filling of the 3d and 4f shells. In scalar relativistic calculations, the s and p spinor
energy gap increases with Z, making hybridization less energetically favorable (Saue
et al. 1996).

In transition-metal chemistry, the energies of various states depend on the s pop-
ulation, and hence are altered by scalar relativistic effects. Even in the first transition
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Figure 22.2 Variation of s and p orbital energies with n down group 14: solid lines – relativistic;
dashed lines – nonrelativistic

series, the 4s spinor is relativistically lowered by several tenths of an electron volt.
This series of transition metals is quite sensitive to shifts in the 4s orbital energies due
to the spatial proximity of the 4s and the 3d orbitals (Bauschlicher et al. 1995).

In the third transition series, the 5d orbital expands and the 6s orbital contracts due
to relativistic effects, as we have seen above, and many of the elements of this series
display higher oxidation states than those in the second series. The greater participation
of the 5d orbital in the late part of the series can change the qualitative bonding
picture. An example comes from the activation of methane by Pt+. In nonrelativistic
calculations, the PtCH+

2 product has only a single bond between the Pt+ d9 ion and the
methylene, and the unpaired electron is located on the methylene carbon. When scalar
relativistic effects are introduced, the d8s state of Pt+ is stabilized, and both electrons
of the methylene can bond to the platinum ion, resulting in a double bond. The unpaired
electron is now located on the platinum. The Pt–C bond energy more than doubles with
scalar relativistic effects, from 200 to 450 kJ/mol (Heinemann et al. 1996).

Another effect of scalar relativity on transition metal chemistry (or coordination
chemistry in general) is the change in binding energy of donor ligands due to the polar-
ization of the ligand. A simple example is the binding of PH3 to Au+, in which the
polarization of the phosphine by the metal ion reduces the s population on the phos-
phorus atom, and relativistic effects decrease the binding energy by about 1.5 kJ/mol.
This is not a large effect for a single molecule, but the cumulative effect for several
ligands could be significant, and the effect is larger for more highly charged ions.

A number of other examples of relativistic effects in transition metal compounds
may be found in the calculations by Balasubramanian and coworkers (Balasubramanian
1997b). For the lanthanides and actinides, the situation becomes rather more complex.
With a valence configuration of s2d1f n for the early actinides, these compounds are
also strongly influenced by the spin-free relativistic effects. We refer the reader to the
literature for a further discussion of these effects (Dolg 2002).
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22.3 Spinor Bonds in Diatomic Molecules

Concepts such as σ and π bonds, and bonding and antibonding orbitals, are derived
from the consideration of diatomic molecular orbitals. The ideas of directional bonds
originate in the hybridization of atomic orbitals to form orbitals with the optimal spatial
properties for bonding. More generally, the use of symmetry, molecular or local, helps
us to classify orbitals into various bonding types.

With the effects of relativity on atomic orbitals that we have already discussed, it
makes sense to see what pictures of bonding arise out of a consideration of the relativis-
tic analogues of the nonrelativistic concepts. Spin-free relativistic effects change only
the magnitude of bonding because there are no changes in the symmetry. Spin–orbit
coupling, on the other hand, mixes states of different symmetry. In this section, we
therefore consider the formation of diatomic molecular spinors from a linear combina-
tion of atomic spinors (LCAS), to gain insight into how the spin–orbit effect changes
our picture of bonding.

In the following discussion, we consider only the large-component 2-spinors,
because the small-component density is negligible for the valence spinors and would
only complicate the picture. We analyze the spinors in terms of the α and β compo-
nents, which can be represented in terms of nonrelativistic orbitals. The normalization
is neglected because we are seeking a qualitative rather than a quantitative description.
The molecular axis is taken to be the z axis. The two atomic spinors are considered
to be on different centers, and the positive combination is given first, followed by the
negative combination.

For homonuclear diatomic molecules, we can only make spinor combinations that
preserve the inversion symmetry. The simplest combinations are those between spinors
with j = mj for j = �+ 1

2 , for which the first three are given here:

s1/2,1/2 ± s1/2,1/2 =

s

0


±


s

0


 →


sσ

0


 ,


sσ ∗

0


 (22.1)

p3/2,3/2 ± p3/2,3/2 =

p1

0


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p1
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0
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d5/2,5/2 ± d5/2,5/2 =

d2

0
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d2

0


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
dδ2

0


 ,


dδ∗2

0


 . (22.3)

These combinations therefore give pure bonding and antibonding diatomic molecular
spinors, which also have pure spin. For homonuclear diatomic molecules, the spinors
have a definite inversion symmetry: σ ≡ σg , σ ∗ ≡ σu, π ≡ πu, π∗ ≡ πg , and so on.
The Kramers partners of these spinors are found by interchanging the spin parts. The
first one is

s1/2,−1/2 ± s1/2,−1/2 =

0

s


±


0

s


 →


 0

sσ


 ,


 0

sσ ∗


 (22.4)
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with similar results for the two others. With the exception of the s spinor, occupying
the Kramers pair does not yield a nonrelativistic closed shell; instead, the Kramers pair
is an equal linear combination of the 3Σ− and 1Σ+ states.

The next example is the set of spinors with ω ≡ mj = 1
2 for the p shell. Here, both

spin–orbit components are represented:

p1/2,1/2 ± p1/2,1/2 =

 −p0

√
2p1


±


 −p0

√
2p1


 →


 −pσ ∗

√
2pπ1


 ,


 −pσ

√
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1


 ; (22.5)
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1


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For homonuclear diatomics, the positive combination has ungerade symmetry and the
negative has gerade symmetry. Labeling the positive and negative combinations (for
either j value) e+1/2 and e−1/2, we have e+1/2 ≡ e1/2u, e−1/2 ≡ e1/2g .

Since the spinors formed from the two spin–orbit components have the same ω,
we may take a linear combination of them. One way of combining them results in
pure-spin spinors:

√
2


 −pσ ∗

√
2pπ1


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
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−
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pπ1
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
pσ ∗

0


 . (22.8)

This is not the only combination that can be formed, but the nature of the combination
will be determined by the energetics, as we explain in what follows.

The inversion symmetry in homonuclear diatomics has an important effect on the
p spinor bonding: σ bonding orbitals can mix only with π antibonding orbitals via
spin–orbit coupling, and π bonding orbitals can only mix with σ antibonding orbitals.
In the 2-spinor representation of these combinations this is denoted by using an asterisk
to label antibonding components. In order to form a stable molecule, the bonding
component must considerably outweigh the antibonding component. How feasible this
is depends on the magnitude of the spin–orbit splitting. If the spin–orbit splitting is
zero, the spinors derived from the two components can mix freely, and form pure-spin
spinors that are either bonding or antibonding. As the spin–orbit splitting increases,
the energetic cost of the mixing of the two components increases, and can exceed the
spin-free dissociation energy. Consider the group 13 elements, where each has a single
p valence electron. Because of the spin–orbit splitting, the electron is actually in a p1/2
spinor, and the cost of promotion to a p3/2 spinor increases down the periodic table. For
Tl, it is about 1 eV. To form a pure σ bond requires 1/3 p1/2 and 2/3 p3/2, so the bond
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energy of Tl2 is reduced by 2/3 of the spin–orbit splitting, or about 0.7 eV per atom.
The result is a binding energy that is much smaller than expected. Experimentally,
the bond dissociation energy of Tl2 is not well known, but recent calculations and
experiments place it around 0.4 eV (see Lee 2004). Similar considerations apply to the
other homonuclear diatomics. The spin–orbit effect therefore reduces the bond strength
of homonuclear diatomic molecules.

For heteronuclear diatomics, the inversion symmetry constraint is relaxed, and
the bonding/antibonding mixtures are no longer required. Consider the following
combinations:

p1/2,1/2 ± p3/2,1/2 =

 −p0

√
2p1
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These combinations are now either totally bonding or totally antibonding, thanks to
the fact that one atomic spinor has two components of different sign while the other has
the same sign for the two components. The molecular spinors are not symmetric: the
σ part is skewed towards one atom and the π towards the other. Linear combinations
of these spinors will return pure-spin spinors as before. The numerical factors for the
σ and π orbitals have not been included in these spinors because they have no precise
meaning here.

Because of the bonding or antibonding character of these molecular spinors, there
is no promotion cost for the bonding of early p-block elements to late p-block elements
to form a bond. Of course, the bond might not be optimal, and some promotion might
be necessary to form the optimal bonds.

Experimental support for these bonding types can be seen in the dissociation ener-
gies of the diatomics of group 13 with group 13 and group 15 elements. In the one
case, these are homonuclear diatomics in which spin–orbit effects should reduce the
bond strength; in the other, they are heteronuclear diatomics in which spin–orbit effects
should have little effect on the bond strength. The bonding in the second case is, to a
first approximation, a bond between a p1/2 spinor and a p3/2 spinor. The dissociation
energies D0 are presented in table 22.5. The 13–15 diatomics show a reduction in D0
as Z increases, a trend that can be explained by nonrelativistic calculations. Scaling
the D0 for the 13–13 diatomics by 1.5 yields a value that is close to the D0 for the
13–15 diatomics—all except for Tl2, whose bond energy is strongly reduced by the
spin–orbit interaction.

Another example, this time theoretical, is the PbO molecule (Dyall 1993). The
ground state of Pb, from DHF calculations, is approximately 92% 6p1/2 and 8% 6p3/2.
The molecule has a positive charge on Pb and a negative charge on O, so the bonding
is partly ionic and partly covalent. The Mulliken populations for the two highest e1/2
spinors are given in table 22.6. The oxygen atom has a small spin–orbit splitting, but the
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Table 22.5 Dissociation energies in eV for homonuclear group
13 diatomics and the heteronuclear group 13–group 15
diatomics

Molecule D0 D0 × 1.5 Molecule D0

Al2 1.55 2.32 AlP 2.20
Ga2 1.40 2.10 GaAs 2.18
In2 1.01 1.51 InSb 1.54
Tl2 ∼0.4 ∼0.6 TlBi 1.21

Data taken from Huber K. P. and Herzberg G., eds. 1979. Molecular spectra
and Molecular Structure. IV. Constants of Diatomic Molecules. van Nostrand
Reinhold: New York.

Table 22.6 Mulliken gross populations of PbO at the equilibrium distance re

Pb O

p1/2,1/2 p3/2,1/2 p1/2,1/2 p3/2,1/2

25e1/2 0.00 0.25 1.45 0.01
26e1/2 0.72 0.03 0.04 1.04

Data taken from Dyall K. G. 1993. J. Chem. Phys. 98, 2191 (AIP).

large spin–orbit splitting on Pb forces the bonding to conform to the p1/2−p3/2 pattern.
Both spinors show little mixing of spin–orbit components on the individual atoms.

A third example is the bonding of group 13 and group 17 elements. The former have
a single unpaired p1/2 electron; the latter have a single unpaired p3/2 electron. The
Mulliken gross populations of the bonding spinors for TlAt and UutUus are given in
table 22.7 (Fægri and Saue 2001). For both molecules, the nonrelativistic and spin-free
relativistic results are similar: a small population on the group 13 element, statistically
distributed between the p1/2 and p3/2 spinors. The group 17 element has the bulk of the
population, indicating that the bond is fairly ionic. When the spin–orbit interaction is

Table 22.7 Mulliken gross populations for bonding atomic spinors in TlAt and
UutUus

Molecule Method Group 13 Group 13 Group 17

p1/2,1/2 p3/2,1/2 p3/2,1/2

TlAt
NR 0.187 0.314 1.764
SF 0.171 0.277 1.759
DC 0.363 0.155 1.599

UutUus
NR 0.184 0.311 1.766
SF 0.157 0.271 1.760
DC 1.082 0.021 0.946

NR – nonrelativistic, SF – relativistic spin-free modified Dirac, DC – four-component Dirac-Coulomb.
Data taken from Fægri, Jr. K. and Saue T. 2001. J. Chem. Phys. 115, 2456 (AIP).
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added in the Dirac–Coulomb calculations, the population of the group 13 p1/2 spinor
increases at the expense of the other two spinors, making the bond less ionic. For
UutUus the change is dramatic, and even leads to a change in the sign of the dipole
moment. The bond is now almost a pure p1/2 − p3/2 bond.

The analysis of bonding types can be extended to other angular momenta, and to
linear polyatomic molecules. For a given ω value, we can formulate the following
rules:

• The all-bonding or all-antibonding combinations occur for atomic spinors of
opposite sign of the κ quantum number.

• The combination of bonding and antibonding character occurs for atomic spinors
of the same sign of κ .

22.4 Hybridization and Bonding in Polyatomic Molecules

In organic chemistry, s–p hybridization is an important qualitative concept in the
description of chemical bonds. Optimum orbitals for bonding in linear, planar trigonal,
and tetrahedral configurations are formed by sp, sp2, and sp3 hybrids. We have previ-
ously discussed how hybridization may be influenced by spin-free relativistic effects.
With the involvement of p spinors that may be highly spin–orbit split, hybridization
will also be influenced by the spin–orbit coupling.

For linear molecules, we can form sp hybrids from the spinors:

s1/2 ± p1/2,1/2 =

s

0


±


 −p0

√
2p1


 →


spσ
np


 ,


spσ ∗

−np


 ; (22.11)

s1/2 ± p3/2,1/2 =

s

0


±




√
2p0

p1


 →


spσ ∗

np


 ,


spσ

−np


 . (22.12)

The spin–orbit coupling introduces lone-pair character into the bonding and antibonding
orbitals. As with the p–p bonding orbitals, we may take linear combinations of these
spinors. The bond with p1/2 spinors is most affected because there is more density in
the lone pair π part than in the σ part of the p1/2 spinor. We would therefore expect
that group 13 monohydrides would be more destabilized than group 17 monohydrides.
To form a strong σ bond, there must be a promotion into the empty p3/2 spinor: for
group 13 the energetic cost is 2/3 the atomic spin–orbit splitting, but for group 17 it
is 1/3. This cost is well demonstrated by the molecules TlH and HAt. For TlH, the
cost is almost equal to the bond strength, so the molecule is weakly bound. For HAt
the cost is less than the bond strength, but the bond is nevertheless weakened by the
atomic spin–orbit splitting.

For molecules such as these, the spin–orbit effect is essentially quenched in the
molecule, because to exist it must form a strong bond, and the spin–orbit splitting is
not so large that the quenching cannot be achieved. This is obvious for light atoms such
as C and Si, but even Pb(C2H5)4 has four equivalent sp3 hybridized bonds. We can
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regard the quenching of the spin–orbit interaction in both the s–p and the p–p bonding
cases (and indeed in general) as a “relativistic hybridization.” To form strong bonds,
we must make hybrids of the j = � − 1

2 and j = � + 1
2 spinors, and there is an

energetic cost to the hybridization, just as there is for nonrelativistic spn hybridization.
Thus, a good approximation for many lighter elements is to reduce the bond strength
calculated without spin–orbit effects by the appropriate multiple of the experimental
atomic spin–orbit splitting.

The superheavy elements are beyond the quenching regime, however, and the spin–
orbit effect is so large that it is not quenched. In HUus, for example, the 7p1/2 shell
contracts significantly and forms an inert pair, leaving an unpaired 7p3/2 electron to
form an s–p3/2 bond, which is weaker than a regular σ bond and contains a significant
lone-pair component (Saue et al. 1996).

The capability for relativistic hybridization is present for molecules of other than
linear symmetry. The symmetry spinors for groups lower than cubic can be classified
in terms of the mj quantum numbers for spinors at the high symmetry point (or axis).
Since the j quantum number is not part of the classification, relativistic hybridization
can always take place. For example, in D3h the fermion irreps are e1/2, e3/2, and e5/2,
for which the Kramers partners have mj mod 6 = ±1/2,±3/2,±5/2, respectively.
The j = �− 1

2 and j = �+ 1
2 spinors for a given mj both belong to the same irrep. In

the cubic groups, the spin–orbit components of a shell can belong to different irreps,
or be partially in the same irrep. For example, in Td the p1/2 and p3/2 spinors at the
center of symmetry belong to Γ7 and Γ8, respectively; the d3/2 also belongs to Γ8 and
the d5/2 is split between Γ6 and Γ8.

The simple bonding picture based on spinors and relativistic or spin–orbit hybridiza-
tion is an appealing explanation of the effect of spin–orbit interaction on bonding, but it
is by no means the only one. It is the natural explanation when spinors are the starting
point, but it is also possible (and common) to start from a spin-free model and introduce
spin–orbit effects at the post-SCF stage of the calculation. Now the bonding picture
is a multi-electron picture that involves the interaction of states of different spin and
symmetry.

Taking TlH as an example, we can expand the molecular spinor combination in
terms of spin–orbitals, and collect together the two-electron determinants that form the
ground state. Let us write the spinor and its Kramers partner as:

e1/2 =

c1spσ

c2pπ1


 = c1(spσ)α + c2(pπ1)β;

e−1/2 =

−c2pπ−1

c1spσ


 = c1(spσ)β − c2(pπ−1)α.

(22.13)

The doubly occupied Kramers pair can then be written

e1/2e−1/2 = c2
1(spσ)

2αβ + c2
2(pπ−1)(pπ1)αβ

− c1c2(spσ)(pπ−1)αα − c1c2(spσ)(pπ1)ββ.
(22.14)
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This Dirac–Hartree–Fock single-determinant state is a linear combination of the closed-
shell σ -bonded σ 2 1Σ+ state, an equal mixture of the π2 3Σ− and π2 1Σ+ states and
some of the σπ 3Π states. As discussed in chapter 12, the DHF method must be
considered a multiconfiguration method when the spinors are expanded into states
based on spin–orbitals. To obtain a proper description, it is really necessary to perform
a MCSCF calculation in the active space spanned by the two possible e1/2 spinors.

The alternative model of the mixing of many-electron states is one that is probably
better understood by quantum chemists. The change in dissociation energies due to
spin–orbit interaction can often be viewed in terms of avoided crossings of states that
have different spin. A good example is the dissociation of PtH2. The 1A1 ground state of
this molecule dissociates to Pt (d9s1) 1D and H2, in the absence of spin–orbit coupling.
However, the ground state of Pt is the (d9s1) 3D state, and when spin–orbit effects
are included, there is a spin–orbit avoided crossing at a fairly large bond distance that
creates a barrier in the dissociation curve (Nakatsuji et al. 1998).

One important case to consider is that of Jahn–Teller distortion, which arises when
the molecular state has spatial degeneracies. In the double group, all groups lower than
cubic have only doubly degenerate fermion irreps, and this degeneracy represents the
spin. Therefore, in molecules that have lower than cubic symmetry, there should in
principle be no Jahn–Teller effect. The situation is not quite so simple, however. The
spin–orbit effect mixes the components that are degenerate in the single group, and the
effect is largest at the high symmetry point. The shape of the lowest state depends on
the relative magnitudes of the spin–orbit splitting and the Jahn–Teller distortion. If the
spin–orbit splitting is small, there will be a double-well potential with minima near
the two Jahn–Teller minima. If the spin–orbit splitting is more than twice as large as
the Jahn–Teller distortion energy, there is only a single well with the minimum at the
symmetric point. An example is WF5, which has a single electron in an e′′ orbital at
the D3h symmetric point. Jahn–Teller distortion lowers the symmetry to C2v , but the
spin–orbit interaction quenches the Jahn–Teller effect to return the molecule to D3h
symmetry (Dyall 2000a). UF5 is another example. Here, both the Jahn–Teller effect
and the spin–orbit splitting are relatively small, and the molecule is fluxional with a
C4v minimum (Onoe et al. 1997). However, in a molecule like Au3, which has an
(a′

1)
2(e′′)1 configuration in D3h symmetry, there is no quenching because there is no

spin–orbit interaction due to the fact that the bonding orbitals are composed of the
Au 6s orbitals.

22.5 Relativistic Effects on Properties

While this chapter is devoted to relativistic effects on bonding and not to properties,
there are some intrinsic properties that relate directly to the discussion of relativistic
effects on bonding: the dissociation energy and the vibrational frequency (or the force
constant). When it comes to these properties—and indeed any properties—the relativis-
tic effect can be broken down into two parts. Since relativity changes the Hamiltonian,
and consequently also changes the geometry of a molecule, the relativistic effect on a
property has a part that is the change in the nonrelativistic property due to the relativistic
change in the geometry, and a part that is due to the relativistic change in the property
at the relativistic geometry.
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We can illustrate this principle with an analysis of the force constant. To do so,
we write the relativistic energy as a function of position in terms of the nonrelativistic
energy and a relativistic correction:

Erel(q) = ENR(q)+∆Erel(q) (22.15)

where q is the vector of nuclear coordinates. For the purpose of the analysis, we take the
origin to be at the nonrelativistic geometry. The relativistic correction to a coordinate
is written as ∆qrel

i and the coordinate relative to the relativistic minimum is written
as qrel

i .
We expand the nonrelativistic energy in a Taylor series in the coordinates,

ENR(q) = ENR(0)+ ENR
i (0)qi + 1

2E
NR
ij (0)qiqj + 1

6E
NR
ijk (0)qiqj qk + · · · (22.16)

where we have used the Einstein summation convention, and the subscripted quantities
are the derivatives of the energy, that is

ENR
i = ∂ENR

∂qi
, ENR

ij = ∂2ENR

∂qi∂qj
, · · · . (22.17)

We can similarly expand the relativistic correction to the energy, but this we do around
the relativistic geometry:

∆Erel(q) = ∆Erel(qrel)+∆Erel
i (qrel)qrel

i + 1
2∆E

rel
ij (q

rel)qrel
i qrel

j + · · · (22.18)

where the ∆Erel terms are the relativistic corrections to the energy and its derivatives.
We now combine these two expressions to obtain

Erel(q) = ENR(0)+ ENR
i (0)qi + 1

2E
NR
ij (0)qiqj + 1

6E
NR
ijk (0)qiqj qk + · · ·

+∆Erel(qrel)+∆Erel
i (qrel)qrel

i + 1
2∆E

rel
ij (q

rel)qrel
i qrel

j + · · · .
(22.19)

The relativistic quadratic force constant krel
ij is defined as the second derivative

of the relativistic energy with respect to geometric displacements, evaluated at the
minimum of the relativistic potential energy surface. We define the relativistic correc-
tion to a force constant as the difference between the relativistic force constant at the
relativistic geometry and the nonrelativistic force constant at the nonrelativistic geom-
etry. Differentiating twice, evaluating at the relativistic minimum and subtracting the
nonrelativistic force constant, we get the relativistic correction to the quadratic force
constant,

∆krel
ij = krel

ij − kNR
ij = Erel

ij (q
rel)− ENR

ij (qNR) = ∆Erel
ij (q

rel)+ ENR
ijk (0)∆q

rel
k + · · ·

(22.20)

Thus, we can decompose the relativistic correction to the quadratic force constant into
a correction to the force constant at the relativistic geometry—the change in curvature
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due to the relativistic Hamiltonian—and terms that depend on the magnitude and sign
of the nonrelativistic cubic force constant (and higher terms) and the magnitude and
sign of the relativistic correction to the bond length.

For stretching modes, the cubic force constant is usually negative. If the relativistic
correction to the bond length is also negative, that is, the bond is shortened due to
relativity, the product of these two terms yields a positive contribution to the relativistic
correction to the quadratic force constant. If the increase in curvature is also positive,
the force constant increases. This situation usually arises when relativity produces
shorter bonds and deeper potential wells, such as for AuH. If, on the other hand, the
bond length increases and the well becomes shallower, the force constant decreases,
such as for PbO and Tl2, where the spin–orbit interaction is primarily responsible
for the changes. Another example is the lead hydrides, where the totally symmetric
stretching frequency increases relativistically for PbH4 but decreases for PbH2, due to
the different signs of the nonrelativistic cubic force constant (Dyall 1992).

For bending modes, the geometric effect is similar. The relativistic correction to
the curvature usually increases if the lengths of the two bonds defining the bending
mode shorten, so that shorter bond lengths produce an increase in the bending force
constant. This is the case for PbH2, for example.

This kind of analysis can be applied to other properties. For the correlation energy,
the relativistic correction is simple:

∆Erel =
[
Erel(qrel)− ENR(qrel)

]
+
[
ENR(qrel)− ENR(qNR)

]
= ∆EHam(qrel)+∆Egeom,NR

(22.21)

where the energies here are the correlation energies.
Given that the lowest-order one-electron relativistic correlation contribution to the

energy is zero for a closed shell, it is possible that the relativistic corrections to corre-
lation energies are mostly geometric in origin. However, the perturbation is not small
near the nucleus, and higher-order effects could be significant. An illustration is given
in table 22.8 for the coinage metal hydrides, comparing DHF results with nonrelativis-
tic results. For these systems, the spin–orbit contribution is small, and therefore the
ambiguity over the multireference nature of the relativistic wave function is not an
issue. The relativistic correction to the correlation energy increases with Z, as might
be expected. The geometric effect, which increases almost linearly with the relativistic
increase in bond length, is smaller than the effect of the Hamiltonian. We can conclude
that the effect of changing the wave function, which contributes to the Hamiltonian
effect, is significant even for Cu.

Table 22.8 Effect of geometry and Hamiltonian on the correlation energy of
the coinage metal hydrides

System ∆Erel ∆EHam(qrel) ∆Egeom,NR ∆qrel

CuH −9.02 −7.50 −1.53 −2.53
AgH −16.88 −12.98 −3.90 −7.58
AuH −50.70 −38.01 −12.28 −21.26

Energies in millihartrees, relativistic correction to the bond length in pm.
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22.6 A Final Warning

In this chapter, we have tried to provide an analysis of relativistic effects on bonding
in molecules, pointing to some major trends that are easily recognizable in routine
chemical research. However, real life only seldom reduces to simple model systems,
and in most situations relativistic effects are accompanied by a number of other, more
or less traditional, chemical effects. Added to this is the fact that relativistic effects are
not really molecular properties, but rather they are defined as the difference between
an incomplete (nonrelativistic) model and a more complete, but often less intuitive,
(relativistic) model. This is of course also true of correlation effects. Trying to obtain
qualitative insight by balancing all these effects against each other may be very difficult.
In the long run, there may be no better way of obtaining the answers than doing
calculations within a reliable model.



Appendices



This page intentionally left blank 



Appendix A

Four-Vector Quantities

This appendix lists various four-vector quantities encountered in this book.

w = (r, ict) = (x, y, z, ict) (A1)

p =
(

p,
iE

c

)
=
(
px, py, pz,

iE

c

)
= (px, py, pz, imc) (A2)

=
(

∇, −i
c

∂

∂t

)
=
(
∂

∂x
,
∂

∂y
,
∂

∂z
,
−i
c

∂

∂t

)
(A3)

2 =
(

∇2 − 1

c2

∂2

∂t2

)
=
(
∂2

∂x2
+ ∂2

∂y2
+ ∂2

∂z2
− 1

c2

∂2

∂t2

)
(A4)

j = ( j, icρ) = (jx, jy, jz, icρ) (A5)

A =
(

A,
iφ

c

)
=
(
Ax,Ay,Az,

iφ

c

)
(A6)

α = (α, iI4) = (αx, αy, αz, iI4) (A7)
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Vector Relations

This appendix lists some of the more commonly used relations in vector algebra. Most
of them are applied at least once in this book.

a · (b × c) = (a × b) · c = b · (c × a) (B1)

a × (b × c) = b (a · c)− c (a · b) (B2)

∇ (a · b) = (a · ∇)b + (b · ∇) a + a × (∇ × b)+ b × (∇ × a) (B3)

∇ · (φa) = (∇φ) · a + φ(∇ · a) (B4)

∇ × (φa) = (∇φ)× a + φ(∇ × a) = −a × (∇φ)+ φ(∇ × a) (B5)

∇ × (∇φ) = 0 (B6)

∇ · (∇ × a) = 0 (B7)

∇ × (∇ × a) = ∇ (∇ · a)− ∇2a (B8)

r = xi + yj + zk ⇒ ∇ · r = 3; ∇ × r = 0 (B9)
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er = r
r

⇒ ∇ × er = 0; (a · ∇) er = 1

r

[
a − er (a · er )

]
(B10)

∇ = er
∂

∂r
+ eϑ

1

r

∂

∂ϑ
+ eϕ

1

r sin ϑ

∂

∂ϕ
(B11)

(σ · a)(σ · b) = (a · b)I2 + iσ · a × b (B12)



Appendix C

Elements of Group Theory

In this appendix, we briefly review some of those concepts in group theory that are
used in our discussion of symmetry. Most of our readers will no doubt be familiar
with these concepts already. We therefore provide no proofs or examples: these can
be found in one of the many good introductory accounts of group theory (Atkins and
Friedman 1997, Schonland 1965, Hamermesh 1962, Tinkham 1964).

We start by defining a group:

Given a set G of elements {g, h, ....} and a binary rule of combination (group mul-
tiplication) between elements, the set forms a group under the rule of combination
if and only if

— every product of two elements in the group is a member of the group, that is,
g, h ∈ G; k = gh ⇒ k ∈ G

— there exists an identity element e ∈ G such that any element multiplied by e is
the element itself, that is, ∃ e ∈ G such that eg = ge = g for all g ∈ G

— for any element g in the group there exists an inverse g−1 that is also an element
of the group, that is, g ∈ G ⇒ ∃ g−1 ∈ G such that gg−1 = g−1g = e

— the associative law holds for group multiplication, that is, g(hk) = (gh)k for
all g, h, k ∈ G.

The elements of a group do not necessarily commute under the group multiplication,
that is, we may in general have gh 
= hg where g, h ∈ G. If all the elements of the
group commute under group multiplication, then the group is called Abelian.

The order of the group is the number of elements in the set. This need not be finite,
and the set need not even be countable.

A subgroup of G is a subset of G that itself fulfills the group requirements. G and e
are considered improper subgroups of G, all other subgroups are proper.
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A homomorphism is a mapping from one group into another that preserves prod-
ucts. If µ denotes the mapping from G to G′, such that g1, g2 ∈ G have the images
µ(g1), µ(g2) ∈ G′, then homomorphism requires that µ(g1g2) = µ(g1)µ(g2). If every
element of G′ is the image of an element of G, the mapping is onto the set G′.
A homomorphism that is 1-to-1 and onto is called an isomorphism.

A representation of a group is any group of concrete mathematical entities that is
homomorphic to the group. More commonly, representations refer to groups of matrices
(linear transformations) that are homomorphic to the group. To be precise, a matrix
representation of a finite group G is a homomorphism of G onto the linear group of
the nonsingular n× n complex matrices, called the linear group GL(n,C).

If a transformation can be found that reduces all the matrices of one representation
to the same block diagonal structure (e.g., a set of 5 × 5 matrices are reduced to
2 × 2 + 2 × 2 + 1 × 1 diagonal blocks), the representation is reducible, otherwise it is
irreducible. We will use the abbreviation irrep for irreducible representation, and rep
for a representation in general.

Many of the properties of the representation matrices are carried by the trace of the
matrix, that is, the sum of the diagonal elements of the matrix. For the matrix D(g),
where D(g) is the image of g ∈ G, we write this as

T r(D(g)) =
∑
i

Dii(g). (C1)

This trace is called the character of the operation in this representation.
Let the ith irrep of a group G of order n be a set of di × di matrices Di(g). Then,

the great orthogonality theorem says that

∑
g∈G

Di
κλ(g)

∗Dj
µν(g) = n

di
δij δκµδλν. (C2)

Two elements g, h of the group G are conjugate if there is an element k of the
group such that g = khk−1. The group may be divided into disjoint sets of mutually
conjugate elements. These sets are called classes. As the trace of a product of matrices
is invariant to cyclic permutation of the matrices, that is

T r(ABC) = T r(BCA) = T r(CAB), (C3)

all elements in the same class have the same characters

T r
(
D(k)D(g)D

(
k−1)) = T r

(
D(g)D

(
k−1)D(k)) = T r

(
D(g)D

(
k−1k

))
= T r(D(g)D(e)) = T r(D(ge)) = T r(D(g)). (C4)

The identity element is clearly in a class by itself. It is also the only class that is a
subgroup. All other classes lack the identity element. In an Abelian group, all elements
commute, and every element is therefore in a class by itself.
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For a finite group, the number of classes equals the number of irreps. Furthermore,
the sum of the squares of the dimensions (di) of the irreps must equal the order (n) of
the group

∑
i

d2
i = n. (C5)



Appendix D

Group Tables

There is a great deal of material on group theory of both the single and double groups.
The most complete is the treatise by Altmann and Herzig (1994). In this appendix, we
present information on the basis functions and principles for determining the products
of basis functions. Most of this information is available elsewhere, but for convenience
we present a summary here.

In this appendix, we present information for groups with only one axis of order
higher than two. Most of the information can be derived by considering finite rotations
of angular momentum eigenfunctions about the principal axis, which is taken to be the
z axis. The basis functions can be classified in terms of the azimuthal quantum number
(m� or mj ) and the inversion symmetry. For this purpose, the notation for the doubly
degenerate reps and irreps might differ from those presented in the literature. Here, we
number them according to the value of m� mod n or mj mod n, where n is the order
of the principal axis. The labels for the singly degenerate irreps that form a rep include
a sign: for example, in the group C3 the two (boson) irreps that form the E rep are
labeled E1 and E−1. These labels are also used to distinguish the rows of the doubly
degenerate irreps, such as in C3v . The subscript is unconventional but it is used for
the purpose of analysis. The doubly degenerate irreps themselves are given a positive
subscript. The slightly unfortunate side of this notation is that an irrep and the row of
an irrep can have the same label, but the context should make it clear which is being
referred to.

The boson basis functions are presented in table D1. The irreps for these groups
consist of nondegenerate irreps, which are real; singly degenerate irreps occurring
in complex conjugate pairs that form reps; and doubly degenerate irreps, which are
complex. The basis function is presented for the first row of the degenerate irreps;
the corresponding basis function for the second row is the complex conjugate of the
function for the first row, that is the function for −m� (to within a phase). For the real
irreps, linear combinations of the complex spherical harmonics must be made to form
the real basis functions. For the Cn, Cnh, and Sn groups, the E reps occur as singly
degenerate pairs.
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Table D1 Boson basis functions for groups with only one principal axis of order greater than 2

Group (ir)rep Basis functions

C2n, C2nv , D2n A∗ m� mod 2n = 0
B∗ m� mod 2n = n

Em m� mod 2n = m, 0 < m < n

C2n+1,C(2n+1)v , D2n+1 A∗ m� mod (2n+ 1) = 0
Em m� mod (2n+ 1) = m, 0 < m ≤ n

C2nh, D2nh A∗g � mod 2 = 0, m� mod 2n = 0
B∗g � mod 2 = 0, m� mod 2n = n

Emg � mod 2 = 0, m� mod 2n = m, 0 < m < n

A∗u � mod 2 = 1, m� mod 2n = 0
B∗u � mod 2 = 1, m� mod 2n = n

Emu � mod 2 = 1, m� mod 2n = m, 0 < m < n

C(2n+1)h, D(2n+1)h A′∗ �−m� mod 2 = 0, m� mod (2n+ 1) = 0
E′
m �−m� mod 2 = 0, m� mod (2n+ 1) = m, 0 < m < n

A′′∗ �−m� mod 2 = 1, m� mod (2n+ 1) = 0
E′′
m �−m� mod 2 = 1, m� mod (2n+ 1) = m, 0 < m < n

D2nd A1, A2 � mod 2 = 0, m� mod 2n = 0
� mod 2 = 1, m� mod 2n = 2n

B1, B2 � mod 2 = 0, m� mod 2n = 2n
� mod 2 = 1, m� mod 2n = 0

Em m� mod 2n = m, 0 < m < 2n

D(2n+1)d A1g , A2g � mod 2 = 0, m� mod (2n+ 1) = 0
Emg � mod 2 = 0, m� mod (2n+ 1) = m, 0 < m ≤ n

A1u, A2u � mod 2 = 1, m� mod (2n+ 1) = 0
Emu � mod 2 = 1, m� mod (2n+ 1) = m, 0 < m ≤ n

S4n A � mod 2 = 0, m� mod 4n = 0
� mod 2 = 1, m� mod 4n = 2n

B � mod 2 = 0, m� mod 4n = 2n
� mod 2 = 1, m� mod 4n = 0

Em m� mod 4n = m, 0 < m < 2n

S4n+2 Ag � mod 2 = 0, m� mod (2n+ 1) = 0
Emg � mod 2 = 0, m� mod (2n+ 1) = m, 0 < m ≤ n

Au � mod 2 = 1, m� mod (2n+ 1) = 0
Emu � mod 2 = 1, m� mod (2n+ 1) = m, 0 < m ≤ n

The fermion irreps for the binary groups (groups that contain only twofold opera-
tions) are presented in table D2, and for the general case in table D3. Although most
of the information in table D2 follows from the table for the general case, the notation
for D2 and D2h differs from that for the higher Dn and Dnh groups. The basis func-
tions can be labeled with an mj value because they transform as angular momentum
eigenfunctions; the basis functions given in table D3 are listed for positive mj in order
of increasing mj . Basis functions for negative mj can be obtained by time reversal.
The basis functions presented here do not contain phase information, merely boson
symmetry information.
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Table D2 Fermion basis functions for the binary groups

Group Basis functions

C1

(
a

a

)

Ci

(
ag
ag

)
,

(
au
au

)

Cs

(
a′
a′′
)

C2

(
a

b

)

C2h

(
ag
bg

)
,

(
au
bu

)

C2v

(
a1 + ia2
b1 + ib2

)

D2

(
a + ib1
b2 + ib3

)

D2h

(
ag + ib1g
b2g + ib3g

)
,

(
au + ib1u
b2u + ib3u

)

Table D3 Basis functions for fermion irreps in terms of boson irreps for groups that have only
one axis of order greater than 2

Group Basis functions

C2n

(
a

e1

)
,

(
e1
e2

)
, . . .,

(
en−1
b

)

C2n+1

(
a

e1

)
,

(
e1
e2

)
, . . . ,

(
en
e−n

)

C2nv , D2n

(
a1 + ia2

e1

)
,

(
e1
e2

)
, . . . ,

(
en−1

b1 + ib2

)

C(2n+1)v , D2n+1

(
a1 + ia2

e1

)
,

(
e1
e2

)
, . . . ,

(
en
e−n

)

C2nh C2n ⊗ Ci ; add g and u subscripts to C2n

C(2n+1)h C2n+1 ⊗ Ci ; add ′ to α spin and ′′ to β spin in C2n+1

D2nd

(
a1 + ia2

e1

)
,

(
e1
e2

)
, . . . ,

(
e2n−1
b1 + ib2

)

D(2n+1)d D2n+1 ⊗ Ci ; add g and u subscripts to D2n+1

D2nh D2n ⊗ Ci ; add g and u subscripts to D2n

continued
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Table D3 (Continued)

Group Basis functions

D(2n+1)h D2n+1 ⊗ Cs ; add ′ and ′′ to opposite rows in both possible ways, i.e.

(
a′

1 + ia′
2

e′′1

)
,

(
a′′

1 + ia′′
2

e′1

)
,

(
e′′1
e′2

)
,

(
e′1
e′′2

)
, . . .

S4n

(
a

e1

)
,

(
e1
e2

)
, . . .,

(
e2n−1
b

)

S4n+2 C2n+1 ⊗ Ci ; add g and u subscripts to C2n+1

For the groups with only one axis of order greater than 2, it is straightforward to
derive the multiplication tables in terms of angular momentum eigenfunctions. Apart
from the usual rules regarding g and u labels and single and double primes, the irrep of
the product is determined by the sum of the magnetic quantum numbers for the basis
functions. This applies equally to the boson and the fermion irreps. Just as for the basis
functions, the resulting function for the nondegenerate irreps must be determined by
taking the appropriate linear combination of products. For example, in C2v , the product
of e1/2 and e1/2 hasm = 1, which transforms as one of theB irreps, whereas the product
of e1/2 and e−1/2 has m = 0, which transforms as one of the A irreps.



Appendix E

Change of Metric for Modified
Wave Functions

In this appendix, we describe the change of metric that occurs when a 4-spinor wave
function is modified by operations on the small component. The unmodified spinor is
expressed as

ψ =
(

ψL

ψS

)
. (E1)

The metric operator Ĝ is the operator that appears in the orthogonality condition,

∫
ψp

†Ĝψqdr = δpq. (E2)

Without modifications to the wave function, the metric is simply the unit matrix,

Ĝ =
(

I2 02
02 I2

)
(E3)

and the orthogonality condition reduces to the usual expression,

∫
ψp

†ψqdr = δpq. (E4)

In the general case, the metric operator can be written as

Ĝ =
(

ĜLL ĜLS
ĜSL ĜSS

)
. (E5)
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For a number of approaches, we want to modify the small component such that
ψS → φ where

ψS = âφ (E6)

and â is an operator expression. In this modified representation we can establish a new
spinor as

ψ′ =
(

ψL

φ

)
. (E7)

But in order to maintain the normalization for this new spinor, we have to change
the metric, which we can derive by substituting for the small component in the
normalization expression,

ψ†Ĝψ = (
ψL† ψS†

) (I2 02
02 I2

)(
ψL

ψS

)

= (
ψL† φ†â†

) (I2 02
02 I2

)(
ψL

âφ

)
(E8)

= (
ψL† φ†

) (I2 02

02 â†â

)(
ψL

φ

)
= ψ′ †Ĝ′ψ′.

The modified metric Ĝ′ is no longer a unit matrix, but has an operator for the ĜSS
element,

ĜSS′ = â†â (E9)

and we write the modified metric as

Ĝ′ =
(

I2 02

02 â†â

)
. (E10)

Using the case of (15.12) as an example, the modified spinor is

ψ̃ =
(

ψL

φL

)
(E11)

where φL is defined through (15.4)

2mcψS ≡ (σ · p)φL. (E12)

For this case we have

â2 = (σ · p)(σ · p)/4m2c2 (E13)
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and therefore

ĜSS′ = T̂ /2mc2I2 (E14)

and

Ĝ′ =
(

I2 02

02 T̂ /2mc2I2

)
. (E15)



Appendix F

Two-Electron Gauge Terms for the
Modified Dirac Operator

In this appendix, we derive the two-electron Breit terms for the modified Dirac operator
of chapter 15.

The gauge term, which comprises the difference between the Gaunt and the Breit
interactions (see (5.48) and (5.49)), is more complicated than the Gaunt term due to
the scalar quadruple product involving the alpha matrices:

ggauge = (αi × rij ) · (αj × rij )

2r3
ij

. (F1)

It may be written in the same form as the Gaunt interaction in (15.53),

g̃gauge = 1

4m2c2

[
Q̂+
i Q̂+

j (g++
ij )+ Q̂+

i Q̂−
j (g+−

ij )+ Q̂−
i Q̂+

j (g−+
ij )+ Q̂−

i Q̂−
j (g−−

ij )
]
,

(F2)

but the four g operators have a different structure. These are

g++
ij = (σ i · pi )(σ j · pj )

1

2r3
ij

(σ i × rij ) · (σ j × rij )

= 1

2r3
ij

[
(pi × rij ) · (pj × rij )+ i(σ i × pi )× rij · (pj × rij ) (F3a)

+ i(σ j × pj )× rij · (pi × rij )− (σ i × pi )× rij · (σ j × pj )× rij
]
,
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g+−
ij = (σ i · pi )

1

2r3
ij

(σ i × rij ) · (σ j × rij )(σ j · pj )

= 1

2r3
ij

[
(pi × rij ) · (pj × rij )+ i(σ i × pi )× rij · (pj × rij ) (F3b)

− i(σ j × pj )× rij · (pi × rij )+ (σ i × pi )× rij · (σ j × pj )× rij
]
,

g−+
ij = (σ j · pj )

1

2r3
ij

(σ i × rij ) · (σ j × rij )(σ i · pi )

= 1

2r3
ij

[
(pi × rij ) · (pj × rij )− i(σ i × pi )× rij · (pj × rij ) (F3c)

+ i(σ j × pj )× rij · (pi × rij )+ (σ i × pi )× rij · (σ j × pj )× rij
]
,

g−−
ij = 1

2r3
ij

(σ i × rij ) · (σ j × rij )(σ i · pi )(σ j · pj )

= 1

2r3
ij

[
(pi × rij ) · (pj × rij )− i(σ i × pi )× rij · (pj × rij ) (F3d)

− i(σ j × pj )× rij · (pi × rij )− (σ i × pi )× rij · (σ j × pj )× rij
]
.

It has been assumed in deriving these expressions that the momentum operators are
always operating on the basis functions, and not on any of the operators involving
rij , with which they will therefore commute. This is because the reduction using
(15.2) requires the rearrangement of the order of the scalar and vector products in the
intermediate stages. Nevertheless, since pi × rij commutes with any scalar function of
rij , the first term in each of the above expressions is in general correct even if p is not
taken to operate on a basis function.

The first term in each of the above expressions admits a straightforward inter-
pretation. The replacements �ij = rij × pi and �ji = −rij × pj give the scalar
product −�ij · �ji , which is an orbit–orbit interaction: the interaction of the orbital
angular momentum of electron i around electron j with the orbital angular momentum
of electron j around electron i. While it would seem reasonable that these two should
be the same, the two operators �ij and �ji are not equivalent. The second and third
terms also involve an orbital angular momentum, but these are interacting with a more
complicated entity involving the spin of the other electron. The fourth term involves
the spin of both electrons, and thus belongs to the spin–spin category.

Each of the operators in the gauge term consists of a scalar quadruple prod-
uct, which may be rearranged as was the spin–spin term in the Gaunt interaction.
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This rearrangement is equivalent to the rearrangement of the Breit interaction:

gBreit = − αi · αj

rij
+ (αi × rij ) · (αj × rij )

2r3
ij

= − 1

2rij

[
αi · αj + (αi · rij )(αj · rij )

r2
ij

]
(F4)

and therefore the rearranged gauge terms will cancel half the value of terms in the
Gaunt interaction.



Appendix G

The Second-Order Term of the
Douglas–Kroll Expansion

In this appendix, we examine the content of the second-order term of the Douglas–Kroll
expansion given by (16.61). For this purpose, we expand the products of the operators
involving Ŵ1. It is only necessary for this purpose to consider Ŵ2

1 , which expands to

Ŵ2
1 = ÂiD̂icαi · pi Ṽij Â2

j D̂j cαj · pj ṼjkÂk

− ÂiD̂icαi · pi Ṽij Â2
j Ṽjkcαk · pkD̂kÂk

− Âi Ṽij cαj · pj D̂j Â2
j D̂j cαj · pj ṼjkÂk

+ Âi Ṽij cαj · pj D̂j Â2
j Ṽjkcαk · pkD̂kÂk

(G1)

where the modified potential is

Ṽij = V (pi ,pj )
Ei + Ej

. (G2)

In order to represent all potentials in terms of the two operators V and α · pV α · p,
we insert (cα · p)2/c2p2 into the second term in the expansion of Ŵ2

1 and rearrange
to get

Ŵ2
1 = ÂiD̂icαi · pi Ṽij cαj · pj Â2

j D̂j ṼjkÂk

− ÂiD̂icαi · pi Ṽij cαj · pj (Â2
j /p

2
j )cαj · pj Ṽjkcαk · pkD̂kÂk

− Âi Ṽij D̂j Â2
j c

2p2
j D̂j ṼjkÂk

+ Âi Ṽij D̂j Â2
j cαj · pj Ṽjkcαk · pkD̂kÂk.

(G3)
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Finally, we can factorize this expression and write it as

Ŵ2
1 = −Ŷij c2p2

j Ŷkj† (G4)

where the operator Ŷ is defined by

Ŷij = Âi

(
Ṽij D̂j − D̂iαi · pi Ṽijαj · pj

1

p2
j

)
Âj . (G5)

Pre- and postmultiplying by Êp is trivial, as is insertion of Êp between the two Ŵ1
operators. The factorized form of the operator shows that it can be written as the
negative of the product of an operator and its Hermitian conjugate, which must be
negative. The factors of Êp do not change this conclusion because Êp is positive.
Since all three contributions from Ŵ2

1 appear with a negative sign in (16.61), the overall
contribution to the energy is positive, redressing the too-negative energies from the first-
order operator which came from the free-particle Foldy–Wouthuysen transformation.

As for the first-order term, the second-order term may be split into spin-free and
spin-dependent operators. The spin-free version of Ŵ2

1 is

(Ŵ2
1 )
sf = − Âi

(
Ṽij D̂j − D̂ipi Ṽij · pj

1

p2
j

)
Â2
j c

2p2
j

(
D̂j Ṽjk − 1

p2
j

pj Ṽjk · pkD̂k

)
Âk

+ ÂiD̂i

(
pi Ṽij × pj

) c2Â2
j

p2
j

·
(

pj Ṽjk × pk
)

D̂kÂk. (G6)

The last term is sometimes neglected.



Appendix H

Transformed Operators for Electric and
Magnetic Properties

In this appendix, we provide the tools for deriving transformed property operators in
which the momentum appears in complicated functions, and separating the terms of
these operators (Dyall 2000b). The reason that we cannot simply differentiate the
functions with respect to the property operators is that the property operators do
not commute with the momentum operators, and therefore the commutation must be
considered explicitly.

For this purpose, we consider the functions of momentum to be defined by their
power series expansion. The expansion is not convergent for p > mc, but provided we
do not truncate the expansion we may make transformations on the series outside its
radius of convergence as a representation of the operator and re-sum the series in the
final result.

The scalar functions of momentum that appear in the transformation operators
are all functions of p2/m2c2 which we will denote x. The terms involving (σ · p)
must be considered separately. We may write the commutator of an operator W with
powers of x as

[
xn, W

] = n
[
x,W

]
xn−1 +

(
n

2

) [
x,
[
x,W

]]
xn−2 + · · ·

=
n∑
k=1

(
n

k

) [
x,W

](k)
xn−k (H1)

=
n∑
k=1

[
x,W

](k) 1

k!
(

d

dx

)k
xn

where we have defined the kth order multiple commutator

[
x,W

](k) = [
x,
[
x, . . .

[
x,W

]]]
(H2)
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with k occurrences of x. The commutator of any function of x can therefore be written

[
f (x),W

] =
∞∑
k=1

[
x,W

](k) 1

k!
(

d

dx

)k
f (x). (H3)

The expansion of the commutator becomes essentially a power series in x, which means
that it is an expansion whose terms can be defined by a leading power of 1/m2c2. The
nature of the multiple commutator and the derivative of f (x)will determine whether the
series is convergent or not. For external electric fields, the commutator series truncates
and an exact expression may be obtained.

The magnetic terms for the free-particle Foldy–Wouthuysen transformation are
more complicated because the operator is not linear in the momentum. To do so,
we start with the field-dependent operator corresponding to êp, which we will call ε̂p,

ε̂p =
√

I + (σ · (p + eA))2/m2c2. (H4)

We may substitute ε̂p for êp in the kinematic factors in both the Douglas–Kroll and the
Barysz–Sadlej–Snijders approximations. To separate out the zeroth-order Hamiltonian
from the perturbation, we follow an analogous procedure to that used for the scalar
potential. We will concern ourselves only with the terms linear in the vector potential,
but extension to other terms is straightforward, if tedious.

We may write any even power of σ · (p+eA) in terms of the multiple commutators
defined above as

(σ ·(p+eA))2n=p2n+e
n∑
k=1

p2k−2(2A·p+�σ ·B)p2n−2k+···

=p2n+e
n∑
k=1

(
n

k

)[
p2,(2A·p+�σ ·B)](k−1)p2n−2k+···

=p2n+e
n∑
k=1

[
p2,(2A·p+�σ ·B)](k−1) 1

k!
(

d

dp2

)k
p2n+···, (H5)

where the zeroth-order commutator is defined to be [x, y](0) = y. The powers of
(σ · (p + eA))2 must be divided by m2c2, and writing y = (σ · (p + eA))2/m2c2 we
may deduce an expression for a general function that is very similar to the one for the
electric perturbations,

f (y) = f (x)+ 1

m2c2

∞∑
k=1

[
x, (2A · p + �σ · B)

](k−1) 1

k!
(

d

dx

)k
f (x)+ · · · . (H6)
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The pure kinetic corrections come from ε̂p, which we expand to O(c−4) to obtain

mc2ε̂p = mc2êp + eY
1

4mêp
+ [∇2, Y

] e�2

8m3c2ê3
p

+ [∇2,
[∇2, Y

]] e�4

16m5c4ê5
p

+ · · ·
(H7)

where Y = 2A · p + σ · B. For a constant magnetic field all the commutators vanish,
leaving only the first term in Y . If we expand êp in powers of p2/m2c2 we get the
kinetic correction to the Pauli operator, given in (16.105). The expression given here
is not symmetric but is easily symmetrized in the expansion by halving each term and
commuting Y to the right and to the left, instead of only commuting Y to the left.

The cross terms between the magnetic field and the potential come from the field-
dependent FPFW potential term,

ÂYV ÂY + 1

m2c2
Q̂Y
(
σ · (p + eA)V σ · (p + eA)

)
Q̂Y

= ÂYV ÂY + 1

m2c2
Q̂Y
(
σ · pV σ · p + e2σ · AV σ · A + 1

2e(V Y + YV ) (H8)

+ eσ · (∇V )× A
)
Q̂Y

where the superscripts indicate field-dependent operators. When expanding these oper-
ators, the field term Y is commuted to the left or the right, depending on where the
primed operator is located, to give a symmetric expression. With similar manipulations
of the terms of various orders, we arrive at an expression correct to O(c−4) for the
cross terms,

e

m2c2
Q̂ σ · (∇V )× A Q̂

+ e

m4c4

(
Y

1

8ê3
p

Q̂
[
V,p2] Q̂ + Q̂

[
p2, V

]
Q̂ 1

8ê3
p

Y

+ Y
2êp + 1

4ê2
p(1 + êp)

Q̂ σ · p
[
V, σ · p

]
Q̂

+ Q̂
[
σ · p, V

]
σ · p Q̂ 2êp + 1

4ê2
p(1 + êp)

Y

+ [
p2, Y

] 2ê2
p + 2êp + 1

16ê3
p(1 + êp)

Q̂V Q̂

+ Q̂V Q̂
2ê2
p + 2êp + 1

16ê3
p(1 + êp)

[
Y,p2]).

(H9)

The scalar term of O(c−2) has vanished, leaving only a spin–orbit term, which agrees
with the Pauli value in the limit Q̂ → 2.



494 APPENDICES

It remains to consider the Douglas–Kroll and Barysz–Sadlej–Snijders transforma-
tions. Since these corrections have leading order c−4, the magnetic terms of this order
arise from the commutator

[
V, σ · (p + eA)

] = [
V, σ · p

]
, which is independent of

the field. Hence, there is no contribution from either transformation to the field at
O(c−4). Because this commutator is field-independent, all the corrections arise from
the expansion of the kinematic factors, and are of leading order c−6.



Appendix I

Gauge Term Contributions from
the Breit Interaction to the
Breit–Pauli Hamiltonian

In this appendix, we develop the two-electron terms for the Breit–Pauli Hamiltonian
arising from the gauge term of the Breit interaction. We derive the expressions using
the modified Dirac operators given in (F3). In the reduction of the spin-dependence in
the derivation of (F3), no account was taken of the order of the momentum operators,
assuming that they would all operate on basis functions. Now, however, we wish to
write it in a form in which the momentum operators are all operating to the right. As for
the contributions to the Gaunt interaction, we may split the contributions to the gauge
term into three classes. The first class comprises the spin-free operators, for which we
can readily insert the 1/2r3

ij terms in the appropriate places, giving

1

2r3
ij

(rij × pi ) · (rij × pj )− (pi × rij )
1

2r3
ij

· (rij × pj )

− (pj × rij )
1

2r3
ij

· (rij × pi )+ (pi × rij ) · (pj × rij )
1

2r3
ij

. (I1)

The first term needs no further consideration because pi here is taken not to operate
on (rij × pj ). In the second term, we rearrange the scalar quadruple product and
differentiate (omitting the factor of � from p) to give

(pi×rij )
1

2r3
ij

·(rij ×pj )=
(

pi · rij
2r3
ij

)
(rij ·pj )−

(
pi

1

2rij
·pj
)

=−2πiδ(rij )(rij ·pj )+ i

r3
ij

(rij ·pj )+ 1

2r3
ij

(rij (rij ·pj )·pi )− 1

2rij
(pi ·pj )

= i

r3
ij

(rij ·pj )− 1

2r3
ij

(rij ×pi )·(rij ×pj ). (I2)
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The term involving the delta function vanishes because it multiplies a term involving
rij . Similarly, for the third term, we get

(pj × rij )
1

2r3
ij

· (rij × pi ) = − i

r3
ij

(rij · pi )− 1

2r3
ij

(rij × pj ) · (rij × pi ). (I3)

For the fourth term, we have

(pi × rij ) · (pj × rij )
1

2r3
ij

= −(∇i · ∇j )
1

2rij
+
(

∇i

(
∇j · rij

2r3
ij

)
· rij

)
. (I4)

The first part of this expression yields the result

−(∇i · ∇j )
1

2rij
= −2πδ(rij )+ i

2r3
ij

(rij · pi )− i

2r3
ij

(rij · pj )+ 1

2rij
(pi · pj ). (I5)

In the second part, we first apply ∇j to give

(
∇i

(
∇j · rij

2r3
ij

)
· rij

)
= 2π∇i · [δ(rij )rij ]+ ∇i · rij

2r3
ij

+
(

∇i · rij
2r3
ij

)
(rij · ∇j ).

(I6)

The first term is zero, and the second can be straightforwardly differentiated. In the
third term, the differentiation of rij /2r3

ij to give a delta function produces a zero overall
result because of the presence of rij . The second part is therefore

(
∇i

(
∇j · rij

2r3
ij

)
·rij
)

=−2πδ(rij )+ i

2r3
ij

(rij ·pi )− i

2r3
ij

(rij ·pj )− 1

2r3
ij

(rij (rij ·pj )·pi ).
(I7)

Adding the two parts together, we get

(pi × rij ) · (pj × rij )
1

2r3
ij

= −4πδ(rij )+ i

r3
ij

[
(rij · pi )− (rij · pj )

]

+ 1

2rij
(rij × pj ) · (rij × pi ). (I8)

Summing all the spin-free contributions gives

ĝgauge,sf = 1

2

∑
i 
=j

1

m2c2

[
1

2rij
(pi · pj )− 1

2r3
ij

(rij (rij · pj ) · pi )

+ i

2r3
ij

(rij · pi )− i

2r3
ij

(rij · pj )− πδ(rij )
]
. (I9)
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The reduction of the remaining contributions from the gauge term is extremely
tedious, and in fact gives a zero contribution to the operator to O(c−2). Thus, there
is no spin-dependent contribution from the gauge term for the relativistic correction to
the electron–electron interaction to the Breit–Pauli Hamiltonian.



Appendix J

Approximations in Relativistic Density
Functional Theory

Prior to the wholesale adoption of DFT by quantum chemists, a variety of approxima-
tions were used to implement DFT methods in relativistic and nonrelativistic programs.
A large portion of the literature on relativistic effects from DFT calculations is due to
these programs, most of which are still in use today. In this appendix, we briefly
describe some of these approximations.

The first approximation to make an impact on quantum chemistry was from the
“multiple scattering Xα” (MSXα) method developed by Slater (1960, 1972, 1974),
Johnson (1973), and others in the early 1970s. To deal with the absence of spherical
symmetry in the general molecular problem, the muffin-tin approximation was adopted
from solid-state physics. In this approximation, each atom is surrounded by a spherical
domain within which the potential is assumed to be spherical. All the atomic spheres
(which are made to touch) are then surounded by an overall molecular sphere, and
a constant potential is assumed in the intersphere region. Using standard numerical
techniques (partly adapted from scattering theory, hence the MS), the single-particle
equations could be solved within each of these regions, and the solutions then joined at
the boundaries. The MSXα method has provided a number of interesting and valuable
results, in particular for properties directly related to electronic structure and energy
levels. Due to the muffin-tin approximation, the method was less reliable in predicting
molecular structures, and typically worked best for highly symmetric systems. The
extension of the MSXα method to the relativistic case was done by Case and Yang
(Case and Yang 1980, 1982; see also Cartling and Whitmore 1976). Programs that are
descendants of the relativistic MSXα code are still successfully applied to the properties
of large, (preferably) symmetric molecules (Alvarez-Thon et al. 2001).

A different approach was developed by Baerends, Ellis, and Ros (1973). In addi-
tion to adopting the Slater potential for the exchange, their approach had two distinct
features. The first was an efficient numerical integration procedure, the “discrete vari-
ational method” (DVM), which permitted the use of any type of basis function for
expansion, not only Slater-type orbitals or Gaussian-type orbitals, but also numerical
atomic orbitals. The second feature was an evaluation of the Coulomb potential from
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an analytic fit of one-center functions, as is done in many modern programs. Thus, the
density is approximated by the expansion

ρ(r) =
∑
λ

aλfλ(r) (J1)

where {fλ} is a set of suitable atom-centered functions. The method has been called
“discrete variational Xα” (DV-Xα), and was extended to the relativistic Dirac–Slater
method by Rosén and Ellis (Rosén 1997, Rosén and Ellis 1975). The introduction of
4-spinors into the method was facilitated by the rather general nature of the DVM
approach. The relativistic version also employed symmetry-adapted spinors gener-
ated by double-group projection operators. The relativistic calculations done with this
method have mainly dealt with electronic structure, and photoelectron and optical spec-
tra. The approach has been used extensively by Fricke, Pershina, and coworkers (Fricke
et al. 1997, Pershina 2004) for the study of compounds involving superheavy elements.

Relativistic corrections have also been included in DFT calculations using per-
turbation theory, first by Herman and Skillman (1963) and later by Snijders and
Baerends (Snijders 1979, Snijders and Baerends 1977, 1978). Following a non-
relativistic Hartree–Fock–Slater calculation, first-order perturbation theory was used
to calculate the relativistic corrections from the Breit–Pauli terms of O(c−2). Herman
and Skillman applied this approach to first order only for the energies.

In the approach by Snijders and Baerends, the spinors φ0
i from the nonrelativistic

equation satisfy the equation

f̂0φ
0
i = ε0

i φ
0
i . (J2)

The mass–velocity corrections to the orbital energy and the orbital are calculated from

(
f̂0 − ε0

i

)
φmvi = (〈φ0

i |f̂mv|φ0
i 〉 − f̂mv

)
φ0
i (J3)

where f̂mv is the mass–velocity operator. Similar equations hold for the Darwin and
spin–orbit terms. In addition, they also accounted for the change in potential due to
the relativistic change of the density, given by the perturbation equation

(
f̂0 − ε0

i

)
φ

pot
i = (〈φ0

i |V 1(ρ′)|φ0
i 〉 − V 1(ρ′)

)
φ0
i (J4)

with the first-order change of the density given by

ρ′ = 2c2
N∑
i=1

niφ
0
i φ

1
i . (J5)

The total first-order correction to the orbital is then

φ1
i = φmvi + φDi + φSOi + φ

pot
i . (J6)
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As we see, this changes the potential V 1(ρ′) that determines φpot
i , and thus (J4) must

be solved iteratively.
In actual applications of the method, Snijders and Baerends used a frozen core and

incorporated core relativistic effects by using atomic all-electron relativistic orbitals.
This is because the Pauli Hamiltonian is not bounded from below. The orthogonality
requirement against the core prevents the orbitals from collapsing. With this approach
they were able to reproduce quite accurately the valence shell orbital energies from
fully relativistic all-electron Dirac–Slater calculations for atoms.



Appendix K

The Cowan–Griffin and
Wood–Boring Equations

The Cowan–Griffin Hamiltonian was developed for spin-free relativistic atomic calcu-
lations (Cowan and Griffin 1976). However, it has also found some use as a starting
point for developing spin-free relativistic Hamiltonians for molecular application. Here,
we show the form of this operator, and the associated spin–orbit correction. For atoms,
the Cowan–Griffin Hamiltonian follows directly from the radial form of the atomic
Dirac equation (7.29), which may be given as

[
d2

dr2
− κ(κ+1)

r2
+2(E−V )+ 1

c2
(E−V )2

+ 1

(2c2+E−V )
dV

dr

(
d

dr
− 1

r

)
+ 1

(2c2+E−V )
dV

dr

(
κ+1

r

)]
P =0. (K1)

The first three terms here are easily recognized as the nonrelativistic Hamiltonian. Terms
four and five are related to the mass–velocity and Darwin operators, respectively. For
the mass–velocity term, this is easily seen by making the approximate substitution
E − V ≈ T̂ , and inserting the usual nonrelativistic expression for the kinetic energy
operator. For the Darwin term, integration by parts yields the second derivative of
the potential, which is the Pauli Darwin operator. The last term of the operator above
contains the one-electron spin–orbit interaction, which we can cast in a more familiar
form by replacing κ + 1 with the corresponding operator expression −σ · �. This
equation is in fact the Wood–Boring equation. By dropping the last term, we obtain the
spin-free Cowan–Griffin equation. We can now apply this in numerical calculations for
many-electron atoms using the Coulomb interaction between the electrons. Note that
the E of the expression above must be then replaced by the orbital energies εn to be
consistent. Also, the equation is for the large component, which is neither normalized
nor orthogonal to the large components for other spinors or orbitals. Orthogonalization,
which would be required in an SCF method for many-electron atoms, is therefore an
approximation because the metric that corresponds to the Cowan–Griffin equation is
not unity.
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If we want to incorporate spin–orbit effects, either subsequent to a spin-free rel-
ativistic calculation using this operator or directly as a first step using a modified
operator, we must include the previously discarded last term of the large component of
the Dirac equation above. For atoms, this was first done by Wood and Boring (1978),
who used the operator perturbatively.



Appendix L

Supplementary Reading

Relativistic quantum chemistry is a subject that draws on many different fields of
theory, such as special relativity, QED, and group theory, to mention only a few. For
the practicing researcher, eager to apply the theory to the needs at hand, the prospects of
sifting through volumes of information in order to come up with a workable platform of
knowledge are not appealing. It is to help with this task that the present book has been
written. However, in this process we have had to make a choice of what to include,
and we realize that there are certainly those among our readers who wish for more or
different information. We expect that these wishes go in two main directions—toward
the pedagogical for fuller explanations of background and derivations, and toward the
advanced treatment with more sophisticated physics and leading-edge applications.

For this reason, we provide here a list of supplementary reading. The list falls into
three parts: textbooks, review volumes, and bibliographies. Some of the books referred
to are out of print, or at least difficult to obtain, but a good science library should be
able to provide most of these.

Textbooks

Special Relativity

Most introductory physics textbooks contain chapters on special relativity. The
following two books are exclusively devoted to the subject.

French A. P. 1968. Special Relativity. W. W. Norton: New York.
Rindler W. 1987. Introduction to Special Relativity. Oxford University Press: New York.
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Relativistic Quantum Mechanics

There are a large number of physics textbooks that deal with relativistic quantum
mechanics. The first four books on the list below are general texts that include chapters
on relativistic quantum mechanics, the others are exclusively devoted to the subject.

Merzbacher E. 1970. Quantum Mechanics, 2nd edn. John Wiley & Sons: New York.
Messiah A. 1961. Quantum mechanics. Vol. II. North-Holland: Amsterdam.
Sakurai J. J. 1967. Advanced Quantum Mechanics. Addison-Wesley: London.
Schiff L. I. 1968. Quantum Mechanics, 3rd edn. McGraw-Hill Kogakusha: New York.
Bjorken J. D. and Drell S. D. 1964. Relativistic Quantum Mechanics. McGraw-Hill: New York.
Das T. P. 1973. Relativistic Quantum Mechanics of Electrons. Harper & Row: New York.
Moss R. E. 1973. Advanced Molecular Quantum Mechanics: An Introduction to Relativistic

Quantum Mechanics and the Quantum Theory of Radiation. Chapman and Hall: London.
Rose M. E. 1961. Relativistic Electron Theory. Wiley: New York.
Strange P. 1998. Relativistic Quantum Mechanics: With Applications in Condensed Matter and

Atomic Physics. Cambridge University Press: Cambridge.
Thaller B. 1992. The Dirac Equation. Springer: Berlin.

QED

Again this is treated in many physics textbooks. The first two listed here are the classical
references in the field, the third is oriented more towards molecular physics.

Berestetskii V. B., Lifshitz E. M., and Pitaevskii L. P. 1982. Quantum Electrodynamics,
2nd edn. Pergamon: Oxford.

Bjorken J. D. and Drell S. D. 1965. Relativistic Quantum Fields. McGraw-Hill: New York.
Craig D. P. and Tirunamachandran T. 1999. Molecular Quantum Electrodynamics.

Dover: New York.

Double-group Symmetry

Treatments of double-group symmetry are usually hidden in general texts on group
theory or relativistic physics. Some useful discussion may be found in the following
texts.

Brink D. M. and Satchler G. R. 1993. Angular Momentum, 3rd edn. Oxford University Press:
Oxford.

Jones H. F. 1998. Groups, Representations and Physics. Institute of Physics Publishing: Bristol.
Tinkham M. 1964. Group Theory and Quantum Mechanics. McGraw-Hill: New York.

Quaternions and Clifford Algebras

Adler S. L. 1995. Quaternionic Quantum Mechanics and Quantum Fields. Oxford University
Press: Oxford.

Lounesto P. 2001. Clifford Algebras and Spinors. Cambridge University Press: Cambridge.
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Review Volumes

Malli G. L. (ed.) 1983. Relativistic Effects in Atoms, Molecules, and Solids. Plenum: New York.
Grant I. P., Gyorffy B., and Wilson S. (eds.) 1990. The Effects of Relativity in Atoms,

Molecules and the Solid State. Plenum: New York.
Malli G. L. (ed.) 1994. Relativistic and Correlation Effects in Molecules and Solids. Plenum:

New York.
Balasubramanian K. 1997. Relativistic Effects in Chemistry. Part A: Theory and Techniques.

Wiley: New York.
Balasubramanian K. 1997. Relativistic Effects in Chemistry. Part B: Applications. Wiley:

New York.
Hess B. A. (ed.) 2002. Relativistic Effects in Heavy Element Chemistry and Physics.

John Wiley & Sons: New York.
Schwerdtfeger P. (ed.) 2002. Relativistic Electronic Structure Theory. Part 1: Fundamentals.

Elsevier: Amsterdam.
Schwerdtfeger P. (ed.) 2004. Relativistic Electronic Structure Theory. Part 2: Applications.

Elsevier: Amsterdam.
Kaldor U. and Wilson. S. (eds.) 2003. Theoretical Chemistry and Physics of Heavy and

Superheavy Elements. Kluwer Academic: Dordrecht.
Hirao K. and Ishikawa Y. (eds.) 2004. Recent Advances in Relativistic Molecular Theory.

World Scientific: Singapore.

Bibliographies

The most comprehensive bibliography is that prepared by Pyykkö. The online version
can be found at http://www.csc.fi/rtam/. The published books, which include some
classification and commentary, are listed below.

Pyykkö P. 1986. Relativistic Theory of Atoms and Molecules (Lect. Notes. Chem. vol. 41).
Springer-Verlag: Berlin.

Pyykkö P. 1993. Relativistic Theory of Atoms and Molecules II (Lect. Notes. Chem. vol. 60).
Springer-Verlag: Berlin.

Pyykkö P. 2000. Relativistic Theory of Atoms and Molecules III (Lect. Notes. Chem. vol. 76).
Springer-Verlag: Berlin.

http://www.csc.fi/rtam/
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Abelian groups, 75
accuracy

Douglas–Kroll–Hess calculations, 309
FPFW-transformed Hamiltonian, 305
model potential approximations, 419
nuclear properties with

pseudospinors, 426
Pauli relativistic corrections, 458
pseudopotential approximation, 414
pseudopotential energies, 406, 410
pseudopotential fitting, 414
spin-free approximate methods, 458

additivity of relativity and correlation, 335
α and β matrices, 42
angular functions

Dirac vs Schrödinger, 105
explicit expressions, 104
general expression, 103
nonrelativistic, 101
rotation of, 72

angular momentum, total, 71
annihilation operators, 58

under time reversal, 137
antilinear operators, 92
antiparticles, 130
antiunitary operators, 92
approximations

to angular expansion in model
potentials, 423

to angular expansion in
pseudopotentials, 415

to large-small transformation in
NESC, 392

no-pair, 211
nonrelativistic atoms in NESC, 393
to pseudospinors for model potentials, 419
in shape-consistent pseudospinors, 409
to small-component two-electron

integrals, 206
for spinor-independence of

pseudopotentials, 405
atomic balance, 201

Barysz–Sadlej–Snijders Hamiltonian, 313
electric properties, 315
magnetic properties, 321

basis functions
2-spinor, 175
for boson irreps, 480
Cartesian Gaussian, 201
effect of finite nucleus, 115
for fermion irreps, 481, 482
Gaussian, general definition, 198
merits of contraction in modified Dirac

formalism, 294
for pseudopotential, 414
relation between small- and

large-component, 178
scalar, 193
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basis functions (cont.)
spin space, 77
symmetry phase, 162

basis sets
dual family, 202
energy-optimized, 203
j -based, 204
linear dependence issues, 201
for modified Dirac equation, 291
for nuclear properties, 203, 259
requirements for relativistic, 198
sensitivity of Pauli calculations to, 327
size reduction from time reversal, 139
small-component, in regular

approximation, 377
symmetry-adapted, 188
well-tempered, 202

bond lengths
nuclear mass effect, 235
relativistic decrease, 4
spin-free relativistic effects, 458

bond order
spin–orbit reduction, 462
spin-free relativistic effects, 460

Born–Oppenheimer frame, 45
boson irreps, 76
Breit interaction, 67
Breit–Pauli Hamiltonian, 331
Brown–Ravenhall disease, 68

canonical momentum, 36
center-of-mass frame, 235
character tables, examples of,

74–76, 150
charge

conjugation, 56
conservation, 43, 60
conventions, 36
vacuum, 61

charge density, 18, 261
approximation to small-component, 206
atom-centered expansion in

DFT, 499
decomposition into 2-spinor form, 181
Dirac, 43
Kohn–Sham, 264
normalization in DFT, 263
symmetry, 167
time independence, 44
two-particle, 271
uniqueness, 263

commutation relations
α matrices, 42
angular momentum operators, 71
creation and annihilation operators, 58
even and odd operators, 299
group elements and time reversal, 149
Kramers single- and double-replacement

operators, 142
Pauli matrices, 38
quaternions, 155
spin excitation operators, 445

complex conjugation operator, 56, 93
configuration state functions, 172
continuity equation, 18, 43
continuum dissolution, 68
contracted basis sets

atomic balance in, 201
Douglas–Kroll–Hess, 310
kinetic balance in, 200
in modified Dirac formalism, 293, 294
NESC, 393
scalar, large-component linear

dependence, 202
use with Pauli operators, 327

conventions
for order of relativistic corrections, 323
rest mass symbol, 40
symbol for charge, 36

convergence
of expansions in 1/c2, 311, 340
of second-order optimization

methods, 232
of ZORA perturbation series, 365

correction vector, CI, 223
correlated calculations

model potential issues, 423
pseudopotential issues, 413
reference state, 209
role of negative-energy states, 211
spin–orbit symmetry breaking, 216

correlation
definition of, 207
geometric relativistic correction, 469
nondynamical, 210, 218
perturbative treatment with

relativity, 333
relativistic correction, 335

correspondence principle, 35
cost comparisons

CI calculations, 227
integral transformations, 212
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KRCCSD calculations, 218
modified Dirac integrals, 293, 294
MP2 calculations, 214
SCF calculations, 205, 293
two-electron integrals, 204

Coulomb gauge, 22
electric properties in, 237
electron–electron interaction in, 65
and molecular structure, 236

Coulomb interaction
classical, 23
modified Dirac, 287
partitioning in regular approximation

SCF equations, 375
ZORA approximations, 372

Cowan–Griffin equation, 501
creation operators, 58

under time reversal, 137
current density, 18

contribution to DFT energy, 271
decomposition into 2-spinor form, 182
Dirac, 43
exchange-correlation hole, 272
scalar expansion, 196
time reversal relations, 143
two-particle, 271
See also four-current

current–current interaction, 67

d’Alembertian, 18
Darwin operator

Lamb shift correction to, 331, 332
model potential representation of

Cowan–Griffin, 424
one-electron, 302, 326
two-electron, 328

Davidson method, 222
density functionals

Gaunt contribution to, 271
local, 266
nonrelativistic uniform electron

gas, 267
relativistic corrections to, 272
universal, 264
Xα, 267

density matrix
in 2-spinor basis, 182
factorization of one-particle CI, 226
first-order, 122
in Kramers-restricted 2-spinor basis, 185
one-particle, 122

one-particle CI, 224
one-particle Kramers-restricted, 231
reduced scalar, 195
reduction of one-particle CI, 225
in scalar basis, 195
second-order, 124
two-particle, 124
two-particle CI, 224
two-particle Kramers-restricted, 231

determinants
grouping by MK , 169
as many-electron Kramers-pair basis, 172
in terms of A and B strings, 145
notation for, 210

diamagnetic term, 250, 252
differential operator, four-space, 18
dipole moment, electric, 238

Barysz–Sadlej–Snijders operator, 317
of electron, 257
Pauli operator, 314
of proton, 258

dipole moment, magnetic, 243
Dirac energy

bounds, 179–181
hydrogenic point nuclear, 110
relation to ZORA energy, 359

Dirac equation
in 2-spinor basis set, 176
eigenvalue spectrum, 111
Lorentz invariance, 43
matrix, nonrelativistic limit, 177
modified, 279
nonrelativistic limit, 51
radial, 106
in scalar basis set, 194
time-dependent, 41
time-independent, 44
in two-component form, 49

Dirac Hamiltonian
invariance under rotation, 88
one-electron, 71
partitioning for DPT, 337
second-quantized one-particle, 60
symmetry group, 90
time-independent, 44
in terms of excitation operators, 139
in terms of Kramers replacement

operators, 144
Dirac matrices, 42

spin and spatial rotation of, 87
time reversal symmetry of, 136
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Dirac relation, 38
Dirac–Kohn–Sham equation, 270, 273

ZORA approximation to, 373
direct CI method, 224
direct terms in SCF potential

2-spinor matrix, 183
expansion in 1/c, 348
pseudopotential partitioning of, 406
time-reversal reduction of

2-spinor, 185
dispersion interactions, retardation of, 67
double groups

definition of, 73
irrep dimensions, 74, 75
number of classes, 76
order of, 73
real, complex, and quaternion, 171

Douglas–Kroll Hamiltonian, 307
electric properties, 315
use in model potentials, 425

Douglas–Kroll transformation, 306
importance of two-electron, 308

effective potential (DFT), 265
eigenvalue spectrum

Dirac, 111
IORA, 368
modified Dirac, 281
pseudopotential, 406
ZORA, 359

eigenvalues
atomic spinor, 110
Dirac free-particle, 47
effect of dynamics and potential

on atomic, 454
SDPT, 350

electric field, 18
electric properties, 238

Barysz–Sadlej–Snijders, 315, 317
comparison of DPT and Pauli, 353
comparison of regular approximation

and Pauli, 378
contribution of negative-energy

states, 247
dipole moment, 238
Douglas–Kroll, 315, 317
FPFW-transformed, 315
modified Dirac, 284
NESC matrices, 394
partitioning of FPFW, 316
Pauli relativistic corrections, 314

quadrupole moment, 238
regular approximation, 378

electron density
See charge density

electron spin resonance, 244
electron–electron interaction, 65
electroweak interaction, 256
energy

atomization, relativistic effects on, 458
bond, spin–orbit reduction of, 463
DPT Dirac-Fock, 348
DPT second- and fourth-order, 339
DPT, in modified Dirac form, 343
expansion as function of geometry, 468
FORA, 363
frozen-core valence, 410
IORA second-order perturbation, 369
IORA, relation to ZORA and

Dirac, 369
ligand binding, relativistic

effects on, 460
MP2, 213
MSCSF, expansion of, 230
NESC and UESC perturbative

corrections, 387
open-shell KRCCSD, 221
promotion, for hybridization, 463
pseudopotential, 410
reaction, relativistic effects on, 458
relation of Pauli to DPT, 339
scaled ZORA, 370
shifted, in spin-orbit CI, 449
ZORA, 359
ZORA second-order perturbation, 365

Euler–Lagrange equation, 264, 265
exchange terms in SCF potential

2-spinor matrix, 184
expansion in 1/c, 348
regular approximations, neglect

of, 376
time-reversal reduction of

2-spinor, 187
exchange-correlation energy

functional, 265
exchange-correlation hole, 271, 272
exchange-correlation potential, 265
excitation operators

coupled-cluster, 216
one-particle, 137
singlet and triplet, 139
two-particle, 139
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Fermi contact interaction, 330
fermion functions

2π rotation of, 73
degeneracy, 97

fermion irreps, 76
See also irreps, irrep classification

Feynman diagrams, 64
Feynman gauge, electron–electron

interaction in, 65
fine structure constant, 322
finite nucleus

behavior of pseudo-large
component at, 283

behavior of wave function at, 114
comparison of models, 117
effect on basis sets, 115
Fermi two-parameter distribution, 115
Gaussian distribution, 116
magnetic interactions, 255
potential, 115
quadrupole moment, 253
uniform distribution, 115

Fock matrix
2-spinor, 183
Dirac–Kohn–Sham, 273
Gaunt contribution to 2-spinor, 186
Gaunt contribution to scalar, 197
generalized, 231
high-spin open-shell, 191
open-shell doublet, 189
scalar, 195
skeleton, 187
spinor, 124
symmetry reductions in, 188
for two open shells, 190

Fock operator
core, 398
pseudopotential partitioning, 406
regular approximation, 373

Fock space, 58
Foldy–Wouthuysen transformation

exact, 296
expansion in 1/c, 300
free-particle, 298, 303
including vector potential, 318
magnetic free-particle, 320
normalized modified matrix, 388
regular approximation mean-field, 373
regular approximation one-electron, 367
unnormalized modified matrix, 385

force constants, 468

four-current
definition, 19
in energy expression, 268
in relativistic DFT, 269

four-vectors, 10
differential operators, 18
momentum, 16
potential, 22
velocity, 42

frames of reference, 6
Born–Oppenheimer, 45, 236
center-of-mass, 235

Frobenius–Schur test, 152
frozen-core approximation, 396

Galilean transformation, 7
gauge

consistency of, 241
Coulomb, 22
definition, 20
electric, 20
Feynman, 65
Lorentz, 21
magnetic, 21
origin, 241

gauge dependence
basis-set effects, 241
Douglas–Kroll Hamiltonian, 307
IORA Hamiltonian, 370
in relativistic DFT, 269
ZORA Hamiltonian, 361

gauge term
Breit interaction, 67
contribution to Breit–Pauli

Hamiltonian, 495
electron–electron interaction, 66
modified Dirac representation, 486

gauge transformation, 20, 240
and basis-set expansions, 241
for transformed magnetic operator, 252
of wave function, 240

Gaunt interaction, 67
Breit–Pauli terms from, 328
contribution to density functional, 271
contribution to direct terms of

Fock matrix, 183
electron–proton, 254
modified Dirac, 289
permutational symmetry

of integrals, 144
in scalar basis, 196
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generators
of Lorentz group, 99
of rotation group SO(3), 82
of unitary group, 137

gradient
4-spinor, 121
DFT, 273
MCSCF, 231
model potential, 420
negative-energy state contributions, 132
one-electron contribution, 4-spinor,

122, 129
pseudospinor, 411
two-electron contribution, 4-spinor, 124

ground state, 122
of Dirac Hamiltonian, 129
of QED Hamiltonian, 130

group chain, 152
groups
O(3), 81, 89
SO(3), 82
SU(2), 79
U(N), 137
Lorentz, 99
See also double groups

gyromagnetic ratio
electron, 243
nuclear, 244

Hamiltonian
Barysz–Sadlej–Snijders, 313
Breit Pauli, 331
classical relativistic, 40
CPD, 357
Dirac, time-independent, 44
Douglas–Kroll, second-order, 307
Douglas–Kroll, third-order, 308
Douglas–Kroll–Hess, 309
DPT partitioning of modified

Dirac, 342
electron electric dipole moment, 257
electroweak interaction, 256
exact Foldy–Wouthuysen-transformed,

297
FORA, 363
FPFW-transformed Dirac, 303
free-particle Foldy–Wouthuysen, 298
Lévy-Leblond, 337
magnetic finite nuclear, 255
modified Dirac, 280
NMR effective, 248

nonrelativistic, 36
nonrelativistic with vector potential, 39
normalized IORA, 367
Pauli, 302, 326
proton electric dipole moment, 258
pseudopotential, 409
QED, 61
spin-free FPFW-transformed Dirac, 304
spin-free modified Dirac, 280
valence, 398
ZORA, 357
See also Dirac Hamiltonian; Hamiltonian,

second-quantized
Hamiltonian matrix, many-particle

block structure, 170
effective, in CIPSO method, 447
effective, spin-orbit effects in, 448
integral class contributions to, 171
in real basis, 147
symmetry about diagonals, 147
symmetry blocking, 172
time-reversal reduction, 171
time-reversal symmetry of elements, 147

Hamiltonian, second-quantized
Dirac–Coulomb in terms of excitation

operators, 139
general form, 119
Kramers-restricted Dirac–Coulomb–Breit,

144
Møller–Plesset zeroth-order, 213
nonrelativistic, 443
QED, 132
symmetry reduction for real and complex

groups, 169
Hessian

model potential, 420
pseudospinor, 412
spinor, 122
spinor, one-electron contributions, 123, 129
spinor, two-electron contributions, 125

Hohenberg–Kohn theorem, 262, 263
Huzinaga–Cantu equation, 419
hybridization
p1/2–p3/2, 462, 463
relativistic, 466
s–p, 465

hyperfine coupling tensor, 244

integrals
See one-electron integrals, two-electron

integrals
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interaction
Breit, 67
Coulomb, 67
current–current, 67
electroweak, 256
Fermi contact, 330
FPFW-transformed Coulomb, 308
Gaunt, 67
modified Coulomb, 287
modified Gaunt, 289
orbit–orbit, 330, 487
regular approximation transformed

Coulomb, 371
spin–other–orbit, 329
spin–spin dipole, 330
two-electron spin–orbit, 288, 328

intrinsic properties, definition, 234
inversion operator

and electroweak interactions, 256
four-component, 90
four-space, 99

inversion symmetry, breaking of, 256
IORA equation, 367

modified Dirac representation, 391
irrep classification

Frobenius–Schur test, 152
using group chain, 152
by matrix type, 156
using representation matrices, 150

irreps
boson and fermion, 76
definition, 477
degeneracies due to time reversal, 151
dimensions of, 73
matrix element properties for, 167

Jahn–Teller distortion, spin–orbit
quenching of, 467

Kappa operator, 102
kappa quantum number, 103

in bonding rules, 465
kinematic factors

definition, 303, 304, 312
expansion in 1/c, 305
matrix elements, 310
with magnetic field, 320

kinetic balance, 178
for contracted basis functions, 201
restricted and unrestricted, 200
role in variational bounds, 181

kinetic energy
2-spinor matrix elements, 176
Dirac operator, 136
expansion of 4-component operator, 193
interacting (DFT), 265
noninteracting (DFT), 264
relativistic correction, 385
scalar matrix elements, 194
time reversal symmetry of Dirac

operator, 136
two-component operator, 312

kinetic momentum, 36
Kohn–Sham equations, 266

relativistic, 270
Kohn–Sham orbitals, 264
Kramers basis, 140
Kramers double-replacement

operators, 142
Kramers pairs

2-spinor basis, 184
block-diagonalizing matrices

over, 153
creation operator for, 145
definition, 97
general spinor basis, 136
many-electron, 172
symmetry classification of, 150, 151
symmetry transformation of, 149

Kramers permutation operator, 141
Kramers restriction, 136
Kramers single-replacement

operators, 140

Lagrange multipliers, SCF equations, 401
Lamb shift, 68

approximations to, 331
effect on spinor degeneracy, 111

Laplacian, 18
large component

2-spinor basis set expansion, 175
definition, 45
Gaussian 2-spinor basis functions, 198
hydrogenic radial function, 107
inversion symmetry, 90
leading power of r , 113
linear dependence in contracted scalar

basis, 202
magnitude, 52
normalization factor, 109
orthogonality, 383, 384
power series, 112
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large component (cont.)
radial function, 101
reflection symmetry, 91
relation to Foldy–Wouthuysen wave

function, 297
rotation-inversion symmetry, 91
scalar basis set expansion, 193
symmetry of boson constituents, 160
symmetry relation to small

component, 161
vanishing, 112

level shift, model potential, 419
Lienard–Weichart potential, 24
linear dependence, in scalar basis sets,

201, 202
local exchange functional

nonrelativistic, 267
relativistic corrections to, 272

London orbitals, 242
Lorentz factor, 8
Lorentz force equation, 25
Lorentz gauge, 21
Lorentz transformation, 10

general, 11
operator, 98

Lorentz–Fitzgerald contraction, 9
Lévy-Leblond functional, 344
Lévy-Leblond Hamiltonian, 337

magnetic dipole moment, 243
magnetic field, 18

nuclear, 244
uniform, 241

magnetic properties
comparison of DPT and Pauli, 354
comparison of regular approximation

and Pauli, 379
contribution of negative-energy

states to, 247
diamagnetic term, 250
finite nuclear, 255
free-particle Foldy–Wouthuysen, 321
kinetic correction, DPT, 355
kinetic correction, FPFW, 321, 493
kinetic correction, Pauli, 320
kinetic correction, regular

approximation, 380
magnetic dipole moment, 243
modified Dirac, 284
NESC matrices, 394
NMR, 248

paramagnetic term, 250
Pauli relativistic corrections, 319, 320
potential-dependent corrections,

FPFW, 493
potential-dependent corrections,

Pauli, 319
QED effects on, 248
regular approximation, 379

many-body problem, in Dirac theory, 55
many-particle states

partitioning in CIPSO method, 447
real basis, 147
in second quantized form, 145
in terms of A and B strings, 146
time reversal of, 146

mass
relativistic increase in, 13, 235
rest, 13, 40

mass–velocity operator, 302, 326
model potential representation of

Cowan–Griffin, 424
matrices

density, modified Dirac, 389
density, NMFW, 390
Dirac, 42
direct and exchange, modified

Dirac, 389
direct and exchange, NESC, 390
direct and exchange, NMFW, 390
functions of, 310
Hamiltonian, modified Dirac, 382
large-small transformation, 383, 389
large-small transformation, atomic

approximation, 392
large-small transformation, regular

approximation, 391
metric, modified Dirac, 382
one-electron, contracted NESC, 393
one-electron, NMFW, 388
one-electron, UESC and NESC, 384
Pauli, 37

matrix elements
density, in scalar basis, 195
kinetic energy, 2-spinor, 176
kinetic energy, in scalar basis, 194
many-electron Hamiltonian, in real

basis, 147
many-electron Hamiltonian, integral class

contributions to, 171
many-electron Hamiltonian, time reversal

symmetry, 147
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many-electron spin–orbit, 436
one-electron, in 2-spinor basis, 176
one-electron, in scalar basis, 194
one-electron, under time reversal,

138, 142
overlap, 2-spinor, 176
overlap, in scalar basis, 194
overlap, pseudospinor, 405
potential energy, 2-spinor, 176
potential energy, in scalar basis, 194
symmetry reduction of, 167
two-electron, under time reversal,

143, 144
matrix inverse, partitioning of, 177
mean radius, atomic spinor, 111
mechanical momentum, 36
metric

frozen-core, 399
IORA, 367
for large component, 383
Lévy-Leblond, 337
modified Dirac, 280
partitioning for DPT, 337, 342
pseudopotential, change of, 403
for pseudospinors, 400
regular approximation with electric

perturbation, 378
ZORA perturbation expansion, 364

minimal coupling, 36
minimax technique, 123, 130

in MCSCF calculations, 232
MK , definition, 227
model potentials

definition, 397
form of, 419, 423
spin–orbit interaction, 425
use of Douglas–Kroll–Hess

Hamiltonian, 425
modified Dirac equation, 279

nonrelativistic limit, 283
regular, 371

momentum operator
quantum mechanical, 35
radial, 101, 102
rotation of, 87
time reversal symmetry of, 136

negative-energy continuum
mapping in IORA approximation, 369
mapping in ZORA approximation, 359
radiative decay into, 54, 61

negative-energy states
contribution to electric and magnetic

properties, 247
contribution to NESC and UESC

energies, 387
contribution to NMR parameters, 250
filling of, 54
interpretation, 57
interpretation in variational treatment,

125, 128
role in correlated calculations, 211
in second-order properties, 246

no-pair approximation, 211
nodal structure, spinor, 106
nonredundant rotations

in full CI, 211
in MCSCF theory, 230
in mean-field theory, 121

nonrelativistic limit
discontinuity at, 52, 108, 284
kinetic energy matrix, 177
matrix Dirac equation, 177
NESC and UESC matrices, 384
pseudo-large component, 283
small component, 279
velocity operator, 53
ZORA Hamiltonian, 358

normal constants of motion, 71
normal ordering, 61
normalization

errors due to neglect of, 387, 388
intermediate, 333, 338
of large component, 324
of pseudospinors, 407
relation to singular Pauli operators, 340
unitary, 342

nuclear charge distribution
Fermi two-parameter, 115
finite, 114
Gaussian, 116
nonspherical, 253
point, 114
uniformly charged sphere, 115

nuclear magnetic field, 244
nuclear quadrupole moment, 253
nuclear radius, 116
number operator, 59, 61

one-electron integrals
modified Dirac, 285
as nuclear coordinate derivatives, 286
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one-electron integrals (cont.)
Pauli spin–orbit, 429
in scalar basis, 194
screened spin–orbit, 439
symmetry of, 166
symmetry reduction of, 167
time-reversal reduction of, 138,

142, 156
operation count

CI calculations, 227
integral transformation, 212
KRCCSD calculations, 218
MP2 calculations, 214, 215

operators
angular momentum, 71
antilinear and antiunitary, 92
antisymmetric under time reversal, 156
bar-reversal, 141
charge conjugation, 56
complex conjugation, 56, 93
component projection, 287
component raising and lowering, 289
core Fock, 398
core potential, 400
core projection, 399
creation and annihilation, 58
Darwin, one-electron, 302, 326
Darwin, two-electron, 328
diagonal and off-diagonal, 299
Dirac kinetic energy, 193
double-group symmetry, 73
effect of time reversal, 93
energy shift, 449
even and odd, 299
Fermi contact, 330
free-particle Dirac energy, 298
general transformation of, 84
Kappa, 102
kinetic energy, Dirac, 136
kinetic energy, two-component, 312
Kramers double-replacement, 142
Kramers permutation, 141
Kramers single-replacement, 140
Kramers-pair creation, 145
large-component renormalization, 324
magnetic, transformed modified

Dirac, 395
mass–velocity, 302, 326
normal-ordered, 61, 63
normalization, 371
number, 59

one-particle excitation, 137
orbit–orbit, 330
pair creation, 60
radial momentum, 101, 102
reflection, 91
regular approximation large-small

transformation, 367
rotation-inversion, 91
second-quantized one-particle, 137
second-quantized representation, 59
singlet and triple excitation, 139
small- to large-component

transformation, 296, 297
spatial inversion, 90
spatial rotation, 82, 86
spin excitation, 444
spin rotation, 79
spin step, 78, 445
spin–orbit, Breit–Pauli two-electron,

328, 429
spin–orbit, FPFW-transformed

one-electron, 431
spin–orbit, FPFW-transformed

two-electron, 432
spin–orbit, Pauli one-electron,

302, 326, 429
spin–orbit, second-quantized, 444
spin–other–orbit, Breit–Pauli, 329
spin–other–orbit, FPFW-transformed, 433
spin–spin dipole, 330
spinor rotation, 119
time-reversal, 93
time-reversal, as group element, 149
time-reversal, four-component, 94
time-reversal, nonrelativistic, 93
time-reversal, two-component, 94
two-electron modified

Dirac–Coulomb, 287
two-particle excitation, 139
under time reversal, 136
valence projection, 399
valence-projected, 399
velocity, 42

orbit–orbit interaction
Breit–Pauli, 330
modified Dirac, 487

orbitals
See spinors

orthogonality
to frozen core, 396, 419
of large component, 383, 384
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pseudospinor, in model potential
calculations, 421

of pseudospinors, 400, 404

pair creation, 55
operators, 60, 127
terms in Hamiltonian, 132

paramagnetic term, 250
parentage coefficients, 226
particles

conservation of, 60
definition of, 130
interpretation, 62

Pauli Hamiltonian, 302, 326
electric properties, 314
Lamb shift correction to, 331
magnetic properties, 319
validity of, 327

Pauli matrices, 37
relation to quaternions, 155

Pauli spinors, 38
permutational symmetry of integrals

one-electron spin–orbit, 429
two-electron Breit–Pauli

spin–orbit, 430
two-electron FPFW-transformed

spin–orbit, 432
two-electron FPFW-transformed

spin–other–orbit, 433
two-electron, 143

perturbation equations
DPT, 338
ZORA, 364

phase factor
from basis function symmetry, 162
from rest energy subtraction, 50
small component, 104
spin–orbitals for spin–orbit CI

calculations, 442
time reversal, 138
time reversal of many-particle

functions, 146
time-reversal operator, 94

photon exchange, 64
photon frequency, 65
picture change, 317
point nucleus

behavior of small and large
components at, 114

magnetic properties, 244

nonrelativistic limit of Dirac
Hamiltonian at, 52

Pauli Hamiltonian for, 326
ZORA equation for, 358

Poisson equation, 22
polarizability, 239
positive-energy states

mapping in IORA approximation, 369
mapping in ZORA approximation, 359
projection onto, 131
projection onto, in NESC, 392
use in correlated calculations, 211

positron states, 130
positrons, 55
potential energy

2-spinor matrix elements, 176
scalar matrix elements, 194
ZORA two-electron contributions,

372
potentials

core, 400
Coulomb, 23
Cowan–Griffin mass–velocity and

Darwin, 424
exchange-correlation, 265
four-vector, 22
frozen-core for ZORA, 361
Gaussian nuclear, 116
local exchange, 267
long-range, in pseudopotential, 407
retarded, 24
scalar, 20
series expansion of nuclear, 112
symmetry under time reversal, 136
Uehling, 69
uniform nuclear, 115
vector, 20

principal quantum number, 109
projection onto positive-energy states,

131, 211, 392
projection operators

core spinor, 399
core, in model potential, 419
many-particle, in CI method, 447
onto small and large components, 287
valence pseudospinor, 404
valence spinor, 399

properties
electric dipole moment, 238
electric quadrupole moment, 238
electron electric dipole moment, 257



526 INDEX

properties (cont.)
magnetic dipole moment, 243
nuclear magnetic, 248
nuclear quadrupole moment, 253
polarizability, 239
proton electric dipole moment, 258
See also electric properties, magnetic

properties
pseudo-large component, 279

leading power of r , 282, 283
matrix elimination of, 382
nonrelativistic limit, 283
power series, 282

pseudo-quantum number MK , 169
pseudopotentials

content of, 407
definition, 397
dependence on pseudospinor shape,

407, 408
fitting accuracy, 414
frozen-core, 400
generalized Philips–Kleinman, 402
semilocal, 397
spin–orbit, 416, 418
spin-free, 416, 417

pseudospinors
content of, 409
definition, 399
normalization, 407
orthogonality, 404
shape-consistent, 408
use for nuclear properties, 426

QED effects
on electron gyromagnetic ratio, 243
on energies, 68
in relativistic DFT, 270
on second-order properties, 247

QED Hamiltonian, 61
quadrupole moment

electric, 238
nuclear, 253

quantum numbers
apparent angular, γ , 108
apparent principal, 109, 110
kappa, 103, 104, 465
principal, 109
radial, 109

quasiparticles, 63
quaternions, 155

radial equations
comparison of relativistic and

nonrelativistic, 107
Cowan–Griffin, 501
Wood–Boring, 501

radial functions
Dirac, 101
expansion in powers of Z/c, 341
expansion of Dirac in powers of r , 112
expansion of modified Dirac in

powers of r , 282
modified Dirac, 282
nonrelativistic, 101
for point nucleus, 107
singularity in, 108, 109
singularity in DPT second-order, 341

radial momentum operator, 101, 102
radial quantum number, 109
Rayleigh quotient

Dirac, 178
IORA, 368

redundant rotations
in full CI, 211
in mean-field theory, 120

reference state
for correlated calculations, 209
mean field, 120

reflection operator, four-component, 91
regularization of spin-free and spin–orbit

operators, 305, 358
relativistic corrections

in approximations to NESC, 394
to correlated properties, 336
DPT energy, 339
to force constants, 468
to kinetic energy matrices, 385
mixed relativity-correlation, 334
in one-electron NESC and UESC

matrices, 384
Pauli electric property, 314
Pauli magnetic property, 320
to Schrödinger Hamiltonian, 51
in ZORA Hamiltonian, 358

relativistic effects
on atomic eigenvalues, 110, 455
on atomization energies, 458
on bond ionicity, 464
bond-length contraction, 457
on bond order, 460
cutoff for nonrelativistic treatment of

atoms, 394
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direct and indirect, 454
on force constants, 469
intrinsic properties, 237
on ligand binding energies, 460
on mean radius, 111
neglect for light atoms, 393
and nuclear motion, 236
on oxidation states, 459
on reaction energies, 458
partitioning of geometry-dependent, 467
representation in model potential, 424
rotational spectra, 237
scalar, 456
spin–orbit avoided crossings, 467
in transition-metal chemistry, 460

renormalization
of large component, 324
QED, 68
QED, of properties, 247
of ZORA wave function, 370

renormalization perturbation theory,
ZORA, 365

representation matrices, 149
residue vector, CI, 223
response properties, definition, 234
rest energy, 15

subtraction, 49
rest mass, 13, 40
retardation

classical, 24
in electron–electron interaction, 66

rotation operators
combined spatial and spin, 88
connection between spatial and spin, 83
spatial, 82
spin, 79

Rutkowski–Hylleraas functional, 345

scalar potential, 20
time reversal symmetry of, 136

scaled ZORA equation, 370
screening, differential, on atomic

spinors, 455
second-quantized operators

general one-particle, 137
in terms of excitation operators, 138
in terms of Kramers-replacement

operators, 140
self-energy, 64, 68

hydrogenic expression for, 332
shielding tensor, 248, 249

single group, 76
singularity, in radial function, 108
Slater exchange, 267
small component

2-spinor basis set expansion, 175
approximations to two-electron

integrals, 206
definition, 45
elimination, 50
elimination of radial, 107
hydrogenic radial function, 107
inversion symmetry, 90
leading power of r , 113
linear dependence in scalar basis,

201, 202
magnitude, 52
matrix elimination of, 177, 382
nonrelativistic limit, 279
normalization factor, 109
normalized and unnormalized

elimination of, 384
operator connecting to large

component, 296
power series, 112
presence in regular approximations, 377
radial 2-spinor basis functions, 199
radial function, 101
reflection symmetry, 91
regular transformation of, 370
relation to large component, 51
rotation-inversion symmetry, 91
scalar basis set expansion, 193
scaling for DPT, 337
symmetry of boson constituents, 160
symmetry relation to large component, 161
unmatched basis functions, 200
vanishing, 112
See also pseudo-large component

spherical harmonics, 101
spin functions
α and β, 38
effect of time reversal on, 94
general, 77
singlet and triplet, 164

spin matrices
four-component, 42
two-component (Pauli), 38

spin operator
general, 78
rotation of, 85
unitary transformation of, 84
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spin separation
in FPFW-transformed Hamiltonian, 303
in modified Dirac equation, 280
in regular modified Dirac equation, 371
uniqueness of, 280
in ZORA Hamiltonian, 358

spin step operators, 78, 445
action on CI vector, 446

spin Zeeman term, 39
relativistic correction, FPFW, 321
relativistic correction, Pauli, 319

spin–orbit interaction
Breit–Pauli two-electron, 328, 429
as first-order effect, 448
FPFW-transformed one-electron, 431
FPFW-transformed two-electron, 432
Lamb shift correction to, 331
mean-field, 438
model potential, 425, 434
modified Dirac one-electron, 280
modified Dirac two-electron, 288
Pauli one-electron, 302, 326, 429
pseudopotential, 418, 434
in regular approximations, 376
scaled one-electron, 435
screened one-electron, 439
symmetry of spatial part, 158
two-electron regular

approximation, 371
use of all-electron with

pseudopotentials, 415
ZORA regularization of, 358

spin–orbit splitting
and avoided crossings, 467
basis-set effects, 216
as difference in eigenvalues, 111
effect on bonding, 462
quenching of, 465
quenching of Jahn–Teller

distortion, 467
ZORA accuracy, 358

spin–other–orbit interaction
Breit–Pauli, 329
FPFW-transformed, 433
modified Dirac, 290

spin–own–orbit interaction, 328
spin–spin coupling tensors, 249
spin–spin interaction

dipole, 330
Fermi contact, 330
modified Dirac, 290

spinor rotation operator, 119
normal-ordered, 126
in terms of X̂ operators, 229

spinor rotations
nonredundant, 121
parameter space, 126, 128
redundant, 120
stationary points for, 123

spinors
bonding and antibonding, 463
bonding rules for, 465
choice for reference state, 209
contamination of virtuals in model

potential calculations, 423
differential screening effects on, 454, 455
four-component, 45
heteronuclear diatomic, 463
homonuclear diatomic, 461
hybridization of, 462
nodal structure, 106
Pauli, 38
pure-spin, 461
relativistic effects on hybridization

of, 459
spatial components, 157
spin-orbital representation, 157
symmetry transformation of, 149
symmetry under inversion, 104
symmetry, for D2h and subgroups, 162
symmetry, using quaternions, 155
two-component, 38
unoccupied, definition, 126

standard representation, of Dirac
matrices, 42

stationarity condition
mean-field, 121
nonrelativistic DFT, 264
relativistic DFT, 270
second-order SDPT, 345
zeroth-order SDPT, 344

strings, α and β, A and B, 145, 225
symmetry

blocking of many-particle Hamiltonian
matrix, 172

of Breit–Pauli operators, 334
of charge density, 167
effect on spin–orbit CI expansion

space, 441
inversion, use in spin–orbit integrals, 436
in open-shell SCF theory, 191
particle interchange, 143, 430, 432, 433
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of product wave functions, 166, 192
spatial components of σ · p, 160
spatial components of 2-spinors, 160
spatial operators, 81
spin functions, 164
transformation of spinors, 149
two-particle wave functions, 165
See also permutational symmetry

symmetry 2-spinors, 188
symmetry breaking, in counterpoise

calculations, 216
symmetry group of Dirac Hamiltonian, 90
symmetry operators

double-group, 73
identity, 149
inversion, 90
notation, 81
redefinition of E, 74
reflection, 91
rotation by 2π (Ē), 73
space inversion, 89
spatial rotation, 82

symmetry reduction
of coupled-cluster amplitudes, 218
of many-electron Hamiltonian matrix, 172
of MP2 energy expression, 215
of one-electron integrals, 167
of two-electron integrals, 168

time reversal
of 2-spinor coefficients, 184
of 2-spinor density matrix, 185
of A and B strings, 145
of antisymmetrized two-electron

integrals, 214
of closed-shell states, 145
of coupled-cluster amplitudes, 217
of current densities, 143
four-component operator, 94
four-space operator, 99
irrep degeneracies due to, 151
of Kramers replacement operators, 140
of many-particle matrix elements, 147
of many-particle states, 146
nonrelativistic operator, 93
of one-particle excitation operators, 141
of one-particle matrix elements, 138
of operators, 93, 136
reduction of MP2 energy expression, 214
reduction of one-particle matrices, 142

reduction of two-particle matrices,
143, 144

of representation matrices, 149
of scalar density matrix, 197
of scalar Fock matrix, 197
two-component operator, 94
of wave function, 94
of wave operator, 217

transformations
Barysz–Sadlej–Snijders, 312
Douglas–Kroll, 306
exact Foldy–Wouthuysen, 296
exponential ansatz for, 300
Foldy–Wouthuysen, 300
free-particle Foldy–Wouthuysen,

298, 303
Galilean, 7
Lorentz, 10, 11
of magnetic interactions, 251
modified Dirac, 284
scaling for DPT, 337
symmetry, of spinors, 149

two-electron integrals
antisymmetrized, 213
approximations to small-component, 206
cost comparison, 204
decomposition into 2-spinor form,

181, 182
expansion in 2-spinor basis, 182
FPFW-transformed spin–orbit, 432
FPFW-transformed spin–other–orbit, 433
modified Coulomb, 288
modified Gaunt, 290
NESC, 388
permutational symmetry, 143
in scalar basis, 195
symmetry classes, 166
symmetry reduction, 168
time-reversal and symmetry classes, 168
time-reversal reduction, 143, 144

two-particle excitation operators, 139

Uehling potential, 69
unitary group generators, 137

vacuum
dressed, 63
energy, 60
floating, 63, 128
perturbed, 246
structure, 63
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vacuum expectation value,
subtraction of, 61

vacuum polarization, 63, 64, 68
neglect of molecular formation

contribution, 392
See also Lamb shift

vacuum state, 58, 62
variation equation

many-electron SDPT, 349, 350
nonrelativistic DFT, 264
relativistic DFT, 270
second-order SDPT, 344
zeroth-order SDPT, 343

variational bounds, 130, 179
Dirac energy, 180
SDPT functional, 346
ZORA energy, 359, 360

variational collapse
Dirac ground state, 129
in Pauli calculations, 326
prevention of, 131

variational safety
in Dirac mean-field calculations, 131
in model potential SCF calculations,

420–422
in pseudopotential SCF calculations,

411, 413
vector potential, 20

finite nuclear, 255
point nuclear, 244
in relativistic DFT, 269
time reversal symmetry of, 136
uniform magnetic field, 241

velocity operator, 42
time reversal symmetry of, 136

wave function
basis-set expansion of modified

Dirac, 291
core, 398
degeneracy under time reversal, 96
Dirac free-particle, 48
double perturbation expansion, 333

DPT second-order, 340
effect of time reversal, 94
Foldy–Wouthuysen, 296, 297
four-component, 45
four-component, in spherical polar

coordinates, 101
gauge transformation of, 240
general CI, 222
general MCSCF, 210
IORA, 367
large component, 45
large–pseudo-large component

difference, 343
MCSCF, 229
modified Dirac, 280
nonrelativistic, in spherical polar

coordinates, 101
nuclear, 254
regular Foldy–Wouthuysen transformed,

374
relativistic coupled perturbed, 248
small component, 45
spin-orbital expansion of relativistic

closed-shell, 209
symmetry of products, 166
two-particle, 163
valence pseudospinor, 409

wave operator, 216
open-shell, 219
time reversal of, 217

Wood–Boring equation, 501

Xα exchange functional, 267

Zeeman term, 319
kinetic relativistic corrections, Pauli, 320
relativistic correction, FPFW, 321

ZORA equation
modified Dirac representation, 391
point nuclear potential, 358

ZORA Hamiltonian, 357
gauge dependence of, 361
many-electron approximations to, 372
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